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Abstract

Let @ be a uniformly distributed randoiSAT formula withn variables andn clauses. We present
a polynomial time algorithm that finds a satisfying assignbaé @ with high probability for constraint
densitiesm/n < (1 — ex)2" In(k)/k, wheree, — 0. Previously no efficient algorithm was known
to find solutions with non-vanishing probability beyond/n = 1.817 - 2* /k [Frieze and Suen, J. of
Algorithms 1996].
Key words:random structures, efficient algorithms, phase transtiiSAT.

1 Introduction
1.1 Solving random k-SAT

Thek-SAT problemis well known to be NP-hard fbr> 3, and in fact no algorithm with a sub-exponential
worst-case running time is known to decide whether a gi#SAT formula has a satisfying assignment.
Nevertheless, thdt-SAT is NP-hard merely indicates that no algorithm can salv@ossible inputs effi-
ciently. Therefore, there has been a significant amountsafareh orheuristicsfor £-SAT, i.e., algorithms
that solve “most” inputs efficiently, where the meaning ofdsti’ depends on the scope of the respective
paper. While some heuristics fofSAT are very sophisticated, virtually all of them are basedat least)
one of the following basic paradigms.

Pureliteral rule. If avariablex occurs only positively (resp. negatively) in the formulet,isto true (resp.
false). Simplify the formula by substituting the newly agd value for: and repeat.

Unit clause propagation. If the formula contains a clause that contains only a sirigdedl (“unit clause”),
then set the underlying variable so as to satisfy this clatisen simplify the formula and repeat.

Walksat. Initially pick a random assignment. Then repeat the foltoyvi While there is an unsatisfied
clause, pick one at random, pick a variable occurring in thesen clause randomly, and flip its
value.

Backtracking. Assign a variabler, simplify the formula, and recurse. If the recursion faisfind a
satisfying assignment, assigrthe opposite value and recurse.

Heuristics based on these paradigms can be surprisingtgssitil (given that-SAT is NP-hard) on
certain types of inputs (e.gl, [10,116]). However, it rensaiemarkably simple to generate formulas that
elude all known algorithms/heuristics. Indeed, the sirsptenceivable type ahndominstances does the
trick: let ® denote a-SAT formula over the variable sét = {z1,...,z,} that is obtained by choosing
m clauses uniformly at random and independently from the &all §2n)* possible clauses. Then for a
large regime of constraint densities/n satisfying assignments are known to exist due to non-cocisie
arguments, but no algorithm is known to find one in sub-exptiaime with a non-vanishing probability.
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To be precise, keepingfixed and lettingn = [rn] for a fixedr > 0, we say thaf® has some property
with high probability(*w.h.p.”) if the probability that the property holds tenttsone as: — . Via the
(highly non-algorithmic) second moment method and thestiaeshold theorem [B] 4, 114] it can be shown
that® has a satisfying assignment w.h.puif'n < (1 — ;)2" In 2. Heree;, tends to0 for largek. On the
other hand, a first moment argument shows that no satisfygsigiament exists w.h.p. ifi/n > 2¥In 2.

In summary, the threshold fa@ being satisfiable is asymptoticaldy In 2.

But for densitiesn/n beyondO(2* /k) no algorithm has been known to find a satisfying assignment
in polynomial time with probability2(1) — neither on the basis of a rigorous analysis, nor on the basis
of experimental or other evidence. In fact, many algorithmsluding Pure Literal, Unit Clause, and
DPLL-type algorithms, are known to fail or exhibit an expatial running time beyond(2* /k). There
is experimental evidence that the same is true of Walksatedd, devising an algorithm to solve random
formulas with a non-vanishing probability for densitiegn up to2*w(k)/k for anyw(k) — oo has been
a well-known open problem [3] 4] 8,121], which the followirigebrem resolves.

Theorem 1.1 There are a sequeneg — 0 and a polynomial time algorithri x such that~i x applied
to a random formula® with m/n < (1 — £;,)2" In(k)/k outputs a satisfying assignment w.h.p.

Fi x is a combinatorial, local-search type algorithm. It canraplemented to run in time(n + m)/2.

The recent paper[2] provides evidence that beyond density = 2 In(k)/k the problem of finding
a satisfying assignment becomes conceptually significamie difficult (to say the least). To explain this,
we need to discuss a concept that originates from statigityesics.

1.2 A digression: replica symmetry breaking

For the last decade randdSAT has been studied by statistical physicists using stighted, insightful,
but mathematically highly non-rigorous techniques from theory of spin glasses. Their results suggest
that below the threshold densi®y In 2 for the existence of satisfying assignments various otiheise
transitions take place that affect the performance of @lyois.

To us the most important one is tbgnamic replica symmetry breaki(@RSB) transition. Leb (®) C
{0,1}" be the set of all satisfying assignments of the random foariul We turnS(®) into a graph by
consideringr, T € S(®) adjacent if their Hamming distance equals one. Very rougpsaking, according
to the dRSB hypothesis there is a density 5 such that forn/n < rrsp the correlations that shape the
setS(®) are purely local, whereas for densitiegn > rrgp long range correlations occur. Furthermore,
TRSB ™~ 2k 1n(k)/k

Confirming and elaborating on this hypothesis, we recerdtatdished a good part of the dRSB
phenomenon rigorously[2]. In particular, we proved tharéhis a sequence, — 0 such that for
m/n > (14 £)2FIn(k)/k the values that the solutions ¢ S(®) assign to the variables are mutu-
ally heavily correlated in the following sense. Let us callaaiablex frozenin a satisfying assignment
o if any satisfying assignment such thar(z) # 7(x) is at Hamming distanc@(n) from o. Then for
m/n > (1+4¢x)2% In(k)/k in all but ao(1)-fraction of all solutionsr € S(®) all but ane-fraction of the
variables are frozen w.h.p., wherg — 0.

This suggests that on random formulas with densifyn > (1+¢;)2" In(k)/k local search algorithms
are unlikely to succeed. For think of tfector graph whose vertices are the variables and the clauses, and
where a variable is adjacent to all clauses in which it occlingn a local search algorithm assigns a value
to a variabler on the basis of the values of the variables that have dist@tgfrom x in the factor graph.
But in the random formul@ with m /n > (1 +¢;)2* In(k) /k assigning one variableis likely to impose
constraints on the values that can be assigned to variatdéstance?(Iln n) from « in the factor graph.

The above discussion applies to “large” value& ¢fay,k > 10). In fact, non-rigorous arguments as
well as experimental evidencde [5] suggest that the pictiguite different and rather more complicated
for “small” k£ (say,k = 3,4,5). In this case the various phenomena that occur at (or veas) tige point
2% In(k)/k for k > 10 appear to happen at vastly different points in the satisiedggime. To keep matters
as simple as possible we focus on “largeh this paper. In particular, no attempt has been made toaleri
explicit bounds on the numbesg in Theoreni LI for “small” values df.
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Algorithm Densitym/n < - -- Success probability Ref., year
Pure Literal (“PL") o(1) ask — oo w.h.p. [19], 2006
Walksat, rigorous =28 /K2 w.h.p. [9], 2009
Walksat, non-rigorous 2F [k w.h.p. [22], 2003
=2,
Unit Clause (“UC”) () % Q1) [7], 1990
k=3
Shortest Clause (“SC”) | 2 (’“—jé) k=L % w.h.p. [8], 1992
SC+backtracking (“SCB”) ~ 1.817- % w.h.p. [15], 1996
BP+decimation (“BPdec” e-2F/k w.h.p. [21], 2007
(non-rigorous)

Table 1: Algorithms for randorh-SAT

1.3 Related work

Quite a few papers deal with efficient algorithms for rande8AT, contributing either rigorous results,
non-rigorous evidence based on physics arguments, orimegmal evidence. Tablg 1 summarizes the
part of this work that is most relevant to us. The best rigenmsult (prior to this work) is due to Frieze
and Suen[[I5], who proved that “SCB” succeeds for densiti@s /k, wheren, is increasing tal.817
ask — oo. SCB can be considered a (restricted) DPLL-algorithm. Maexisely, SCB combines the
shortest clause rule, which is a generalization of Unit €awith (very limited) backtracking. Conversely,
it is known that DPLL-type algorithms require an expondntienning time w.h.p. for densities beyond
O(2%/k) [].

Montanari, Ricci-Tersenghi, and Semerjian|[21] providielemce that Belief Propagation guided dec-
imation may succeed up to density 2¥/k. This algorithm is based on a very different paradigm than
the others mentioned in Taldlé 1. The basic idea is to run aagegsassing algorithm (“Belief Propaga-
tion”) to compute for each variable the marginal probaypilitat this variable takes the value true/false in a
uniformly random satisfying assignment. Then, the dedionattep selects a variable, assigns it the value
true/false with the corresponding marginal probabilityd @implifies the formula. Ideally, repeating this
procedure will yield a satisfying assignment, provided tBelief Propagation keeps yielding the correct
marginals. Proving (or disproving) this remains a majorropeblem.

Survey Propagation is a modification of Belief Propagatiost taims to approximate the marginal
probabilities induced by a particular (non-uniform) prbbigy distribution on the set of satisfying assign-
ments [6]. It can be combined with a decimation procedure el$ t@ obtain a heuristic fofinding a
satisfying assignment. There is (non-rigorous) evideheg fior most of the satisfiable regime (actually
m/n < 2¥1n2 — O(1)) Belief and Survey Propagation are essentially equivdEdjt Hence, there is no
evidence that Survey Propagation finds satisfying assigtsieyond)(2* /&) for generak.

In summary, various algorithms are known/appear to suctetensities: - 2% /k, where the constant
c depends on the particulars of the algorithm. But | am not ewéprior evidence (either rigorous results,
non-rigorous arguments, or experiments) that some algortucceeds for densities/n = 2*w(k)/k
with w(k) — oc.

The discussion so far concerns the case of geketaladdition, a large number of papers deal with the
casek = 3. Flaxman|[13] provides a survey. Currently the best rigehpanalyzed algorithm for random
3-SAT is known to succeed up ta/n = 3.52 [17]]. This is also the best known lower bound on the 3-SAT
threshold. The best current upper bound.iz06 [11], and non-rigorous arguments suggest the threshold
to be~ 4.267 [6]. As mentioned in Sectioin 1.2, there is non-rigorous ewite that the structure of the
set of all satisfying assignment evolves differently indam 3-SAT than in randorkh-SAT for “large” k.
This may be why experiments suggest that Survey Propagatiidled decimation for 3-SAT succeeds for
densitiesn/n up to4.2 [6].

1.4 Techniques and outline
The algorithms for randorh-SAT from [4,[8,15] all follow a very simple scheme:
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Initially all variables are unassigned. In each step appiyesrule (referring to the previously
assigned variables/values only) to select a currentlysigasd variable. Assign the selected
variable for good, simplify the formula, and proceed.

The Unit Clause algorithm is the prototypical example: thderlying rule is to check if there is a clause
that hask — 1 false literals due previous decisions; if so, the algorigets the last unassigned variable
so as to satisfy the clause. Otherwise the algorithm picksnassigned variable randomly and assigns it
a random value. (The algorithm SCB from [15] deviates from fattern slightly as it may backtrack to
revise previous assignments, but this happens at @@st n) times w.h.p.)

The analysis of such algorithms is based on the “method adrosd decisions”. Suppose we apply
the algorithm to a random formula and condition on the o@nes of the variables assigned in the first
t steps. Assume that these are precisely the variahles ., z;. Then all the literals whose underlying
variable is none of1, ..., z; remain stochastically independent and uniformly disteluover set of the
remaining2(n — t) literals. This fact makes it possible to either model theceien of the algorithm by
differential equations]7./8], or by a Markov chain [15]. Qfurse, this type of analysis crucially exploits
the fact that the algorithm (almost) never revises previrgsions.

Instead of assigning one variable at a time, the Walksatidgo starts from a complete (e.g., randomly
chosen) assignment of truth values to all the variables.oOfse, this initial assignment is very unlikely to
be satisfying. Hence, while there is an unsatisfied clatrgealgorithm picks one of them at random and
flips the value of a randomly chosen variable occurring i thause. Since Walksat actually starts from
a complete assignment and may flip the value of the same l@galberal times, the method of deferred
decisions does not apply. In fact, although experimental (@n-rigorous) evidence suggests that Walksat
finds a satisfying assignment in linear time w.h.p.fofn < 2/, the best current rigorous analysis only
shows this form /n < 2% /(6k2) [9]. (The proof is based on relating Walksat to a branchirogpss.)

The algorithmFi x for Theoreni L1 is similar to Walksat in that it starts withaarplete assignment —
say, for the sake of concreteness, the one that sets alblesito true. The number of unsatisfied clauses is
(14 o(1))27%m w.h.p. To reach a satisfying assignmefitx will have to flip (at least) one variable from
each of these clauses. But in contrast to WalkBat does not choose this variable randomly. Instead
Fi x applies a greedy rule: whenever possible choose a variabtethat flippingz does not generate
new unsatisfied clauses. Thus, one could constdara greedy version of Walksat. We will describe the
algorithm precisely in Sectidd 3.

The analysis oFi x is based on a blend of probabilistic methods (e.g., mar@syand combinatorial
arguments. We can employ the method of deferred decisiansddain extent: the analysis “pretends” that
the algorithm exposes the literal occurrences of the ranid@urt formula only when it becomes strictly
necessary, so that the unexposed ones remain “random”. \ldowthe picture is not as clean as in the
analysis of, say, Unit Clause. The reason is that we will Havieack certain rather non-trivial random
variables throughout the process, for which we will resoraitdirect combinatorial analysis. Sectldn 3
contains an outline of the analysis, the details of whichcareied out in Sectiohl43-6. Before we come to
this, we need a few preliminaries.

2 Preliminaries and notation

In this section we introduce some notation and present a ésicffacts. Although most of them (or closely
related ones) are well known, we present some of the prooteéosake of completeness.

2.1 Ballsand bins

Consider a balls and bins experiment whestinguishable balls are thrown independently and unifgr
at random into bins. Thus, the probability of each distribution of balltoibins equals —*.

Lemma2.1 LetZ(u,n) be the number of empty bins. Let= nexp(—u/n). ThenP [Z(u,n) < A/2] <
O(\/1) - exp(—A/8) asn — oo.
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The proofis based on the followir@hernoff bounan the tails of a binomially distributed random variable
X with mean) (seel[18, pages 26-28]): for any- 0

.2
> < —
P(X/\+t)exp< 5 o

t2
()\—|—t/3)) and P(X <A t)<exp( ) Q)
Proof of Lemm&Z]1Let X; be the number of balls in bin In addition, let(Y;):<;<, be a family of
mutually independent Poisson variables with mggn, and letY’ = """ | ¥;. ThenY has a Poisson
distribution with meary.. Therefore, Stirling’s formula showB [Y = u] = ©(u~'/?). Furthermore,
the conditionaljoint distribution ofY7, ..., Y, given thatY = u coincides with the joint distribution of
X1,...,X, (see, e.q.[]12, Section 2.6]). As a consequence,

P[Z(p,n) < A2 = P[{icn]:Y;=0}<A2]Y =y

Pl{ien:Y; =0} <)2 _ , o
- P[Y = /] =O0(v/p) - P[l{i € [n] : Vi = 0} < A/2] (2)

Finally, sinceY, .. .,Y, are mutually independent ai®fY; = 0] = A\/n forall 1 < i < n, the number of
indicesi € [n] such that; = 0 is binomially distributed with meah. Thus, the assertion follows froi (2)
and the Chernoff bounl(1). O

2.2 Random k-SAT formulas

Throughout the paper we 18t = V,, = {z1,..., 2, } be a set of propositional variables.4Af C V, then
7 = {z : € Z} contains the corresponding set of negative literals. Meeedf [ is a literal, then||
signifies the underlying propositional variable ulfs an integer, lefu] = {1,2, ..., u}.

We letQ; (n, m) be the set of alk-SAT formulas with variables frory = {1, ..., z,} that contain
preciselym clauses. More precisely, we consider the formula an orderddple of clauses and each
clause an orderekttuples of literals, allowing both literals to occur repadily in one clause and clauses
to occur repeatedly in the formula. LEY(n,m) be the power set d,(n, m), and letP = Py(n,m)
be the uniform probability measure (which assigns prolitghi2n)~*™ to each formula). We obtain a
probability spac€;(n, m), X (n,m), P).

Throughout the paper we denote a random elemef¥,6f, m) by ®. Unless otherwise specified,
is uniformly distributed. In addition, we uskto denote specific (i.e., non-random) element&pfn, m).

If & € Qi(n,m), thend; denotes théth clause ofd, and®;; denotes thgth literal of ®;.

Lemma 2.2 For anydé > 0 and anyk > 3 there isng > 0 such that for alln > ng the following is
true. Suppose that > on and thatX; : Qx(n, m) — {0,1} is a random variable for eache [m]. Let
= [In®n]. If there is a numbeA > § such that for any set/ C [m] of sizey we have

E lH Xi] < A\ then P lz X; > (14 5)Am] <n7 10
i€ M i=1

Proof. Let M be the number of set®/ C [m] of sizex such thaf [, ,, X; = 1. ThenE [M] < (7})/\“.

If X =", X;>L=[(1+0d)Am], thenM > (ﬁ) Consequently, by Markov’s inequality

e = vl (O] B SR () < (e

SinceAm > §%n we see thatl + ) A\m — u > (1+ §/2) Am for sufficiently largen. Hence P [X > L] <
(14 06/2)~* < n~10 for large enough. ]

Although we allow variables to appear repeatedly in the selanese, the following lemma shows that
this occurs very rarely w.h.p.
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Lemma 2.3 Suppose that, = O(n). Then w.h.p. there are at mdstn indicesi € [m] such that one of
the following is true.

1. There arel < j; < jo < ksuchthaf®,;, | = |®;,].
2. There ig’ # i and indicesj; # jo2, j1 # jp suchthaf®;;, | = [®;; | and|®;j,| = [, |.
Furthermore, w.h.p. no variable occurs in more tHafh . clauses.

Proof. Let X be the number of such indicé$or which 1. holds. For eache [m] and any paid < j; <
Jj2 < k the probability that®,;, | = |®,;,| is 1/n, because each of the two variables is chosen uniformly
at random. Hence, by the union bound the probability thaktlaeej, , j» such thaf®,;, | = |®,,,| is at
most (%) /n. Consequentlyis [X] < m (%) /n = O(1), and thusX < 4 Innw.h.p. by Markov’s inequality.

Let Y be the number of € [m] for which 2. is true. For any giveni', j1, j1, j2, 75 the probability
that|®;,| = |®; | and|®;;,| = |®; 5| is 1/n?. Furthermore, there are> ways to choosé, i’ and then
(k(k —1))* ways to choosgy, j{, ja, j5. HenceE [Y] < m?k*n=2 = O(1). Thus,X < 1 Innw.h.p. by
Markov’s inequality.

Finally, for any variabler the number of indice$ € [m] such thatz occurs in®; has a binomial
distributionBin(m, 1 — (1 — 1/n)*). Since the meam - (1 — (1 —1/n)*) is O(1), the Chernoff bound{1)
implies that the probability that occurs in more tham® n clauses i (1/n). Hence, by the union bound
there is no variable with this property w.h.p. ]

Recall that diltration is a sequencéF; )o<:< - of o-algebrasF; C X (n, m) such thatF; C F;, for
all 0 <t < 7. For arandom variabl& we letE [X|F;] denote theconditional expectatiofwhich is a
random variable). Remember thaf:| ;] assigns a probability measupd:| 7] (P) to any® € Q. (n, m),
namely
P[F](®): A € Xp(n,m) — E[La|F] (D),

wherels(p) = 1if ¢ € Aandl4(¢) = 0 otherwise.

Lemma 2.4 Let(F;)o<:<- be afiltration and le{ X;),<;<. be a sequence of random variables such that
eachX, is F;-measurable. Assume that there are numlgers 0 such thatkl [ X;|F;_1] < & for all ¢.

ThenE[[], <, X¢|Fo] < ITi<i<, &
Proof. Forl < s < 7 we letY, = [];_, X;. Lets > 1. SinceY,_, is F,_;-measurable, we obtain
EYs|Fo] = E[Yso1Xs|Fo] = E[E[Yso1Xs[Foor][Fo] = E[Ysr E [Xs|Foa] |Fo] < GE[Yoo1|Fo],

whence the assertion follows by inductiamWe also need the following tail bound (“Azuma-Hoeffding”,

e.g. [18, p. 37)).

Lemma2.5 Let(M;)o<:<, be a martingale such that/y, = E [M;]. Suppose thai\/, — M;_1| < ¢, for
all1 <t <. Thenforany\ > 0P [|M, — My| > A] < exp[-A?/(2Y;_, ¢P)].

Finally, we need the following bound on the number of claubashave “few” positive literals in total
but contain at least one positive variable from a “small” set

Lemma 2.6 There is a constant > 0 such that for allk > 3 andm/n < 2¥k~!Ink the following
is true. Letl < I < vk and setd = ak*. ForasetZ C V let X; be the number of indices
i € [m] such that®; is a clause with precisely positive literals that contains a variable froxd. Then
max {Xz : |Z| < én} < Von w.h.p.

Proof. Let = [v/on]. We use a first moment argument. Clearly we just need to censitsZ of size
[on]. Thus, there are at mogf, ) ways to chooseZ. OnceZ is fixed, there are at most’) ways to
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choose a sef C [m] of sizep. For each € 7 the probability that®; contains a variable fror@ and has
preciselyl positive literals is at most'~*k (¥)§ Hence, by the union bound

Plmax{Xz:|Z| <on} >p < (5’;) (’Z) {21—’%(’;) 5]# < (%)6" <%§7)5>H
< (g)é (W)ﬂ [asm < 2k~ Ink]
< (%)M (4e In(k) - k- \/5)# [becausg: = [V/on]]
< (%)M oH/8 [asd = ak—4 for a smallo > 0]

exp [m/S <\/5(1 —Iné) + éln&ﬂ .

The last expression i{1), becausa/d(1 — In §) + 1 In § is negative for sufficiently smad. a

3 Thealgorithm Fi x

In this section we present the algoritlx. To establish Theorem 1.1 we will prove the following: for
any0 < ¢ < 0.1 thereisky = ko(e) > 3 such that for alk > k, the algorithmFi x outputs a satisfying
assignment w.h.p. when applieddowith m = [(1 — )2k~ !Ink|. Thus, we assume thatexceeds
some large enough numbky depending orx only. In addition, we assume throughout that> ng for
some large enoughy = ng(e, k). We set

w=(1—-¢)lnkandk; = [k/2].

Let ® € Q(n,m) be ak-SAT instance. When applied t the algorithm basically tries to “fix” the
all-true assignment by setting “a few” variablgsc V to false so as to satisfy all clauses. Obviously,
the setZ will have to contain one variable from each clause congjstihnegative literals only. The key
issue is to pick “the right” variables. To this end, the alon goes over the all-negative clauses in the
natural order. If the present all-negative cladgedoes not contain a variable fromyet, Fi x (tries to)
identify a “safe” variable inb;, which it then adds t&. Here “safe” means that setting the variable to false
does not create new unsatisfied clauses. More precisehaywhat a claus@; is Z-uniqueif ®; contains
exactly one positive literal frory” \ Z and no negative literal whose underlying variable iginMoreover,

x € V'\ Zis Z-unsafdf it occurs positively in aZ-unique clause, and-safeif this is not the case. Then
in order to fix an all-negative claugg we preferZ-safe variables.

To implement this ide&i x proceeds in three phases. Phase 1 performs the operatimibddsn the
previous paragraph: try to identifya-safe variable in each all-negative clause. Of course lithappen
that an all-negative clause does not contaifi-aafe variable. In this cadé x just picks the variable
in positionk;. Consequently, the assignment constructed in the firstepiibk not satisfyall clauses.
However, we will prove that the number of unsatisfied clause®ry small, and the purpose of Phases 2
and 3 is to deal with them. Before we come to this, let us desd?hase 1 precisely.

Algorithm 3.1 Fi x(®)
Input: A k-SAT formula®. Output: Either a satisfying assignment or “fail”.

la. LetZzZ =0.

1b. Fori=1,...,mdo

1lc. If @, is all-negative and contains no variable from Z

1d. Ifthereis 1 < j < k; such that |®;;,| is Z-safe, then pick the least such j and add |®;;| to Z.

le. Otherwise add |®; 1, | to Z.
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The following proposition, which we will prove in Sectibh @ymmarizes the analysis of Phase 1. &gt
be the assignment that sets all variable¥’iky Z to true and all variables i& to false.

Proposition 3.2 At the end of the first phase Bf x (®) the following statements are true w.h.p.
1. We havéZ| < 4nk~'lnw.
2. Atmost(1 + ¢/3)wn clauses areZ-unique.
3. At moskxp(—k¢/®)n clauses are unsatisfied undey.

Since the probability that a random clause is all-negatvei*, under the all-true assignmefit +
0(1))27*m ~ wn/k clauses are unsatisfied w.h.p. Hence, the outcomef Phase 1 is already a lot
better than the all-true assignment w.h.p.

Step 1d only considers indicas< j < k;. This is just for technical reasons, namely to maintain a
certain degree of stochastic independence to facilitheeghalysis of) Phase 2.

Phase 2 deals with the clauses that are unsatisfied upddihe general plan is similar to Phase 1: we
(try to) identify a setZ’ of “safe” variables that can be used to satisfy #heunsatisfied clauses without
“endangering” further clauses. More precisely, we sayahdausebd; is (Z, Z’)-endangeredf there is no
1 < j < ksuch that the literab,; is true underz and|®;;| € V'\ Z'. In words,®; is (Z, Z')-endangered
if it relies on one of the variables ifi’ to be satisfied. Cafb; (Z, Z')-securef itis not (Z, Z')-endangered.
Phase 2 will construct a st such that for alll < ¢ < m one of the following is true:

e &,is(Z,7')-secure.
e There are at least three indices< j < k such that®;;| € Z’.

To achieve this, we say that a variables (Z, Z')-unsafef = € ZUZ' or there are indice§, 1) € [m] x [k]
such that the following two conditions hold:

a. Forallj #lwehaved;,; €« ZUZ' UV \ Z.
b. (I)il = X.

(In words,z occurs positively inb;, and all other literals ob; are either positive but i¥ U Z’ or negative
but notinZ.) Otherwise we call: (Z, Z')-safe In the course of the proceds, x greedily tries to add as
few (Z, Z')-unsafe variables t&’ as possible.

2a. LetQ@ consist of all i € [m] such that ®; is unsatisfied under oz. Let Z' = 0.

2b. WhileQ # 0

2c. Let: = min Q.

2d. If there are indices k1 < j1 < j2 < j3 < k — 5 such that |9, | is (Z, Z')-safe for 1 = 1,2, 3,
pick the lexicographically first such sequence and add |®;;, |, |®ij, |, |®ijq | tO Z'.

2e. else
let k — 5 < j1 < j2 < js < k be the lexicographically first sequence such that |®,;,| ¢ Z’
and add |®;;,|to Z' (I =1,2,3).

2f. Let Q be the set of all (Z, Z’)-endangered clauses that contain less than 3 variables from Z'.

Note that the While-loop gets executed at meg3 times, becaus€’ gains three new elements in each
iteration. Actually we prove in Sectidd 5 below that the fisatZ’ is fairly small w.h.p.

Proposition 3.3 The setZ’ obtained in Phase 2 d¢fi x(®) has sizdZ'| < nk~'? w.h.p.

After completing Phase Zi x is going to set the variables i \ (Z U Z’) to true and the variables
in Z \ Z' to false. This will satisfy al(Z, Z’)-secure clauses. In order to satisfy {t# Z’)-endangered
clauses as welFi x needs to set the variablesifi appropriately. Since eacly, Z’)-endangered clauses
contains three variables frond, this is essentially equivalent to solving3aSAT problem, in whichZ’
is the set of variables. As we shall see, w.h.p. the resultiSg\T instance is sufficiently sparse for the
following “matching heuristic” to succeed: set up a bipargraphG(®, Z, Z’) whose vertex set consists of
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the(Z, Z')-endangered clauses and thesetEach(Z, Z')-endangered clause is adjacent to the variables
from Z’ that occur in it. If there is a matchiny in G(®, Z, Z’) that covers al( Z, Z')-endangered clauses,
we construct an assignmery z s as follows: for each variable € V' we define

false ifxe Z\Z
ozz m(x) =< false if{®;,z} € M for somel < i < m andx occurs negatively i®;,
true  otherwise.

To be precise, Phase 3 proceeds as follows.

3.  IfG(®, Z, Z') has a matching that covers all (Z, Z')-endangered clauses, then compute an (arbitrary)
such matching M and output oz 2/ ;. If not, output “fail”.

The (bipartite) matching computation can be performediitn. + m)3/?) time via the Hopcroft-Karp
algorithm. In Sectiofil6 we will show that the matching exists.p.

Proposition 3.4 W.h.p.G(®, Z, Z') has a matching that covers dlZ, Z’)-endangered clauses.

Proof of Theoreni TI]1.Fi x is clearly a deterministic polynomial time algorithm. Itnmains to show
thatFi x(®) outputs a satisfying assignment w.h.p. By Proposifioh $idse 3 will find a matching/
that covers allZ, Z’)-endangered clauses w.h.p., and thus the output will besfigramentr = oz 7/ mr
w.h.p. Assume that this is the case. Thesets all variables i@\ Z’ to false and all variables i\ (ZUZ")
to true, thereby satisfying allZ, Z')-secure clauses. Furthermore, for eé2hZ’)-endangered claugk;
there is an edgé®;, |®;;|} in M. If ®,; is negative, thea (|®,;|) = false, and if if®;; is positive, then
o(®;;) = true. In either case satisfies®;. a

4 Proof of Proposition 3.2

Throughout this section we 16t < ¢ < 0.1 and assume that > k, for a sufficiently largeky = ko (e).
Moreover, we assume that = | (1—¢)2*k~! In k| and that: > n, for some large enoughy = no (s, k).
Letw = (1 —¢)Ink andky = [k/2].

4.1 Outline

Before we proceed to the analysis, it is worthwhile givingriefintuitive explanation as to why Phase 1
“works”. Namely, let us just consider thiest all-negative claus@; of the random input formula. Without
loss of generality we may assume that 1. Given that®, is all-negative, theé:-tuple of variables
(|®1;])1<j<k € V* is uniformly distributed. Furthermore, at this poiit= (. Hence, a variable is
Z-unsafe iff it occurs as the unique positive literal in sorfeuse. The expected number of clauses with
exactly one positive literal i82~*m ~ wn. Thus, for each variable the expected number of clauses in
which z is the only positive literal i&£2~*m /n ~ w. In fact, for each variable the number of such clauses
is asymptotically Poisson. Consequently, the probalitii« is notZ-supporting ig1 + o(1)) exp(—w).
Returning to the claus®,, we conclude that thexpectechumber of indiced < j < k; such that{® ;|

is Z-safe is(1 + o(1))k1 exp(—w). Sincew = (1 — ¢) In k, we have

(14 0(1))ky exp(—w) > k°/3.

Indeed, the number of indicds< j < k; so that|®,| is Z-safe is binomially distributed, and hence the
probability that there is n@-safe|® ;| is at most(1+o(1)) exp(—k°/3). Thus, itis “quite likely” that®,
can be satisfied by setting some variable to false withouwtticrg any new unsatisfied clauses. Of course,
this argument only applies to the first all-negative clause,(Z = 0), and the challenge lies in dealing
with the stochastic dependencies that arise in the courtbe @xecution.

To this end, we need to investigate how the Zatomputed in Steps 1 evolves over time. Thus, we
will analyze the execution of Phase 1 as a stochastic proceshich the setZ corresponds to a sequence
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(Z¢)i>0 of sets. The time parameters the number of all-negative clauses for which either Stkprile
has been executed. We will represent the execution of Phaisénput® by a sequence of (random) maps

7 [m] x [k] — {-1,1}uV UV.

The mapm, is meant to capture the information that has determined thetfsteps of the process. If

mi(i,5) = 1 (resp.m (i, j) = —1), thenFi x has only taken into account thd;; is a positive (negative)
literal, but not what the underlying variable is.7if(i, j) € V UV, thenFi x has revealed the actual literal
q)ij-

Let us define the sequengg(i, j) precisely. LetZ, = (). Moreover, letl/; be the set of all such that
there is exactly ong such that®;; is positive. Further, define, (¢, j) for (i, j) € [m] x [k] as follows. If
i € Uy and®,; is positive, then letry (i, j) = ®,;. Otherwise, letry (i, j) bel if ®,; is a positive literal
and—1if ®;; is a negative literal. In addition, far € V' let

Uo(z) = |{i € Uy : 3j € [k] : mo (i, j) = z}|
be the number of clauses in whigtis the unique positive literal. Far> 1 we definer; as follows.

PI1 If there is no index € [m] such that®; is all-negative but contains no variable fraf_,, the
process stops. Otherwise lgtbe the smallest such index.

PI2 Ifthereisl < j < k; such that/;_1(|®4,;]) = 0, then choose the smallest such index; otherwise
Ietj =ky. Letz; = (I)(z,tjt andZ; = Z;_1 U {Zt}

PI3 Let U; be the set of alf € [m] such that®; is Z;-unique. Forz € V let U;(z) be the number of

indicesi € U, such thatr occurs positively in®;.
Pl4 Forany(i, j) € [m] x [k] let

7T(i .)_ ‘I’ij if (i:(bt/\jgkl)\/@mEZt\/(ieUt/\ﬁg(i,j):l),
tI) = mi(i,5)  otherwise.

Let T be the total number of iterations of this process beforeopstand definer, = nr, Z; = Zr,
Uy =Urp, Ut(I) = UT(I), (bt =2 =0 forallt > T.

Let us discuss briefly how the above process mirrors Phasé-ilxaf StepPI 1 selects the least index
¢ such that clausé@, is all-negative but contains no variable from tg_; of variables that have been
selected to be set to false so far. In terms of the descripfiéin x, this corresponds to jumping forward to
the next execution of Steps 1d—e. Sifige(x) is the number o, _;-unique clauses in which variahte
occurs positively, Stepl 2 applies the same rule as 1d—-d~ofx to select the new elemegtto be included
in the setZ,. StepPI3then “updates” the numbet§ (x). Finally, stepPl 4 sets up the map; to represent
the information that has guided the process so far: we rekiedlrstk; literals of the current clausé,,,
all occurrences of the variablg, and all positive literals of,;-unique clauses.

Observe that at each tinte< 7' the proces$11-Pl4 adds precisely one variable to Z;,. Thus,
|Z:| =t foranyt < T'. Furthermore, fol < ¢ < T the mapm, is obtained fromr;_; by replacing some
+1s by literals, but no changes of the opposite type are madellfifor any: € [m] there is either ng
such thatr; (i, j) = 1, or there are at least two such indigeShis is because stdl 4 ensures that for any
i such that®; is Z;-uniquer (7, j) equals the literadp,; if it is positive.

Of course, the procesRl1-Pl4 can be applied to any concreteSAT formula ® (rather than the
random®). It then yields a sequence [®] of maps, variables; [®], etc.

For each integer > 0 we define an equivalence relatien on the sef);(n, m) of k-SAT formulas by
letting ® =, T iff 7, [®] = 7, [¥] forall 0 < s < t. Let F; be thes-algebra generated by the equivalence
classes of;. The family (F:):>¢ is a filtration, and the following is immediate from the caustion.

Fact 4.1 For anyt > 0 the random mapr;, the random variableg, ., andz,, the random set&; and Z,,
and the random variableB; (z) for x € V are F;-measurable.

Intuitively, that a random variabl& is F;-measurable means that its value is determined by tinfédhe
following is the key fact about the sequentcéi, j).
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Proposition 4.2 Let &; be the set of all pairgi, j) such thatr(i,7) € {—1,1}. The conditional joint
distribution of the variableg|®;;|) ;. ;)ce, givenF; is uniform over(V \ Z;)%. Thatis, for any formula
® and for any mapf fromé&, [®] to V' \ Z, [®] we have

P[V(i,5) € & (9] : [@5] = (i )| (@) = |V \ Z [@] 151,

Proof. Let [®], signify the=,-equivalence class df. LetP4 denote the conditional probability distribution
P [|F:] (®). Then for any evenX we have

Pg [X] = P [X][®],] = |[®], n X[/ [®],]. 3)

That is, the conditional distributioR is uniform over[®],. Hence, we just need to determifj@],|.
Givenamapf : & [®] — V' \ Z; [®], we define a formul® ; by letting

f(i,5) if (4,5) € & [®] andmo (i, j) = —1,
(@f)ij =< fG,4) if (i,5) € & [®] andmo (i, j) = 1, (i € [m],j € [K]).
Dy otherwise

Then®; =, ®. Hence, we obtain a bijectiofV \ Z, [®])® — [®],, f + ®;, and thus the assertion
follows from (3). a

In each step of the proceB$1-Pl 4 one variable; is added taZ;. There is a chance that this variable
occurs in several other all-negative clauses, and therdif@r stopping tim&” should be smaller than the
total number of all-negative clauses. To prove this, we rikedollowing lemma.

Lemma 4.3 W.h.p. the following is true for all < ¢ < min{7’,n}: the number of indices € [m] such
thatm(i,j) = —1forall 1 < j < kis at mosRnw exp(—kt/n)/k.

Proof. We consider the random variables

1 ifm(i,j)=—1landt <T, . .
Nei { 0 othte(rwis)e (i €[m], j €[k], t=0).

Lett < n, = [In?n], and letZ C [m] be a set of size. LetY; = 1if t < T and(i,j) = —1 for all
J € [k], and letY; = 0 otherwise. Sel7 = [t| x Z x [k]. If Y; = 1 forall i € Z, then\y,; = 1 for all

(i,5) € T x [k] andN;; = 1 forall (s,4,j) € J, and we will prove below that

E[ H Noij - H Nagj | < 27FF(1 — 1/n)V1. (4)

(i,5) €T x[K] (ti,5)eT

Hence,

E < [27Pa -1/t <A whereh = 27F exp(—kt/n). (5)

[1Y:

i€l

Combining the bound{5) with Lemnia 2.2, we see that with pbditg at leastl — n~'° there are no
more thar2A\m indicesi € [m] such thatr.(i, j) = —1 for all j € [k]. Hence, by the union bound the
probability that this holds for all < min{7,n} is at leastl — n=%. As2\m < 2nw exp(—kt/n)/k, this
implies the assertion.

To complete the proof, we need to establ[sh (4). Let

Xo= [ Mo F=A{G4):(tij)eT) andx,= [] Ny

(i,7) €T X [K] (4,§)ETs

Since the signs of the literaiB;; are mutually independent, we have

E[X, = 27k (6)
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Furthermore, we claim that
E[X{|Fio1] < (1—1/n)d 7)

then [3) follows by pluggind(6) andl(7) into Leminal2.4.

To prove[(T), let > 1. If T' < t or my_1 (i, j) # —1 for some(s, j) € J;, then clearlyX; = Ny;; = 0.
Hence, suppose thdt > t andm;_1(i,j) = —1 for all (i,5) € J;. Then at timef PI2 selects some
variablez, € V'\ Z,_1, andN;; = 1 only if |®;;| # 2. Asm_1(i,5) = —1forall (i,5) € 7, given
Fi—1 the variableg|®;;|); ;)e7, are mutually independent and uniformly distributed ovex, Z; , by
Propositiof 4.P. Therefore, for ea¢h j) € J; independently we have;;| = z; with probability at least
1/n, whencel[(I) follows. O

Corollary 4.4 W.h.p. we hav@ < 4nk~!Inw.

Proof. Letty = 2nk~! Inw and letl; be the number of indicessuch thatr; (i, j) = —1forall 1 < j < k.
ThenPl2 ensures thal, < I,_, — 1 forall ¢t <7T'. Consequently, i’ > 2t,, then0 < Iy < I;, — o, and
thusl;, > to. Since2nk~!Inw > 3nw exp(—kto/n)/k for sufficiently largek, LemmdZ.B entails that

P[T >2t)] < PI[L,>t)=P[L, >2nk 'Inw| <P[L, > 3nwexp(—kto/n)/k] = o(1).
HenceT < 2tg w.h.p. O For the rest of this section we let
0= [4nk ' Inw].

The next goal is to estimate the numberffunique clauses, i.e., the size of the Bgt For technical
reasons we will consider a slightly bigger set: Zlgtbe the set of ali € [m] such that there is an indgx
such thatr (4, j) # —1 but there exists ng such thatr, (i, j) € {1} U Z;. That s, claus&; contains a
positive literal, but by time there is at most one positive literd;; left that does not belong t8;, and®;
has no negative literal whose underlying variable lie€jinIn Sectiod 4.2 we will establish the following
bound.

Lemma 4.5 W.h.p. we haveraxo<;<7 [Ut| < (1 + ¢/3)wn.

Let us think of the variables € V \ Z; as “bins” and of the clause®; with : € U, as “balls”. If we
place each batlinto the (unique) bin: such that: occurs positively inb;, then by Lemm&4l5 the average
number of balls in a bin is at most

(14+¢/3)wn (1 +¢e/3)w

w.h.p.

Asw < (1 —¢)lnk andt < T < 4nk~'Inw w.h.p. by Corollaryi4}, for large enoughwe have
(1+¢/3)(1—t/n)"'w < (1—0.6¢) Ink. Hence, if the “balls” were uniformly distributed over thiifis”,
we would expect

VA Zi|exp(=|Usl/|V \ Zi]) = (n = k971 > mk=/>71

“bins” to be empty. The next corollary shows that this is atifutrue. We defer the proof to Sectibn ¥.3.
Corollary 4.6 LetQ; = [{x € V'\ Z; : Uy(x) = 0}|. Thenmin;<7 Q; > nk/?>~! w.h.p.

Now that we know that there are “a lot” of variables V' \ Z;_; such that/;(z) = 0 w.h.p., we can
prove that it is quite likely that claus®,, contains one. More precisely, we have the following.

Corollary 4.7 Let

g {1 ifmimcic, Ui (|®6,0) >0,Q1 > nk/2=1 |Uy| < (1 + &/3)wn, andT > t,
t 0 otherwise.

ThenB, is Fi-measurable andl [B|F;_1] < exp(—k®/6) forall 1 <t < 4.
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Proof. Since the ever’ < ¢ and the random variabl@,_; areF;_;-measurable and d%_;(|®,, ;) is
Fi-measurable for any < k; by Facf4.13; is F;-measurable. Leb be such thai” [®] > t, Q; 1 [®] >
nk*=1 and|U;_; [®]| < (1 +¢/3)wn. We condition on the ever® =, ; ®. Then at time the process
PI1-P14 selectsp; such thatr,_(¢¢,j) = —1 for all j € [k]. Hence, by Propositidn 4.2 the variables
|®,,;| are uniformly distributed and mutually independent eletsefl” \ Z,_,. Consequently, for each
j < k; the evenlU;_1(|®,,;]) = 0 occurs with probabilityQ; 1|/|V \ Z;_1| > &/~ independently.
Thus, the probability thalt; _; (|®,;|) > 0 forall j < k; is at most(1 — k5/2~ 1)k =1 < exp(—k*/%). O
Proof of Propositiofi 3]12The definition of the proces3 1-PI4 mirrors the execution of the algorithm, i.e.,
the setZ obtained after Steps la—1deif x equals the sefr. Therefore, the first item of Propositibn B.2
is an immediate consequence of Corollary 4.4 and the fati fhp= ¢ for all ¢ < 7. Furthermore, the
second assertion follows directly from Lemmal4.5.

To prove the third claim, we need to bound the number of cktisat are unsatisfied under the as-
signmentoz,. that sets all variables iW \ Zp to true and all variables i&Z; to false. By construction
any all-negative clause contains a variable frgmand is thus satisfied undeg;,.. We claim that for any
i € [m] such that®; is unsatisfied underz,. one of the following is true.

a. Thereig < T suchthat € U, _; andz; occurs positively in®;.
b. There ard < j; < j» < k suchthat®;;, = ®;;,.

To see this, assume that b. does not occur. Let us assumeutlitiss of generality tha®;, ..., ®;; are
positive and®;;11, ..., ®;; are negative for somé > 1. Since®; is unsatisfied under,., we have
®;1,...,®y € Zr. Hence, foreach < j < [thereist; < T such that®;; = z;,. AS®;1,..., Py
are distinct, the indices, .. ., t; are mutually distinct, too. Assume that < --- < ¢;, and letty = 0.
Then®; contains precisely one positive literal frovh\ Z;,_,. Hence; € U,_,. Since®; is unsatisfied
undero 2, no variable fromZ; occurs negatively i, and thus € U, for all t;,_1 < s < ;. Therefore,
1€ Uy,—1 andz, = ®,;, i.e., a. occurs.
Let X’ be the number of indiceisc [m] such that a. occurs. We claim that

X < nexp(—k/T) w.h.p. (8)

Since the number of € [m] for which b. occurs i€ (Inn) w.h.p. by Lemma&2Z]3[{8) implies the third
assertion.
To establish[(B), leB; be as in Corollarfz4]7 and set

D, — Ut—l(zt) if B =1 andUt_l(zt) < 1112 n,
e 0 otherwise

Then by the definition of the random variablég D, either

X< > D 9)
1<t<0
or one of the following events occurs:
i. T>0.
ii. O, <nks/2~!forsomed <t <T.
ii. Uyl > (1+¢/3)wnforsomel <t<T.
V. |U_1(2¢)| > In?n for somel <t < 4.

The probability of i. iso(1) by Corollary4.4. Moreover, ii. does not occur w.h.p. by Atany[4.8, and the
probability of iii. is o(1) by LemmdZ.b. If iv. occurs, then the variakleoccurs in at leasin® n clauses
for somel < ¢ < 6, which has probability(1) by Lemmd2.B. HenceJ(9) is true w.h.p.

Thus, we need to bounyl’, ., ., D;. The random variabl®; is F;-measurable ang®, = 0 for all

t > 0. LetD; = E[Dy|F—1] and M, = >\ Dy — Ds. Then(M,)i<i<p is @ martingale. As all
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incrementsD, — D, are less thain® n in absolute value by the definition @, LemmaZ}5 (Azuma-
Hoeffding) entails that\ly = o(n) w.h.p. Hence, w.h.p. we have

1<t<6 1<t<0
We claim that -
D, < 2wexp(—ks/%)  foralll <t <. (11)
For by Corollary47 we have
E [Bi|Fi—1] < exp(—k=/6). (12)
Moreover, givenf;_; we haver;_ (¢, k1) = —1, whencez; is uniformly distributed ove¥” \ Z;_, by

Propositiof4R. Sinc8; = 1 implies|U;_1| < (1 + ¢/3)wn, this means that the conditional expectation
of U;_1(2) is at most
14¢/3
Uil /IV\ Zea] < SELI a3)
Combining [(I2) and(13), we obtain{11). Further, plugghg)(into [10), we get

Z Dy = 2wexp(—k/?/3)0 + o(n) < 3wexp(—k/%)0 < nexp(—k/7) w.h.p.
1<t<0

Thus, [B) follows from[(P). a

4.2 Proof of Lemmald.g

Forintegers > 1,i € [m], j € [k] let

o 1 ifm1(4,7) =1andm(i,j) = 2 1 it T >tandm(i, j) € {1, —
Heij = { 0 otherwise, Stij = 0 otherwise. %f4)

Lemma 4.8 For any two setg, 7 C [f] x [m] x [k] we have

E[ H Heij - H Stij|Fo

(t,i,5)€T (ti,5)eT

<m-0"Ha-1/mW

Proof. LetZ, = {(Z,]) : (t,l,j) S Z}, T = {(Z,]) : (t,Z,]) S J}, X, = H(i7j)€I: Htij H(i,j)ejt Stij-
If X; =1, thent < 7T (as otherwise,;; = 0 by definition and-,;; = 0 becauser, = m;_). Furthermore,
X; = 1limplies that

m—1(i,j) = 1forall (i,5) € Z, andm,_1 (4, j) € {—1,1} forall (¢,5) € J;. (15)
Thus, let® be ak-SAT formula such thal’ [®] > ¢ andr;_; [®] satisfies[(T5). We claim that
E [X¢|Fi1] (@) < (n— 0) 7171 — 1/n) 2. (16)

To show this, we condition on the evelit=, ®. Then at time stepsPl1-PI2 select a variable; from

the the all-negative clause,,. As for each(s, j) € Z;, clause®; contains a positive literal, we have
¢ # 1. Furthermore, we may assume thafdt, j) € J; thenj > k;, because otherwisE; = S;4,; =0

(cf. PI4). Hence, due td(15) and Proposition]4.2 in the conditiorstibutionP [-|F;_1] () the variables
(1®i;1)i,5)ez,u7, are uniformly distributed over'\ Z; _; and mutually independent. Therefore, the events
|®,;| = 2 occur independently with probability/ |V \ Z;_1| = 1/(n — ¢t + 1), whence

E[XF 1] (@) < (n—t+1)"Fla—1/(n—t+1)7 < (n— ) Fl1 —1/n) 7.

This shows[(T6). Finally, the assertion follows from Lenind@nd [16). O Armed with Lemm&4]8, we
can now bound the number of indices U, such that®; has “few” positive literals.
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Lemma 4.9 With probability 1 — o(1/n) the following is true for alll < I < vkandalll < t <

min{T, 6}. Let -
Au(t) :w(’j_‘j> (%) 1ty

There are at mostl + /9)A;(¢)n indicesi € U, such that®; has precisely positive literals.

Proof. Let M C [m] be a set of sizgg = [In® n| and letP; C [k] be a set of sizé — 1 for eachi € M.
Let P = (P;)iem be the family of all sets?,. Furthermore, let; : P, — [t] for all i € M, and let
T = (t;)iem comprise all maps;. LetEx( (P, 7) be the event that the following statements are true:

a. ®; has exactly positive literals for al € M.
b. ®;; = 2, foralli € Mandj € P;.
c. t < T and no variable fron¥, occurs negatively i®,.

Moreover, let

A ZM(P,T):{(S,Z,j)ZGM,]EP“SZQ(,])},
J Im(P,T) ={(s,i,j) i€ M,j € [k]\ P}
LetY; = 1if clause®; has exactly positive literals, including the literak;; for j € P; (i € M). Then

P[Y; =1] = (k — 1+ 1)27* for eachi € M. Moreover, the events; = 1 are mutually independent and
Fo-measurable. Therefore, by Lemmal4.8

PlEm(P,T) < H Yi| -E H Heij - H Stij|Fo
ieM (ti,5)€ET (t,i,0)eT
E—1+1 _ _ a
< [—% (-t A 1) ””f] | (17)

Let Eo¢ be the event that < 7" and ®; has exactly positive literals and € U, forall i € M. If Ep
occurs, then there exi®, 7 such that€,,(P, 7) occurs. Furthermore, for ea¢he M there are(lfl)
ways to choose a sét; and thent!~! ways to choose the map. Therefore, the union bound arld]17)
yield

PlEm] < D PIEM(P.T) <N where
PT
A <l B l)t X (n—t)"(1-1/n) .

Hence, by LemmB&212 with probability— o(1/n) there are at mostl + o(1))Am indicesi € [m] such
that®, has precisely positive literals and € U;. Thus, the remaining task is to show that

am < (1+¢/10)Amn. (18)

To show [IB), we estimate

k2k_< —1)( )l ' 1 /p)t1-0-1)
-1 n—t

K27k (ll“:ll) (%)l 1 (1 —t/n)*=1=0=Vy wheren = (%)l-l<(ll__7w)kag)

We can bound as follows:

A

IN

IN

exp(—t/n)

k-1
0= 0) (o2 ) < 0 2 et/
exp(200/n + k(0/n)?) < exp(8lk~  Inw + 16k~  In? w).

3
IN

A
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Sincel < vk andw < Ink, the last expression is less than- /10 for sufficiently largek. Hence,
n < 1+ ¢/10, and thus[(1B) follows froni{19). O The following lemma deals with € I/; such that®;

contains “a lot” of positive literals.

Lemma 4.10 W.h.p. the following is true for all > In k. There are at most exp(—1) indicesi € [m]
such that®; has exactly positive literals among which at leakt- 1 are in Zy.

Proof. Let M C [m] be a set of sizgg = [In”n] and letP; C [k] be a set of sizé — 1 for eachi € M.
Furthermore, let; : P, — [0] foralli € M, and setT = (¢;)icm. LetExm (P, T) be the event that the
following two statements are true for ale M:

a. ®, has exactly positive literals.
b. Forallj € P; we have®;; = z,(;).

Let £o¢ be the event that for all € M clause®; has exactly positive literals among which— 1 are in
Zy. If Epq Oceurs, then there af@, 7 such that the everdty( (P, 7) occurs.

Fori € M we letY; = 1if clause®; has exactly positive literals, including the literak®;; for j € P;.
Set = {(s,i,7) 11 € M, j € P, s = t;(j)}. If Er(P,T) oceurs, the [, ; o7 Hoij - [Liepm Yi = 1.
BoundingE [[T;. ., Y:] as in the proof of Lemmia4.9 and applying Lenima 4.8, we obtain

IIv

ieM

PEmM(P,T) < E -E H Hsij|Fo -(n—9)1*l .

(s,i,J)ET

k—1+1
<P

Hence, by the union bound

PlEm] < P[EP,T:Em(P,T)occurs< > P[Em(P,T) < M, where
P T

( F )9” X M-(n—a)lfﬁ (20)

A -1 2k

Lemm& 2.2 implies that w.h.p. there are at md¥si: indices: € [m] such that®; has exactly positive
literals of which/ — 1 lie in Zy. Thus, the estimate

2k +1n k k—1+1 0\
< . .
2am < X(z-1> of (n—6‘>

ek =1 12lnw) ™t
R < — -1
2wn ((l = 9)> < 2wn < ;i ) [asf = 4nk~ ' Inw]

< mnexp(-—I) [becausé > In k]

IN

completes the proof. ]

Proof of Lemm&4]5SinceT” < 6 w.h.p. by Corollary Z}4, it suffices to show that w.h.p. fdr@K ¢ <
min{7, 0} the boundi{;| < (1 + ¢/3)wn holds. Let/y; be the number of indicesse U, such thai®; has
preciselyl positive literals. Then by Lemm&s4]10 dnd 4.9 w.h.p. fot al min{7,0} and alll <1 < k
simultaneously
nexp(—k) if 1 >k,
Uy < .
(14+¢/9)A;(t) otherwise

Therefore, w.h.p.

k
ogtgrﬁ?xﬁT,e} Z (T+¢e/9)A(t)
=1 1<1<VE
n+ (1+e/9Nwn < (1+¢e/3)wn,

k
a Ul < ax Uy < nkexp(—k) +
Ogtgnn}lirf{Tﬁ} el =< ogtgrfrllin{Tﬁ} Z = p(=Fk)

IN

as desired. O
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4.3 Proof of Corollary 4.6

Define a map); : Uy — V as follows. Fori € U, let s be the least index suche Us; if there isj such
that®,;; € V' \ Z,, letyy (i) = ®,;, and otherwise led, (i) = z,. Thus, ifi € U, theny, (i) is the unique
positive literal of®; that does not belong t&,. The following lemma shows that the (random) maps

not too far from being “uniformly distributed”.

Lemma4.11 Lett > 0,4, C [m], andiy : Uy — V. ThenP [wt = oy = Uy | < (n—t)~ 101

Proof. SetZ_, = (). Moreover, define random variables

i) ={ G e T oty €l ¢ 4

Thus,, is obtained by “forgetting” the literals; (i, j) € V U V that the procesBI 1-P14 has revealed up
to time¢. Observe that for any e [m]

el & né?ﬁvo(i,j) > 0A (V5 € [k]: w(i,5) = min{yo(d, j),0}) . (21)
J

Fix a set4, C [m], let® be any formula such that, [®] = I, and lety, = ~, [®]. Fors < t letT, be
the event that,, = 4, for all u < s. The goal is to prove that

Letr : U, — [0,1] assign to eache U, the least such that € I/,. We claim that
P [\ﬁ €Uy (i) = z&t(mrt} < [In—rn— (23)
ier{t

Sincer (i) < tforall i € Uy, (Z3) implies[2R).
Let 7 be the event thap,, (i) = (i) forall 0 < u < sand alli € 77 1(u), and letr_; = Qi (n, m).
In order to prove[(23), we will show that for dll< s < ¢

P [’7'3|’7'371 M FS] S (n _ S)—‘Tfl(s)\ and (24)
P [Ts|’7—s—1 n FS] = P [TS|T871 N Pt] ) (25)
Combining [2#) and{(25) yields
p [Vi € Uy : (i) = &t(i)ﬁ‘t} = PlnTy] = H Plrlre 1 AT
0<s<t
= H P [TS|’TS,1 n FS] < H (n _ 8)7|T_1(5)‘7
Oss<t 0<s<t

which shows[(23). Thus, the remaining task is to estadlidh #&d [25).
To prove [2%) it suffices to show that

P s NTs|Fs—1] (¥) R Y O

Pl 1 Mo Fo] () <(n-s) forallp € o1 NT%. (26)
Note that the I.h.s. is just the conditional probabilityefgivenr,_, N I's with respect to the probability
measureP [-|Fs_1] (¢). Thus, let us condition on the evedt=,_; ¢ € 7,_; NT;. Then® € T, and
thereforeyy = 40 andys = 4s. Hence,[2L) entailsls = U [¢] = Us [®], and thusr—1(s) C U,. Let
i € 771(s), and letJ; be the set of indice$ € [k] such thaty,_;(i,5) = 1. Recall thatp,(i) is defined
as follows: if®;; = z, for all j € J;, theny(i) = z,; otherwisey, (i) = ®;; for the (unique) € J;
such thai®;; # z,. By Propositioi 4R in the measuPy:|F, 1] () the variableg®;;);c,-1(s), jcs, are
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independently uniformly distributed ovéf \ Z,_; (becausers_l(z',j) = 7v,-1(i,7) = 1). Hence, the
eventsy, (i) = v (i) occur independently for alle 7~ (s). Thus, letting

pi = Ps(i) = (i) AYj € Ji : ys(,7) = 0] Fs—1] (),
¢ = PIVjeJiiys(i,j) = 0[Fs—1] ()

fori € 771(s), we have

P[Tsﬂr |f5 1 ) pl
27
P[TS 1N |fs 1 (p H ( )

iETT 1(s)

Observe that the eveltj € J; : v5(¢,j) = 0 occurs iff ®;; = z, for at least|J;| — 1 elementsj € J;
(cf. PI14). Therefore,

G = |Ji| -V \ Zeor |0 A [V Zooy|TH H [V Zoy |7V
To boundp; fori € 7—1(s) we consider three cases.
Casel: ¢(i) € V\ Zs_1. As®;; € V \ Z,_, forall j € J; the eventp, (i) = ¢, (i) has probability.

Case2: &t(i) = z,. The eventy,(i) = z/Jt(z') occurs iff ®;; = z, for all j € J;, which happens with
probability|V \ Z,_;|~1”:l in the measur® [|F,_1] (»). Hencep; = (n — s + 1)1l

Case3: (i) € V \ Zs. If 45(i) = (i), then there ig € J; such that®;; = (i) and®;; = z, for
all 7 € J,\ {j}. Hencep; = |Ji| - [V \ Zs_1| 7Vl = | Ti|(n — s 4+ 1)1l

In all three cases we have

@ o s+ )0 =1/ = s+ 1)

p [ Ti[(n—s+ 1) 17 e
Thus, [286) follows from[(27).
In order to provel(25) we will show that
Pl NTe] =P [[a[l] (28)
for any0 < b < ¢ < a. This implies[[2b) as follows:
P [rs N TY] P [T¢|7s NTs] P [rs N T

P s|Ts— nr = =
[7slms—1 N L] Plro1 Ny  P[yrs_1 N Prs_1 N

Plrs NT]

=Prs|ts—1 NT].
P[Ts_l ﬂFs] [T |T ! ]

To show [Z8) it suffices to consider the case ¢ + 1, because foa > ¢ + 1 we have

P [Pa|Tb n FC] = P [Fa|Tb n Fc+1] P [Tb n Fc+1|7'b M Pc]
— P[Culry N Cest] P [Tora|m NT].

Thus, suppose that= ¢ + 1. Attimea = ¢+ 1 Pl1 selects an index, € [m]. This is the least index
i such thaty.(i, 7) = —1 for all j; thus, ¢, is determined once we condition @. Then,PI12 selects a
variablez, = |®,,;,| with j, < k1. Now,~, is obtained fromy, by setting the entries for soni& j) such
thatv.(4,j) € {—1,1} to 0 (cf. PI4). More precisely, we have,(¢,,j) = 0 for all j < k;. Furthermore,
fori € [m]\ {¢.} let J; be the set of alj € [k] such thatr, (7, j) = v.(i,7) € {—1,1}, and fori = ¢,
let 7; be the set of alk; < j < k such thatr, (¢, j) = v.(4,7) € {—1,1}. Then for anyi € [m] and
anyj € J; the eventy (i, j) = 0 only depends on the even,,; | = z, for j* € J;. By Propositioi 42
the variableg|®;;/|)ic[m),jes, are independently uniformly distributed oviér, Z.. Therefore, the events
|®;/| = z, for j' € J; are independent of the choice nf and of the event,. O
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Proof of Corollary[Z.6. Let 1 < (1 + £/3)wn be a positive integer and 18, C [m] be a set of siz.
Suppose that < 6. Letrv = nk~</2, and letB be the set of all maps : ¢/, — [n] such that there are less
thanv + ¢ numberse € [n] such thaty~!(z) = 0. Furthermore, leB; be the event that there are less than
v variablesr € V'\ Z, such that/(x) = 0. Since|Z;| = t, we have

PBlU=th] < S Plui=vlth =t <|Bl(n-t)" by LemmaZIL]
YeB
B t " B B _
= |n_N| . <1 + m) < |n_ﬂ| ~exp(20u/n) < |n_N cexp(Ink~tIn? k). (29)

Furthermore|B|/n* is just the probability that there are less thammpty bins if . balls are thrown
uniformly and independently inta bins. Hence, we can use Lemimal2.1 to bolBigh—*. To this end,
observe that because we are assumirg0.1 the bound

2 &2

exp(—p/n) > exp(—(1+¢/3)w) = k*~* holds, wherey = 373 > 0.6¢.

Therefore, LemmB&2] 1 entails that
|Bln™" < P[Z(u,n) < exp(—p/n)n/2]
< O(vn)exp [~ exp(—p/n)n/8] < exp [=k*"'n/9]. (30)
Combining [29) and{30), we see that
P o= PBU=0U U C[m], || = u} < exp [nk~! (9% k — k*/9)] = o(1/n).
Thus, CorollaryZ¥4 and Lemma#.5 imply that
PEt<T:{zeV\Z :Ul(x)=0} <

< P[T>0]+P LI&B;XT || > (1 +8/3)wn] + Z P, = o(1),

as desired. O

5 Proof of Proposition

Let0 < ¢ < 0.1. Throughout this section we assume that k, for a large enouglt, = k(e), and
thatn > ng for some large enoughy = ng(e, k). Letm = [(1 — &)2¥k 1 Ink|, w = (1 — ¢)Ink, and
ki1 = [k/2]. In addition, we keep the notation introduced in Sedfioh 4.1

5.1 Outline

Similarly as in Sectiofil4, we will describe the execution baBe 2 ofFi x(®) via a stochastic process.
Recall thatl” denotes the time when the proc&4—P14 from Sectiori X (i.e., Phase 1) stops. I&t= 0
andn(, = mp. LetUj = Uy, and letUj(z) be the number of indiceise U such that: occurs positively
in ®;. Moreover, let))|, be the set of indicese [m] such thai®; is unsatisfied under,.. Fort > 1 we
proceed as follows.

PIT If Q,_, =0, the process stops. Otherwisedgt= min Q;_,.

PI2' If there are three indicels; < j < k — 5 such thatr;_, (¢, j) € {1, -1} andU;_,(|®y,;|) = 0,
thenletk; < j1 < jo < j3 < k—5 be the lexicographically first sequence of such indicesefilse
letk — 5 < j1 < j2 < j3 < k be the lexicographically first sequence of indiées 5 < j < k such
that@wtj € Zé—l' LetZ{ = Z£_1 U {|(I)1Z1tj1| =1, 2,3}
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PI3 LetU] be the set of all € [m] that satisfy the following condition. There is exactly dne [k] such
that®;; € V' \ (Z; U Zr) and for allj # | we have®,; € Zp U Z; UV \ Zp. LetU{(x) be the
number of indices € U/ such that: occurs positively in®; (z € V).

Pl4 Let

ro. o ‘Pij if(i:¢t/\j>k1)\/|¢ij|eZ{UZTV(Z‘EU;/\ﬂ'O(Z.,j):l),
ﬂ-t(zvj) = ! (Z . h ;
;_1(i,7) otherwise.

Let Q; be the set of allZ7, Z})-endangered clauses that contain less than three varfatres’;.

LetT” be the stopping time of this process. Fas 7’ andz € V letn;, = nl.,, U, = U}, Z] = Z/.,, and

We define an equivalence relatierj by letting® =} ¥ iff ® =, ¥ for all s > 0, andr’, [®] = 7, [V]
forall 0 < s < t. Let F| be thec-algebra generated by the equivalence classes ofThen(F});>¢ is a
filtration.

Fact 5.1 Foranyt > 0 the mapr;, the random variable); , ,, the random set&/ and Z;, and the random
variablesU/(z) for z € V are F/-measurable.

The same argument that we used to prove Proposifion 4.2 tio8E] shows the following.

Proposition 5.2 Let &; be the set of all pairgi, ;) such thatr(i,j) € {£1}. The conditional joint
distribution of the variable$|®;;|); ;ce, givenF] is uniform over(V \ Z;)%:.

Let
0" = |exp(—k*/'%)n|, and recall tha# = [4nk ™' Inw]|.

To prove Proposition 313 it is sufficient to show tH&t < ¢’ w.h.p., becausg?,;| = 3t forall ¢t < T". To
this end, we follow a similar program as in Section|4.1: wd slilow that|U]| is “small” w.h.p. for all

t < ¢, and that therefore far < ¢’ there are plenty of variables such that/(x) = 0. This implies
that fort < ¢’ the process will only “generate” very fe(Z, Z;)-endangered clauses. This then entails a
bound onl”, because each step of the process removes (at leagtyen€;)-endangered clause from the
setQ;. In Sectior 5.2 we will infer the following bound gty |.

Lemma 5.3 W.h.p. for allt < ¢’ we havdU; \ Ur| < n/k.

Corollary 5.4 W.h.p. the following is true for all < ¢’: there are at leastuk*/3~! variablesz € V \
(Z{ U Zp) such thatU] (z) = 0.

Proof. By Corollary[4. there are at leask*/?~! variablesz € V \ Zz such thatlUr(z) = 0 w.h.p.
Furthermore, by Lemmia$.3 we ha\é/ \ Ur| < n/k w.h.p. Moreover|Z{| < 3t. Hence, w.h.p. the
number ofr € V' \ (Z/ U Z7) such thal/}(z) = 0 is at leastk®/?>~* — n/k — 30" > nks/31, 0

Corollary 5.5 Let) be the set of alt < ¢’ such that there are less thanindicesk; < j7 < k — 5 such
thatm,_ (vy,5) € {—1,1} andU/_,(|®y,;]) = 0. Then|Y| < 3¢’ exp(—k/*) w.h.p.

We defer the proof of Corollafy 5.5 to Sectionl5.3. Furtherenn Sectiofi 514 we will prove the following.
Corollary 5.6 W.h.p. the total number ¢, Z;, )-endangered clauses is at m@st

Proof of Propositiof 3BWe claim thatl” < ¢’ w.h.p.; this implies the proposition becaygg- | = 37”.
To see thafl” < ¢’ w.h.p., letX, be the total number ofZ, Z),)-endangered clauses, and !t be the
number of(Zr, Z;,)-endangered clauses that contain less than 3 variables4foithen the construction
PI1' P14’ ensures thal < X; < Xg —tforallt <T’. HenceI’ < X, and thus the assertion follows
from Corollary[5.6. O
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5.2 Proof of Lemmab3
Let Hy;j, Siij be as in[(IH) and let in addition

P 1 ifm_q1(4,5) =1, m(i,5) € Z{, andT < 0,
tig 0 otherwise.

Lemmab.7 ForanyZ’ C [¢'] x [m] x [k] we haveE ], ; j ez Hgij|}'5} <3/(n—0-— 39’))'1/‘ :
Proof. LetZ; = {(i,j) : (t,4,7) € Z'} and Xy = []; ; ez, Mii;- Due to LemmaZ]4 it suffices to show

E[X|F_] < 3/(n—0-30)" forallt<e. (31)

To see this, let < ¢ < 6" and consider a formuka such tha” [®] < 6,¢ < T’ [®], andr;_,(i,5) [P] =1
for all (z,7) € Z;. We condition on the ever =,_, ®. Then at time stepsPI1'—PI2" obtain Z; by
adding three variables that occur in cladg,, which is(Zr, Z;_,)-endangered. L€, j) € Z;. Since
® =, | ®andm_1(s,7) [®] = 1, the literal®,; ¢ Zy U Z;_, is positive, and thu®; is not(Zr, Z;_,)-
endangered. Hence, # i. Furthermore, by Propositi¢n’.2 in the conditional disttionP [-|7/_,] (®)
the variableg®,;); j)cz; are independently uniformly distributed over the Bet{ (Zr U Z;_,). Hence,

P [®;; € Z{|F,_ || [®] =3/IV\(Zru Z{_,))| forany(i,j) eI}, (32)

and these events are mutually independent. Siige= n—T and7’ < ¢, and becausgZ;_,| = 3(t—1),

(32) implies[[(31). |

Lemma58 Let2 <1< Vk,1<I'<I1—-1,1<t<6,andl <t <@ Foreachi € [m]let X; = 1if
T >t,T" > t', and the following four events occur:

a. ®; has exactly positive literals.
b. I of the positive literals of®; lie in ZJ, \ Z;.
c. | — I’ — 1 of the positive literals ofp; lie in Z;.

d. No variable fromZ; occurs in®; negatively.

AN T -1
B(l,l',t) = 4wn - <62k> . <I;_ll/_11> <%> (1 —t/n)kL

ThenP 3", X; > B(l,I',t)] = o(n™3).

Let

Proof. We are going to apply Lemnfia2.2. Set= [In?n] and letM C [m] be a set of sizg. LetE,q be
the event thaiX; = 1 forall i € M. Let P; C [k] be a set of sizé, and letH;, H; C P; be disjoint sets
such thaiH; U H]| = | — 1 and|H]| = I’ for eachi € M. LetP = (P;, H;, H),c m. Furthermore, let
t; : H; — [t] andt, : H] — [t'] foralli € M, and setl’ = (¢;,t);em. LetEx (P, T) be the event that
T >t,T" > t', and the following statements are true foriadf M:

a'. The literal®;; is positive for allj € P; and negative for alf € [k] \ P;.
b'. ®i; € Zj, ;)\ Z{, ;) foralli € Mandj € H;.
C. ®;; =z, foralli e Mandj € H;.

d’. No variable fromZ; occurs negatively if®,.



5 PROOF OF PROPOSITIORP? 22

If €04 Occurs, then there exi§P, 7) such that (P, 7) occurs. Hence, we are going to use the union
bound. For each € [M] there are

k
(1 V—p— 1) ways to choose the sef3, H;, H].

Once these are chosen, there are

l

" ways to choose the map, andt!~*'~! ways to choose the map

Thus,

’ , H
P.T b :

Hence, we need to boui[Ex4(P, T)] for any givenP, 7. To this end, let

T = Z(M,P,T):{(S,Z,j)ZEM,]GP“S:Q(,])},
7' = IT'(M,P,T)={(s,i,j):i € M,j € P,s=1t.(5)},
J TM,P,T)={(s,i,j) :i € M,j € [k]\ (PUP]),s < t}.
If Es(P,T) occurs, then the positive literals of each cladsg i € M, are precisely®;; with j € P,

which occurs with probabilit2 —* independently. In addition, we havg,;; = 1 for all (s,4,;) € Z,
H.;; = Lforall (s,4,5) € 7', andS,;; = 1forall (s, i, j) € J. Hence, by Lemmds 4.8 ahdb.7

PlEmP.T)] < 27" -E| [[ Hiy- [ Heio JI Susl%o
(t,i,5)€L’ (t,i,5)€T (t,i,5)eT
3 Vu (I—-1'—1) (k1)
< 9~ ku, _ gy U=U=Dp g —Dtp
= = (1-1/m) (34

Combining [3B) and (34), we see tHafEr(] < M, where

k 3¢ v N
=27 1 — 1 /m) =Dt
A (1,1/71_1/_1> (n_9_39/) (n—e) ( /n) :
whence LemmBZ12 yield3 [}~ | X; > 2\m] = o(n™?). Thus, the remaining task is to estimate:
k=1 3¢\ (k—r—1y/ t 7'
Am = mk27* ot ). ot 1y
o= et () ) (20 0) () 0

AN 7 I-'—1
wn - (69 k) (]l“_ll_ll) (3) (1—t/n)'.y  where (35)

n n

- () ()

1—1'—1
< (1 + %) exp(kt? /n?) < exp(201/n + k6*[n?).
—

IN

A

Sincef < 4k~ 'nlnk andl < vk, we havey < 2 for largek. Thus, the assertion follows frofi{35). O

Lemmab5.9 Letlnk <1<k, 1<V <[, 1<t<0,andl <t <¢. Foreachi € [m]letY; = 11if
T >t, 7" > ', and the following three events occur:

a. ®; has exactly positive literals.
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b. I’ of the positive literals of; lie in Z], \ Z;.
c. | — 1’ — 1 of the positive literals ofp; lie in Z;.
ThenP [}, Y; > nexp(—1)] = o(n™?).

Proof. The proof is similar to (and less involved than) the proof eMmd5.D. Set = [In® 7] and let
M C [m] be a set of size.. LetEpq be the event that; = 1 for all i € [M]. Let P, C [k] be a set of
sizel, and letH;, H! C P; be disjoint sets such thakl; U H/| = [ — 1 and|H]| = I’ for eachi € M.
Let P = (P, H;, H!)icm. Furthermore, let; : H; — [t] andt; : H — [t'] forall i € M, and set
T = (tist})iem. LetEap (P, T) be the event thaf > ¢, 77 > t/, and the following statements are true for
alli e M:

a'. ®,; is positive for allj € P; and negative for alf ¢ P;.

foralli € Mandj € H..

b’ ‘I’ij S Z,g(i(j) \ Z;(i(j)—l

C. ®;; = 2z, foralli € Mandj € H;.

If Ea4 OCcurs, then there a(@, 7') such that (P, 7) occurs. Using the union bound as[in}(33), we get
PlEm] < ) PEMMP,T) < F e e ' max P [Epm(P,T)].  (36)
M= = MU -\ -1 -1 P.T MU 2L

Hence, we need to boui[Ex4(P, T)] for any givenP, 7. To this end, let

I = IWM,P,T)={(s,i,j):i € M,j€ Pi,s=1t(j)},
T = T(M,P,T)={(s,i,j) : i € M,j € Pl,s = t:(j)'}.

If Ea(P, T) occurs, then the positive literals of each clad@seare precisely®;; with j € P; (i € M). In
addition,H.,. = 1 forall (s,7,j) € Z andH/,. = 1 forall (s,4,j) € Z'. Hence, by Lemmds 4.8 ahdb.7

sij sij

©w

3 14 1 1-1'—1
< |27k .
_l2 (n—9—36"> (n—ﬁ) 37)
Combining [36) and(37), we see tHafE (] < M, where

- k 34 i N
Lii—U—-1)\n-60-30) \n-0
ok (k=1 3t/ Yok -1 to\ U
v )\n—0-30 1-v-1)\n—9

L (6K fe(k— 1 — 10\
o (8 ()

PEM(P,T)] < Q_WE[ [T #i II #usl7o

(t,i,5)€T’ (t,i,5)€T

>
|

IN

Invoking LemmdZR, we obtaiRt [>":" | ¥; > 2Am] = o(n™?). Thus, we just need to show thakm <
exp(—I)n. Sinced/n < 4k~ Inw andf’ /n < k2, in the casé’ > 1/2, (38) yields

Am < wn (delnw - 0’/n)l,/2 < exp(=1l)n/2.
Furthermore, if’ < /2, then we obtain fron{{38)
Am < wnexp(—21) (1()(31111,u/l)l7l/71 < exp(—1l)n/2.

Hence, in either case we obtain the desired bound. O
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Proof of Lemmé&&5]3Let X (,1',¢,t") be the number of indicese [m] such that®; satisfies a.—d. from
LemmdB8ift < T andt’ < 77, and setX (1,1, t,#') = 0if t > T ort’ > T'. Let& be the event that
T <0andX(l,l',t,t') < B(l,I',t)forall2 <1< Vk, 1 <1I'<l—1,t <80, andt’ < ¢'. Then by

Corollaryl4% and Lemma 4.8

P[-€] < P[T>0]+k00  o(n 3) =o(1). (39)

Let I; be the number of indicese U, \ Ur and®; has precisely < v/k positive literals. Ifi has these
properties, then satisfies the condition a.—d. from Lemmal5.8fet T and somd < I’ < [. Therefore,

k
Us \Ur| <) L. (40)
=1
If the event€ occurs, we have
k 1-1
ono< > ZXZZ’TL‘ <> > B@I,T)
1<I<VE 1<I<VEU=1 I=11'=1

IN

4wni<6ik)l lZ <k—l’—1> <%>j(l_T/n)kl’lj

I'=1 7=0

k N4
= dwn) (60 k) < Bwn - 66’k < [becaus#’ < n/kY]. (41)
=1 n n
Furthermore, by Corollafy 4.4 and Lemial5.9 we have
> n< > exp(-n<n/k*  whp. (42)
VE<I<k VE<I<k
Thus, the assertion follows from (39)={42). a

5.3 Proof of Corollary[5.5

As a preparation we need to estimate the number of clausehdlia contain a huge number of literals
from Z; for somet < 4.

Lemma5.10 Lett < #. With probability at least — o(1/n) there are no more than exp(—k) indices
i€ m]suchthat{j: k1 <j <k, |®i| € Z;}| > k/4.

Proof. For anyi € [m], j € [k], andl < s < @ let

zo 1 if|‘I’ij|:ZS,7TS,1(i,j)E{—l,l},andSST,
%771 0 otherwise.

Then for any sef C [t] x [m] x ([k] \ [k1]) we have

[ 11 z} < (-0, (43)

(s,4,)€T

To see this, lef, = {(i,j) : (s,i,7) € 7} and setZ, = [], (1-d)€T. Zgj. Then for alls < 6 the random
variableZ, is F,-measurable by Fact4.1. Moreover, we claim that

E [Zsu:sfl] < (n - 6‘)_‘19‘ (44)
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for anys < 6. To prove this, consider any formufasuch thats < T'[®] and7,_1 (¢, j) [®] € {—1,1}
for all (i,7) € Zs. Then by Propositiof4l2 in the probability distributi&n-|Fs_1] (®) the variables
(®i5)(,5)ez, are mutually independentand uniformly distributed dv&rZ, ;. They are also independent
of the variablez,, becausg > k; forall (¢, j) € Z, and the variable, is determined by the firgt, literals

of some clause, (cf. PI2). Therefore, for all(, j) € Z, the event®,; = z, occurs with probability
1/|V \ Zs—1] independently. AsZ,_;| = s — 1, this shows[(44), and(#3) follows from Lemmal2.4
and [4%).

Let X; = 1if ¢t < T and there are at least= [k/4] indicesj € [k] \ [k1] such that®,;| € Z;, and
setX; = 0 otherwise. LetM C [m] be a set of sizes = [In? n] and let€, be the event thak; = 1 for
all i € M. Furthermore, leP; C [k] \ [k1] be a set of size — 1 for eachi € M, and lett; : P, — [t| be a
map. LetP = (P;)ieam andT = (t;)iem, and letEx (P, 7) be the event that < T"and Z;, ;);; = 1 for
alli e Mandallj € P;. Let

I= IM(PaT) = {(tl(])aza]) S M?] € Pl}
Then [43) entails that for arfy, 7
PEm(P,T) <E [ 11 zm-j] < (n— 071 < (n—g)=r=D), (45)
(s,1,7)€T

Moreover, if€ occurs, then there exi®, 7 such that (P, 7) occurs. Hence, by the union bound

PlEm] < ZP[SM(P,T)]g/\” where

PT

Finally, LemmdZP implies that with probability— o(n~!) we have
ZXi < 2mA < n-28(120/n)" 1 < nexp(—k),
1=1

as desired. a
Proof of Corollary{5.5.We use a similar argument as in the proof of Corollary 4.7. Let

Ui =Nz e V\(Zru zj) : Ui(z) = 0},

seta = ¢/3, and defind) /1 random variable®; for ¢ > 1 by letting B; = 1 iff the following statements
hold:

a. T >t
b. U | >nk> L.
c. There are less thaty4 indicesk; < j < k such that®,, ;| € Zr.
d. Thereis: € Z;\ Z;_, such that;_,(z) > 0.
This random variable i&;-measurable by FatiB.1. Lét= exp(—k“/6). We claim
E[B)|Fi-1] <6 foranyt > 1. (46)

To see this, lef be a formula for which a.—c. hold. We condition on the ev@nt;,_; ®. Then at time
t the proces$11'-P14’ chooses); such that®,, contains less than three variables frafh ;. Since
¢ satisfies c., there are less tha indicesj > k; such that|®,,;| € Zr. Further, since®,, is
(Zr, Z{_,)-endangered, there is josuch thatr;_, (¢, j) = 1. Consequently, there are at legst —
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k1 — 6 > k/5indicesk; < j < k — 5 such thatr;_,(¢r,j) = —1. LetJ be the set of all these indices.
Then PropositioR 52 entails that in the distributi®f| 7/, | (®) the variableg|®., ;|);c s are mutually
independent and uniformly distributed ovén (Z; U Z;_, ). Therefore, the number of indicgss 7 such
thatU;_, (|®,;|) = 0 has a binomial distributioBin(|.7|, |[L;_|/|V \ (Zr U Z{_,)|). If d. occurs, then
there are less than three indiges 7 such thatU/_, (|®y,;|) = 0. Since|J| > k/5, b. and the Chernoff
bound[1) yield

E [Bi|F 4] (@) P [Bin(|7|, [ty 1 |/IV\ (Z7 U Z;_4)]) < 3]

<
< P[Bin([k/5],k*7") <3] <¢

(provided thatt is sufficiently large). Thus, we have establisHed (46).
Let)Y’ = |{t € [¢'] : B, = 1}|. We are going to show that

V' <20'5 w.h.p. (47)

To this end, letting: = [Inn], we will show that
E[))] < (00" where()'),, = H Y . (48)

This implies[(4Y). For i)’ > 26’4, then for Iargm we have(X”)M > (200 — pw)* > (1.9-6'5)*, whence
Markov’s inequality entail® [}’ > 26'6] < P [()'), > (1.90'6)"] < 1.97* = o(1).

In order to establisH{48), we define a random varidijefor any tupleZ = (¢4,...,t,) of mutually
distinctintegers, ..., ¢, € [0] by letting)% = [}, B;.. Since()’),, equals the number gf-tuples7
such thay,- = 1, we obtain

| < Z E[Vy] <o* max B (Vo] (49)

To bound the last expression, we may assumeZhatsuch that, < --- < ¢,. As B} is F;-measurable,
we have for all < u

l l @s) -1
E [H B, E [H B, |]-'t’11] <0-E [H B,
=1 1=1 =1

Proceeding inductively frorh= p down tol = 1, we obtainE [V ] < ¢*, and thus[(4B) follows froni(49).
To complete the proof, 10" be the number of indicese [m] such thai®;;| € Zr for at leastk/4

indicesk; < j < k. Combining Corollary 414 (which shows thigtr| = T < 6 w.h.p.) with Lemma&5.70,

we see tha)” < nexp(—k) < 06 w.h.p. As|Y| < V' + )", the assertion thus follows from (47). O

< E =E HB/ Bt |7, 1]

5.4 Proof of Corollary5.6

Recall that a claus®; is (Zr, Z;)-endangered if for any such that the literad;; is true under 2, the
underlying variablg®; | lies in Z;. Let) be the set from Corollafy 5.5, and I8t = (J, .y, Zs \ Zs-1.
We claim that if®; is (Zr, Z;)-endangered, then one of the following statements is true:

a. There are two indicels< j; < jo < k suchtha{®,;, | = |®,j,]|.

b. There are indices # i, j1 # jz2, j1 # js such tha{®;;, | = |®, ;| and|®;;, | = [Py |.
c. ®; is unsatisfied under,,..

d. ®; contains more than = |Vk| positive literals, all of which lie inz; U Zy-.

e. ®; has at mosk positive literals, is satisfied undet;,., and contains a variable frof.
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To see this, assume th@t; is (Z7, Z;)-endangered for some< 7’ and a.—d. do not hold. Also observe
that Z > Zp N Z] by construction (cfP12'); hence, if there is an indeksuch that®;; = z for some

x € Zr,thenz € Z, and thus e. holds. Thus, assume that no variable #fgnoccurs negatively ifp;.
Then®; containg > 1 positive literals froml” \ Zp, and we may assume without loss of generality that
these are just the firgtiterals ®,4, ..., ®;. Furthermore®;, ..., ®; € Z;. Hence, for each < j <
there isl <t; <t such thai;; € Z{j \Zt/jq- Since®; satisfies neither a. nor b., the numbars.. ., ¢;

are mutually distinct. (For if, say, = o, then either®;; = ®;5, or ®; and®,, have at least two
variables in common.) Thus, we may assume without loss cérgdity thatt, < --- < t;. Theni € U{

by the construction in stefpl 3', and thus®;; € Z. Hence, e. holds.

Let X,,..., X, be the numbers of indices € [m] for which a.,...,e. above hold. W.h.X, +
X, = O(lnn) by LemmdZB. Furthermorel, < exp(—k%/®)n w.h.p. by Propositioi 312. Moreover,
Lemmad 410 and 5.9 yield; < 2exp(—x/2)n w.h.p. Finally, since) < 3¢ exp(—k*/*) w.h.p. by
Corollary(5% and agZ| = 3|Y|, Lemmd2Z.6 shows that w.h.p.

X. < \/6" -9exp(—k=/*)n < 0'/2.

Combining these estimates, we obtaip + - - - + X, < 6’ w.h.p.

6 Proof of Proposition3.4

As before, we let) < ¢ < 0.1, and we assume that > k, for a large enouglty = ko(e), and that
n > ng for some large enoughy = no(e, k). Furthermore, we letn = [(1 — ¢)2¥k 1 Ink], w =
(1 —e)Inkandk; = [k/2]. We keep the notation introduced in Section]4.1. In particutecall that
0= [4nk 'Inw|.

In order to prove that the gragh(®, Z, Z’) has a matching that covers &f, Z’)-endangered clauses,
we are going to apply the marriage theorem. Basically we aneggto argue as follows. L&t C Z’ be
a set of variables. Sincg’ is “small” by Propositiod 313} is small, too. Furthermore, Phase 2 ensures
that any(Z, Z’)-endangered clause contains three variables ffdnilo apply the marriage theorem, we
thus need to show that w.h.p. for aiy C Z’ the number of(Z, Z')-endangered clauses that contain
only variables fromt” U (V' \ Z’) (i.e., the set of al(Z, Z’)-endangered clauses whose neighborhood in
G(®,Z,7")is asubset ot) is at mostY|.

To establish this, we will use a first moment argument (ovex 8. This argument does actually not
take into account that” ¢ Z’, but it works for any “small” sel” c V. Thus, letY” C V be a set of size
yn. We define a family(y;; )ic(m,jex Of random variables by letting

7771 0 otherwise.

Moreover, define for each integer> 0 an equivalence relatios)” on Q(n,m) by letting® =) &’ iff

75 (@] = ms [@] forall0 < s < tandy;; [] = y;; [®'] forall (i, 7) € [m] x [k]. Thisis a refinement of the
equivalence relatioss; from Sectioidll. LefF) be theo-algebra generated by the equivalence classes
of =). Then the family(FY );>¢ is a filtration. SinceF} contains ther-algebraZ; from Sectiod 41, all
random variables that arg;,-measurable ar&, -measurable as well.

Proposition 6.1 Let £ be the set of all pairgi, j) such thatr;(i,j) € {1,—1} andy;; = 0. The
conditional joint distribution of the variable§®;;|); ;ycey givenFY is uniform over(V' \ (Z; U Y))gf/.

Proof. Let[®],” be the=) -class of a formula. ThenPs = P [-|£)] (®) is just the uniform distribution

over [@]f. Let D) (®) be the set of all pairgi, j) € [m] x k such that{®,;;| € Y andm(i,j) [®] €

{—1,1}. We will actually prove the following stronger statementthwespect to the measuRe; the joint

distribution of the variable§®;;|); j)cey upy IS uniformover(V \ (Z; U Y))E x (Y \ Z,)P.
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To show this, we use a similar argument as in the proof of Fibpa[42. For any two map$ :
EX (@) — V\ (Y UZ,(®))andg : D} (®) — Y \ Z,(®) we define a formula

f@i,g) if(i,7) € &(®) andmo(i, j) = —1,

fl,7) if (i,7) € &(P) andmo(i,5) =1
(®rg)is =9 9(i,5) i (i,5) € Dy(®) andmo (i, ) = —1,

g(ivj) if ( ) EDt(q)) andﬂ'o(i,j):L

Dy otherwise.
Then®; , =) ®. Therefore, the map
Y
(VN (ZUY)T x (Y \ Z)P =[], (f.9) — @y
is bijection. ]

Foranyt > 1,i € [m], j € [k] we define &/1 random variablé{};; by letting};; = 1 if y;; = 0,
t<T,m_1(i,j) = 1landm (i, 5) = z.

tig

Lemma 6.2 Forany setl C [f] x [m] x [k] we havels [H(m,j)el |FY | < (n—6)~17.

tig

Proof. Due to Propositiof 6]1 the proof of Lemihal4.8 carries ovexaily. a

For a given sel” we would like to bound the number ofe [m] such that®, contains at least three
variables fromY” and®; has no positive literal i’ \ (Y U Zr). If for any “small” setY” the number of
such clauses is less thgn|, then we can apply this resulti6 = Z’ and use the marriage theorem to show
thatG(®, Z, Z') has the desired matching. We proceed in several steps.

Lemma6.3 Lett < 0, let M C [m] be a set of sizg, and letL, A be maps that assign a subsetfkfto
eachi € M such that
L) NA®i) =0 and|A(i)| > 3forall i € M. (50)

LetE(Y,t, M, L, A) be the event that the following statements are true fof allM:
a. |®;;| € Yforall j € Aq).
b. ®,; is a negative literal for allj € [k] \ (L(z) UA(2)).
c. ®;; € Z, \Yforall j e L(3).
Letl =Y, v |L(0)| andX = 3",  [A()]. ThenP [E(Y, ¢, M, L, A)] < 27%(2t/n)! (2y)>.

Proof. Let & = E£(Y,t, M, L, A). Lett; be a mapL(i) — [t] for eachi € M, letT = (¢;)icm, and let
E(T) be the event that a. and b. hold adg = 2, ;) foralli € M andj € L(i). If £ occurs, then there
is 7 such that(7) occurs. Hence, by the union bound

E <D PEM) <t max P [£(7)]. (51)

To bound the last term fix any. LetZ = {(s,i,7) :1 € M,j € L(i),s = t;(j)}. If £(T) occurs, then
HY,; = 1forall (s,i,j) € Z. Therefore, by Lemmiag.2

<n—0"H=mn-0" (52)

P [g(T”JTO S [ H Hsz] 8/

(s,i,j)ET

Furthermore, the event that a. and b. hold foriat M is 7Y -measurable. Since the literads;; are
chosen independently, we have

Pla.andb. hold forali € M] < g3 ki = (2y)* 2~ kn (53)
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Combining [52) and{33), we obtaiR [£(7)] < 27**(n — 6)~! (2y)*. Finally, plugging this bound
into (51), we get

n — n

£\ 2t\ '
ple <o () et < (2) e,
as desired. O

Corollary 6.4 Lett < 6, and letM C V have sizd M| = u. Letl, A be integers such that > 3.
LetE(Y,t, M, 1, \) be the event that there exist mapsA that satisfy [(5D) such thdt= ", , [L(i)|,
A= cm [A(@)], and the evenf (Y, ¢, M, L, A) occurs. Then

PE(Y,t, M1, \)] < 2717kr(2k2y)A.

Proof. Givenl, \ there are at mos(tl’f‘;) ways to choose the majis A (because the clauses.iv contain
a total number of:y literals). Therefore, by Lemnia®.3 and the union bound

debkp ! 2ekpy A 1 (90punw ! N
< -
In ) ( o) =P I (2ky)

2RUP (Y, t, M, 1, )]

AN
S
O
> =
N s

o

R

\

3

~—

o

<

S~—

>

INA

o

L
7 N

= 27'(2ky)*  wPOelna T wherea = (54)

50puInw’
Since—alna < 1/2, we obtainw=?0walne < ;=250 < (Ink)25* < kA, Plugging this last estimate
into (54) yields the desired bound. O

Corollary 6.5 Let¢ < 6 and let&(t) be the event that there are sétsc V, M C [m] of size3 <
Y| = M| = u < nk='? and integerd > 0, A > 3u such that the everd(Y, t, M, [, \) occurs. Then
PE®)] = o(1/n).

Proof. Let us fix an integeil < p < nk~!'2 and let€(t, 1) be the event that there exist séfsM of
the given sizeu = yn and numberg, A such thate(Y,t, M, 1, \) occurs. Then the union bound and

Corollary[6.2 yield
Pt < Y 3 ZP[E(Y,t,M,z,A)]g(Z)(’Z)z?—kﬂ(zk@)?w

A>3u Y, M:|Y |=| M|=p 1>0

e?2FInw\ " 2—k 2,33 67H —p/2
= <T/2> -2 “(2ky)“§4[yk} Syﬂ/-
Summing oves <y < nk~'2, we obtainP [£(1)] < 3, P[E(t, u)] = O(n=%/2). i

Proof of Propositio-34.Assume that the grap&(®, Z, Z’) does not have a matching that covers all
(Z, Z")-endangered clauses. Then by the marriage theorem theaisate C 7’ and a setM of (Z, Z’)-
endangered clauses such thet| = |Y'| > 0 and all neighbors of indicese M in the graptG(®, Z, Z')

lie in Y. Indeed, as eact”, Z’)-endangered clause contains at least three variables #¥orwe have
|Y'| > 3. Therefore, for each claugse= M the following three statements are true:

a. Thereisaset(i) C [k] of size at leasB such tha{®;;| € Y forall j € A(7).
b. There is a (possibly empty) skti) C [k] \ A(¢) such tha®;; € Z forall j € L(7).
c. Forallj € [k]\ (L(2) U A(¢)) the literal ®,; is negative.

As a consequence, at least one of the following events occurs
1.T7>60=4k"'lnw].
2. 17" > nk=1'2,
3. There ig < 6 such that(t) occurs.

The probability of the first event is(1) by Propositio 312, the second event has probability) by
Propositio 3.8, and the probability of the third evem iso(n~1) = o(1) by Corollary[&.5. O
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