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R
epresenting

F
inite

R
elations

O
B

D
D

s
are

extrem
ely

usefulfor
obtaining

concise
representations

of
relations

over
finite

dom
ains.

If�

is

� -ary
relation

over���
���
�

then

�

can
be

represented
by

the
O

B
D

D
for

its
characteristic

function
	 

�
�
������
� �
����
�

iff�
�
�
������
� �
�� �

�

J.R
.B

urch,E
.M

.C
larke,K

.L
.M

cM
illan,D

.L
.D

ill,and
L

.J.H
w

ang.
Sym

bolic
m

odel
checking:��

��

states
and

beyond.
Inform

ation
and

C
om

putation,98(2):142–170,June
1992.

�

J.R
.B
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.M

.C
larke,D

.E
.L

ong,K
.L

.M
cM

illan,and
D

.L
.D

ill.
Sym

bolic
m

odel
checking

for
sequentialcircuitverification.

IE
E

E
Transactions

on
C

om
puter-A

ided
D

esign
of

Integrated
C

ircuits,13(4):401–424,1994.
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R
epresenting

R
elations

(C
ont.)

If�

is
an

n-ary
relation

over
the

dom
ain�

,w
here�

has���

elem
ents

for
som

e�
� �

.

To
represent�

as
an

O
B

D
D

,w
e

encode
elem

ents
of�

,using
a

bijection���
���
���
� �
	
�

that
m

aps
each

boolean
vector

of
length�

to
an

elem
entof �

.

W
e

constructa
new

boolean
relation

��

of

arity�
�
�

according
to

the
follow

ing
rule:

� 

��
�
������
� 
�
����
�
� ���
�
�� �����
��� 
�
���

w
here 
�� is

a
vector

of�

boolean
variables

w
hich

encodes
the

variable�� thattakes
values

in �

.

�

can
now

be
represented

as
the

O
B

B
D

for
the

characteristic
function

	
��

of� 


.
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R
epresenting

R
elations

(C
ont.)

T
his

technique
can

be
easily

extended
to

relations
over

differentdom
ains,�

�� ���
� �
� .

Since
sets

can
be

view
ed

as
unary

relations,the
sam

e
technique

can
be

used
to

representsets
as

O
B

D
D

s.
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Q
uantified

B
oolean

F
orm

ulas
(Q

B
F

)

In
order

to
constructcom

plex
relations

itis
convenientto

perm
itquantification

over
boolean

variables.

T
he

resulting
logic

is
called

Q
B

F
(Q

uantified
B

oolean
Form

ulas).

L
et� �

���
�� ���
� �
��

be
a

setof
propositionalvariables.

���
�
� �
�

is
the

sm
allestsetof

form
ulas

such
that

�

every
variable

in

�

is
a

form
ula,

�

if	

and

�

are
form

ulas,then

�
	 ,	
	
� ,and

	
�
�

are
form

ulas,and

�

if	

is
a

form
ula

and�
�
�

,then


�
	

and� �
	

are
form

ulas.
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T
ruth

A
ssignm

ents

A
truth

assignm
entfor� �

�
� �
�

is
a

function

� �
�
	
���
���
� .

If

�
�
���
���
� ,then

w
e

w
illuse

the
notation

�
� �
�
��

for
the

truth
assignm

entdefined
by

�
� �
�
�����
� �

�
�

if� �
�

����
�

otherw
ise.

If	

is
a

form
ula

in

���
�
� �
�

and

�

is
a

truth
assignm

ent,w
e

w
illw

rite

�
�
�

	

w
hen

	

is
true

under
the

assignm
ent�

.
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Q
B

F
Sem

antics

T
he

relation

�
�

is
defined

recursively
in

the
obvious

m
anner:

�

�
�
�
�

iff

�� �
� �
�

,

�

�
�
�
�	

iff

�
��
�

	 ,

�

�
�
�

	 	
�

iff

�
�
�

	

or

�
�
�

� ,

�

�
�
�

	 �
�

iff

�
�
�

	

and

�
�
�

� ,

�

�
�
�

�
	

iff

�
� �
�
�
�
�
�

	

or

�
� �
�
�

�
�
�

	 ,and

�

�
�
�
� �
	

iff

�
� �
�
�
�
�
�

	

and

�
� �
�
�

�
�
�

	 ,7



Q
B

F
form

ulas
and

R
elations

Q
B

F
form

ulas
have

the
sam

e
expressive

pow
er

as
ordinary

propositionalform
ulas;how

ever,they
are

som
etim

es
m

uch
m

ore
concise.

E
very

Q
B

F
form

ula
determ

ines
an

� -ary
boolean

relation
consisting

of
those

truth
assignm

ents
for

the
variables

in

�

thatm
ake

the
form

ula
true.

W
e

w
illidentify

each
form

ula
w

ith
the

boolean
relation

thatitdeterm
ines.
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Q
B

F
form

ulas
and

R
elations

Previously,w
e

show
ed

how
to

associate
an

O
B

D
D

w
ith

each
form

ula
of

propositionallogic.

In
principle,itis

easy
to

constructO
B

D
D

s
for
�

	

and� �
	

w
hen

	

is
given

as
an

O
B

D
D

.

�


�
	 �
	
� ��
� �
	
� ��
�

�� �
	 �
	
� ��
���
	
� ��
�

In
practice,how

ever,specialalgorithm
s

are
needed

to
handle

quantifiers
efficiently.
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R
elationalP

roducts

In
m

odelchecking,quantifiers
occur

m
ostfrequently

in
relationalproducts


 
�
� 	� 
�
� �
�� 
�
�

� �

W
e

give
an

algorithm
thatperform

s
this

com
putation

in
one

pass
over

the
O

B
D

D
s

	� 
�
�

and�� 
�
� .

T
his

is
im

portantsince
w

e
avoid

constructing
the

O
B

D
D

for	� 
�
� �
�� 
�
� �
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R
elationalP

roducts
(C

ont.)

�
��
�
��
�� 	 �� �
� �
��
����
	�
�
	 �
���
���
�	�

if	 �

� ���	
� �

� ���

then
return


� ���

else
if	 �

� �
���
� �
� �
��

then
return

� �
��

else
if

� 	 �� � �
���
�

is
cached

then
return�

else
let�

be
the

top
variable

of	
let�

be
the

top
variable

of�

let�

be
the

topm
ostof�

and

�

�
� � �
�
��
�
��
�� 	

� � �
���
� � �
�� �
�

�
� � �
�
��
�
��
�� 	
� � �
���
� � �
�� �
�

if�
� �

then� � �
�
�� �
�� �
��

/ �

O
B

D
D

for�
� 	
�
� �

/
else� � �

�	��
�
�� �
�
	�� ����
����
��

/ �

O
B

D
D

for

� ��
�
�� 	
� ���
�
�� �

/
endif
insert� 	 �� � �

� �
�

in
cache

return�

endif
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R
elationalP

roducts
(C

ont.)

L
ike

m
any

O
B

D
D

algorithm
s,R

elP
rod

uses
a

resultcache.

In
this

case,entries
in

the
cache

have
the

form

� 	 �� � �
���
� ,w

here �

is
a

setof
variables

thatare
quantified

outand

	 ,�

and�

are
O

B
D

D
s.

If
such

an
entry

is
in

the
cache,then

a
previous

callto
R

elP
rod� 	 �� � �

� returned�

as
its

result.

A
lthough

the
algorithm

w
orks

w
ellin

practice,ithas
exponentialcom

plexity
in

the
w

orstcase.
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