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http://images.google.com/imgres?imgurl=http://www.nrl.navy.mil/content_images/clem.jpg&imgrefurl=http://www.nrl.navy.mil/media/popular-images/&usg=__Cj15wZbDIqpRCeVmO7SsP5XIOzM=&h=1213&w=1720&sz=1347&hl=en&start=3&sig2=TRnaOP-O9wUtTBwS0_vDZA&zoom=1&itbs=1&tbnid=EprKgSAflWdsYM:&tbnh=106&tbnw=150&prev=/images?q=images&hl=en&sa=X&gbv=2&tbas=0&tbs=isch:1&ei=n8hyTej5N8X_lgffrdVF
http://images.google.com/imgres?imgurl=http://ceoworld.biz/ceo/wp-content/uploads/2009/07/microsoft_logo.jpg&imgrefurl=http://ceoworld.biz/ceo/2009/07/13/microsoft-to-sell-razorfish-wpp-omnicom-publicis-groupe-interpublic-group-and-dentsu-possible-bidder&usg=__D-yYVRjhhUHbi2sYkh2hyP_5EK4=&h=299&w=300&sz=5&hl=en&start=2&sig2=4orOiNNbbV2i6Ii7SFMdmg&zoom=1&itbs=1&tbnid=Sk8jPaSR61onuM:&tbnh=116&tbnw=116&prev=/images?q=microsoft&hl=en&gbv=2&tbs=isch:1&ei=1MtyTbH9IYOglAeJrq2bAQ


Important direction: richer interactions with 
the expert. 

Expert 

Fewer queries 

Natural  
interaction 

 

Better Accuracy 
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raw data 

Expert  
Labeler 

Classifier 

New Types of Interaction 

Class Conditional Query 

Mistake Query 
raw data 

Expert  
Labeler 

              ) 
Classifier 

dog cat penguin 

wolf 

http://images.google.com/imgres?imgurl=http://www.classicsavers.com/casablanca.jpg&imgrefurl=http://www.classicsavers.com/Casablanca.html&h=600&w=800&sz=72&tbnid=wSXOd5UUibIJ:&tbnh=106&tbnw=141&start=3&prev=/images?q=casablanca&hl=en&lr=&ie=UTF-8
http://images.google.com/imgres?imgurl=http://static.howstuffworks.com/gif/house-selling-1.jpg&imgrefurl=http://home.howstuffworks.com/real-estate/house-selling.htm&usg=__qnE74MTnGIEKpohCSP6iTM9E8EA=&h=327&w=400&sz=24&hl=en&start=3&sig2=G6Bq69GdXS9x6hMpDk3HfA&zoom=1&itbs=1&tbnid=3fiW8K30_ygY1M:&tbnh=101&tbnw=124&prev=/images?q=house&hl=en&gbv=2&tbs=isch:1&ei=RF9sTcWkOsL88AbtremUBQ
http://images.google.com/imgres?imgurl=http://beautiful-island.50webs.com/beautiful-island/sunny-beach-palm.jpg&imgrefurl=http://beautiful-island.50webs.com/&usg=__C0upeEPAbXCnDz2nt6iLsdArUW4=&h=467&w=600&sz=31&hl=en&start=2&sig2=IuliF_QG6NjIn68oHyMX-g&zoom=1&itbs=1&tbnid=hLcdvK7I-FvOmM:&tbnh=105&tbnw=135&prev=/images?q=beach&hl=en&gbv=2&tbs=isch:1&ei=rGltTe-0KMH88AbLg6GODQ
http://images.google.com/imgres?imgurl=http://www.harlemfur.com/images/Dog_Olive.jpg&imgrefurl=http://www.harlemfur.com/dogs/&usg=__JozjGZc1FsasEHphia0uB0XqbX8=&h=530&w=600&sz=137&hl=en&start=2&sig2=zaKS235mWgElfTu3cHnq0w&zoom=1&itbs=1&tbnid=ENH8mUtG9B1SEM:&tbnh=119&tbnw=135&prev=/images?q=dog&hl=en&gbv=2&tbs=isch:1&ei=wmltTbvHNcP78Ab4rqyODQ
http://images.google.com/imgres?imgurl=http://www.imageof.net/bulkupload/wallpapers1/Animals/Grey_Wolf.jpg&imgrefurl=http://caligagan.com/images/index.php?q=grey+wolf+life+cycle&usg=__uURVHNJhQN9ahCWQPUpcKPJNGqk=&h=1024&w=1280&sz=378&hl=en&start=6&zoom=1&itbs=1&tbnid=tVdevTk5HwbM1M:&tbnh=120&tbnw=150&prev=/images?q=wolf&hl=en&gbv=2&tbs=isch:1&ei=DIB2Tc-2BNG90QHQ66W1Bw
http://images.google.com/imgres?imgurl=http://www.catfacts.org/cat-facts.jpg&imgrefurl=http://www.catfacts.org/&usg=__29ES21S16jR7j4jQvqkSF3S1w3Q=&h=320&w=450&sz=24&hl=en&start=3&zoom=1&itbs=1&tbnid=fXHhKgslCgucdM:&tbnh=90&tbnw=127&prev=/images?q=cat&hl=en&gbv=2&tbs=isch:1&ei=sYF2TZv7J42E0QHfvomzBw
http://images.google.com/imgres?imgurl=http://www.imageof.net/bulkupload/wallpapers1/Animals/Grey_Wolf.jpg&imgrefurl=http://caligagan.com/images/index.php?q=grey+wolf+life+cycle&usg=__uURVHNJhQN9ahCWQPUpcKPJNGqk=&h=1024&w=1280&sz=378&hl=en&start=6&zoom=1&itbs=1&tbnid=tVdevTk5HwbM1M:&tbnh=120&tbnw=150&prev=/images?q=wolf&hl=en&gbv=2&tbs=isch:1&ei=DIB2Tc-2BNG90QHQ66W1Bw
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Class Conditional & Mistake Queries 

• Used in practice, e.g. Faces in IPhoto. 

• Lack of theoretical understanding. 

This work: 

Tight  bounds on the # of CCQs to learn with noise 
(agnostic, bounded noise, one-sided noise). 

• Realizable (Folklore): much fewer queries than label requests. 

Preliminary results for more general queries. 

http://images.google.com/imgres?imgurl=http://www.classicsavers.com/casablanca.jpg&imgrefurl=http://www.classicsavers.com/Casablanca.html&h=600&w=800&sz=72&tbnid=wSXOd5UUibIJ:&tbnh=106&tbnw=141&start=3&prev=/images?q=casablanca&hl=en&lr=&ie=UTF-8
http://images.google.com/imgres?imgurl=http://static.howstuffworks.com/gif/house-selling-1.jpg&imgrefurl=http://home.howstuffworks.com/real-estate/house-selling.htm&usg=__qnE74MTnGIEKpohCSP6iTM9E8EA=&h=327&w=400&sz=24&hl=en&start=3&sig2=G6Bq69GdXS9x6hMpDk3HfA&zoom=1&itbs=1&tbnid=3fiW8K30_ygY1M:&tbnh=101&tbnw=124&prev=/images?q=house&hl=en&gbv=2&tbs=isch:1&ei=RF9sTcWkOsL88AbtremUBQ
http://images.google.com/imgres?imgurl=http://beautiful-island.50webs.com/beautiful-island/sunny-beach-palm.jpg&imgrefurl=http://beautiful-island.50webs.com/&usg=__C0upeEPAbXCnDz2nt6iLsdArUW4=&h=467&w=600&sz=31&hl=en&start=2&sig2=IuliF_QG6NjIn68oHyMX-g&zoom=1&itbs=1&tbnid=hLcdvK7I-FvOmM:&tbnh=105&tbnw=135&prev=/images?q=beach&hl=en&gbv=2&tbs=isch:1&ei=rGltTe-0KMH88AbLg6GODQ
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Formal Model 

• X instance space, Y = {1,2, … , k} label space. 

• C, Ndim C = d  (Natarajan dimension) 

• D X,Y  fixed target distribution, D X  marginal over X.  

• An i.i.d sequence x1, y1 ,  x2, y2 , x3, y3 , … .,   each with distr D X,Y .  

• Algo can access xi values; info about yi obtained via CCQs. 
    CCQ(S = {xi1 , … , xim}, label l)  

• If yij ≠ l, for all j, expert says “none”;  

• otherwise, returns an arbitrary xij s.t. yij =  l  

largest m s.t. ∃ a1, b1, c1 , … , am, bm, cm ∈ X × Y × Y, bi ≠ ci s.t. 
b1, c1 ×⋯× bm, cm  ⊆ {h a1 , … , h(am)}  

• FindMistake(S,h) based on k CCQs 

• For each l, query the set x ∈ S: h x ≠ l  for label l 

• If received back an example (x, l), return (x, l)  
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raw data 

Expert  
Labeler 

Classifier 

Class Conditional Query 

Class Conditional Query 

Folklore Result (Realizable Case): 

kd log 
k

ϵ
 queries sufficient to learn an ϵ − accurate classifier, 

assuming that the target belongs to C of dimension d.  

• Run halving algorithm 

http://images.google.com/imgres?imgurl=http://www.classicsavers.com/casablanca.jpg&imgrefurl=http://www.classicsavers.com/Casablanca.html&h=600&w=800&sz=72&tbnid=wSXOd5UUibIJ:&tbnh=106&tbnw=141&start=3&prev=/images?q=casablanca&hl=en&lr=&ie=UTF-8
http://images.google.com/imgres?imgurl=http://static.howstuffworks.com/gif/house-selling-1.jpg&imgrefurl=http://home.howstuffworks.com/real-estate/house-selling.htm&usg=__qnE74MTnGIEKpohCSP6iTM9E8EA=&h=327&w=400&sz=24&hl=en&start=3&sig2=G6Bq69GdXS9x6hMpDk3HfA&zoom=1&itbs=1&tbnid=3fiW8K30_ygY1M:&tbnh=101&tbnw=124&prev=/images?q=house&hl=en&gbv=2&tbs=isch:1&ei=RF9sTcWkOsL88AbtremUBQ
http://images.google.com/imgres?imgurl=http://beautiful-island.50webs.com/beautiful-island/sunny-beach-palm.jpg&imgrefurl=http://beautiful-island.50webs.com/&usg=__C0upeEPAbXCnDz2nt6iLsdArUW4=&h=467&w=600&sz=31&hl=en&start=2&sig2=IuliF_QG6NjIn68oHyMX-g&zoom=1&itbs=1&tbnid=hLcdvK7I-FvOmM:&tbnh=105&tbnw=135&prev=/images?q=beach&hl=en&gbv=2&tbs=isch:1&ei=rGltTe-0KMH88AbLg6GODQ
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Agnostic Case 

For any class C, QC ϵ, δ, C, Agnostic C, η = Θ d
η

ϵ

2
  

Upper bound: O kd
η

ϵ

2
 

Phase 1: Robust halving algorithm 

Phase 2: A simple refining algorithm 

Output h, err h ≤ 10 𝜂 + 𝜖  ; only O kd log
1

ϵ
 queries.  

O kd
η

ϵ

2
 queries to turn h into one of error 𝜂 + 𝜖 

Agnostic C, η = {DX,Y: inf
h ∈C 
err h ≤ η} 

[Const k] 

𝜂 Passive QC 
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Agnostic Case, Upper Bound 

I.e., eliminate h when makes at least one mistake in some number 
out of several sets chosen at random from U. 

Phase 1:  Output h of error 10 η + ϵ   with O kd log
1

ϵ
 queries.  

  s =
1

16η
, N = log 

log V

δ
; b = 1 

• Draw S1, …, SN of size s uniformly from U. 

• For each i, Find-Mistake (Si, plur V ). If mistake record it (x i, y i). 

• If mistakes on more than N/3 sets, remove from V every h that 
makes a mistake on more than N/9 examples (x i, y i); else b = 0. 

Input U = x1, x2, … , xps , V- 𝜖-cover. 

Output plur V . 

While b. 

•  rather than eliminating h for a mistake, as in halving.  
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Agnostic Case, Upper Bound 

Phase 1:  Output h of error 10 η + ϵ   with O kd log
1

ϵ
 queries.  

  

• Best h in V  survives (does not make mistakes on too many sets).  

• If err plur V ≥ 10 η, then plur V  make mistakes on enough sets; so, 
a constant fraction of V will make mistakes on more sets than the best 
classifier & eliminate a constant fraction of V. 

Proof Sketch 

s =
1

16η
, N = log 

log V

δ
; b = 1 

• Draw S1, …, SN of size s uniformly from U. 

• For each i, Find-Mistake (Si, plur V ). If mistake record it (x i, y i). 

• If mistakes on more than N/3 sets, remove from V every h that 
makes a mistake on more than N/9 examples (x i, y i); else b = 0. 

Input U = x1, x2, … , xps , V- 𝜖-cover. 

Output plur V . 

While b. 



Upper Bound, Agnostic Case 

For any class C, QC ϵ, δ, C, Agnostic C, η = Θ d
η

ϵ

2
  

Phase 1: Robust halving algorithm 

Phase 2: A simple refining algorithm 

Output h, err h ≤ 10 𝜂 + 𝜖  ; only O kd log
1

ϵ
 queries.  

O kd
η

ϵ

2
 queries to turn h into one of error 𝜂 + 𝜖 

Agnostic C, η = {DX,Y: inf
h ∈C 
err h ≤ η} 

[Const k] 

𝜂 Passive QC 

Pick  O d
𝜂

𝜖2
 unlabeled samples, and repeatedly run FindMistake 

to find all the mistakes h makes. 

We recover the true labels of this unlabeled sample and run ERM. 



Agnostic Case, Lower Bound 

  For 0 < 2ϵ ≤ η ≤
1

4
,  QC ϵ,

1

4
, C, Agnostic C, η = Ω d

η

ϵ

2
 

Proof Sketch:  Reduction from (binary )AL to multiclass CCQs for AL hard case. 
 

• ,
x0, y0, z0 , … , (xd−1, yd−1, zd−1) 

γ =
2ϵ

β
=
ϵ

η+2ϵ
    

• BDL’09 : set bi s. t. any algo makes Ω d
η

ϵ

2
 AL queries for δ =1/2. 

• Convert a CCQ algo into an AL algo for this case. 

• answer CCQs using ≤ 1 /(1/2 -𝛾)  AL requests (for label yi, i ≥ 1,  
1

2
− γ 

prob. to get desired label). 

• At x0, Y = y0. At xi, is Y = zi with prob.  1/2+γbi and Y = yi with prob. 1/2−γbi. 

• AL hard case  [BDL’09]. 

CCQ(S, l) 
S 

(𝑥𝑖1 ,  𝑦𝑖1) 
(𝑥𝑖𝑠 ,  𝑦𝑖𝑠) 

(𝑥𝑖2 ,  𝑦𝑖2) … 

𝐱𝟎 x1 
xd−1 … 

1 − 𝛽 𝛽/d-1 𝛽/d-1 

R 
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Bounded Noise 

For any class C, QC ϵ, δ, C, BN(C, α) ≈  α AL_QC ϵ, δ, C, BN(C, α)  

Upper bound: many existing AL algos batch based 

Lower bound:  

• reduction from multi-class AL (as for the agnostic case) 

• reduction to multi-class (batch based) AL algos 

Bounded Noise: BN C, 𝛼 = {𝐷𝑋,𝑌: ∃ℎ
∗ ∈ 𝐶, 𝑃𝐷𝑋,𝑌 𝑌 ≠ ℎ

∗ 𝑋 𝑋 ≤ 𝛼} 
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Bounded Noise, Upper Bound 

For any class C, QC ϵ, δ, C, BN(α) ≈  α AL_QC ϵ, δ, C, BN(α)  

Many existing AL algos batch based 

Region Rt, m &expects back m labeled 
examples from the cond. distr. given R.  

For t= 1,2,… 

𝐴2 (Balcan, Beygelzimer, Langford’06), K’s algo (Koltchinski’10) 

E.g, in A2, Vt set of surviving classifiers, Rt = DIS(Vt) 

Rt 

X 
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Bounded Noise, Upper Bound 

For any class C, QC ϵ, δ, C, BN(α) ≈  α AL_QC ϵ, δ, C, BN(α)  

Many existing AL algos batch based 

Region Rt, m &expects back m labeled 
examples from the cond. distr. given R.  

For t= 1,2,… 

𝐴2 (Balcan, Beygelzimer, Langford’06), K’s algo (Koltchinski’10) 

Rt 

X 

Use our agnostic  algo to only make  𝛼 ⋅ 𝑚 CCQ’s  



Conclusions, Open Questions 

• Efficient algorithms for CCQs. 

• Tight bounds for general queries. 

Open Questions 

Nearly tight upper and lower bounds on the #of CCQs 
for the agnostic, bounded noise, one sided noise. 
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Other General Abstract Queries 

• IAdim(f,V,U) the smallest #of queries s. t. any valid answers 
consistent with f will leave at most one equivalence class in 
V[U] consistent with answers. 

• when target in V, number of queries to verify it is the 
target (in a non-adaptive way). 

• Queries that allow to prune down the set of consistent labellings 
[Balcazar et al 2010]. 

E.g., ask for two examples of opposite labels within a distance of 
each other in a set S, and for their labels. 

• Bounds in terms of IAdim, related to the complexity of verification 
(generalization of teaching dimension for label requests) 
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For any C, QC ϵ, δ, C, Agnostic C, η = O IAdim
η

ϵ

2
d log
1

ϵ
  

• Replace FindMistake(S,h,V)  with  the queries in the def. of IAdim. 

• If there exists h in V that coincides with the true labels this 
behaves like FindMistake.  

• Take small enough sample so that there is a function in the class 
with this property.   

Other General Abstract Queries 

Proof Sketch 


