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Review: Arora--Barak Chapters 1 (except 1.7), 2, and 4 
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nondeterministic versions  

Reading: Arora--Barak Chapters 3.1, 3.2; also 1.7 if you're 

interested in the O(T log T) simulation 

3 21 Hopcroft--Paul--Valiant Theorem Reading: The original paper 

4 31 Circuits  Reading: Arora--Barak Chapters 6.1--6.7 
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49 Quasilinear Cook--Levin Theorem 

Reading: Section 2.3.1 in this survey by van Melkebeek, 

these slides by Viola 
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Reading: Arora--Barak Chapters 5.1--5.3 
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66 
Oracles, and the Polynomial Time 
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Reading: Arora--Barak Chapters 5.5, 6.4. Bonus: improving 

Kannan's Theorem. 
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94 
Intro to Merlin-Arthur protocols: MA 
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Reading: Arora--Barak Chapter 8.2.0 
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Reading: Arora--Barak Chapter 8.2.4, Chapter 8 exercises 

12 114 Approximate counting  Reading: Arora--Barak Chapter 8.2.1, 8.2.2 
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17.4.1 
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267 
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Reading: Arora--Barak Chapter 16.1. Bonus: "algebraic NP vs. 
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17 172 IP = PSPACE  Reading: Arora--Barak Chapters 8.3, 8.4 
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bounds  

Reading: Arora--Barak Chapter 14.1 

19 193 The Switching Lemma  Reading: My old notes on Razborov's proof 
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22 

 

209 
Razborov-Smolensky lower bounds for 
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Reading: Arora--Barak Chapter 14.2 

23 
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Toda's 2nd Theorem & lower bounds 

for uniform ACC  

Reading: Arora--Barak Chapters 17.4.4, 14.4.2; and, B.2 of 

the Web Addendum (with correction) 

24 227 Hardness vs. Randomness I  Reading: Arora--Barak Chapters 20.0, 20.1 

25 240 Hardness vs. Randomness II  Reading: Arora--Barak Chapters 20.2 

26 248 Hardness amplification  Reading: Arora--Barak Chapters 19.0, 19.1 

27 254 Ironic Complexity  Reading: Arora--Barak Web Addendum 
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CMU Graduate Complexity Lecture 20

Valiant’s Theorem:  Permanent is #P-complete

(Proof exposition from [Dell–Husfeldt–Marx–Taslaman–Wáhlen’14 & Bläser’15].)

Ryan O’Donnell



Let 𝐴 ∈ ℤ𝑛×𝑛.  Its permanent is:

Per(𝐴) = ෍

𝜎∈𝑆𝑛

ෑ

𝑖=1

𝑛

𝐴𝑖𝜎 𝑖

Valiant’s Theorem:  
Computing Permanent, even on 0-1 matrices, is #P-complete.

#3SAT Per{0,1}

poly-time reduction



Let 𝐴 ∈ ℤ𝑛×𝑛.  Its permanent is:

Per(𝐴) = ෍

𝜎∈𝑆𝑛

ෑ

𝑖=1

𝑛

𝐴𝑖𝜎 𝑖

Valiant’s Theorem:  
Computing Permanent, even on 0-1 matrices, is #P-complete.

#3SAT Per{0,1}Per{0,1,…,n}Per{−1,0,1}#3SATbal



Let 𝐴 ∈ ℤ𝑛×𝑛.  Its permanent is:

Per(𝐴) = ෍

𝜎∈𝑆𝑛

ෑ

𝑖=1

𝑛

𝐴𝑖𝜎 𝑖

#3SAT Per{0,1}Per{0,1,…,n}Per{−1,0,1}#3SATbal

(previously done:       
interpolation, or

reduction mod big #)(trivial) (easy)(main)



Let 𝐴 ∈ ℤ𝑛×𝑛.  Its permanent is:

Per(𝐴) = ෍

𝜎∈𝑆𝑛

ෑ

𝑖=1

𝑛

𝐴𝑖𝜎 𝑖

Per{−1,0,1}#3SATbal

𝜙 has m clauses,
C satisfying

assignments

𝐴𝜙 has permanent

equal to −𝟐 𝟑𝒎/𝟐 ⋅ 𝑪
(main reduction)



Let 𝐴 ∈ ℤ𝑛×𝑛.  Its permanent is:

Per(𝐴) = ෍

𝜎∈𝑆𝑛

ෑ

𝑖=1

𝑛

𝐴𝑖𝜎 𝑖

Useful reinterpretation of Per(𝐴):

Cycle Covers



Per(𝐴) = ෍

𝜎∈𝑆𝑛

ෑ

𝑖=1

𝑛

𝐴𝑖𝜎 𝑖

Cycle Covers

𝐴 =

0 1 0 1
0 0 2 1
1 1 0 1
1 1 1 0

1
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4

2

1 1

1

2

1

1

1
1

1

1
1

2

3

4

1 2 3 4

𝜎:
1 2 3 4

2 3 4 1

“Weight” = product of edge labels

Weight:
1 ⋅ 2 ⋅ 1 ⋅ 1 = 𝟐



Per(𝐴) = ෍

𝜎∈𝑆𝑛

ෑ

𝑖=1

𝑛

𝐴𝑖𝜎 𝑖

Cycle Covers

𝐴 =

0 1 0 1
0 0 2 1
1 1 0 1
1 1 1 0

1

2

3

4

1 2 3 4

𝜎:
1 2 3 4

2 1 4 3

“Weight” = product of edge labels

Weight:
1 ⋅ 0 ⋅ 1 ⋅ 1 = 𝟎
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1
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1

1
1

1

1



Per(𝐴) = ෍

𝜎∈𝑆𝑛

ෑ

𝑖=1

𝑛

𝐴𝑖𝜎 𝑖

Cycle Covers

𝐴 =

0 1 0 1
0 0 2 1
1 1 0 1
1 1 1 0

1

2

3

4

1 2 3 4

𝜎:
1 2 3 4

4 3 2 1

“Weight” = product of edge labels

Weight:
1 ⋅ 2 ⋅ 1 ⋅ 1 = 𝟐

1

3

4

2

1 1

1

2

1

1

1
1

1

1



Per(𝐴) = ෍

𝜎∈𝑆𝑛

ෑ

𝑖=1

𝑛

𝐴𝑖𝜎 𝑖

Cycle Covers

𝐴 =

0 1 0 1
0 0 2 1
1 1 0 1
1 1 1 0

1

2

3

4

1 2 3 4

Permutations of nonzero weight
= Cycle Covers

Per(𝐴) = sum of weights of all
cycle covers

1
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1
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1

1



Per(𝐴) = ෍

𝜎∈𝑆𝑛

ෑ

𝑖=1

𝑛

𝐴𝑖𝜎 𝑖

Cycle Covers

𝐴 =

0 1 0 1
0 0 2 1
1 1 0 1
1 1 1 0

1

2

3

4

1 2 3 4

Permutations of nonzero weight
= Cycle Covers

Per(𝐴) = sum of weights of all
cycle covers

Unlabeled
edges = 1

1

3

4

2

2



Tricks with Cycle Covers
1

3

4

2

2

Trick 1: Replace weights > 1 by
parallel edges.

(Wait: are parallel edges “allowed”?)



Tricks with Cycle Covers
1

3

4

2

2

Trick 1: Replace weights > 1 by
parallel edges.

Claim: Total cycle cover weight unchanged.

Proof: What are the cycle covers in the new graph?

Type I:   An old cycle cover that didn’t use the replaced edge.
The weight of such cycle covers is unchanged.

Type II: An old cycle cover that did use the replaced edge:
These become new cycle covers, of 1/2 the weight,

in 2 different ways.



Tricks with Cycle Covers
1

3

4

2

Trick 1: Replace weights > 1 by
parallel edges.

Are parallel edges “allowed”?

Well, no.

But…



Tricks with Cycle Covers
1

3

4

2

Trick 2: Can always subdivide any edge,
sticking in a self-loop.

5

Claim: Total cycle cover weight unchanged.

Proof: What are the cycle covers in the new graph?

Type I:   An old cycle cover that didn’t use the subdivided edge:
→ new same-weight cycle cover by adding the self-loop

Type II: An old cycle cover that did use the subdivided edge:
→ new same-weight cycle cover that takes the length-2

path, avoiding the self-loop.



Tricks with Cycle Covers
1

3

4

2

We henceforth allow parallel edges.

We can get rid weights {2, 3, …, poly(𝑛)} 
with poly(𝑛)-size blowup.

5

#3SAT Per{0,1}Per{0,1,…,n}Per{−1,0,1}#3SATbal

(trivial) (easy)(main) ✔



Tricks with Cycle Covers
1

3

4

2

We henceforth allow parallel edges.

We can get rid weights {2, 3, …, poly(𝑛)} 
with poly(𝑛)-size blowup.

#3SAT Per{0,1}Per{0,1,…,n}Per{−1,0,1}#3SATbal

(trivial) ✔(main) ✔



Tricks with Cycle Covers
1

3

4

2

We henceforth allow parallel edges.

We can get rid weights {2, 3, …, poly(𝑛)} 
with poly(𝑛)-size blowup.

Exercise:  Can get rid weights {2, 3, …, exp(𝑛)} 
with poly(𝑛)-size blowup.

Hint: u v
256

u
2 2 2 2 2 2 2 2

v=



Tricks with Cycle Covers
1

3

4

2

We henceforth allow parallel edges.

We can get rid weights {2, 3, …, poly(𝑛)} 
with poly(𝑛)-size blowup.

Exercise:  Can get rid weights {2, 3, …, exp(𝑛)} 
with poly(𝑛)-size blowup.

Hint: u v
256+32

u v

256

32

=



Key property:

For the three “outside” edges:
If you take all three, you can’t get a cycle cover.
If you take any subset, you can get 1 cycle cover.

By the way…

1

3

4

2

“NAND graph”
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4
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1
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4

2

1

3

4
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“NAND graph”
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3

4

2

For the three “outside” edges:
If you take all three, you can’t get a cycle cover.
If you take any subset, you can get 1 cycle cover.



#3SAT Per{0,1}Per{0,1,…,n}Per{−1,0,1}#3SATbal

(trivial) ✔(main) ✔

Every variable in 𝜙 appears equally many
times unnegated and negated.

#3SATbal :

Trick:    Given 𝜙 adding clauses like (𝑥𝑖 ∨ 𝑥𝑖 ∨ 𝑥𝑖) or 𝑥𝑖 ∨ 𝑥𝑖 ∨ 𝑥𝑖
doesn’t change #𝜙.



#3SAT Per{0,1}Per{0,1,…,n}Per{−1,0,1}#3SATbal

✔(main) ✔

Every variable in 𝜙 appears equally many
times unnegated and negated.

#3SATbal :

Trick:    Given 𝜙 adding clauses like (𝑥𝑖 ∨ 𝑥𝑖 ∨ 𝑥𝑖) or 𝑥𝑖 ∨ 𝑥𝑖 ∨ 𝑥𝑖
doesn’t change #𝜙.

✔



#3SAT Per{0,1}Per{0,1,…,n}Per{−1,0,1}#3SATbal

✔(main) ✔

Every variable in 𝜙 appears equally many
times unnegated and negated.

#3SATbal :

✔

Now :   Every assignment makes half the literals false, 
half the literals true.

Thus if 𝜙 has m clauses, then for every assignment, 
we get 3m/2 false literals and 3m/2 true literals.

#3SATbal →



Thus if 𝜙 has m clauses, then for every assignment, 
we get 3m/2 false literals and 3m/2 true literals.

#3SATbal →

𝜙 has m clauses,
C satisfying

assignments

𝐴𝜙 has permanent

equal to −𝟐 𝟑𝒎/𝟐 ⋅ 𝑪

Per{−1,0,1}#3SATbal

(main reduction)



Total cycle cover weight: −𝟐 𝟑𝒎/𝟐 ⋅ 𝑪

{−1,0,1}-weighted digraph #3SATbal

(main reduction)

𝜙 has m clauses,
C satisfying

assignments

Thus if 𝜙 has m clauses, then for every assignment, 
we get 3m/2 false literals and 3m/2 true literals.

#3SATbal →



Total cycle cover weight: −𝟐 𝟑𝒎/𝟐 ⋅ 𝑪

{−1,0,1}-weighted digraph #3SATbal

(main reduction)

𝜙 has m clauses,
C satisfying

assignments
Each satisfying assignment making

p literals false and q literals true
yields cycle covers of weight −𝟏 𝒑𝟐𝒒.

Thus if 𝜙 has m clauses, then for every assignment, 
we get 3m/2 false literals and 3m/2 true literals.

#3SATbal →

There are many more cycle covers,
but their total weight is zero!



Main Reduction {−1,0,1}-weighted digraph #3SATbal

Variable gadget for 𝒙𝒊:

“𝑥𝑖 = 0”

“𝑥𝑖 = 1”

two possible cycle covers,
intended for  “𝑥𝑖 = 0”,  “𝑥𝑖 = 1”



Main Reduction {−1,0,1}-weighted digraph #3SATbal

Variable gadget for 𝒙𝒊:

Clause gadget for            
(ℓ𝒊 ∨ ℓ𝒋 ∨ ℓ𝒌):

“𝑥𝑖 = 1”

= NAND(ℓ𝑖 , ℓ𝑗 , ℓ𝑘)

“𝑥𝑖 = 0”

ℓ𝑖 ℓ𝑗

ℓ𝑘



Main Reduction {−1,0,1}-weighted digraph #3SATbal

Clause gadget for            
(ℓ𝒊 ∨ ℓ𝒋 ∨ ℓ𝒌):

“𝑥𝑖 = 1”

= NAND(ℓ𝑖 , ℓ𝑗 , ℓ𝑘)

“𝑥𝑖 = 0”

For the three “outside” edges:
If you take all three, you can’t get a cycle cover.
If you take any subset, you can get 1 cycle cover.

ℓ𝑖 ℓ𝑗

ℓ𝑘



Main Reduction {−1,0,1}-weighted digraph #3SATbal

We now “just” need
to enforce consistency.

We wish to identify
variable-edge “𝑥𝑖 = 0”

with all clause-edges labeled 𝑥𝑖 ,

and similarly for “𝑥𝑖 = 1” and
all clause-edges labeled 𝑥𝑖 .

“𝑥𝑖 = 1”

“𝑥𝑖 = 0”

ℓ𝑖 ℓ𝑗

ℓ𝑘



Main Reduction {−1,0,1}-weighted digraph #3SATbal

We now “just” need
to enforce consistency.

We wish to identify
variable-edge “𝑥𝑖 = 0”

with all clause-edges labeled 𝑥𝑖 ,

and similarly for “𝑥𝑖 = 1” and
all clause-edges labeled 𝑥𝑖 .

Define edges 𝑒, 𝑒′ to be
perfectly identified if:

For every cycle cover:
it contains 𝑒 iff it contains 𝑒′.

If we could perfectly identify
pairs of edges, we’d be done:

# satisfying assignments
= total weight of cycle covers.



Main Reduction {−1,0,1}-weighted digraph #3SATbal

Define edges 𝑒, 𝑒′ to be
perfectly identified if:

For every cycle cover:
it contains 𝑒 iff it contains 𝑒′.

If we could perfectly identify
pairs of edges, we’d be done:

# satisfying assignments
= total weight of cycle covers.

“𝑥𝑖 = 1”

“𝑥𝑖 = 0”

ℓ𝑖 ℓ𝑗

ℓ𝑘



Main Reduction {−1,0,1}-weighted digraph #3SATbal

“𝑥𝑖 = 1”

“𝑥𝑖 = 0” Wrinkle:  Each variable appears
in multiple clauses.

Idea:       Subdivide “𝑥𝑖 = 𝑏”
edges multiple times.

ℓ𝑖 ℓ𝑗

ℓ𝑘



Tricks with Cycle Covers
1

3

4

2

Trick 2: Can always subdivide any edge,
sticking in a self-loop.

5

Claim: Total cycle cover weight unchanged.



Main Reduction {−1,0,1}-weighted digraph #3SATbal

“𝑥𝑖 = 1”

“𝑥𝑖 = 0”

Idea:       Subdivide “𝑥𝑖 = 𝑏”
edges multiple times.

Wrinkle:  Each variable appears
in multiple clauses.

ℓ𝑖 ℓ𝑗

ℓ𝑘



Main Reduction {−1,0,1}-weighted digraph #3SATbal

“𝑥𝑖 = 1”

“𝑥𝑖 = 0”

“𝑥𝑖 = 0” “𝑥𝑖 = 0” “𝑥𝑖 = 0”

“𝑥𝑖 = 1” “𝑥𝑖 = 1” “𝑥𝑖 = 1”

Idea:       Subdivide “𝑥𝑖 = 𝑏”
edges multiple times.

Wrinkle:  Each variable appears
in multiple clauses.



Main Reduction {−1,0,1}-weighted digraph #3SATbal

“𝑥𝑖 = 0” “𝑥𝑖 = 0” “𝑥𝑖 = 0”

“𝑥𝑖 = 1” “𝑥𝑖 = 1” “𝑥𝑖 = 1”

The “𝑥𝑖 = 0” edges are now
perfectly identified:

Every cycle cover uses either
all of them, or none of them.

Similarly for the “𝑥𝑖 = 1” edges.



Main Reduction {−1,0,1}-weighted digraph #3SATbal

“𝑥𝑖 = 0” “𝑥𝑖 = 0” “𝑥𝑖 = 0”

“𝑥𝑖 = 1” “𝑥𝑖 = 1” “𝑥𝑖 = 1”

Wrinkle fixed:

For each variable/clause occurrence,
we can try to identify a pair of edges.

ℓ𝑖 ℓ𝑗

ℓ𝑘



Last Step: Trying to identify a pair of edges

We will not be able to
perfectly identify them. 

But we’ll see a gadget
that does something

that’s good enough. ☺

𝑣𝑢

𝑣′𝑢′



Last Step: Trying to identify a pair of edges

Old graph New graph

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

gadget



𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

Old graph New graph

gadget

Identification
gadget 

properties:

(a)  To every “old” cycle cover of weight W using both edges,
there corresponds a “new” cycle cover of weight −W.

(b)  To every “old” cycle cover of weight W using neither edge,
there correspond several “new” cycle covers of weight 2W.

(c)  All remaining other “new” cycle covers have total weight zero.



Main Reduction {−1,0,1}-weighted digraph #3SATbal

We now “just” need
to enforce consistency.

We wish to identify
variable-edge “𝑥𝑖 = 0”

with all clause-edges labeled 𝑥𝑖 ,

and similarly for “𝑥𝑖 = 1” and
all clause-edges labeled 𝑥𝑖 .

“𝑥𝑖 = 1”

“𝑥𝑖 = 0”

ℓ𝑖 ℓ𝑗

ℓ𝑘



Main Reduction {−1,0,1}-weighted digraph #3SATbal

Define edges 𝑒, 𝑒′ to be
perfectly identified if:

For every cycle cover:
it contains 𝑒 iff it contains 𝑒′.

If we could perfectly identify
pairs of edges, we’d be done:

# satisfying assignments
= total weight of cycle covers.

“𝑥𝑖 = 1”

“𝑥𝑖 = 0”

ℓ𝑖 ℓ𝑗

ℓ𝑘



Main Reduction {−1,0,1}-weighted digraph #3SATbal

Using Identification gadget instead…

“𝑥𝑖 = 1”

“𝑥𝑖 = 0”

(a)  To every “old” cycle cover of weight W using both edges,
there corresponds a “new” cycle cover of weight −W.

(b)  To every “old” cycle cover of weight W using neither edge,
there correspond several “new” cycle covers of weight 2W.

(c)  All remaining other “new” cycle covers have total weight zero.

For each satisfying assignment of 𝜙,
we get new total cycle cover weight
equal to −1 #false literals ⋅ 2 #true literals

ℓ𝑖 ℓ𝑗

ℓ𝑘



Total cycle cover weight: −𝟐 𝟑𝒎/𝟐 ⋅ 𝑪

{−1,0,1}-weighted digraph #3SATbal

𝜙 has m clauses,
C satisfying

assignments
Each satisfying assignment making

p literals false and q literals true
yields cycle covers of weight −𝟏 𝒑𝟐𝒒.

If 𝜙 has m clauses, then for every assignment, 
we get 3m/2 false literals and 3m/2 true literals.

#3SATbal →

Thus the Identification gadget completes the reduction!



Old graph New graph

Identification
gadget 

properties:

(a)  To every “old” cycle cover of weight W using both edges,
there corresponds a “new” cycle cover of weight −W.

(b)  To every “old” cycle cover of weight W using neither edge,
there correspond several “new” cycle covers of weight 2W.

(c)  All remaining other “new” cycle covers have total weight zero.

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

gadget



Old graph New graph
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𝑢′ 𝑣′

gadget

Identification gadget revealed
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Old graph New graph

Identification gadget revealed



We must study all possible cycle covers in the new graph.

𝑣𝑢

𝑣′𝑢′
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𝑢′ 𝑣′

−1

Old graph New graph



We must study all possible cycle covers in the new graph.

𝑣𝑢

𝑣′𝑢′
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𝑢′ 𝑣′

−1

Old graph New graph

Divide into cases based on which of the wobbling edges are taken.



One case:  Both top edges, neither bottom edge
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−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?



One case:  Both top edges, neither bottom edge
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Old graph New graph

What must the rest of the cycle cover in the new graph look like?

some “inconsistent”
cycle cover, of weight W



One case:  Both top edges, neither bottom edge

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

Not finished here!
some “inconsistent”

cycle cover, of weight W



One case:  Both top edges, neither bottom edge

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

a cover of
weight −W

some “inconsistent”
cycle cover, of weight W



One case:  Both top edges, neither bottom edge

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

a cover of
weight +W

some “inconsistent”
cycle cover, of weight W



One case:  Both top edges, neither bottom edge

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

The two covers
cancel out!

some “inconsistent”
cycle cover, of weight W



One case:  Both top edges, neither bottom edge

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

The two covers
cancel out!

some “inconsistent”
cycle cover, of weight W

This phenomenon
will occur for
all the “bad”

cases in the new 
graph; e.g., 

both bottom edges,
neither top edge.



Another bad case:  Top left edge, bottom right edge
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−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

Doesn’t correspond
to anything over here!



Another bad case:  Top left edge, bottom right edge

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

Doesn’t correspond
to anything over here!

Say the weight
so far is W



Another bad case:  Top left edge, bottom right edge

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

Doesn’t correspond
to anything over here!

One finish of
weight −W



Another bad case:  Top left edge, bottom right edge

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

Doesn’t correspond
to anything over here!

One finish of
weight +W



Another bad case:  Top left edge, bottom right edge

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

Doesn’t correspond
to anything over here!

Again, these
bad covers
cancel out!



Yet another bad case:  Both top edges, bottom right edge

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

Actually, it’s impossible!



𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

All “bad” cases complete; they contribute zero total weight.

What remains:  two “good” cases.

This was part (c) of the Identification gadget properties.



One good case:  All four edges taken.
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What must the rest of the cycle cover in the new graph look like?



One good case:  All four edges taken.

𝑣𝑢
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𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

a cycle cover, where
both 𝑢, 𝑣 & (𝑢′, 𝑣′) taken,

of some weight W



One good case:  All four edges taken.

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

a cycle cover, where
both 𝑢, 𝑣 & (𝑢′, 𝑣′) taken,

of some weight W

only finish has
weight −W



𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

Gadget property (a):  Each old cycle cover with weight W, where
𝑢, 𝑣 , (𝑢′, 𝑣′) both taken, yields a new cycle cover with weight −W.

a cycle cover, where
both 𝑢, 𝑣 & (𝑢′, 𝑣′) taken,

of some weight W

only finish has
weight −W



Final (good) case:  None of the four edges is taken.

𝑣𝑢

𝑣′𝑢′
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−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?



Final (good) case:  None of the four edges is taken.

𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

What must the rest of the cycle cover in the new graph look like?

a cycle cover, where
neither 𝑢, 𝑣 , (𝑢′, 𝑣′) taken,

of some weight W

Exercise: there are
6 finishes here,

of total weight 2W



𝑣𝑢

𝑣′𝑢′

𝑢 𝑣

𝑢′ 𝑣′

−1

Old graph New graph

a cycle cover, where
neither 𝑢, 𝑣 , (𝑢′, 𝑣′) taken,

of some weight W

Exercise: there are
6 finishes here,

of total weight 2W

Gadget property (b):  Each old cycle cover with weight W, where
𝑢, 𝑣 , (𝑢′, 𝑣′) both not taken yields new cycle covers with weight 2W.



Identification
gadget 

properties:

(a)  To every “old” cycle cover of weight W using both edges,
there corresponds a “new” cycle cover of weight −W.

(b)  To every “old” cycle cover of weight W using neither edge,
there correspond several “new” cycle covers of weight 2W.

(c)  All remaining other “new” cycle covers have total weight zero.

All gadget properties verified!

The reduction is complete.



Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 1
Due: 10:00am, Tuesday September 12

1. (Valiant’s Depth-Reduction Lemma.) This problem is concerned with (simple) directed
acyclic graphs. The “depth” of such a graph G = (V,E) is defined to be the length of the
longest path in the graph. A “labeling” of G is a mapping ` : V → N. A labeling ` is “legal”
if `(u) < `(v) for all directed edges (u, v) ∈ E.

(a) Show that if G has a legal labeling using at most d distinct labels, then its depth is less
than d. Conversely, show that if G has depth less than d, then it has a legal labeling
using at most d distinct labels. (Hint for the latter: consider the “canonical labeling”,
in which `(v) equals the length of the longest path ending at v.)

(b) Suppose we take the canonical labeling of a graph G and consider the labels to be written
in binary. For j = 0, 1, 2, . . . , let Ej be all edges (u, v) such that the most significant bit
where `(u) and `(v) differ is the jth. Show that if edges Ej are deleted from G, we can
get a legal labeling of the new graph by deleting the jth bit from all labels.

(c) Deduce the following “depth reduction lemma”: Let G be a directed acyclic graph with
m edges and depth less than d, where d = 2k. Then for any 1 ≤ r ≤ k, one can reduce
the depth to less than d/2r by the deletion of at most (r/k)m edges.

2. (Block-respecting TMs.) Given a “block-size” function B : N→ N+, we say a multitape
TM is “B(n)-block-respecting” if, on length-n inputs, all its tapes are divided into contiguous
blocks of B(n) cells, and the tape heads only cross block boundaries at times that are integer
multiples of B(n). (In other words, in each segment of B(n) time steps, tape heads always
stay within a single block of cells.)

Let M be a k-tape Turing Machine with running time T (n). Let 1 ≤ B(n) ≤ T (n)/2 be
a block-size function. Show there is another Turing Machine M ′ with O(k) tapes1 that is
B(n)-block-respecting, decides the same language as M , and has running time O(T (n)).2

The TAs will pay extra attention to the quality of your exposition in this problem.

3. (Improving the Time Hierarchy Theorem via padding.)

(a) Let t1 : N → N be a nondecreasing time-constructible function with t1(n) ≥ n, and let
t2 and f be two more such functions.3 Show that TIME(t1(n)) = TIME(t2(n)) implies
TIME(t1(f(n))) = TIME(t2(f(n))). (Hint: padding.)

(b) Show that TIME(n3 log3/4 n) 6= TIME(n3). You may use the Time Hierarchy Theorem
(Theorem 3.1 in Arora–Barak), and you may take it for granted that any normal-looking
functions are time-constructible. (Hint: you may need to use part (a) several times.)

It is a fact (you don’t need to prove it) that a suitable elaboration of this problem shows
TIME(na logε n) 6= TIME(na) for all a ≥ 1 and ε > 0.

1



Footnotes

13k + 1, or even k + 1, should be possible.
2Technicalities: First, you may assume B(n) has the following “time- and space-constructibility” properties: There

is a 2-tape TM that, on inputs of length n, uses O(T (n)) time and exactly B(n) space (on its second tape, only
reading the input tape), and writes B(n) in unary on the second tape. Further, your M ′ may use this routine at the
beginning, and only then become B(n)-block-respecting.

3We would like to also talk about functions like
√
t1 or t2 log t2 without worrying about the fact that these could

be real-valued. Assume that real values arising in such expressions are always rounded up; or, just choose not to
worry about it.

2



Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 2
Due: 10:00am, Tuesday September 19

1. (Almost-Everywhere Time Hierarchy Theorems.)

(a) The standard (Deterministic) Time Hierarchy Theorem we considered in class shows that
if T (n) is time-constructible and t(n) log t(n) = o(T (n)) then there is a language L ∈
TIME(T (n)) such that L 6∈ TIME(t(n)). If we unpack the definition of L 6∈ TIME(t(n)),
it means this:

for any TM M with running time O(t(n)), ∃x M(x) 6= L(x), (1)

Here we’re abusing notation a little by writing L(x) for the answer to the question x
?
∈ L.

Actually, if you inspect the proof of the theorem, it showed something stronger:

for any TM M with running time O(t(n)), ∃∞x M(x) 6= L(x), (2)

where the symbol ∃∞ means “there exists infinitely many” (or synonymously, “infinitely
often”).1 Show that even if you didn’t remember the proof of the THT, you could
deduce (2) in a purely “black-box” fashion from (1). (You may assume that t(n) ≥ n.)

(b) Similarly show that you can deduce the following in a purely “black-box” fashion:

for any M deciding L, and any C, ∃∞x M(x) takes > Ct(|x|) time steps. (3)

(c) Arguably even (2) is pretty weak. Here is an upgraded statement that one might desire:

for any TM M with running time O(t(n)), ∀∞x M(x) 6= L(x), (4)

where the symbol “∀∞ means “for all but finitely many x” (or synonymously, “almost
everywhere”). Show that (4) is provably too much to hope for.

(d) Here is an upgrade of (3):

for any M deciding L, and any C, ∀∞x M(x) takes > Ct(|x|) time steps. (5)

This can be achieved, but the proof is much harder (it took 13 years after the original
THT). Short of that, you are asked to prove a weaker statement in this problem.

Say that a language A is in the class i.o.-P if there is a polynomial-time Turing Ma-
chine M that computes A correctly for infinitely many input lengths (i.e., A∩ {0, 1}n =
L(M) ∩ {0, 1}n for infinitely many n). Prove that there is a language L ∈ EXP that is
not in i.o.-P.

2. (Superiority.) Do Exercise 3.4 in Arora–Barak.2

1In fact, the proof kind of needed to show this, to take care of the fact that you need to diagonalize against all
O(t(n)) running times.

2Of course, you may assume n1.1 is time-constructible.

1



3. (Awesome circuit lower bounds from depth-3 circuit lower bounds.) Suppose
f : {0, 1}n → {0, 1} can be computed by a circuit of logarithmic depth c1 log n and linear
size c2n. The goal of this problem is to show that f can also be computed by a depth-3
circuit of subexponential size, namely 2O(n/ log logn).3 In fact, you should be able to make the
depth-3 circuit an OR of CNFs, where each CNF has at most 2O(n.01) clauses, and where the
circuit has the additional property that on all inputs, at most one of the CNFs outputs True.

By the way, this result shows that to get a superlinear circuit lower bound for log-depth circuits
(which would be awesome), “all” you have to do is get an essentially-fully-exponential circuit
lower bound for depth-3 circuits. Later in the class we will show that depth-3 circuits require
size 2Ω(

√
n) to compute the Parity function f(x) =

∑
i xi mod 2. Close, but no cigar.

(a) In the log-depth, linear-size circuit for f , show that it is possible to “cut” O(n/ log log n)
wires, leaving a collection of subcircuits each of which depends on at most O(n.01) inputs.
(Hint: an earlier homework problem.)

(b) Complete the proof — i.e., the construction of the depth-3 circuit for f . (Hint: consider
“enumerating” all possible values for the cut wires.)

3As per usual conventions, in the log-depth linear-size circuit, we assume the allowed gates are NOT and fan-in-2
AND/OR, whereas in the depth-3 circuit we assume the allowed gates are NOT and unbounded-fan-in AND/OR.
Also, NOT gates are not counted toward depth in constant-depth circuits.

2



Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 3
Due: 10:00am, Tuesday September 26

1. Define P/log (polynomial time with logarithmic advice) to be
⋃

b,c TIME(nb)/c log n. Show
that NP ⊆ P/log =⇒ NP = P. (Hint: use the fact that SAT is NP-complete.)

2. Exercise 6.17 in Arora–Barak asks you to prove their Theorem 6.32. We’ll get to that result
later in the class, but for now, prove the following variant:

L ∈ NP iff L can be computed by a “DC-uniform”1 circuit family (Cn) with the same four
conditions as in Theorem 6.32, except condition #3 is changed to “semi-unbounded fan-in”,
which means the OR gates can have arbitrary (exponential) fan-in, but the AND gates can
only have poly(n) fan-in.

3. A restarting probabilistic Turing Machine is a standard probabilistic Turing Machine (Defi-
nition 7.1 in Arora–Barak) with the following additional feature: It has a special state called
Restart, and if ever the TM transitions into that state, the entire computation is completely
restarted (tapes/heads/state all reset to their initial values, nothing remembered from the
prior computation). Each computation path from the initial state to Accept/Reject/Restart
is called a run, and depending on the machine’s “coin flips”, it may well have multiple runs
(restarts) before it finally accepts/rejects. The running time t(n) on inputs of length n is
defined to be the maximum possible number of steps in a single run (over all inputs and coin
flips). Note that we do not sum the times over all runs; we only “pay for” the longest run.
(This makes restarting TMs a rather non-realistic model.) Finally, if a restarting TM has the
property that it restarts with probability 1 on at least one input, we deem it to be an invalid
machine.2

Let C be a probabilistic complexity class such as RP, BPP, PP (or even NP) that can be
defined as follows, for some constants 0 ≤ s ≤ c < 1: “L ∈ C if there exists a polynomial-
time probabilistic TM M such that x ∈ L =⇒ Pr[M(x) accepts] > c and x 6∈ L =⇒
Pr[M(x) accepts] ≤ s”. We then define RestartingC to be the same class, except that M is
allowed to be a (valid) restarting probabilistic TM.

(a) Prove that RestartingPP = PP.

(b) Prove that RestartingNP = NP.

(c) Prove that RestartingRP = NP.

(d) RestartingBPP is a funny class. Prove that NP, coNP ⊆ RestartingBPP.

(e) Prove that RestartingZPP = NP ∩ coNP, where RestartingZPP means the class of lan-
guages L for which there is a polynomial-time restarting TM with the following proper-
ties: Besides “Accept” and “Reject”, it has a third halting (output) state called “?”. And
on input x, the machine (eventually, after possible restarts) outputs “?” with probability

at most 1/2, and otherwise outputs the correct answer to x
?
∈ L.

1This is basically the same as “DLOGTIME-uniform” as discussed in class, except DC-uniformity allows you
polylog time, as opposed to logarithmic time. Go with “DC-uniformity” here (as in Arora–Barak’s Definition 6.31)
for simplicity. However, please augment their definition as follows: not only should the “TYPE” function give a
gate’s type, it should also give the number of incoming wires (i.e., the fan-in amount).

2This is nothing unusual; it’s exactly like how deterministic TMs may fail to halt on some inputs, in which case
we deem them “non-deciders” and say they don’t compute any language.

1



Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 4
Due: 10:00am, Tuesday October 3

1. (Could EXP have poly-size circuits?) We know that EXP 6⊆ P by the Time Hierarchy
Theorem. And we sometimes think of P as being roughly comparable to P/poly. Now the
latter contains undecidable languages, so they’re definitely not the same. Still, it doesn’t seem
so likely that getting to use a different poly-time algorithm for each input length would be
especially helpful for solving an EXP-complete language (like SUCCINCT-CIRCUIT-EVAL,
or GENERALIZED-CHESS). But can we get more convincing evidence that EXP ⊆ P/poly
is indeed unlikely?

(a) Let M be a deterministic 1-tape Turing Machine running in time at most 2cn
c
. Appro-

priately formalize — and then also prove — a statement encapsulating the idea that the
entries in M(x)’s “computation tableau” are computable in EXP. (You might want to
look at Sipser’s Theorem 7.37 (Cook–Levin) for some terminology and inspiration.)

(b) Prove that EXP ⊆ P/poly =⇒ EXP = PSPACE. (Hence EXP ⊆ P/poly is probably not
true, because we consider EXP = PSPACE unlikely.)

2. (Circuit characterization of PH.) Do Exercise 6.17 in Arora–Barak (called Exercise 6.13
in the “draft version”).

3. (HPV in an alternate universe.) In this problem you are asked to show the following:
There exists a language A such that for all (time- and space-)constructible1 f(n),

TIMEA(f(n)) = SPACEA(f(n)).

Here TIMEA(f(n)) means all languages decidable by a multitape, time-O(f(n)) oracle Turing
Machine with oracle access to A, and SPACEA(f(n)) is similarly defined. It is very easy
to see that the theorem TIME(f(n)) ⊆ SPACE(f(n)) “relativizes” (namely, TIMEB(f(n)) ⊆
SPACEB(f(n)) for every language B and bound f(n)), so the goal is to show that there
exists A with SPACEA(f(n)) ⊆ TIMEA(f(n)).

We now describe — roughly — the A you will want to use, although we leave it to you to
define A completely precisely. Basically, A should be the language of all tuples (M,D, x, 1s)
such that M is a multitape oracle TM, D is a multitape TM running in space 2n (how can you
ensure this?), x is a string, and (this being the main point) ML(D)(x) accepts while using at
most s tape cells. After formalizing A, the first step will be to show that A can be computed
in space 2n. (You might want to add some “padding” into the definition of A to help you
show a bound of literally 2n, not O(2n).) Then complete the proof, using the fact that there
is some D∗ deciding A. . .

1In fact, the result is known to hold with no constructibility assumptions at all. For your proof I doubt you’ll
need space-constructibility. However time-constructibility definitely simplifies the proof. And honestly, I don’t even
know why I’m typing this footnote, because no one cares about non-constructible functions.

1



Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 5
Due: 10:00am, Tuesday October 10

1. (Courtroom complexity.) In this problem we study a slightly peculiar complexity class
that we’ll call S2P. Informally, we say L ∈ S2P whenever the following circumstances hold.
There are two lawyers, Yolanda and Zeyuan, whose job is to argue in front of judge Victor
about whether or not x ∈ L. Whenever x ∈ L, there is something Yolanda can say that will
convince judge Victor that indeed x ∈ L, no matter what Zeyuan says. Conversely, whenever
x 6∈ L, there is something Zeyuan can say that will convince judge Victor that x 6∈ L, no
matter what Yolanda says.

More precisely, we say that L ∈ S2P if there is a polynomial p(n) and a polynomial-time
algorithm V such that

x ∈ L =⇒ ∃py ∀pz V (x, y, z) = 1,

x 6∈ L =⇒ ∃pz ∀py V (x, y, z) = 0.

(Recall “∃py” means “∃y with |y| ≤ p(|x|)”, etc.)

(a) Show that S2P is closed under complement: coS2P = S2P.

(b) Show that S2P ⊆ Σ2P ∩Π2P.

(c) Show NP ⊆ P/poly =⇒ PH = S2P. (This is an improvement on the Karp–Lipton
Theorem, by part (b). . . but in fact, you can solve this problem by almost literally
repeating the proof of Karp–Lipton.)

(d) Show that PNP ⊆ S2P.

2. (A route to P 6= NP?) Let cn denote the maximum number of gates needed by a Boolean
circuit to compute any function f : {0, 1}n → {0, 1}. Shannon and Lupanov showed that
cn ≈ 2n/n, but we will be interested in the literal exact value of cn. Let us say that a
language L has maximal circuit complexity if L∩{0, 1}n requires circuits of size cn for every n.

Show that if every language in E has non-maximal circuit complexity (i.e., just one gate can
be saved somewhere in the circuit family) then P 6= NP. (Recall that E =

⋃
c TIME(2cn).)

3. (Limited SAT queries.) When C is a complexity class, the notation CA[k] means the same
class where at most k oracle queries to the language A are allowed. As usual, CNP[k] denotes
the union of CA[k] over all A ∈ NP; equivalently, it’s CSAT[k]. In studying the Polynomial
Time Hierarchy, we observed that when C = NP, we could massively reduce the number of
queries used: NPNP = NPNP[poly(n)] = NPNP[1]. The same is (seemingly) not true when C = P;
it is believed that PNP[1] ( PNP[2] ( PNP[3] ( · · ·
In this problem, we will look at an interesting class: PNP[log], which is short for PNP[O(logn)],
the class of languages decidable in polynomial time by a SAT-oracle Turing Machine that
makes at most O(log n) oracle queries on inputs of length n.

(a) Show that the following two problems are in PNP[log]: UNIQUE-MAX-CLIQUE, the lan-
guage of all graphs whose largest clique is unique; ODD-MAX-CNF-SAT, the language
of all CNF formulas for which the maximum number of clauses that can be satisfied by
any truth assignment is odd.

1



(b) Define P
NP[r]
‖ to be the class of all languages decidable in polynomial time by a SAT-

oracle Turing Machine that makes at most r nonadaptive oracle queries. This means
that the machine can only interact with “the oracle” one time, in the following way: it
can submit r separate oracle queries, and get back the r answers. Show that PNP[k] ⊆
P
NP[2k−1]
‖ , even for k = O(log n), and hence PNP[log] ⊆ PNP

‖ .

(c) Building on work of Gilbert, Michael Fischer showed the following result: For every n,
there is an n-input, n-output Boolean circuit, consisting of poly(n) AND gates, poly(n)
OR gates, and dlog2(n + 1)e NOT gates, such that on input (x1, x2, . . . , xn), the output
is (¬x1,¬x2 . . . ,¬xn).1 If you have never seen this before, I very strongly urge you to try
to prove this result in the case n = 3; it’s a great puzzle! But anyway, you can assume
Fischer’s result.

Show an almost-opposite containment to part (b): P
NP[2k−1]
‖ ⊆ PNP[k+1], even for k =

O(log n), and hence PNP[log] = PNP
‖ .

(0-point bonus problem: Can you get the exact-opposite containment, P
NP[2k−1]
‖ ⊆ PNP[k]

in case k = 2? Can you get it in general?)

1Also, the construction is P-uniform.
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Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Test #1
Due: 10:00am, Tuesday October 17

No collaboration or Internet-usage allowed! You may consult the textbook.
You may cite past homework problems and results from lecture.

Solve four problems total, namely #1, #2, and two out of three from {#3,#4,#5}.

1. (MA in PP, 10 points.) Show that MA ⊆ PP. (You are not required to do it this way,
but one way you can show this is to show MA ⊆ BPPpath ⊆ PP, where BPPpath is the “real”
name of the class called “RestartingBPP” on Homework 3.)

2. (Collapses, 10 points total.)

(a) (4 points.) Show that PSPACE ⊆ P/poly implies that PSPACE = Σ2 = Π2.

(b) (2 points.) Show that EXP ⊆ P/poly implies that EXP = Σ2 = Π2.

(c) (4 points.) Show that NP ⊆ P/poly implies AM = MA.

3. (Superiority II, 10 points.) Recall that for Homework #2, Problem 2, you did Exercise 3.4
in Arora–Barak. Now, show that NTIME(n1.1) is in fact “superior” to NTIME(n). You will
need a new proof of the Nondeterministic Time Hierarchy Theorem. What follows are some
hints for it; besides completing the proof, please note that even the hints need several details
to be filled in.

Consider a nondeterministic TM D which parses its input into the form 1i01j0y, where
i, j ∈ N and y ∈ {0, 1}∗. This is henceforth written as (i, j, y). The number i encodes an
NTM M , the number j is for “junk” (to ensure arbitrarily long strings), and y is interpreted
as a sequence of nondeterministic “guess bits”. If |y| < d(i+ j + 2)1.05e then D accepts iff M
accepts both (i, j, y0) and (i, j, y1) in (i + j + 2 + |y|)1.05 steps. If |y| = d(i + j + 2)1.05e then
D accepts iff M rejects (i, j, ε) when using y as its nondeterministic guesses.

In solving this problem, please have a clear section where you give what you feel is/are the
“main idea(s)” in the proof. Of course, you must fill in all the details in the other sections.

4. (The Exponential Time Hierarchy collapses, 10 points total.) Throughout this prob-
lem, let N? denote some nondeterministic oracle-TM running in time knk, let A denote some
language in NEXP, and let U denote any fixed NEXP-complete language (under poly-time
mapping reductions, as usual).

(a) (3 points.) Show there is a poly-time deterministic oracle-TM C? with the following
property: CU (x) computes the exact number of strings in A of length at most k|x|k.

(b) (3 points.) Say that a nondeterministic TM K “computes the answer to y ∈ A” if,
on input y, it runs nondeterministically, accepts on at least one computation branch,
and on all branches where it accepts, its working tape contains nothing but the correct
answer (0/1) to the question of whether y ∈ A.

Show that you can extend your machine C? from part (a) so that after CU (x) is finished,
it can deterministically construct a nondeterministic TM K which, on input y of length
at most k|x|k, runs in time at most exp(k′|x|k′) (for some constant k′) and “computes
the answer to y ∈ A”.

1



(c) (3 points.) Show that C? can be further extended so that CU (x) constructs the de-
scription of a nondeterministic machine N∗ (running in some exp(k′|x|k′) time) which,
on input x, has the same overall answer as NA(x).

(d) (1 point.) Show that NPNEXP = PNEXP.

5. (Trading error for advice.) Show that RSPACE(n) ⊆ ZPSPACE(n)/(n + 1).

(Now to explain carefully the meaning of these complexity classes. First of all, roughly
speaking, RSPACE(n) is to linear space as RP is to polynomial time; similarly ZPSPACE(n)
and ZPP. However, it turns out there is a major subtlety in defining randomized space classes.
The issue is whether you require the randomized machines to always halt or just to halt with
probability 1. These are actually not the same; a randomized machine that flips coins until
it gets a 0 and then halts has the property that it “halts with probability 1”, but it doesn’t
“always halt”. It turns out that the distinction is unimportant for time-bounded classes, but
quite important for space-bounded classes. To make a long story short, the “better” definition
turns out to be the one where you require machines to always halt, meaning that for every
input and every possible sequence of random bits they might flip, they halt in finitely many
steps. In fact, once you decide on this definition, it is not too hard to show that for space-s(n)
machines you can assume that the machine always halts in at most 2O(s(n)) steps. (This is
pleasant, because it’s something we rely on in the deterministic case, too.) Therefore, finally:
We say L ∈ RSPACE(s(n)) if there is a randomized Turing Machine M that, on every input
x of length n and every possible sequence of random bits, uses at most O(s(n)) space and at
most 2O(s(n)) time, and has the following properties:

x ∈ L =⇒ Pr[M(x) acc.] ≥ 2/3, x 6∈ L =⇒ Pr[M(x) acc.] = 0.

By the way, the most famous example of this kind of class is RL, randomized log-space. With
our definition, this class includes the demand that the algorithm runs in polynomial time. If
this were eliminated, and the machine were only required to halt with probability 1, then the
resulting class would actually equal NL! This is not too hard to prove, and is entertaining to
think about.

Next, as for ZPSPACE(n), please use the following definition: a ZPSPACE(n) machine is
a randomized O(n)-space, 2O(n)-time machine that halts on every input and every sequence
of random bits, and has three kinds of final states: “accept”, “reject”, and “?”. We say
that L ∈ ZPSPACE(n) if such a machine has the following property: on every input x, the
machine never outputs a “wrong” answer (i.e., accepts when x 6∈ L, or rejects when x ∈ L);
and, on every input x, the probability the machine outputs “?” is at most 1/3.

Finally, ZPSPACE(n)/(n + 1) is the same class, but where the machine takes n + 1 bits of
advice on inputs of length n. That is, L ∈ ZPSPACE(n)/(n+1) if there exists a ZPSPACE(n)
machine M and sequence of advice strings (an) with |an| = n + 1 such that, when provided
with a|x| on input x, the machine M has the aforementioned accept/reject/? properties.)
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Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 6
Due: 10:00am, Tuesday October 24

Notation: in these problems, C always denotes a Boolean circuit, and #C denotes the number
of input strings that cause C to output 1. Also, if M is a nondeterministic Turing Machine and x
is an input, then #M(x) denotes the number of accepting nondeterministic computation paths of
M on x.

1. (Derandomized restarting via approximate counting.) Show that BPPpath (the class

called “RestartingBPP” in Homework #3, Problem 3b) is a subset of the class PApproxCount
‖ .

By the latter, we mean the class of all decision problems solvable in polynomial time given
the ability to nonadaptively query an oracle for approximate counting (meaning that, when
circuit C is submitted to the oracle, it returns a number α such that #C ≤ α < 2 ·#C).

(Remark: In fact, you might like to try to show that PApproxCount
‖ ⊆ BPPpath, and thus the

two classes are equal.)

2. (An odd problem.) Recall the complexity class ⊕P: a language L is in the class if and only
if there is a polynomial-time nondeterministic Turing Machine M such that x ∈ L if #M(x)
is odd. As we discussed in class, the Cook–Levin Theorem is “parsimonious”, and therefore
the language ODD-CIRCUIT-SAT = {C : #C is odd} is ⊕P-complete.

(a) Show that ⊕P is closed under complement and under intersection.

(b) Show that ⊕P⊕P = ⊕P. Here, as usual, ⊕P⊕P denotes
⋃

A∈⊕P⊕PA, and ⊕PA has the
same definition as ⊕P given at the beginning of the problem, except that the machine M
has oracle access to language A.

3. (Mind the gap.) Recall that f : {0, 1}∗ → N is in the class #P if there is a polynomial-time
nondeterministic Turing Machine M such that f(x) = #M(x) for all x. We introduce a new
function class called GapP, defined to be all f : {0, 1}∗ → Z such that there is a polynomial-
time nondeterministic Turing Machine M with f(x) = ∆M(x) for all x, where ∆M(x) is
defined to be the number of accepting paths minus the number of rejecting paths of M on x.

(a) Show that GapP is the closure of #P under subtraction. More precisely, show that
#P ⊆ GapP, that every f ∈ GapP is the difference of two #P functions, and that the
difference of two GapP functions is in GapP.

(b) Show that every f ∈ GapP can in fact be written as g − h, where g ∈ #P and h ∈ FP.
(Here FP is the class of integer-valued functions computable in polynomial time; i.e.,
those h for which there is a deterministic Turing Machine that on input x, prints out h(x)
in binary.) Conclude that GapP ⊆ FP#P[1].

1



Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 7
Due: 10:00am, Tuesday October 31

1. (Subset sum.) Consider the following task: The input is a function f : 2[n] → N, given
explicitly as a table of length N = 2n. (Here 2[n] denotes the set of all subsets of [n] =
{1, 2, . . . , n}.) You may assume that each integer f(S) is expressible with O(n) bits. The
goal is to output (also in table format) the function g : 2[n] → N defined by

g(T ) =
∑
S⊆T

f(S).

Give an algorithm for solving this problem in N · polylog(N) time (i.e., in 2n · poly(n) time).
You may work in the random-access Turing Machine model (which means you can basically
give a “normal” algorithmic description without really worrying about how the data is laid
out on TM tapes). Hint: induction/recursion on n.

2. (Computing a univariate polynomial.) Let f be any univariate polynomial in X of
degree n with complex coefficients. Show that f can be computed by an algebraic circuit
that uses at most 2

√
n multiplications, no divisions, and with additions and multiplications

by complex scalars being free of charge.

(Remarks: It’s possible to improve this to
√

2n + log2 n + O(1); the proof is tricky, but
elementary. On the other side, it is known that “almost all” degree-n polynomials need
at least

√
n− 1 multiplications to compute, and Strassen showed that the following specific

polynomial requires at least (1−o(1))
√
n multiplications: f(X) = 22

n
X +22

2n
X2 +22

3n
X3 +

· · ·+ 22
n2

Xn.)

3. (Why determinants are everywhere.) In this problem you may take for granted the
following properties of the determinant: multiplicativity (det(AB) = det(A) det(B)); if A′ is
formed from A by multiplying some row by scalar c, then det(A′) = cdet(A); if A′ is formed
from A by swapping two rows, then det(A′) = −det(A); and, cofactor expansion.

For this problem, an algebraic formula F over indeterminates X1, . . . , Xn and coefficient
field K means an algebraic circuit which is a binary tree, with the internal nodes being
labeled × or +, and the leaves labeled either with an indeterminate or a scalar from K. The
size of F is the number of leaves. The goal of this problem is to show the following:

Claim: Any F of size L is expressible by the determinant of a (3L− 1)× (3L− 1) matrix A
whose entries are either scalars or scalar-times-indeterminates.1 Furthermore, the matrix A
has the following special form:

A =



∗ ∗ ∗ · · · ∗ ∗
1 ∗ ∗ · · · ∗ ∗
0 1 ∗ · · · ∗ ∗
0 0 1

. . . ∗ ∗
...

...
. . .

. . . ∗ ∗
0 0 0 · · · 1 ∗

.
1Remark: it is known that this can be improved to (L+3)× (L+3), one can have just scalars or indeterminates,

and that one can also replace “determinant” by “permanent”.

1
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(That is: arbitrary on and above the main diagonal; all 1’s on the diagonal below the main
one; and, all 0’s below that.)

(a) Prove that for block matrices

Z =

[
P 0

Q R

]
it holds that det(Z) = det(P ) det(R). Hint: factorize Z using the matrices[

P 0

Q I

]
,

[
I 0

0 R

]
,

where I is the identity matrix.

(b) Show that the Claim is true for formulas of size 1 (i.e., single-leaf formulas).

(c) Show that if F = det(A) and G = det(B) where A, B are m×m and n×n matrices of the
special form (respectively), then F ×G is expressible as det(C) for an (m+n)× (m+n)
matrix of the special form.

(d) Show that if F = det(A) and G = det(B) where A, B are m×m and n× n matrices of
the special form (respectively), then F +G is expressible as det(C) for an (m+n+ 1)×
(m + n + 1) matrix of the special form. Hint: consider the block matrix

C =



0 0 0 · · · 0 1 0 0 · · · 0 1

1
0
... A 0
0
0

1
0
... 0 B
0
0



.

Show that it works, and that it can be fixed up to the special form with a “swap” or
two. . .

(e) Complete the proof of the Claim.
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Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 8
Due: 10:00am, Tuesday November 7

1. (Interactive proofs vs. instance checkers.) Suppose languages L and L have polynomial-
round interactive proofs in which Merlin’s strategy is implementable in PL. Show that L has
an instance checker. You may use a slightly weaker definition of “instance checker” wherein,
if the provided oracle C actually computes L exactly, the checker only has to output the

correct answer about x
?
∈ L with high probability (rather than with probability 1).

2. (Derandomization implies circuit lower bounds.) Suppose you wanted to prove BPP = P.
Well, you’d better be able to at least prove coRP = P. And hence you’d better be able to at
least prove that the PIT problem (Polynomial Identity Testing, which we know is in coRP) is
in P. And hence you’d better be able to at least prove that it’s in NP. And hence you’d better
be able to at least prove that it’s in NSUBEXP :=

⋂
ε>0NTIME(2n

ε
). In this problem, you’ll

show this implies that you’d better be able to prove superpolynomial circuit lower bounds.

In this problem, let AlgP0/poly denote the class of all polynomial-degree families computable
by polynomial-size algebraic circuits using +, −, × over Z, where the only constants allowed
are 0 and 1 (equivalently, where the constants must be of poly(n) bit-length).

(a) Show that if PERMANENT ∈ AlgP0/poly and PIT ∈ NSUBEXP, then Σ2P ⊆ NSUBEXP.
(You can definitely use Valiant’s Theorem on #P-completeness of PERMANENT0,1. You
can also use Toda’s 1st and 2nd Theorems if you like, though you don’t need them.)

(b) Show that if, furthermore, NEXP ⊆ P/poly, then Σ2P ⊆ NE ⊆ SIZE(nc) for some
constant c. (Here NE = NTIME(2O(n)).)

(c) Deduce that

PIT ∈ NSUBEXP =⇒
(

PERMANENT 6∈ AlgP0/poly ∨ NEXP 6⊆ P/poly
)
.

3. (Worst-case hardness to slight hardness-on-average for EXP.) Suppose that L ∈ EXP
but L requires superpolynomial-size circuits; more precisely, for all c and all sufficiently large n
it holds that there is no Boolean circuit of size nc computing Ln : {0, 1}n → {0, 1}, the
indicator function for presence in L ∩ {0, 1}n.

(a) Show that there is a language L′ ∈ E := TIME(2O(n)) with the same property.

(b) Let p stand for the first prime larger than n + 1 (this can certainly be deterministically
computed in poly(n) time, as we’ll have p < 2n) and write Zp for the field of integers
modulo p. Show that there is a multilinear polynomial fn : Zn

p → Zp, agreeing with L′n
on all inputs in {0, 1}n, such that the family of functions (fn) can be computed in 2O(n)

time.

(c) Show that for every polynomial-size circuit family (Cn) (where Cn has n(log n+1) inputs
and log n + 1 outputs1)

Pr
x∼Zn

p

[Cn(x) = fn(x)] < 1− 1

3n
.

1Here logn + 1 is enough to encode an element of Zp; I’m too lazy to put ceilings/floors in the right spots here,
and you may be equally lazy about this point.

1



(Hint: recall where this 1− 1
3n came up elsewhere in class; also recall BPP ∈ P/poly.)

(d) Define a decision problem (language) H as follows: on input x ∈ Zn
p and integer 0 ≤ j ≤

log n, output the jth bit of fn(x). Show that H ∈ E, and that for every polynomial-size
circuit family (Dn) it holds that

Pr
x∼Zn

p

j∼{0,...,logn}

[Dn′(x, j) = H(x, j)] < 1− 1

O(n log n)

(where n′ = n(log n + 1) + log log n).

Remark: Thus from a language in EXP that is hard for polynomial-size circuits in
the worst case, we may construct a language in E that is slightly hard-on-average
for polynomial-size circuits, where “slightly” involves error at least 1

O(n′) on inputs of

length n′.

(Incredibly minor notes: Strictly speaking, we have not quite shown hardness-on-average
with respect to the purely uniform distribution on inputs, because of the issue of how
exactly to encode the pair 〈x, j〉 by a single string. Also, strictly speaking, H might be
trivial for some input lengths (those not of the appropriate form n(log n+1)+log log n),
and we’d rather have it hard for circuits at almost all input lengths. Both issues are
easy and boring to fix.)
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Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 9
Due: 10:00am, Tuesday November 14

Recall that a Boolean formula F is a binary tree, where the internal nodes are labeled with
∨ or ∧, and the leaves are labeled by either literals xi or xi, or by constants 0 or 1. It computes a
Boolean function f in the natural way. The size of a Boolean formula is the number of literal-leaves.
(Constant-leaves are “free”.) The least possible size of a formula computing f is denoted L(f).

You may take it for granted that there is a “simplification” operation on formulas that: (i) pre-
serves the function being computed; (ii) gets rid of all constant-leaves (except when the function is
itself a constant function, in which case the formula becomes a single constant-leaf); (iii) does not
increase the size of the formula. This simplification operation just does the obvious thing: if a 1
enters into an ∨ gate, the gate is replaced by 1; if a 1 enters into an ∧ gate, the gate is replaced by
its other child; similarly for 0’s.

1. (Random restrictions shrink formulas.)

(a) Argue that if F is a Boolean formula, there is an equivalent Boolean formula F ′ of no
larger size with the following property: in F ′, whenever some internal node has one child
a literal xi/xi and the other child a subformula G, the literals xi/xi do not appear in G.

(b) Suppose f is an n-variable Boolean function with L(f) > 1. Let ρ be a random restriction
formed by fixing exactly one (randomly chosen) variable (to a uniformly random 0/1
value). Show that E[L(f |ρ)] ≤ (1 − 1.5

n ) · L(f). (Hint: getting (1 − 1
n) · L(f) should be

easy. If a variable gets fixed, think about what might happen to its sibling-subformulas.
Technically, you will need part (a) here.)

(c) Taking for granted that (1− 1.5
n ) ≤ (1− 1

n)1.5, show the following: If f is an n-variable
Boolean function, and ρ is a random restriction formed by fixing exactly n−k (randomly
chosen) variables, then

E[L(f |ρ)] ≤ max

{(
k

n

)1.5

· L(f), 1

}
.

(d) Use this (i.e., no fair citing problem 3(c)), with k = 2, to prove that L(Parityn) ≥ n1.5.

2. (Alice and Bob and Parity I.) A rectangle is a set A×B, where A,B ⊆ {0, 1}n are disjoint.
For i ∈ [n], we call it i-colorable if xi 6= yi for all pairs of strings x ∈ A, y ∈ B; we call it
colorable if it is i-colorable for some i. If a rectangle R can partitioned into s (sub)rectangles,
each of which is colorable, we say that R is s-tileable. We write χ(R) for the least s such that
R is s-tileable. If f is a Boolean function, we write χ(f) for χ(f−1(0)× f−1(1)).

(a) Prove that χ(Parity2) = 4 and χ(And3) = 3; draw figures to illustrate the upper bounds.

(b) Prove that χ(f) ≤ L(f). (Hint: induction.)

3. (Alice and Bob and Parity II.) Continuing the previous problem. . .

(a) Let R = f−1(0) × f−1(1). Say we “mark” each entry (x, y) ∈ R where the Hamming
distance between x and y is 1. For a subrectangle A × B of R, write M(A × B) for
the number of marked entries in it. Show that if A×B is colorable, then M(A×B) ≤
min{|A|, |B|} ≤

√
|A| · |B|.

1



(b) Show that M(R) ≤
√
χ(f)

√
|f−1(0)| · |f−1(1)|.

(c) Show that L(Parityn) ≥ n2.
(d) Show that L(Parityn) = n2 when n is a power of 2.
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Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 10
Due: 10:00am, Tuesday November 21

In this homework, you may wish to consult Lecture 4. Also, you may take for granted the
following result, which you basically proved in Homework 9.1:

Theorem. Let f : {0, 1}n → {0, 1}, let ε ∈ [ 1n , 1], and let ρ be an ε-random restriction. (Recall
this means each coordinate is independently set to ‘ ?’ (unfixed) with probability ε, and is otherwise
set to 0 or 1 with probability 1−ε

2 each.) Then

E[L(f |ρ)] ≤ 2ε1.5L(f) + 1,

where, recall, L(g) is the minimum size of a Boolean formula computing g.

(In fact, Johan H̊astad and Avishay Tal have shown that E[L(f |ρ)] ≤ O(ε2)L(f) +O(1).)

1. (More on shrinking formulas.) Let b > 1, m = 2b, n = bm. Given some Boolean function
ψ : {0, 1}b → {0, 1}, define the function fψ : {0, 1}n → {0, 1} as follows: Think of x ∈ {0, 1}n
as being divided into b “blocks” of m bits each. Then fψ(x) = ψ(z1, . . . , zb), where zi is the
parity (XOR) of the ith block of bits in x.

(a) Let ε = b ln(3b)
n and let ρ be an ε-random restriction on n = bm variables. Show that

with probability at least 2/3, the restriction ρ gives at least one ? to each of the b blocks.

(b) Show that there exists a restriction σ of the n coordinates such that both of the following

hold: (i) L(fψ|σ) ≤ 6( b ln(3b)n )1.5L(fψ) + 3; (ii) σ gives at least one ? to each of the b
blocks.

(c) Show that L(fψ) ≥ Ω̃(n1.5)(L(ψ)−O(1)). Deduce that there exists ψ such that L(fψ) ≥ Ω̃(n2.5).

2. (Andreev’s function.)

(a) Does the function Lψ produced in the previous problem count as “explicit”?1 Anyway, let
us define an explicit function α : {0, 1}n+m → {0, 1}, as follows: α(x, y) = fy(x), where
x ∈ {0, 1}n, y ∈ {0, 1}m is interpreted as the truth-table of a function {0, 1}b → {0, 1},
and fy refers to the “fψ” notation from the previous question. Show that L(α) ≥ Ω̃(n2.5).

Remark. Using the H̊astad–Tal result, one can deduce that in fact L(α) ≥ n3/Õ(log3(n)).

(b) Show that L(α) ≤ O(n3/ log2 n). (Bonus: show that L(α) ≤ O(n3/ log3 n).)

3. (Detecting triangles.) Prove that any monotone circuit that detects whether a v-vertex
graph (given by its v × v adjacency matrix) contains a triangle must have size at least
v3/polylog(v). (Hint: complete bipartite graphs contain no triangles.)

1This is a rhetorical question; you are not required to provide an answer.

1



Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Homework 11
Due: 10:00am, Thursday November 30

1. (Just mod 6 things.)

(a) Let f : {0, 1}n → {0, 1} and let p be a prime. As you showed in HW8.3(b), there is a
multilinear polynomial F (x1, . . . , xn) over Fp such that F (x) = f(x) for all x ∈ {0, 1}n.
Show that such a multilinear representation is unique. (Hint: if F1(x) = F2(x), key in
on the least-degree nonzero monomial in F1(x) − F2(x).) Deduce that any multilinear
polynomial over Fp computing the AND function must have degree n.

(b) Show that AND functions cannot be computed by constant-depth circuits (of arbitrary
size) consisting only of input gates, the constant 1 gate, and modp gates, where p is a
fixed prime. Recall that a modm gate outputs 0 or 1 depending on whether the number
of input 1’s is zero or nonzero modulo m. (Hint: show that such a circuit computes a
polynomial of constant degree.)

(c) Show that AND functions can be computed by depth-2 circuits (albeit of exponential
size) consisting only of input gates, the constant 1 gate, and mod6 gates. (Hint: first show
how to get mod3 and mod2 gates; then show that if you take the mod2 of every subset
of the inputs, then mod3-together the 2n results, you basically get the OR function.)

Remark: It is open to show that AND is not computable by depth-3, poly-size circuits
consisting only of mod6 gates. It is also open to show this about SAT.

2. (Circuit lower bounds for Permanent.) Prove that the Permanent function (of integer

matrices) is not computable by (uniform) ACC circuits, even with 2n
o(1)

size. You may take
for granted the following facts: (i) the Time Hierarchy Theorem holds relative to any oracle;
(ii) many reductions in classic complexity theorems (e.g., the Cook–Levin Theorem, Valiant’s
#P-completeness of Permanent for integer matrices, . . . ) can be carried out in (uniform) AC0.

Remark: In fact, it has been shown that Permanent is not even in the larger circuit class of
(uniform) TC0: namely, O(1)-depth poly-size circuits of Majority gates.

3. (Fighting perebor for ACC-SAT.) In this problem, your algorithms may be in the
random-access Turing Machine model.

(a) Show that there is a 2m · poly(m) time algorithm for deciding whether a given m-
input, “size-2

√
m SYM+ circuit” is satisfiable. Recall that such a circuit is of the form

h(p(x1, . . . , xm)), where p is a multilinear polynomial given by the sum of at most
2
√
m monomials (each of degree at most

√
m) and h is an explicitly given function

{0, 1, 2, . . . , 2
√
m} → {0, 1}. (Hint: you may appeal to a problem from Homework 7.)

(b) Fix a depth d ∈ N+ and a modulus r. Show that for a sufficiently small constant δ > 0,
there is a 2m · poly(m) time algorithm for deciding whether a given m-input, depth-

(d+ 1), size-2O(mδ) AC0[r] circuit is satisfiable. (Hint: you may appeal to theorems from
class.)

(c) Show that there is a 2n−Ω(nδ) time algorithm for deciding whether a given n-input,

depth-d, size-2n
δ
AC0[r] circuit is satisfiable. (Hint: given C, consider C ′ which is an

OR over all possible settings to the first nδ variables of C.)

1



Graduate Computational Complexity Theory CMU 15-855*, Fall 2017

Test #2
Due: 10:00am, Thursday December 7

No collaboration or Internet-usage allowed!
You may cite results from lecture, past homework problems, and the textbook.

Solve four problems total, namely #1, #2, and two out of three from {#3,#4,#5}.

1. (PH collapsing when efficient means expected polynomial time.)

Show NP ⊆ ZPP =⇒ PH = ZPP.

(Hint: don’t be surprised if your proof fits on one line.)

2. (Optimal Karp–Lipton for NEXP.)

(a) (This part is worth 1 point, as the proof is about one sentence long.) Read the proof
of the IKW Theorem, Lemma 20.20 in the textbook, which uses the “easy witness
method” to show that NEXP ⊆ P/poly =⇒ NEXP = EXP. Now show that in fact
NEXP ⊆ P/poly =⇒ NEXP = MA.

(b) In lecture we focused on showing that strong hardness assumptions imply determinis-
tic poly-time algorithms for BPP; but, we mentioned that if one works the parameters,
one gets that weak hardness assumptions imply deterministic subexponential-time al-
gorithms for BPP. Specifically, one can show that if there is a language L ∈ EXP that
requires superpolynomial circuit size for almost all input lengths n, then for all ε > 0
there is a pseudorandom generator G with seed length `(n) ≤ nε. Under this assumption,
conclude that MA ⊆ NTIME(2n).

(c) The above says that if EXP requires superpolynomial circuit size for almost all input
lengths, then MA is nondeterministically simulable in O(2n) time for almost all n. You
may now take it for granted that the “infinitely often” version is also true (the proof
is essentially the same); namely, that EXP 6⊆ P/poly =⇒ MA ⊆ i.o.-NTIME(2n).
Here i.o.-C denotes the class of all languages A such that there exists B ∈ C with
A ∩ {0, 1}n = B ∩ {0, 1}n for infinitely many n.

You may also take for granted (cf. Homework 2, #1(d)) the following Time Hierarchy
Theorem result: for all c ∈ N it holds that EXP 6⊆ i.o.-TIME(2n

c
). (Remark: we do not

know the nondeterministic version of this result.)

Now prove the following: NEXP = MA =⇒ NEXP ⊆ P/poly.

3. (One-way functions and complexity classes.) A “worst-case one-way function” is a
function f : {0, 1}∗ → {0, 1}∗ with the following properties: (i) f is one-to-one (injective);
(ii) f does not stretch or shrink by more than a polynomial amount, i.e., there exists k > 0
such that |x|1/k ≤ |f(x)| ≤ |x|k for all x; (iii) f is computable in polynomial time; (iv) the
inverse function f−1 : {0, 1}∗ → ({0, 1}∗ ∪ {⊥}) is not computable in polynomial time, where
f−1(y) is defined to be x if f(x) = y, or else ⊥ if y 6∈ range(f).

1



The complexity class UP (not its real name) is defined to be the set of all languages L for
which there exists a polynomial-time nondeterministic Turing Machine M with the following
properties: (i) if x ∈ L then M(x) accepts on exactly one “nondeterministic branch”; (ii) if
x 6∈ L then M(x) accepts on exactly zero “nondeterministic branches”. As a remark, it is
immediate that UP ⊆ NP, and it’s also easy to see that P ⊆ UP.

(a) Prove that if UP 6= P then there is a worst-case one-way function.

(b) Conversely, prove that if UP = P then worst-case one-way functions do not exist.

4. (O1.) Remember that complexity class “S2P” from Homework 5, Problem 1? Here we
describe a variant of it called “O2P”. The class O2P is just like S2P except Yolanda and
Zeyuan are too lazy to even look at the input x; they only look at its length, n. More precisely,
we say that L ∈ O2P if there is a polynomial p(n) and a polynomial-time algorithm V such
that for all n, there exist strings y∗, z∗ ∈ {0, 1}p(n) such that for all x ∈ {0, 1}n,

x ∈ L =⇒ ∀z ∈ {0, 1}p(n) V (x, y∗, z) = 1,

x 6∈ L =⇒ ∀y ∈ {0, 1}p(n) V (x, y, z∗) = 0.

Prove that BPP ⊆ O2P.

5. (O2: Revenge of Karp–Lipton.)

(a) Show that NP ⊆ P/poly =⇒ PH = O2P.

(b) Show that PH = O2P =⇒ NP ⊆ P/poly.
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