
Chapter 3

Amino Acid Substitution Matrices

In prior lectures, we introduced Markov models of nucleotide substitution. We derived
expressions for the probability that nucleotide x will change to nucleotide y after elapsed
time t. Further, we used the model to account for multiple substitutions, by estimating the
number of actual substitutions that occurred, given the number of observed mismatches.

Here, we focus on Markov models of amino acid replacement and their use in deriving
amino acid substitution matrices. An amino acid substitution matrix assigns a score to a
pair of aligned amino acids, x and y. A good substitution matrix should have the following
properties:

• Evolutionary divergence: The subsitution matrix should be appropriate for the degree
of evolutionary divergence of the proteins under consideration. The observation
of identical or functionally similar amino acids at the same site is more surprising
in highly diverged protein families than in families characterized by little sequence
divergence. The best results are obtained using a substitution matrix based on amino
acid replacement frequencies that are typical of the protein family. Therefore, a set of
matrices that is parameterized by sequence divergence is desired.

• Multiple substitutions: The score associated with an amino acid pair, x and y, should
reflect the probability of observing x aligned with y, taking into account the possibility
of multiple replacements at the same site.

• Biophysical properties of residues: Amino acids differ in size and charge. Some are
acidic, some are basic, some have aromatic side chains. Generally, replacement of an
amino acid with another amino acid with similar properties is less likely to break the
protein or cause dramatic changes in function than replacement with an amino acid
with different properties. A substitution matrix should reflect this.

There are several families of amino acid substitution matrices that have these properties.
Two that are widely used are the PAM matrices (Dayhoff et al., 1978) and the BLOSUM

Computational Molecular Biology. Copyright c©2019 D. Durand. All rights reserved. 47



Chapter 3 Amino Acid Substitution Matrices

matrices (Henikoff and Henikoff, 1992.) Both of these families of substitution matrices
are parameterized by sequence divergence. The PAM matrices account for evolutionary
divergence using a formal Markov model of sequence evolution. The BLOSUM matrices
use an ad hoc approach. Although the details differ, both matrix families were derived
according to the following general strategy:

1. Use a “trusted” set of ungapped, multiple sequence alignments to infer model param-
eters.

2. Count observed amino acid pairs in the trusted alignments, correcting for sample bias.
3. Estimate substitution frequencies from amino acid pair counts.
4. Construct a log likelihood scoring matrix from substitution frequencies.

3.1 A log likelihood ratio framework for scoring alignments

Before introducing the PAM and BLOSUM matrices, we briefly introduce the log likelihood
framework in which these matrices were developed. Suppose ακ(s1, s2) is an ungapped
alignment of sequences s1 and s2 of length n. Under the assumption of positional inde-
pendence, we can assign a similarity score to ακ(s1, s2) by adding the similarities of the
symbols in each position in the alignment,

S =

n∑
i=1

p(s1[i], s2[i]), (3.1)

where p(x, y) is a quantitative measure of the similarity of x and y. Recall that earlier
in the semester, we used a simple scoring scheme with a single match score, p(x, x) = M ,
∀x ∈ Σ, and a single mismatch score, p(x, y) = m, ∀x, y ∈ Σ such that x 6= y. Since all
matches (respectively, mismatches) have the same score, with this scoring scheme

S = m̂ ·m+ (n− m̂) ·M,

where m̂ is the number of mismatches in ακ.
This simple scoring scheme has limitations, especially for amino acids. First, since all

mismatches are assigned the same score, it cannot reflect differences in the biochemical
similarity of various amino acid pairs. Second, if M and m are chosen arbitrarily, then
alignment scores have no intuitive meaning in an absolute sense. For example, if I tell
you that a given alignment has a score of 14, you know that it is better than some other
alignment of the same sequences that has a score of 12, but you have no way of assessing
whether the alignment is inherently good or bad.

Third, this scoring scheme does not take the evolutionary divergence of s1 and s2 into
account. If we are testing the hypothesis that s1 and s2 are related and have changed
very little since they diverged from their common ancestor, then we might interpret any
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mismatch as evidence that s1 and s2 are unrelated, even if the mismatch is a conservative
replacement (i.e., involves amino acids with similar biochemical properties). In contrast,
if we are testing the hypothesis that s1 and s2 are related and have changed a great deal
since their divergence, then we might interpret mismatches that represent conservative
replacements as evidence s1 and s2 are indeed related. In order to capture these nuances,
we require a scoring method that is parametized by evolutionary divergence.

One way of assessing whether an alignment is good in an absolute sense is to ask whether
ακ(s1, s2) reflects more similarity than we expect to see by chance. Let H0 be the null
hypothesis that s1 and s2 are unrelated sequences. The alternate hypothesis, HA, is that
s1 and s2 are related sequences with a given amount of evolutionary divergence. We can
assess whether ακ(s1, s2) reflects more than chance similarity by calculating the ratio of
the probabilities of the alignment under HA and H0:

LR(ακ) =
p(ακ|HA)

p(ακ|H0)
. (3.2)

This likelihood ratio will be less than one, if the alignment of s1 and s2 represents less
similarity than expected by chance, and greater than 1, if the alignment represesnts is more
similarity than expected by chance. If the ratio is much greater than 1, then we have strong
evidence that the sequences share common ancestry.

Under the assumption of positional independence, the probability of the alignment is
equivalent to the product of probabilities of the individual positions in the alignment

LR(ακ) =

n∏
i=1

p(ακ[i]|HA)

p(ακ[i]|H0)
, (3.3)

where ακ[i] is the alignment of s1[i] and s2[i]. This formulation provides a way to assess
alignments based on the probabilities of individual amino acid pairs in the alignment.
(Recall that ακ is an ungapped alignment.) However, it requires calculating the product of
a sequence of numbers between 0 and 1, with the concomitant challenge of working with
smaller and smaller numbers as the length of the alignment increases.

This problem can be addressed by calculating the log of the likelihood ratio, instead
of the likelihood ratio, itself. Note that since log(x) increases monotonically with x, the
alignment that maximizes LR(ακ), also maximizes logLR(ακ). Thus, logLR(ακ) can also
be used to assess the extent to which ακ(s1, s2) represents more than chance similarity.
Taking the log of both sides of Equation 3.3 yields

logLR(ακ) = log

n∏
i=1

p(ακ[i]|HA)

p(ακ[i]|H0)
(3.4)

=
N∑
i=1

log
p(ακ[i]|HA)

p(ακ[i]|H0)
. (3.5)
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Since LR(ακ) is non-negative, logLR(ακ) ranges from−∞ to ∞. If logLR(ακ) > 0, then
ακ(s1, s2) reflects more than chance similarity than expected by chance; if logLR(ακ) > 0,
then ακ(s1, s2), then ακ(s1, s2) reflects less similarity than expected.

The right hand side of this equation looks very similar to the right hand side of
Equation 3.1: in both cases, we have a sum of values, one for each position in the alignment.
In Equation 3.1, the ith entry in the sum is measure of similarity of s1[i] and s2[i]; in
Equation 3.5, the ith entry is the probability, relative to chance, of observing s1[i] aligned
with s2[i]. This suggests that we can use the log likelihood ratios to define a scoring scheme.
By defining the similarity score of x aligned with y to be

p(x, y) = log
p(xy |HA)

p(xy |H0)
,

we obtain an alignment score that is equivalent to the log of the ratio of the probabilities of
that alignment under the alternate and null hypotheses:

S = logLR(ακ).

This yields a scoring scheme that has a natural, biological interpretation, that can be
adjusted to account for evolutionary diverence, and that can be interpreted in an absolute,
as well as a relative, context.

To define similarity scores in this way, requires estimates of p(xy |HA) and p(xy |H0), for a
range of evolutionary distances. For amino acid substitution matrices, these quantities are
estimated from trusted amino acid alignments. In the following sections, we discuss amino
acid pair probabilities are estimated in derivation of the PAM matrices and the BLOSUM
matrices.

3.2 PAM matrices

In 1978, Margaret Dayhoff and her colleagues developed a family of substitution matrices
that are parameterized by PAM distance, a unit of evolutionary divergence. The term
“PAM” is an abbreviation of “percent accepted mutation.” The divergence between two
sequences is N PAMs, if, on average, N amino acid replacements (possibly at the same site)
per 100 residues occurred since their separation. Note that this is distinct from percent
identit, which reflects the number of matches per 100 residues.

The derivation of these matrices requires estimating amino acid pair frequencies in
sequences that are diverged by N PAMs, for a range of values of N . Given alignments of
sequences that are separated by N PAMs, amino acid pair frequencies can be estimated
simply by tabulating the number of instances of each amino acid pair in those alignments.
However, it is not clear how to obtain such alignments, because determining the PAM
distance associated with a given alignment is not straightforward. The number of mismatches
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