
1 Håst-Odd test: Dictatorship versus Quasirandom

Theorem 1.1 Leth : {−1, 1}n → [−1, 1] be(ε2, δ)-quasirandom. Then

Pr[Håst-Oddδ(h) passes1] < 1
2
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2
ε.

Proof: By contraposition:
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∑
|S| odd

(1− 2δ)|S|ĥ(S)3

⇒ ε ≤
∑
|S| odd

(1− 2δ)|S|ĥ(S)3

≤ max
|S| odd

{(1− 2δ)|S|ĥ(S)} ·
∑
|S| odd

ĥ(S)2

≤ max
|S| odd

{(1− 2δ)|S|ĥ(S)},

since
∑

|S| odd ĥ(S)2 ≤
∑

S⊆[n] ĥ(S)2 = E[h2] ≤ 1. We conclude that there is someS∗ ⊆ [n] with
|S∗| odd such that

(1− 2δ)|S
∗|ĥ(S∗) ≥ ε ⇒ (1− 2δ)2|S∗|ĥ(S∗)2 ≥ ε2; (1)

in particular, since|S∗| is odd,S∗ 6= ∅. Choosing anyi ∈ S∗, we have

Inf
(1−δ)
i (h) =

∑
S3i

(1− δ)|S|−1ĥ(S)2 ≥ (1− δ)|S
∗|−1ĥ(S∗)2 ≥ (1− 2δ)2|S∗|ĥ(S∗)2 ≥ ε2.

This meansh is not(ε2, δ)-quasirandom.2

1More accurately, ifh = avg{f1, . . . , fd} for some boolean-valued functionsfi : {−1, 1}n → {−1, 1}, then the
probability the test passes when applied to the collection.
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