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The distribution

I want to focus on a particular distribution on [k]n which I’ll call the “(uniform)
ordered k-partition distribution”. It is the same as the “equal-slices” distribution on
[k]n , except that we throw out the “degenerate slices” — those that are completely
missing at least one character from [k]. (Hence n ≥ k is necessary.) I would also
like to henceforth declare a combinatorial line in [k]n to be “degenerate” if its fixed
coordinates fail to include at least one of each character in [k]. This is because it’s
convenient to think of a line in [k]n via its “template” in ([k] ∪ {?})n , and I would
like to exclude the degenerate slices in ([k] ∪ {?})n . I believe that it’s trivial to show
that the usual DHJ(k) implies DHJ(k) with this new notion of degenerate lines.
There are many equivalent ways to think about this “uniform labelled k-partition
distribution”. One we’ve already mentioned: you pick a “nondegenerate slice” of [k]n
uniformly at random, and then you draw uniformly from that slice. More concretely,
recall that a “k-composition” of the number n is a way of writing
 it as n = a1 +· · ·+ak ,
where each ai is a positive integer. There are precisely n−1
k-compositions of n,
k−1
and choosing one of these randomly is what we mean
 by choosing a “uniform nonden−1
generate slice”. To see that there are indeed k−1 k-compositions, think of n balls
being lined up. There are n − 1 “slots” between them. The k-compositions are in 1-1
correspondence with the ways of placing k − 1 indistinguishable “walls” into the slots
(with each slot being able to hold at most one wall). Given a wall-ball arrangement,
ai is the number of balls in the the ith walled-off segment.
Using the same image, we can understand the final distribution on strings in [k]n .
Imagine the lined-up balls are labelled, 1 to n. If we first randomly permute the
balls and then place the walls, we effectively get an “ordered k-partition of [n]”. The
word “ordered” here refers to the fact that the order of the k parts is significant; the
word “partition” here refers to the fact that the order within the parts is not significant. These ordered k-partitions are in 1-1 correspondence with the “nondegenerate”
strings in [k]n — i.e., those strings in which each character from [k] appears at least
once. The correspondence is the obvious one: the numbers on the balls correspond to
the indices in the string, and the ith walled-off segment corresponds to indices where
the string has the character i.
I also like to think of these walls and balls with a different image: I imagine we take
all the balls in the ith walled-off segment and package them into a cardboard box,
which we label by i. Now the balls in a box are free to roll around, which illustrates
that the order within the box is not significant; and, we are free to move the boxes
around because the labels on them “save” their position in [k]. The reason for this
imagery may become clear when we recurse (as we will do shortly). For the more
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notationally minded, I also like to think of these configurations as being written as,
say,
h{2, 6, 8}, {1, 4, 7, 9, 10}, {3, 5}i.
Here k is 3 and n is 10; we have balls 2, 6, and 8 in the first box, etc.
There’s nothing too special about the final number of boxes here, k (except that it’s
at least n). Indeed, I would like to think about iterating this boxing-up process. Let
m be another number between k and n (inclusive). Imagine we choose a uniformly
random m-partition of [n]; i.e., we randomly pack up the n balls into m boxes as
described above. (This is like choosing a random m-dimensional subspace with 0 free
coordinates, in our other mode of thinking.) Next, we apply a uniformly random kpartition to these m. . . “items”. I.e., we take the m boxes, line them up in a random
order, plunk down k − 1 walls into the m − 1 slots, and then pack all the boxes in the
ith walled segment into a bigger box, labelled i.
Proposition 1 Doing a random labelled m-partition followed by a random labelled
k-partition is “equivalent” to just doing a random labelled k-partition.
Well, it’s not quite “equivalent” per se; in the former case you have labelled boxes
containing labelled boxes containing labelled balls, whereas in the latter case you just
have labelled boxes containing labelled balls. For example, if you were to do a random
labelled 2-partition of the labelled 3-partition shown above, you might get
h{{1, 4, 7, 9, 10}, {3, 5}}, {{2, 6, 8}}i.
Our convention, though, will be to treat “inner” set braces as nonexistent, so the
above really means
h{1, 3, 4, 5, 7, 9, 10}, {2, 6, 8}i;
AKA the string 1211121211. In particular, the “inner” box-labels are not significant;
given a “final” big box labelled i we just rip open everything inside it without regard
to label, and treat all the balls we find as i’s for the string.
Proof: (of Proposition 1.) Let’s consider the two-step process: first an n → m
ordered partition and then the m → k ordered partition. The first observation in the
proof is that in the walls/balls imagery, the random permutation of the items and
the random placing of the walls commute. So we think of the first step as randomly
permuting the n balls, randomly placing m − 1 walls, boxing up the m segments of
balls, and then removing the walls. But we think of the second step as first placing
k − 1 walls at random in the m − 1 inter-box slots, then randomly permuting the k
segments of boxes.
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The second observation is that the random wall-placings commute. What we’re doing
is first choosing m − 1 out of n − 1 slots at random, then involving some cardboard,
then choosing k − 1 out of the m − 1 chosen slots at random. But this is clearly
equivalent to simply choosing k − 1 out of n − 1 slots at random. So the whole
process has simplified to permuting the n balls, walling them uniformly at random
into k segments, and then permuting the segments. But now we again commute the
first permutation and the walling; it’s equivalent to first randomly placing k − 1 walls
into n − 1 slots, then randomly permuting the n balls, then randomly permuting the
k segments of balls. Finally, these two permutations can be combined because for
any fixed k-segmenting, it’s clear that doing a random permutation of all the balls
and then doing a random partition of the segments is equivalent to just doing the
first random partition. 
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Random coalescings

For n ≥ m, define an “n → m coalescing” κ to be the info needed to recreate a
random ordered m-partition of n as described in the previous section;
 specifically, κ
n−1
is a permutation π on [n] together with an element of the set m−1 . Proposition 1
tells us that if κ1 is a random n → m coalescing and κ2 is a random m → k coalescing,
then κ2 κ1 is a random n → k coalescing. I write it in this order because I think of
these as κ’s as “operators” on lists of sets; e.g.,
κh{1, 4, 7, 9, 10}, {3, 5}, {2, 6, 8}i = h{1, 3, 4, 5, 7, 9, 10}, {2, 6, 8}i
if κ is the 3 → 2 coalescing defined by arranging 3 items in the order h2, 1, 3i and then
placing the wall in the second slot. (Note that this is not the unique κ achieving this
transformation; the one that ordered as h1, 2, 3i and placed the wall in the second
slot would do the same.)
These random coalescings are our replacements for random restrictions/subspaces,
which worked so nicely with product distributions on [k]n . Proposition 1 says coalescings have the same “independence” property: we can imagine fixing randomly
a particular m → k coalescing κ0 (this is like fixing an (n − (m − k))-dimensional
subspace) and then considering the space of random n → m coalescings κ. The resulting distribution on strings κ0 κ has our desired probability distribution. (Note:
when we omit the list that a coalescing like κ0 κ is operating on, it is assumed to be
h{1}, {2}, . . . , {n}i.)
Proposition 1 of course extends to doing multiple coalescings: for any n ≥ m1 ≥ m2 ≥
· · · ≥ mt we could make a random n → m1 coalescing, then a random m1 → m2 coalescing, etc., down to a random m2 → mt coalescing, and this would be equivalent
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to just doing a single random n → mt coalescing.
Indeed, if we want we can imagine all n → k coalescings as occurring via n − k consecutive “single coalescings”, n → (n − 1) → (n − 2) → · · · (k + 1) → k. It’s of course
natural to think of a random (m + 1) → m coalescing according to which slot doesn’t
get a wall, as opposed to which m slots get the m − 1 walls. I.e., a single coalescing
like this involves randomly permuting the m + 1 items, then merging two randomly
chosen adjacent items.
Actually, when we come (finally) to DHJ, it will be useful to think not of merging
two random adjacent items, but rather the last item with a random other item. This
is because we like to identify [k + 1] ∼
= ([k] ∪ ?), and we think of a combinatorial line
as coming from replacing all the ?’s by 1’, by 2’s, . . . , by k’s. I.e., we will often think
of k + 1 labeled boxes of indices as a “combinatorial line template”, and we can get a
random one of the k points on this line by merging the contents of the (k + 1)th box
with the contents of a random box from 1 . . . k. To this end, we make the following
definition:
Definition 2 Given an ordered set of m + 1 boxes, a “coagulation” means merging
the contents of the box labelled m + 1 into the jth box, for some j ∈ [m]. A “random
coagulation” means doing this with j ∈ [m] chosen uniform at random.
The final proposition for this document is that in a single coalescing (m + 1) → m,
we can do coagulations instead of adjacent-merges. In this proposition we will really
start to think of coalescings not so much as ordered partitions, but as sequences of
operations which combine to form an “operator”:
Proposition 3 Consider an (m + 1) → m coalescing κ defined by randomly drawing
“κ ∼ CΠ”; this means, “permute” then “coagulate”. Then κ is the same as a random
(m + 1) → m coalescing with the usual distribution.
Proof: It’s clear that starting with m + 1 ordered items, the following are all equivalent:
(a) Permuting the m + 1 items, then merging the (m + 1)th into the jth, for j ∈ [m]
random.
(b) Choosing two out of m + 1 items uniformly at random to be merged, choosing
which of the m positions the merged pair will go into at random, then placing the
other m − 1 items randomly into the remaining m − 1 positions.
(c) Permuting the m + 1 items, then merging a random pair of adjacent items. 
4

