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Experiments and outcomes

Experiment: Flip a Coin
Outcome: Heads or Tails

Experiment: Person’s temperature in class now
Outcome: a scalar

Event Subset of possible outcomes E — S



Probabillity

Pr(E): Probability of an event E occurring when an experiment is
conducted

Pr maps S to unit interval

Pr(heads) = 0.5, Pr(tails) = 0.5

Pr(heads U tails) = 1
1. 0 <PriE)<1forall E CS.

b2

Pr(S) = 1.

3.5, Pr(E;) = Pr(E1 U Es U ...} for any countable disjoint collection
of sets E1,FE9.,.... This property is known as sigma additivity. In

particular, we have > | Pr(E;) = Pr(E1 UE; U ... UEy,).
4. Pll'km = (.
5 PriE°) =1—Pr(E), where E° denotes the complement of E in &

6. PriEy U Es) = PriEy)+ Pr(Es) — Pr(Ey M Es).



Dependence
 Independent: Pr(E,nE,)=Pr(E,)Pr(E,)
« Conditional Probability:

— If £ and E5 are independent, then Pr(E;|E2) = Pr(E;)

— Bayes Rule

Pr(Es|Eq)Pr(£y)
PI(EQ} |

Pr(E1|E2) =



More Bayes Rule

p(bja) p(a)

h) —
p(a|b) o(0)

o(bla.c) p(alc)
b
Palb.c o(b] )



Total Probabillity
p(a) = ), p(anb)
Discrete = > p(alb)p(b;)

Continuous p(a) = | p(a|b)p(b)db

It follows that:;

p(alb) = [ p(alb,c)p(c|b)dc



Random Variable

A mapping from events to areal number X :S - R

 Examples
— Discrete: heads or tails, number of heads for repeated flips
— Continuous: temperature

e Random Vector: X : S — R"



Distribution

e Any statement one can make about a random variable

« Cumulative Distribution Function (CDF): Fx(a) = Pr(X < a)

« Probability Function (P_F):
— Discrete: Mass (PMF) fx(a)=Pr(X = a)
b
— Continuous: Density (PDF) Pria < X <b) = fx(x)dx

J C=0

Note that  Pr((X =a)) = [_ fx(z)dz=0



Uniform Distribution

CDF PDF
0 r<a 0 z<a

U(zia,b) = =8 q <2 <b u(iab)= ;L a<z<b
1 >0 0 =>0b




Expected Value

PDF

E(aX +bY) = aE(X) + bE(Y)
E(X) with X



Variance and Co-variance

« Variance: o2 = B(X — X)?)

or oZfor X,

e Co-Variance o = E((X;—X;)(X; - X))

0;; =0 X; and X; are independent

« Co-Variance Matrix Px=E (X -X)(X -X)T)

a? Tij

Diagonal terms Off-Diagonal Terms



Gaussians

fx(z) = 1 e—3(z-X) Px'(a-X)

\/(%J"*Ipﬁlﬂ/ |

Py e R=n X € R" is the mean vector
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