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Abstract

In this paper we considerthe classof bounded functions over the
discretecube, f :f 1;1g" ! [ 1;1]. Such functions arise naturally in
theoretical computer science,combinatorics, and the theory of sccial
choice. It is often of great interest to understand when thesefunctions
essetially depend on few coordinates. Our main result is a dichotomy
that includesa lower bound on how fast the Fourier coe cien ts of such
functions can deca/: we show that

(S)?  exp( O(k?logk));
iSj>k

unlessf dependsessetially on only 2°() coordinates. We also show,

perhaps surprisingly, that this result is sharp up to the logk factor.
Our proof incorporatesthe useof the noiseoperator with a random

noiserate and someextremal properties of the Chebyshevpolynomials.
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1 Intro duction

Boolean functions f : f 1;1g" ! f 1;1g| equivalently, set systemson
[n] | are ubiquitous in theoretical computer scienceand combinatorics,
and also arise in the theory of social choice, in statistical physics, and in
classicalharmonic analysis. Thus it is of great importance to understand
their basic combinatorial structure. For problems involving the uniform
probability distribution over f 1;1g" and its Hamming graph structure,
a watershed in the analysis of boolean functions came with the paper of
Kahn, Kalai, and Linial [KKL88]; this paper demonstrated the power of
generalizingto the caseof functions f : f 1;1g" ! R and applying tools
from harmonic analysis. Sincethis result, Fourier analysis has had crucial
application in the many areasof researt in which boolean functions arise.
For notation and Fourier-related de nitions in what follows please see
Section 2.

Someof the most important theoremson the Fourier analysisof boolean
functions show that the Fourier coe cien ts of boolean functions cannot de-
cay too quickly. In other words, boolean functions must have at least some
small portion of their L, Fourier masson characters of high degree. There
is a slight catch to sudch theorems, in that boolean functions that actually
only depend on a constart number of coordinates have no Fourier weight
at high levels. Such functions | called \juntas" | along with slight per-
turbations of them must be exempted from the statemerts of theoremson
Fourier decay. Accordingly, the following de nition is made:

De nition  1.1. A function f : f 1;1g" ! R is called an (";)-junta if
there existsa function g:f 1;1g" ! R dependingon at mostj coordinates
suchthat kf  gk3 .

With this de nition in place, let us recall three basic junta-related
theoremsrelated to Fourier analysis of boolean functions. In ead of these
theorems,f : f 1;1g" ! f 1;1gis an arbitrary booleanfunction and k is
any positive integer.

P "
[Friog8]: Supmse jSjif(S)? k. Then f is an (*; 2°(=))-junta for
every" > 0.

P
[FKNO2] (seealso [ADFS03]): Supmse g, M(S)2 < ". Then f is an
(0("); 1)-junta.



P
[Bou02 ] (see also [KS, KNOS5]): Supmse  g;sk fsS)2 > ("=k)=2+o@)
Then f is an (; 2°(K) ="0)) junta.

In this paper we prove a theorem of the same a vour as Bourgain's the-
orem, (the third of the theoremsquoted above) but for real-valued, bounded
functions, f : f 1;1g" ! [ 1;1]. Such bounded functions often arise natu-
rally, particularly asweighted averagesof booleanfunctions; e.g., as Fourier
transforms of boolean functions, as noise-corwolutions of booleanfunctions,
in the cortext of random walks on the discrete cube, and in hardness-of-
approximation theory in computational complexity [KKMOO4 ].

1.1 Our results

Informally, Bourgain's theorem states that boolean functions
f o f Lig" ! f 1,1g must satisfy gy f(s)2 > k 2 o« ynp-
lessthey are closeto being juntas. One may ask to what extert this lower
bound depends on the fact that f's rangeis f 1;1g. Certainly nothing
can be said for generalfunctions f : f 1;1g" ! R, but we will presen a
nontrivial lower bound for the Fourier weight beyond level k solong asf's
rangeis boundal by, say, the interval [ 1;1].

For boundedfunctions f : f 1;1g" ! [ 1;1] one cannot expect a poly-
nomially large amount of weight beyond level k for non-juntas, certainly not
the k 172 of Bourgain's Theorem. A simple way to seethis is to considerthe
function T,-,(Majority,,). The precisede nition of this function will come
later in Section 2, but for now it suces to state that this is a symmetric
function which is easily seento be (1)-far from every o(n)-junta. Further-
more it is a weighted average of Boolean functions, hence bounded, and
its Fourier weight beyond level k is of the form 2 ( ¥ . Sincethe majority
function is very often an extremal case(as it essemially is in Bourgain's
Theorem) one might expect that a tail decay rate of 2 ( k) is maximal for
bounded non-juntas. Howewer the relative tightness of our theorems shav
that this is not the case.

Our main resuItF§hcws that bounded boolean functions f : f 1;1g" !

[ 1;1] must satisfy isj>k fb(S)2 > exp( O(k?logk)), unlessthey are close
to being juntas. Formally:

Theorem 1. Letf:f 1;1g"! [ 1;1, k 1, and" > 0. Supmwse

fXS)2  exp( O(kZlogk)="):
iSj>k



Then f is an ("; 2°()="2)-junta.

On the other hand, this theorem is tight, exceptpossibly for the logk in
the exponert:

Theorem 2. For everyj > 0 there existsa boundal function f : f 1;1g" !
[ 1;1] whichis not a (:01j)-junta, suchthat

fS)2 exp O(K?) :
iSj>k
The main lemma used in the proof of Theorem 1 is, in our opinion,
interesting in its own right. It is a generalization of the following well-

known supergaussiantail property, which can be found as equation (4.2) in
[LT91].

Lemma 1.25Thereis a universal constant K sychthat the following holds:
Let "(x) = i”:l aixj, wher the aj's satisfy ai2 = 1 and the xj's are
independent Rademacher random variables. Let t 1 and supmse that
jaij < & for alli. Then

Prij"(x)j > t] exp( Kt?):

Lemma 1.2 shaws a supergaussianestimate for linear functions whose
coe cien ts are \smeared" (i.e., where ead of the coe cien ts is small). Our
main lemma shaws that the supergaussianbehaviour is maintained, albeit
with dierent parameters, even if terms of degreeat most k are added to
the function. As we will shav, the bound in Lemma 1.3 is tight up to the
constart K°©

Lemma 1.3 (our main lemma). There is a universal constant K ° suchthat
the following holds: Supmsef : f 1;1g" ! R hasdegree at most k and that
kf 'k, 1. Lett 1andsupmsethat jf(fig)j < & for all i. Then

Prifj t] exp( K%2%k?):

Finally, using a random restriction technique, Lemma 1.3 yields a lower
bound on the probability of large deviations for low-degreefunctions with
small \in uences", rather than for functions with smearedweight on the
rst level.

Theorem 3. There is a universal constant C suchthat thg,following holds:
Supmsef : f 1;1g" ! R hasdegree at most k and that = 4. I’O(S)2 =1

Lett 1andsupmsethat o5 fXS)2 t 2C *for all i. Then
Prlifj t] exp( Ct?k?logk):



1.2 Outline of paper and pro of

The proof of our main theoremis conceptually simple. Givenafunction with
rapidly decaing Fourier coe cien ts we may approximate it by truncating its
Fourier expansion,thus getting a low degreepolynomial. Now we face two
possibilities: either this polynomial essetially dependson few coordinates,
i.e.isajunta, or it hasasigni cant componert cortributed by all coordinates
with small in uence. In the later casewe show that suc a componert would
necessarilymean that the original function has large deviations, i.e. is not
bounded by a constart.

The structure of the rest of the paper is as follows. In Section 2
we present some notation and badkground related to Fourier analysis and
Chebhyshev polynomials. In Section 3 we prove Lemma 1.3 regarding the
deviation of functions with \smeared" linear part. In Section 4 we prove
Theorem 3 regarding the deviation of functions where all in uences are
small. Our main theorem, Theorem 1, that relates the rate of deca of
the Fourier coe cien ts of a function to its dependenceon few variables, is
proven in Section 5. Next, in Section 6, we state and prove our tightness
results for Lemma 1.3, Theorem 3 and Theorem 1. Finally, in Appendix A,
we discussthe parametersin the biasedB.G.B. inequality (Theorem 6), and
in Appendix B we prove somelarge deviation results.

2 Preliminaries

In this sectionwe will recall the relevant notions from the Fourier analysisof
boolean functions and de ne somebasic notation. We will then recall some
simple facts about the Chebyshev polynomials, which will play a role in our
proofs. Finally, we will give somedeviation bounds for boolean functions
which follow from hypercortractivit .

2.1 Fourier notation

Measures. We write [n] for f1;:::;ng. Denote by , the probability
measureon the two point spacef 1;1g for which ( 1) = p. We write
f 1 1g?p) for the setf 1;1g" equipped with the measure " ,. We will
concenrate mainly on the uniform measure,and thus whenewer we write
f 1;,1g" alone, we referto f 1; 19?1:2). The uniform measureinducesthe
L» norm on the spaceof real functions onf 1;1g", which in turn naturally
de nes an inner product.



Fourier represen tation.  For ry S [n] de ne the character s :
f 1,1g" ! f 1,1gby s(x) = “;,5Xi. The setof characters forms an
orthonormal basiswith respect to the inner product above. Every function
f :f 151g" ! R canthus be uniquely expandedwith respect to this basis
asf = Ib(S) s: This is called the Fourier expansionof f .

The Fourier represettation allows usto considercertain interesting pro-
jections. For a function f : f 1;1g" ! R and a nonnegatiwe integer k, we

de ne X
f=k=" fs) s;
iSj=k
and similarly, X
fx = M) s
iSj>k

P
We refer to the quartity kf =kk§ = J-Sj:ka(S)2 asthe \weight of f on level
k"; similarly, kf kg we call the \w eight of f above level k".

In uences. Let f:f 1;,1g" ! R and let i 2 [n]. We dene @f

f 1,1g"! Rby (@ )(x)= (f(x) f(x 1i))=2 wherex i isthe vectorx
with the coordinate x; replacedby x;. The \inuence ofi onf" isde ned
to be Inf;(f) = k@f k%: It is an easyexerciseto shaw that

X
@ = f(s) s
S: i2s
and hence,by Parse\wal's identit y, we have the following formula:
X

Infi(f) = _f0<s>2: (1)

S3

2.2 Noise and large deviations

We will need somelarge deviation bounds for low degreefunctions. Such
results are known to follow from the hypercortractiv e estimate discovered
independenly by Bonami, Gross and Bedner [Bon70, Gro75, Bec79; see,
e.g.,[Jan97, Chap. 6]. However, we usetheseresults in the biased measure
case,for which the sharpest hypercortractivit y result was determined only
recently, by Oleszkiewicz[Ole0Z. For this reason, and becausewe were
unableto nd the preciseformulations we usewritten down anywhere else,
we have given explicit proofs of all the theoremsbelow in Appendix B.

Let us begin by de ning the noise operator:

6



Denition 1. LetO 1. The noiseoperator T , operating on the space
of functions f : f 1;19" ! R, is de ned by

X o
T()= M) s

S [n]
The following givesan equivalert de nition:
Fact 2.1. LetO 1. Thenfor f:f 1;1g"! Randx2f 1; 1g”,

(THx) = Elf (x 2)l;

wherez f 1;19?(1 and denotescoordinate-wise multiplication.

)=2)"

Note that the noiseoperator is a weighted average. The value of (T f)(x)
is an averageof f 's over the whole space,where points receive weights pro-
portional to (a power of) their distancefrom x. A simple consequencef this,
which in fact is part of the motivation for the study of bounded functions,
is that if f is booleanthen T f is bounded.

The next important attribute of the noise operator is the fact that the
averaging of f has a \smoothing" e ect; this results in the higher norms
of T f being comparableto the 2-norm of f. This notion is captured by
the important hypercortractiv e inequality of Bonami, Gross and Bedner
(henceforth B.G.B.):

Theorem 4 (B.G.B.). Letr 2, and let f:f 1;1g" ! R. Then for
=(r 1) ¥,
KT (f)k, — kfk,:

The following inequality is a direct corollary of Theorem 4.

Theorem 5. Supmsef :f 1;1g" ! R hasdegree at most k. Then for all
r 2,
kKfke (r 1) kf ko

The above inequality extendsto the caseof biased(non-uniform) product
measureson f 1;1g", with dierent constarts.

Theorem 6. For every xed p 2 (0;1) there existsa constant B(p) 1 for
which the following holds: For every function f : f 1, 1g[‘p) I R of dgyree
at most k, and for everyr 2,

kik.  B(p) (r 1) “Pkik,:
Moreover, for every p in the segment [1=4; 3=4], B(p) < 1.22

7



Theorem 6 follows from a \biased version" of the B.G.B. hypercortrac-
tive estimate. The tightest constarts B (p) for which Theorem 6 holds where
recently found by Oleszkiewicz[Ole0Z. Theseparametersare cited and dis-
cussedin Appendix A.

Theorem 6 leadsin a straightforward way to large-deviation bounds for
low degreefunctions on the biaseddiscrete cube. The results stated in the
remainder of this sectionare all proved in Appendix B.

Lemma 2.2. Supmwsef:f 1;1g],! R hasdeyree at most k and assume
()

kfk, = 1. Let B = B(p) be dened asin Theorem 6. Then for any t
(2B )k,

Prifj t] exp %et?k

A useful corollary of this lemma bounds how much of a low-degreefunc-
tion's secondmomert can comefrom very large values:

Lemma 2.3. Under the hypthesesof Lemma 2.2,

E[f 2 Lr2se2g]  t2exp Be

For future use,we record a special caseof Lemma 2.3.

Corollary 2.4. Supmsef : f 1; lg?p) I R hasdegree at mostk and assume

kf ko = 1. Let B = B(p) be de ned as in Theorem 6, and let to = (2B )X,
Then
E[f? Lrraszgl 13

Finally, we shaw that low-degreefunctions must exceedtheir expectation
with non-negligible probability.

Lemma 2.5. Supmsethat f:f 1, 1g?p) I R has dgyree at most k. Let
B = B(p) be asin Theorem 6. Then

Prif  E[f]] :4 (30B?) k.

2.3 Chebyshev polynomials

The Chebyshev polynomials (of the rst kind) are essetial in the proofs of
Lemma 1.3 (which leadsto Theorem 1) and of Theorem 2. Recall that for



ead integer k O there is one Chebyshev polynomial of degreek, Cg(x),
de ned uniquely by
Ck(x) = cos(k arccogx)):

(Note: The standard notation is Ty(x) as opposal to Cy(x); howeverwe
have made the switch because T is the standard notation for the noise
operator.)

Our proof of Lemma 1.3 will require oneof the many extremal properties
of the Chebyshevpolynomials. For athorough treatment of the properties of
Chehyshev polynomials, the reader may consult the book of Rivlin [Riv9(Q].

Following Rivlin (but with the T ! C notational switch), let uswrite cj(k) for
the degreej coe cient of Cy, and write y’;:::; ﬁk) for the k + 1 extrema
of Cx in the segmem [ 1;1], on which jCyj = 1. We shall needthe following
lemma, which is a special caseof \Remark 2" on page 112 of Rivlin:
Lemma 2.6. Letk beoddand let p(x) = ag+aix+ + axxX be a polynomial
satisfying jp( ))j 1 for all j = 0:::k. Thenjaij jci”j, with equality
only if p= Cx.

It may be cheded that jc(lk)j = k whenk is odd. Thus asa simple corollary
we have:

Corollary 2.7. Let k be odd and let p(x) = ag + a;x + + axX. Then
there existsO0 j  k suchthat jp( j(k))j jaaj=k.

For a technical reasonwe will needa further corollary:

Corollary 2.8. Suppsep is a polynomial of degree at most k, where Kk is
odd, with linear coe cient aj;. Then there exists0 | k + 1 suchthat
ip( P =2)j  jagj=(2k + 2).

Proof. This follows by applying the previous corollary to the polynomial

p(x) = p(x=2). [
For our proof of Theorem 2 and other tightnessresults, we will needsome

technical estimateson the Chebyshev polynomials and their derivatives.

Fact 2.9. For k odd, jCk(X)j  3j2xj* for all jxj 1.

Fact 2.10. For k odd,

8

< k=2 for jxj 1=k;
iCAx)jis . (4=3)k  for jxj 1=2;

T kjxjk b ofor jxj  1=2:



3 Proof of the main lemma; Random noise with a
random rate.

In this section we prove Lemma 1.3, which shows that a function with a
\smeared" rst level obtains large valueswith non-negligible (though expo-
nentially small) probability. Lemma 1.3 is an extension of Lemma 1.2 to
the caseof degreek functions. In Section 6 we shav that the bound in
Lemma 1.3 is tight, exceptfor the constart factor in the exponert. For the
sake of reading corvenience,let us restate the lemma before proving it.

Lemma 1.3. There is a universal constant K © such that the following
holds: Supmsef : f 1;1g" ! R hasdegree at mostk and that kf "1k, 1.
Lett 1and supmsethat j{(fig)j < & for all i. Then

Priifj t] exp( K%%k?):

Idea of the pro of. The proof rst considersthe linear part of f . Accord-
ing to Lemma 1.2, when evaluated on a random point xq, the linear part has
a non-negligible probability of obtaining a large value. It may be that even
in that evert, the total value of f at xq is still small, due to cancellations
contributed by the non-linear part. To evade this cancellation we intro duce
somerandom noisewith rate and considerT f (xg). Unfortunately, since
we have no further information concerningf and Xg, it could be| asif a
malicious adversary had planned it | that the averagee ect of the noise
on the linear and non-linear parts of f would once again cancelout. The
twist of our proof is that this cannot happen simultaneously for all noise
rates, hencewe choose from a nite set without specifying in advance
which rate will be chosen. To paraphrasea prominent American presidert
(ILD: \ You canfool all the noiserates someof the time, you might even be
able to fool somenoiserates all of the time, but you can't fool all the noise
rates all of the time." The existenceof a successfulnoise rate is showvn to
be equivalert to the extremal properties of the Chehbyshev polynomials (the
expected cortribution of the noise may be expressedas a polynomial in ).
It is interesting to note that in showing this, we do not assumeanything
regarding the weight of 2 on levels higher than the rst, and we useonly
the fact that the weights beyond level k are all zero.

Proof of Lemma 1.3. By scaling f pive may assumethat kf =1k = 1. Let °
denotethe linear part of f, “(x) = ., Ib(fig)xi ,andlett®= (2k+2)t 1.

10



Note that for a proper choice of the constart K © (specically if K® 4K,
where K is the constart in Lemma 1.2), we have that ~ and t° satisfy the
conditions of Lemma 1.2, and therefore we have that

P ()i t9  exp( Kt%): @)

Let xo 2 f 1;1g" beany point on which j (xo)j t°% For every real number
, denote
Pxo( ) = (T f)(X0);

and note that sincef hasdegreeat mostk, it alsoholds that py, is a degree
k polynomial in . Moreover, one easily notes that the linear coe cien t of
Px, IS precisely " (Xo).

We would like to apply Corollary 2.8 to px, now. For this purpose
we needk to be odd, but we may assumethis without loss of generality,
increasingk by oneif needed.Write ; = (1=2) j(k+1) ; forj = 0;::05(k+ 1),

wherethe *Y's are the extremal points of the Chebyshev polynomial, as

mertioned in Subsection2.3. Corollary 2.8 implies that there is somej (Xo),
0 j(Xo) (k+ 1); suc that

(T 0 DX = 0P )i T (x0)i=(2k+ 2)  t52k+2)=t  (3)

Let z be a random string from f 1; 19?(1 Lko))=2) By Fact 2.1,
X0
T jixo (X0) = Elf (X0 2)]:

Hence (3) implies jJE,[f (X0 2)]j t. But f(X¢ 2z) is a polynomial in z of
degreeat most k and sowe canapply Lemma2.5to it (by replacingf by f
in the proof of the lemma, we get the samebound on the probability that f
goesbelov  E[f]). By the choice of the j's we have ;) 2 [ 1=2;1=2],
and hencethe bias (1=2  jx,)=2) by which z is chosenis in the segmen
(1=4;3=4). Therefore by Theorem 6, the constart B = B(1=2  (4x,)=2) for
z is at most 4=3In(3) 1:22, and soLemma 2.5 yields

Prijf (xo 2)j t] 4 37 K 4)

Now consider the following processof choosing a random point y 2
f 1,1g". First, aparameter is chosenuniformly from the setf ;gj=..k+1-
Then a point x 2 f 1;1g" is chosenuniformly at random, and nally vy is
setto bea -correlated copy of x. Note that y is uniformly distributed over

11



f 1;1g". From the previous discussionwe seethat with probability at least
exp( Kt®)=(k+ 2) = exp( O(t%k?)), both j*(x)j t%and = i (x)s In this
case,(4) implies that Pry[jf (y)] t] :4 37 K. Thus

Pyrnf ()i t] exp( O(t?k?) (:4) 37 K= exp( O(t?k?)):

This completesthe proof. [

4 A lower bound on large deviations

In this section we derive Theorem 3 from Lemma 1.3. In fact we use the
following slightly modi ed version of Lemma 1.3.

Lemma 4.1. Thereis a universal constant K suchthat the following holds:
Suppsef : f I:,1; 19" ! R hasdeayree at mostk. Let T [n], andlett 1.
Supmsethat  ,; P(fig)2 1 and that jfXfig)j < & for alli 2 T. Then

Prijfj t] exp( Kt%k?):

P
Proof. By scaling f, we may assumethat ., f(fig)2 = 1. We con-
tinue with almost the sameproof as of Lemma 1.3, except for the following
di erence: instead of Equation (2), which stated that Pr[j*(x)j  t9
exp( Kt®); we claim that
Pri’()j t3  lexp( Kt%®)

(and thus we losea factor of% in the nal bound, comparedto Lemma 1.3).
This is justied sinceLemma 1.2 ensuresthat

PIli e BXFigx] 19 exp( Kt®);

whereasthe part of f depending on the coordinates outside of T is symmet-
ric, and hencewill increaseor leave unchangedthe magnitude of "~ (x) with
probability at least 1=2.

The rest of the proof follows asin Lemma 1.3 [

We now cortinue to the proof of Theorem 3. For corvenience,we rst cite
it again.

Theorem 3. Thereis a universal constant C suchthat th%following holds:
Supmsef : f 1;1g" ! R hasdegree at mostk and assume ¢ fb(S)2 =1
Lett 1 and supmwsethat Infj(f) t 2C X for all i. Then

Prifj t] exp( Ct?k?logk):

12



Idea of the proof. The proof begins by rst identifying a signi cant
\slice" in the Fourier transform of f . That is, we nd somes,1 s log,k,
for which the weight of the Fourier transform of f on levels between 25 *
and 25 is at least 1=logk. By performing an appropriate random restriction
which xes many of the coordinates of f , we obtain a function where much
of this weight is brought down to the rst level (with non-negligible proba-
bility). Sincef hasvery small in uences, we expect the restricted function
to have small rst level Fourier coe cien ts (since f has degreek we can
control the amount by which the coe cien ts deviate from their expectation
using B.G.B.); whenthis happens,we canapply Lemma4.1to the restricted
function. We thus prove that random restrictions of f obtain large values
with non-negligible probability, which implies Theorem 3.

Proof. . Givens 1 wewrite jSj 2%5if S [n]satises2® 1 |Sj< 25,
SinceP 1j Sj klb(S)2 1 there must exists, 1 s (dog,ke+ 1); sud
that g ,M(S)2  1=(2logk).
Let us choose a random subset U [n] by including ead coordinate
independertly with probability 2 S. For every i 2 [n], let
X
i = s)?:

S\ U=fig

P
Notethat ;isOQifiisnotin U, andit isalsonever morethan  gj; f(s)? =
Inf;(f), hence

8i; i tck (5)

A simple calculation shows that

X
E[i]= Pr[S\ U= fig f(S)?
U s
2 s (1 2 S)ZS 1{3(8)2
iSi- 2% S3i
X
2 S (1=4) fXS)?:
jSj 2s; S3i

Summing over i, eah S with jSj 25 is courted at least 2° ! times, and
therefore hx i

1 X 1
E . - fb( 2 :
U '8 S) 16logk
i2[n] iSj 2s

13



P P
Since 0 i2[n] i S6 f(S)2 = 1 for every choice of U, we conclude
(by a Markov-inequality argumen) that

hx i
1 1
Pr i

U 0 32logk 32logk

(6)

Let us for now x a setU for which

i 1=32logk ;
i2U
and let y be a uniformly random assignmen to the coordinates in [n] nU.
Let fy : f 1,1gY ! R denote the restriction of f obtained by xing the
coordinates in [n]nU to y. Considering I*g,(fig) as a function of y, it is
simple to obsene that this is a function of degreesmaller than k, that it
hasfib(S): S\ U = figg as Fourier coe cien ts, and that it has no other

non-zero Fourier coe cien ts. Therefore by de nition of ;, we have for all
i 2 U that

gnby(fig)zl = i

Sincefby(fig) is of degreeat most k asa function of y, letting 1;(y) denote

the indicator of the evert B(fig)2 (2¢)% ; and applying Corollary 2.4,
we obtain that

I;[f’oy(fig)2 @ L(y)] 13,

) EM(fig? 1i(y)] 87
y .
hx

. ' :87 :
) gizuﬁ%(fugf L) gk (Using )

Sinceby de nition of the 1;'s it holds for every y that

X X
B(Fig? Lily) @9*%( i) (e*;
i2U i2U
we concludethat
hx
Pr ®(fig)? Li(y)
y i2U

:87 i :87 _
64logk 64(2e)% logk

()
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If U is madeto be a random subsetagain, rather than a xed one, conbin-
ing (6) with (7) (and noting :87=64 > :01) yields
hx i
Pr R(fig)> 1i(y) :0l=logk exp( O(K)): (8)
Yoi2u

Let us now condition on the ewvent that U and y satisfy the condition in (8),

namely X
R (fig)> 1i(y) :01=logk : (9)

i2u P

Denoteg = fy, T=fi 2 U: 1j(y)=1g, and 2 = ,,;b(fig)%2. Then

deglg) k, and, by de nition of T and of the 1;'s,

maxiotiol 9Pt 1" C=2e) (10

where the secondinequality follows from (5).

We would now like to apply Lemma 4.1 to the function g= , the setT,
and the parametert® wheret®= maxf1;t= g. To seethat the conditions of
the lemma hold we use (10), (9) (if t°> 1), and the fact that in caset®= 1
we have 1. Theseimply, with much room to spare(if C is a su cien tly
large constart), that for every i

P— 1
ite= )(fig)i ti(C=29 ¥ oo
Therefore Lemma 4.1 indeed applies, and implies that
Priify(2)i  t1= Prlig(2)j ]

Prligiz)i  t9=Prligiz)=j t9 (11)
exp( O((tY%k?)  exp( O(t*k*logk)):

We now combine the lower bound (8) on the probability that (9) holds,
with the lower bound (11) on the probability that jfy(z)j > t in case(9)
holds, to get

Priify@i 1 exp( O(Kk) exp( O(t2k?logk)) = exp( O(t%k?logKk)) :
iz

But when U, y and z are randomly chosen,f(z) is just the value of f ona
uniformly randomx 2 f1; 1g", and therefore Pryy.,[ify(2)j t] is nothing

more than Pry[jf (x)j] t] wherex is uniformly random. This completesthe
proof. [

15



5 Bounded non-jun tas have tails

In this section we prove Theorem 1, showing that a bounded real-valued
function whose Fourier tail is very small must be closeto a junta (or in
the cortrap ositive, that a bounded non-junta must have a non-negligible
Fourier tail). The idea of the proof is as follows. Given a bounded function
(i.e. jfj < 1), with su cien tly rapidly decaing Fourier coe cien ts, it can
be approximated by a low degreepolynomial. This polynomial, in turn, can
be approximated by a function depending only on those variableswith large
in uence. Assuming, by way of cortradiction, that this approximation is
not a good one we get non-negligible weight on the coordinates with small
in uence; this implies, by our previous results, that the original function
was not bounded.
The proof is basedon a slightly tweaked version of Theorem 3.

Theorem 7. There is a universal constant C suchthat the following holds:
gupp)sef f 119" ! Rphas degree at most k, J [n], and assume
Snle: fXs)2 . Lett ™ and supmsethat Infi(f) "%t 2C X for all
i 62J. Then
Priifj t] exp (Ct?k?logk)=" :

Proof. Rescaleby a factor of (1=p ™), letting f 9= (f =P ™ and t°= (t:IO )
Now we may repeat the proof of Tlgeorem 3 for f %and t° with the following
alterations: s is chosen so that isnij 25 IbO(S)2 1=(2logk); and U is
chosenat random from [n]nJ rather than from [n]. [

Before we prove Theorem 1, let us restate it for corvenience.
Theorem 1. Letf:f 1;1g"! [ 1;1, k 1, and" > 0. Supmse

fXS)2  exp( O(k?logk)="):
iSi>k

Then f is an ("; 2°(0="2) junta.

Proof. We may assume" < 1, elsethe statemert is trivial.

Let g= f K bethe k-degreepart of f, and de ne
J=fi2[n]:Infi(g) "2C Kk=16g;
where C is the constart from Theorem 7. Also, let

X
h= fxXs) s:

iSj k;S J

16



Note that by (1) we have

X X )
Infi(g) = jSip(S)>= jSj M(S)2 k kiks k
i2[n] S iSj k

Thus jJj can be no bigger than k=("2C k=16) = 2°0(K)="2 But h
depends on the coordinates of J; thus if we can show that kf hk%
then f is an ("; 22K ="2).junta as claimed. To do this, we will show that

kf gki "=2andthat kg hk3 "=2.
The rst of theseis easy: By the assumptionon f,
X
kf ok = fXS)2  exp( O(k%logk)=") exp( O(1)=") "=2
iSj>k

The fact that kg hk3 "=2 follows from Theorem 7 applied to g. To
seethis, assumefor the sake of contradiction that kg hk% > "=2. Then
applying Theorem 7 with parametersJ, "=2, andt = 2 (the de nition of J
insuresthat theseparameterscan be used), we get

Prijgi 2] exp (8Ck?logk)=" :

But note that sincejfj 1 always, whenewr jgj 2 there is a contribution
ofat least1to kf gk3. Thuswegetkf gk exp (8Ck?logk)=" which
contradicts the premise of the theorem, taking a large enough constart in
the O(). [ ]

6 Nearly matc hing bounds

In this sectionwe sketch proofsthat the main resultsLemma 1.3, Theorem 3,
and Theorem 1 are nearly tight. Speci cally, Lemma 1.3 is tight up to the
constart in the exponert, and Theorems3 and 1 are tight up to the logk
factor in the exponert.

To show thesetightnessresults we construct a family of functions asfollows.

Lemma 6.1. There existsa family of functions
(nk:t) - f 1 1gn I R nik t

forn2 N, k2 N odd, andt 2 [1;1 ), satisfying the following:

17



=

(nik:t) IS symmetric, i.e., invariant under permutations of its vari-
ables;

2. (nky) is of degree at most k;
3. There is a universal constant C < 1 suchthat k (nxnk, C;

4. Thereis a universal constant ¢ > 0 suchthat limni;  K( (n;k;t))zl k,
C,

5. For every 1,

PFU (n;k;t)j t] exp (tzkz sz) :

The family f () is constructed in the next subsection. In the mean
time, let us explain why once constructed, it provides the stated tightness
results.

Tigh tness for Lemma 1.3. The lemma is tight for any k and any t
(2=0. To seethis, take t®= (c=2)t and let f = (2=0 (nk-0), Wheren is
chosenlarge enoughsothat k( (nk;19)kz  ¢=2, using property 4. Thus f
has weight at least 1 on the rst level. By property 3 this weight is also
bounded above by M 2; henceby the symmetry of ikt and f, we get

8i; jib(i)j = (2=0)j \(n;k;tO)(i)j (2:(;)9M_ﬁ < W;

increasingn if necessary Thusf satis es the hypothesesof the Lemma 1.3,
but using property 5 (with = 1) it is easily shown that

Priifj t] exp( ( t?k?);

henceLemma 1.3 is tight up to the constart in the exponen.

Tigh tness for Theorem 3. It isegsyto ched that if we scalethe function
f just constructedsothat it satises  gq. fb(S)2 = 1, thenits in uences will

besmallerthan O(k)=n t 2C X andyetstill Pr[jfj t] exp( ( t?k?)).

18



Tigh tness for Theorem 1. The following family of functions provides
our tightnessresult for Theorem 1: for every odd k and every n, let
(
- if - 1
o (%) = (nik:1)(X) | (nik:1)
0 if (nik:1) > 1:

It is not very hard to chek that k () (n;k;l)kg exp(  ( k?).
The idea is that this quartity is simply the cortribution to the squared
2-norm of (k1) from values exceedingl. By property 5 of Lemma 6.1,
the probability that j (,x.1)) even exceedsl is at most exp( ( k2)).
Furthermore, the very rapid tail deca provided in property 5 ensuresthat
almost all the cortribution to the squared 2-norm comesfrom constart
valuesofj (n;1)), andthusthe estimateexp( ( k?)) is of the correct order.

Sincek( (nk:1)) k3 = 0, it follows that K( (nk))™ k3 exp( ( k?)),
as desired. It only remains to chek that () is not at all closeto a
junta. Let k be given, su cien tly large sothat exp( ( k?)) < ¢?=4. Then
since (nk:1) hasweight at least c®=2 on level 1 for all large enoughn, it
follows that () hasweight at least c?=4 on level 1 for all large enoughn.
But (nx) is symmetric; thus any function that dependson only, say, n=2 of
(n:k)'S coordinates will have L3-distanceat leastc®=8 from (), just from
the level-1 cortribution alone. Thus () is not evena (c?=8; n=2)-junta.

6.1 The family (nik :t)

We will now sketch the proof of Lemma 6.1 by constructing the family
(nk;yy andindicating why the claimed properties hold.

P
De nition 2. For x 2 f 1;1g", denotes(x) = ; x;. Now de ne

_ s A
nkty =t Ck 1ok

whete Cy is the Chebyshevpolynomial of degree k.

Properties 1 and 2 are immediate. We next prove property 5, which is
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straightforward:

p_
. , _ s(x)="n
Prli k] t]1 = Pr" Ck ok
1 sp)="n #
Pr 5 Bk (using Fact 2.9 and 1)
h i

= Pros()= 0 Stk )ik
exp (t%k? K (Cherno bound).

Property 3 follows from property 5, essetially as already indicated in
the discussion of the tightnelgs for Theorem 1. The idea is simply that
most of the time, s(x) = ( ° n), in which casea constart is cortributed
to k (n;k;t)kg; the tail decay provided by property 5 shaws that this is the
bulk of the corntribution to the 2-norm.

It remainsto show property 4 of ().

Asymptotic  rst-lev el weight of (x4 . Fix koddandt 1. By
symmetry,

=12 2
K( (nk:n)) lk2= n \ako(ng

and therefore

k( (n;k;t)):l k2 = ot El'l o (k) Xn
p “h s()= 7 i
_ )=
= n E t Ck 0K Xn
x2f 1;1g" .
_ 1p — E h C s(x)+1 C s(x) .1 !
=3 N LR e k 1ok °n
x2f 1;1g

(note that the expectation is now over f 1;1g" ! onot f 1 19" )

1 E h p_— s(x)+1

_ s(x) .1
TAK o g Sk n Ck gogPr Ok 10w P

To make senseof the expressionabove, note that for very large n the
distribution of s(x)= n corvergesto that of a standard Gaussian. Also

obsene that asn increaseswhile the value of ﬂ%) is somehav \ xed", the
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expressioninspg the expectation brackets tends to the derivative of Cy at

the point SX)° "It is elemenary, albeit tedious, to check that indeed

- 1 U

: ST 0 .

A KO maen) ™k = 50 U E(o;l) S Tk

the proof only usesthe fact that the exponertial tail behavior of Gaussians
overcomesthe polynomial growth of the Chebyshev polynomials.

The proof of property 4 is now implied by the following claim:

Claim 6.2. If k2 Nisoddandt 1, then

U
E cd —
U No) ¢ 10k

k=3:

Proof. The idea is that with high probability, U=10k is in the range
[ 1=k;1=K], where jCQj is ( k). With very slight probability, jU=10Kj is
as large as 1=2, where jCJj is still O(k). And nally, although jCQ in-
creasesexponertially asits argumert becomedarge enough,the probability
of U=10tk becominglarge decass at an exponertially higher rate. Explicitly:

o U

E & o Priju=1oki 1=kl inf iCOx)i (12
U N(©O;1) K10k I ) ] ixi 1:kJ k(X (12)

Prju=10kj 1=kl sup jCo(x)j (13)
7 iXj 1=2
1

2 jcu=10k)j  (u)du; (14)
5tk

where is the density function of a standard normal.

Using Fact 2.10andt 1, we get the following: (12) is at least Pr[jUj
10)(k=2) :4%; (13) is at most Pr[jUj  10](4=3)k :01k; and (14) is at
most

Z, Z,
2 k(u=1ok)® 1 (uydu  2k( k(u=10k)* ! (u)du:
5tk 5k
Certainly this integral becomessmaller ask increasesand evenat k = 1it is
no more than :01. Putting the three estimatestogether completesthe proof
of the claim. [
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A The parameters in Theorem 6

Recall that we are consideringthe probability spacef 1; lg?p), the p-biased
measureon the discrete cube. Dene = (p) = g=p.

Denition 3. For 2 (0;1),r 1, and r%the conjugate expnent of r,
we de ne the following constant:

0) 1=r0 1=r0
B (I‘) = 1=r 1=r; ;
where in the case = 1 the quantity is understad by taking the limit:

BOr)=r 1.

Note that B&=)(r) = BO)(r) and BO)(r9 = 1=B()(r). For eadh |,
the quantity B()(r) increasesfrom Oatr = 1to 1atr = 2andto 1 as
rt 1.

Oleszkiewicz[Ole0Z proves the following generalization of the B.G.B.
inequality:

Theorem 8. Suppsef : f 1; 1g?p) I R hasdegree at most k. Then for all
r 2,
kf ke  [BO)(r)]*72 kf ko

Sincethe quantity B () (r) is sometimesinconveniert, we usean estimate:

Denition 4. For 2 (0;1) andr 1, wede ne the following constant:

1= _1 q p .
2ln 2lng Inp’

B()=B(1=)

where, once again, in the case 1 we take the limit and de ne B(1) = 1.

Fact A.l. Forallr 1, B()(r) B() (r 1).
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B Large-deviation pro ofs

This section cortains the proofs omitted from Section 2.2.

Proof. (Lemma 2.2)

Let r = (t*=Be). By the assumptionont we haver 2. Then

Prijfj t]= Pr[jfj" t]

E[ifj"]=t" (By Markov's inequality)

= kf Kl =t'
[(B (r 1)*kf ko] =t" (By Theorem 6)
[(Br)¥=t]" = exp( (k=2Be) t>7¥) (by de nition of r).
| |

Proof. (Lemma 2.3)
Let r = t¥k=Be 2 asbefore. Then

E[f? Lirestzgl  Kf2Kezp Klgrzsg2gK(rp)o (by Helder's inequality)
kf k2 Pr[jfj> t]* 2
(B 1)k exp( (k=2Be) tZ*)L 2=
(by Theorem 6 and Lemma 2.2)
t?exp( (k=2Be) t>7X) (by de nition of r).

Proof. (Corollary 2.4)

For k = 0, the claim is easyto verify, and we therefore assumek 1.
Applying Lemma 2.3 we get an upper bound of (2B €)%< exp( 2Bek). Since
B 1, this term increasesif we substitute 1 for both B and k. Hencethe
upper bound is at most (2e)? exp( 2e) < :13. [
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Proof. (Lemma 2.5)

We may assumewithout lossof generality that E[f ] = 0 and that kf k, =
1 (otherwise apply an appropriate linear transformation to f ), this xing the
rst and secondmomerts of f. Using Corollary 2.4 we also have for every
positive t a bound on the cortribution to the secondmomert of f, coming
from valueslarger than t in absolute value. To usethis bound, we employ
the following elemertary fact: For any real t > 0, the following inequality
holds for every x 2 R:
2
lix< Og 1 % % + % X2 lfx2>tzg : (15)
To seethis, we ched the inequality for the two casegxj t andjxj>t. In
the rst casethe right-hand sideis 1 x=2t x2=(2t?), a parabola which is
latx= tandx = 0,and0at x = t; thusit is clear the right-hand side
exceedslsy< oy ON the range[ t;t]. In the secondcasethe right-hand side
is1 x=2t+ x?=(16t2), a parabola which is 1 at x = 0 and hasits vertex at
X = 4t at which point it is 0; thus it is clear the right-hand exceedsly« oq
everywhere.

Now let to = (2B €)X, and consider(15) with parameter tqy. Substituting
f for x in the inequality and taking expectations of both sides,we get

Prif <0] 1 E[f]=2to E[f’]=(2t5) + (9=1BF)E[f * 11y2u24]
= 1 152t}) + (9=1BH)E[f ? Lryesizgl
1 1=(2t3) + (9=16t3)(:13)  (by Corollary 2.4)
< 1 4=t
Noting that (2€)2 < 30 completesthe proof. [
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