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Chapter 1

Introduction

No bugs to report, yet!
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Chapter 2

Bug Algorithms

Even a simple planner can present interesting and di cult issues. The Bugl
and Bug2 algorithms [289] are among the earliest and simplésensor-based
planners with provable guarantees. These algorithms assuenthe robot is a
point operating in the plane with a contact sensor or a zero rage sensor to
detect obstacles. When the robot has a nite range (non-zeragange) sensor,
then the Tangent Bug algorithm [208] is a Bug derivative that can use that
sensor information to nd shorter paths to the goal. The Bug and Bug-like
algorithms are straightforward to implement; moreover, a smple analysis
shows that their success is guaranteed, when possible. Theslgorithms
require two behaviors: move on a straight line and follow a bandary. To
handle boundary-following, we introduce a curve-tracing tchnique based on
the implicit function theorem at the end of this chapter. Thi s technique is
general to following any path, but we focus on following a boudary at a
xed distance.

2.1 Bugl and Bug2

Perhaps the most straight forward path planning approach isto move toward
the goal, unless an obstacle is encountered, in which caseraumnavigate the
obstacle until motion toward the goal is once again allowabd. Essentially,
the Bugl algorithm formalizes the \common sense” idea of mowng toward

the goal and going around obstacles. The robot is assumed toeba point
with perfect positioning (no positioning error) with a cont act sensor that can
detect an obstacle boundary if the point robot \touches" it. The robot can
also measure the distancal(x;y) between any two points x and y. Finally,

assume that the workspace isoounded Let B,(x) denote a ball of radius
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r centered onx, i.e., B;(x) = fy 2 R%jd(x;y) < rg. The fact that the
workspace is bounded implies that for allx 2 W, there exists anr such that
W Br(X).

The start and goal are labeledgsiart and gyoal, respectively. Let g =
Gstart @nd the m-line be the line segment that connectsqi'- to Ogoar- INi-
tially, i = 0. The Bugl algorithm exhibits two behaviors: motion-to-goal
and boundary-following. During motion-to-goal, the robot moves along the
m-line toward ggoa until it either encounters the goal or an obstacle. If
the robot encounters an obstacle, letg! be the point where the robot rst
encounters an obstacle and call this point ahit point. The robot then cir-
cumnavigates the obstacle until it returns to ¢f' . Then, the robot determines
the closest point to the goal on the perimeter of the obstaclend traverses to
this point. This point is called a leave pointand is labeledd;. From g}, the
robot heads straight toward the goal again, i.e., it reinvokes the motion-to-
goal behavior. If the line that connectsadl and the goal intersects the current
obstacle, then there is no path to the goal; note that this intersection would
occur immediately \after" leaving df. Otherwise, the indexi is incremented
and this procedure is then repeated forg- and g until the goal is reached
or the planner determines that the robot cannot reach the go&( gures 2.1,
2.2). Finally, if the line to the goal \grazes" an obstacle, the robot need not
invoke a boundary following behavior, but rather continues onward toward
the goal. See algorithm 1 for a description of the Bugl approeh.

Like its Bugl sibling, the Bug2 algorithm exhibits two behaviors:
motion-to-goal and boundary-following. During motion-to-goal, the robot
moves toward the goal on them-line; however, in Bug2 them-line connects
Gstart @Nd Qgoal, and thus remains xed. The boundary-following behavior
is invoked if the robot encounters an obstacle, but this behaior is di erent
from that of Bugl. For Bug2, the robot circumnavigates the obstacle until it
reaches a new point on them-line closer to the goal than the initial point of
contact with the obstacle. At this time, the robot proceeds toward the goal,
repeating this process if it encounters an object. If the rolot re-encounters
the original departure point from the m-line, then the robot concludes there
is no path to the goal (gures 2.3, 2.4).

Let x 2 Wiee R?be the current position of the robot, i = 1, and o be
the start location. See algorithm 2 for a description of the Bug2 approach.

At rst glance, it seems that Bug2 is a more e ective algorithm than
Bugl because the robot does not have to entirely circumnavige the obsta-
cles; however, this is not always the case. This can be seen lepmparing
the lengths of the paths found by the two algorithms. For Bugl, when
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Figure 2.1. The Bugl algorithm successfully nds the goal.

Figure 2.2. The Bugl algorithm reports the goal is un-
reachable.

the ith obstacle is encountered, the robot completely circumnaigates the
boundary, and then returns to the leave point. In the worst case, the robot
must traverse half the perimeter, p;, of the obstacle to reach this leave point.
Moreover, in the worst case, the robot encounters alh obstacles. If there
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Algorithm 1 Bugl Algorithm
Input: A point robot with a tactile sensor
Output: A path to the gyoal Or @ conclusion no such path exists

while Forever do
repeat
From ¢~ ;, move toward Ogoal-
until  ggoal is reachedor an obstacle is encountered aqu .
if Goal is reachedthen
Exit.
end if
repeat
Follow the obstacle boundary.
until  ggoal is reachedor qu is re-encountered.
Determine the point g- on the perimeter that has the shortest distance
to the goal.
Go to ¢-.
if the robot were to move toward the goalthen
Conclude gyoq is not reachable and exit.
end if
end while

are no obstacles, the robot must traverse a distance of lenbtd(Gstart ; goal)-
Thus, we obtain

X
LBugt  d(Okstart ; Ogoal) + 1:5 Pi (2.1)

i=1
For Bug2, the path length is a bit more complicated. Suppose hat the
line through Ostart @and gyoq intersects theith obstacle n; times. Then, there
are at most n; leave points for this obstacle, since the robot may only lea®
the obstacle when it returns to a point on this line. It is easyto see that
half of these intersection points are not valid leave pointsbecause they lie
on the \wrong side" of the obstacle, i.e., moving toward the gal would
cause a collision. In the worst case, the robot will traversenearly the entire

perimeter of the obstacle for each leave point. Thus, we obia

1 X
Leugz  d(Gstart ; Ogoal) + > nip;i: (2.2)
i=1

Naturally, (2.2) is an upper-bound because the summation iver all of the
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Algorithm 2 Bug2 Algorithm
Input: A point robot with a tactile sensor
Output: A path to ggoa Or @ conclusion no such path exists

while True do
repeat
From q'- 1, Mmove toward gyoa along m-line.
until
Ogoal IS reachedor
an obstacle is encountered ahit point g .
Turn left (or right).
repeat
Follow boundary
until
Ogoal IS reachedor
g is re-encounteredor
m-line is re-encountered at a pointm such that
m 6 ¢ (robot did not reach the hit point),
d(m; dgoal) < d(m; g) (robot is closer), and
if robot moves toward goal, it would not hit the obstacle
if Goal is reachedthen
Exit.
end if
if g7 is re-encounteredthen
Conclude goal is unreachable
end if
Let vy = m
Increment i
end while

obstacles as opposed to over the set of obstacles that are enmtered by the
robot.

A casual examination of (2.1) and (2.2) shows thatLgyg> can be arbi-
trarily longer than Lpyg1. This can be achieved by constructing an obstacle
whose boundary has many intersections with thean-line. Thus, as the \com-
plexity" of the obstacle increases, it becomes increasingllikely that Bugl
could outperform Bug2 (gure 2.4).

In fact, Bugl and Bug? illustrate two basic approaches to seah prob-
lems. For each obstacle that it encounters, Bugl performs amxhaustive
search to nd the optimal leave point. This requires that Bugl trave rse
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Figure 2.3. (Top) The Bug2 algorithm nds a path to the
goal. (Bottom) The BugZ2 algorithm reports failure.

the entire perimeter of the obstacle, but having done so, it $ certain to
have found the optimal leave point. In contrast, Bug2 uses aropportunistic

approach. When Bug2 nds a leave point that is better than any it has
seen before, it commits to that leave point. Such an algoritim is also called
greedy, since it opts for the rst promising option that is found. Wh en the
obstacles are simple, the greedy approach of Bug2 gives a gkipayo , but

when the obstacles are complex, the more conservative appaoh of Bugl
often yields better performance.

2.2 Tangent Bug

Tangent Bug [207] serves as an improvement to the Bug?2 algorithm in thatti
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Figure 2.4. Bug2 Algorithm.

determines a shorter path to the goal using a range sensor wita 360 degree
in nite orientation resolution. Sometimes orientation is called azimuth. We
model this range sensor with theraw distance function : R?> S'! R.
Consider a point robot situated at x 2 R? with rays radially emanating
from it. For each 2 S1, the value (x; ) is the distance to the closest
obstacle along the ray fromx at an angle . More formally,

;)= min d(x;x + ;sin 17);
(x; ) r;[lor;ll] (X; x [cos;sin 1)

[
such that x+ [cos;sin T2 WO;: (2.3)

Note that there are in nitely many 2 S* and hence the in nite resolu-
tion. This assumption is approximated with a nite number of range sensors
situated along the circumference of a circular mobile robotwhich we have
modeled as a point.

Since real sensors have limited range, we de ne theaturated raw distance
function , denoted g: R? S!! R, which takes on the same values as
when the obstacle is within sensing range, and has a value af hnity when
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the ray lengths are greater than the sensing rangeR, meaning that the
obstacles are outside the sensing range. More formally,

(x ), if (x5 )<R

R(X: )= 1 : otherwise.

The set of points within sensing range of the robot can be derted by
VR(X) = fy 2 Qreejd(X;y) <Randx +(1 )y 2 Wieefor all 2 [0; 1]g

The Tangent Bug planner assumes that the robot can detect dison-
tinuities in g as depicted in gure ??. For a xed x 2 R?, an interval
of continuity is de ned to be a connected set of points on@\(x) where gr
varies continuously and is nite. These are the pointsx+ (x; )[cos ; sin T
on the boundary of the free space wherer(x; ) is nite and continuous
with respect to

The endpoints of these intervals occur where gr(x; ) loses continuity,
either as a result of one obstacle blocking another or the seor reaching
its range limit. The endpoints are denoted O;. Figure 2.5 contains an
example where r loses continuity. The points O1; O; O3s; Os; Og; O7; and
Og correspond to losses of continuity associated with obstaek blocking other
portions of Wye; Note the rays are tangent to the obstacles here. The point
Q4 is a discontinuity because the obstacle boundary falls out brange of the
sensor. The sets of points on the boundary of the free space taeen O;
and O», O3 and O4, Os and Og, O7 and Og are the intervals of continuity.

Just like the other Bugs, Tangent Bug (algorithm 3) iterates between
two behaviors: motion-to-goal and boundary-following. Havever, these be-
haviors are dierent than in the Bugl and Bug2 approaches. Although
motion-to-goal directs the robot to the goal, this behavior may have a phase
where the robot follows the boundary. Likewise, the bounday-following
behavior may have a phase where the robot does not follow thedundary.

The robot initially invokes the motion-to-goal behavior, which itself has
two parts. First, the robot attempts to move in a straight lin e toward the
goal until it senses an obstacleR units away and directly between it and the
goal. This means that a line segment connecting the robot andyjoal must
intersect an interval of continuity. For example, in gure 2 .6, WO, is within
sensing range, but does not block the goal, buW O, does. When the robot
initially senses an obstacle, the circle of radiuR becomes tangent to the
obstacle. Immediately after, this tangent point splits into two O;'s, which
are the endpoints of the interval. If the obstacle is in front of the robot,
then this interval intersects the segment connecting the rdot and the goal.
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Figure 2.5. The points of discontinuity of r(X; ) corre-
spond to points O; on the obstacles. The thick solid curves
represent connected components of the range ok (x; ),
i.e., the intervals of continuity. In this example, the robot,
to the best of its sensing range, believes there is a straight
line path to the goal.

Consider the O; where d(O;; ggoal) < d(X;dgoa).- The robot then moves
toward one of theseO; that maximally decreases a heuristic distance to the
goal. An example of a heuristic distance is the sunt(x; O;) + d(O;; ggoal)-
(The heuristic distance can be more complicated when factong in available
information with regard to the obstacles.) In gure 2.7 (left), the robot sees
WO and drives to O, becausa = 2 minimizes d(x; O;j)+ d(O;; 0goar)- When
the robot is located at x, it cannot know that WO, blocks the path from O,
to the goal. In gure 2.7(right), when the robot is located at x but the goal
is di erent, it has enough sensor information to conclude tha WO, indeed
blocks a path from O, to the goal, and therefore drives towardO4. So, even
though driving toward O, may initially minimize d(x; O;)+ d(O;j; dgoal) Mmore
than driving toward Og4, the planner e ectively assigns an in nite cost to
d(O2; ggoa1) because it has enough information to conclude that any path
through O, will be suboptimal.
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® Jgoal

Figure 2.6. The vertical represents the path of the robot
and the dotted circle its sensing range. Currently, the
robot is located at the \top" of the line segment. The
points O; represent the points of discontinuity of the sat-
urated raw distance function. Note that the robot passes
by WO,.

O,

Ogoal X

WO, WO,

Qgoal

Figure 2.7. (Left) The planner selects O, as a subgoal for
the robot. (Right) The planner selects O4 as a subgoal
for the robot. Note the line segment betweenO4 and tyoq
cuts through the obstacle.

The set fO;g is continuously updated as the robot moves toward a par-
ticular O;, which can be seen in gure 2.8. Att = 1, the robot has not
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Figure 2.8. Demonstration of motion-to-goal behavior for
a robot with a nite sensor range moving toward a goal
which is \above" the light gray obstacle.

sensed the obstacle, hence the robot moves toward the goal.t A = 2, the

robot initially senses the obstacle, depicted by a thick sall curve. The robot

continues to move toward the goal, but o to the side of the obdacle heading
toward the discontinuity in . For t = 3 and t = 4, the robot senses more
of the obstacle and continues to decrease distance toward ¢hgoal while
hugging the boundary.

The robot undergoes motion-to-goal until it can no longer derease the
heuristic distance to the goal following the rules of motiorto-goal. Put
di erently, it nds a point that is like a local minimum of  d( ; O;)+ d(GO;; Ogoal)
restricted to the path that motion-to-goal dictates.

When the robot switches to boundary-following, it determines the point
M on the currently sensed portion of the blocking obstacle th&a has the
shortest distance to the goal. The robot then moves in the sam direction
as if it were in the motion - to - goal behavior. It continuously moves
toward the O; on the blocking obstacle in the chosen direction (gure 2.9)
While undergoing this motion, the planner also updates two \alues: dmin
and dieae. The value dgin is the shortest distance between the goal and
any point on the blocking obstacle boundary that has been sesed thus far.
The value dieave is the shortest distance between the goal and any point in
the currently sensed environment at that robot location, i.e., @¥(x). Let
dieave(X) = Min oy x)d(X;y). When digave(X) < dmin, the robot terminates
the boundary-following behavior.
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o Ogoal

Figure 2.9. The workspace is the same as in gure 2.6.
The solid and dashed segments represent the path gen-
erated by motion-to-goal and the dotted path represents
the boundary-following path. Note that M is the \local
minimum" point.

Note that in many cases, when the robot terminates the bounday-
following behavior, it will drive toward the goal. In such a case, there is no
blocking obstacle; de ne T to be the point where a circle, centered atx of
radius R, intersects the segment that connectsx and ggoa. This is the point
on the periphery of the sensing range that is closest to the gd when the
robot is located at x. When there is no blocking obstacledieave = d(T; Ggoar)-
Otherwise, T is unde ned and dieave IS constantly updated to be the shortest
distance between the goal and any point on an obstacle boundw that is
viewable within the robot's current sensor range.

Figure 2.10 contains a path for a robot with zero sensor range Here
the robot invokes a motion-to-goal behavior until it encounters the rst
obstacle at hit point H1. Unlike Bugl and Bug2, encountering a hit point
does not change the behavior mode for the robot. The robot cdmues with
the motion-to-goal behavior by turning right and following the boundary of
the rst obstacle. The robot turned right because that direction minimized
its heuristic distance to the goal. The robot departs this baindary at a
depart point D;1. The robot continues with the motion-to-goal behavior,
maneuvering around a second obstacle, until it encountershte third obstacle
at Hi. The robot turns left and continues to invoke the motion-to-goal
behavior until it reaches M3, a minimum point. Now, the planner invokes
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Algorithm 3  Tangent Bug Algorithm
Input: A point robot with a range sensor
Output: A path to the ggoa Or @ conclusion no such path exists

while True do
repeat
Continuously move toward the point n 2 fT;0O;g which minimizes
d(x;n) + d(n; dgoa1) Where d(n; dgoal) < d (X; goal)
until

the goal is encounteredor

The direction that minimizes d(x;n) + d(n; ggoa) begins to increase
d(X; dgoal), i-€., the robot detects a \local minimum" of d( ; ggoal)-

Choose a boundary following direction which continues in tle same direc-
tion as the most recent motion-to-goal direction.
repeat
Continuously update dicave, dmin, and f O;g.
Continuously moves toward n 2 f O;g that is in the chosen boundary
direction.
until

The goal is reached.

The robot completes a cycle around the obstacle in which casthe
goal cannot be achieved.

dIeave <d min

end while

the boundary-following behavior until the robot reachesL 3. Note that since
we have zero sensing rangdalicave is the distance between the robot and the
goal. The procedure continues until the robot reaches the gal. Only at M;
and L; does the robot switch between behaviors.

Figures 2.11 and 2.12 contain examples where the robot has ite and
in nite sensing ranges, respectively. Note that in these eamples, since the
robot has a non-zero sensor range, it does not reach an; but rather reaches
an sw; where it detects its correspondingM;. The sw; are sometimes called
switch points.

Figures 2.13 demonstrates a situation in which the robot inokes bound-
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Figure 2.10. The path generated by Tangent Bug with zero
sensor range. The dashed lines correspond to the mo-
tion - to - goal behavior and the dotted lines correspond
to boundary-following.

Figure 2.11. Path generated by Tangent Bug with nite
sensor range. The dashed lines correspond to the mo-
tion - to - goal behavior and the dotted lines correspond
to boundary-following. The dashed-dotted circles corre-
spond to the sensor range of the robot.

ary following at a minimum point M but must update the value for dmin
when it encounters another minimumM . The boundary following behavior
in this case continues until the robot reached.».
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Ostart

L%

H1 P
S et
D1 e
Hz e

Figure 2.12. Path generated by Tangent Bug with in nite
sensor range. The dashed-lines correspond to the motion -
to - goal behavior and there is no boundary-following.

Ostart
. - -

Figure 2.13. Path generated by Tangent Bug with zero
sensor range and an update tap,, due to two minima in
the blocking obstacle.

2.3 Implementation

17

Essentially, the bug algorithms have two behaviors: drive bward a point and
follow an obstacle. The rst behavior is simply a form of gradient descent
of d( ;n) where n is either gyoa Or an O;. The second behavior, boundary-
following, presents a challenge because the obstacle bousry is not known
a priori. Therefore, the robot planner must rely on sensor informatim
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to determine the path. However, we must concede that the fullpath will

not be determined from one sensor reading: the sensing rangg the robot
may be limited and the robot may not be able to \see" the entire world
from one vantage point. So, the robot planner has to be incremantal. We
must determine rst what information the robot requires and then where
the robot should move to acquire more information. This is irdeed the
challenge of sensor-based planning. Ideally, we would likihis approach to
be reactive with sensory information feeding into a simple gorithm that

outputs translational and rotational velocity for the robo t.

There are three questions: What information does the robot equire to
circumnavigate the obstacle? How does the robot infer this riformation
from its sensor data? How does the robot use this informatiorto determine
(locally) a path?

2.3.1 What Information: The Tangent Line

If the obstacle were at, such as a long wall in a corridor, then following

the obstacle is trivial: simply move parallel to the obstacke. This is readily
implemented using a sensing system that can determine the aacle's sur-
face normaln(x), and hence a direction parallel to its surface. However, te
world is not necessarily populated with at obstacles; many have non-zero
curvature. However, the robot can follow a path that is consstently orthog-

onal to the surface normal; this direction can be written asn(x)? and the
resulting path satis es ¢(t) = v wherev is a basis vector in @ (c(t))) ?. The

sign of v is based on the \previous" direction of c.

Consistently determining the surface normal can be quite chllenging
and therefore for implementation, we can assume that obstdes are \locally
at." This means the sensing system determines the surface ormal, the
robot moves orthogonal to this normal for a short distance, ad then the
process repeats. In a sense, the robot determines the sequenof short
straight-line segments to follow based on sensor informatin.

This at line, loosely speaking, is the tangent ( gure 2.14). Itis a linear
approximation of the curve at the point where the tangent intersects the
curve. The tangent can also be viewed as a rst-order approxnation to the
function that describes the curve. Letc: [0;1]! Q fee be the functign that

C

de nes a path. Let x = c(sp) for a sg 2 [0;1]. The tangent at x is g s

The tangent space can be viewed as a line whose basis vectorgg e,
n 0 $= S0
de 2R .

ds s=sp
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Figure 2.14. The solid curve is the oset curve. The
dashed line represents the tangent to the o set curve at
X.

2.3.2 How to Infer Information with Sensors: Distance and
Gradient

The next step is to infer the tangent from sensor data. Insted of thinking
of the robot as a point in the plane, let's think of it as a circular base which
has a ne array of tactile sensors radially distributed along its circumference
(gure 2.15). When the robot contacts an obstacle, the dired¢ion from the
contacted sensor to the robot's center approximates the sdace normal.
With this information, the robot can determine a sequence oftangents to
follow the obstacle.

Unfortunately, using a tactile sensor to prescribe a path reuires the
robot to collide with obstacles, which endangers the obstdes and the robot.
Instead, the robot should follow a path at a safe distanceV' 2 R from the
nearest obstacle. Such a path is called ao set curve [360]. Let D(x) be
the distance from x to the closest obstacle, i.e.,

D(x) =min czsi wo, d(x;c): (2.4)

To measure this distance with a mobile robot equipped with anonboard
range sensing ring, we use the raw distance function again. divever, instead
of looking for discontinuities, we look for the global minimum. In other
words, D (x) =min g (x;s) (gure 2.16).

We will need to use the gradient of distance. In general, the adient is
a vector that points in the direction that maximally increas es the value of
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Tactile Ring

M \ ‘ .. Robot

~~_

/!

Obstacle

Figure 2.15. A ne-resolution tactile sensor.

a function. See appendix?? for more details. Typically, the ith component

of the gradient vector is the partial derivative of the function with respect

to its ith coordinate. In the plane, r D(x) =[ @@EI;) %]T which points

in the direction that increases distance the most. Finally, the gradient is

the unit direction associated with the smallest value of theraw distance
function. Since the raw distance function seemingly approknates a sensing
system with individual range sensing elements radially digibuted around

the perimeter of the robot, an algorithm de ned in terms of D can often be
implemented using realistic sensors.

There are many choices for range sensors; here, we investigahe use of
ultrasonic sensors ( gure 2.17), which are commonly found o mobile robots.
Conventional ultrasonic sensors measure distance usingtie of ight. When
the speed of sound in air is constant, the time that the ultraund requires
to leave the transducer, strike an object, and return is proprtional to the
distance to the point of re ection on the object [106]. This object, however,
can be located anywhere along the angular spread of the sonaensor's
beam pattern ( gure 2.18). Therefore, the distance informaion that sonars
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Figure 2.16. The global minimum of the rays determines
the distance to the closest obstacle; the gradient points in
a direction away from the obstacle along the ray.

provide is fairly accurate in depth, but not in azimuth. The b eam pattern

can be approximated with a cone (gure 2.19). For the commony used

Polaroid transducer, the arcbase is 25 degrees. When the reading of the
sensor isd, the point of re ection can be anywhere along the arc base of
length 24225,

Initially, assume that the echo originates from the center ¢ the sonar
cone. We acknowledge that this is a naive model, hence we terthis the cen-
terline model (gure 2.19). The ultrasonic sensor with the smallest readng
approximates the global minimum of the raw distance functian, and hence
D (x). The direction that this sensor is facing approximates thenegated gra-
dient r D(x) because this sensor faces the closest obstacle. The tangen
then the line orthogonal to the direction associated with the smallest sensor

reading.

2.3.3 How to Process Sensor Information: Continuation
Methods

The tangent to the o set curve is (r D(x))?, the line orthogonal to r D (x)
(gure 2.14). The vector r D(x) points in the direction that maximally in-
creases distance; likewise, the vector D (x) points in the direction that
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Figure 2.17. The disk on the right is the standard Polaroid
ultrasonic transducer found on many mobile robots; the
circuitry on the left drives the transducer.
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Figure 2.18. Beam pattern for the Polaroid transducer.

maximally decreases distance; they both point along the sam line, but in
opposite directions. Therefore, the vector ¢ D(x))? points in the direc-
tion that locally maintains distance; it is perpendicular t o both r D (x) and
D(x). This would be the tangent of the o set curve which maintains

r
distance to the nearby obstacle.
Another way to see why ¢ D(x))? is the tangent is to look at the def-
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Figure 2.19. Centerline model.

inition of the o set curve. For a safety distance W , we can de ne the
o set curve implicitly as the set of points where G(x) = D(x) W maps
to zero. The set of nonzero points (or vectors) that map to zeo is called
the null space of a map. For a curve implicitly de ned by G, the tangent

space at a pointx is the null space ofDG(x), the Jacobian of G [388]. In

general, thei;j th component of the Jacobian matrix is the partial derivativ e
of the ith component function with respect to the jth coordinate and thus

the Jacobian is a mapping between tangent spaces. Since inithcase,G

is a real-valued function (i = 1), the Jacobian is just a row vector DD (x).

Here, we are reusing the symboD. The reader is forced to use context to
determine if D means distance or di erential.

In Euclidean spaces, theith component of a single-row Jacobian equals
the ith component of the gradient and thusr D(x) = (DD (x))T. Therefore,
since the tangent space is the null space @D (x), the tangent for boundary-
following in the plane is the line orthogonal tor D(x), i.e., (r D(x))?, and
can be derived from sensor information.

Using distance information, the robot can determine the targent direc-
tion to the o set curve. If the obstacles are at, then the o set curve is also
at, and simply following the tangent is su cient to follow t he boundary
of an unknown obstacle. Consider, instead, an obstacle witlcurvature. We
can, however, assume that the obstacle is locally at. The rbvot can then
move along the tangent for a short distance, but since the oldacle has cur-
vature, the robot will not follow the o set curve, i.e., it wil |\fall o " of the
0 set curve. To reaccess the o set curve, the robot moves eithetoward or
away from the obstacle until it reaches the safety distancé/V . In doing so,
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Figure 2.20. The dashed line is the actual path, but the
robot follows the thin black lines, predicting and correct-
ing along the path. The black circles are samples along
the path.

the robot is moving along a line de ned by r D (x), which can be derived
from sensor information.

Essentially, the robot is performing a numerical procedureof prediction
and correction. The robot uses the tangent to locally predit the shape of
the o set curve and then invokes a correction procedure oncehe tangent
approximation is not valid. Note that the robot does not explicitly trace
the path but instead \hovers" around it, resulting in a sampl ing of the path,
not the path itself ( gure 2.20).

A numerical tracing procedure can be posed as one which trasethe
roots of the expressionG(x) = 0, where in this case G(x) = D(x) W
Numerical curve-tracing techniques rest on theimplicit function theorem
[6, 222, 294] which locally de nes a curve that is implicitly de ned by a
map G: Y R ! Y. Specically, the roots of G locally de ne a curve
parameterized by 2 R. See appendix?? for a formal de nition.

For boundary following at a safety distanceW , the function G(y; ) =
D(y; ) W implicitly de nes the o set curve. Note that the -coordinate
corresponds to a tangent direction and they-coordinates to the line or hy-
perplane orthogonal to the tangent. LetY denote this hyperplane andDy G
be the matrix formed by taking the derivative of G(x) = D(x) W = 0 with
respect to the y-coordinates. It takes the form Dy G(x) = Dy D (x) where
Dv denotes the gradient with respect to they-coordinates. If Dy G(y; )
is surjective at x = ( ;y )T, then the implicit function theorem states that
the roots of G(y; ) locally de ne a curve that follows the boundary at a
distanceW as is varied, i.e.,y( ).

By numerically tracing the roots of G, we can locally construct a path.
While there are a number of curve tracing techniques [222],et us consider
an adaptation of a common predictor-corrector scheme. Assue that the
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robot is located at a point x which is a xed distance W away from the

boundary. The robot takes a \small" step, , in the -direction (i.e., the

tangent to the local path). In general, this prediction step takes the robot

o0 the oset path. Next, a correction method is used to bring the robot

back onto the o set path. If is small, then the local path will intersect a

correcting plane, which is a plane orthogonal to the -direction at a distance
away from the origin.

The correction step nds the location where the o set path int ersects the
correcting plane and is an application of the Newton convergnce theorem
[222]. See appendiX?? for a more formal de nition of this theorem. The
Newton convergence theorem also requires thaDy G(y; ) be full rank at
every (y; ) in a neighborhood of the o set path. This is true because for
G(x) = D(xX) W , [0 DyG(y; )]" = DG(y; ). SinceDG(y; ) is full
rank, so must beDy G(y; ) on the o set curve. Since the set of nonsingular
matrices is an open set, we know there is a neighborhood arodreach ; )
in the o set path where DG(y; ) is full rank and hence we can use the
iterative Newton method to implement the corrector step. If y" and " are
the hth estimates ofy and , the h + 1st iteration is de ned as

y™l=y" (DyG) *Gy" M) (2.5)

where Dy G is evaluated at (y"; M). Note that since we are working in a
Euclidean space, we can determin® vy G solely from distance gradient, and
hence, sensor information.

Problems
Prove that D (x) is the global minimum of (x;s) with respect to s.
What are the tradeo s between the Bugl and Bug2 algorithms?

Extend the Bugl and Bug2 algorithms to a two-link manipulator.

P w0 npoPE

What is the di erence between the Tangent Bug algorithm with zero
range detector and Bug2? Draw examples.

5. What are the di erences between the path in gure 2.10 and the paths
that Bugl and Bug2 would have generated?

6. The Bug algorithms also assume the planner knows the locain of the
goal and the robot has perfect positioning. Redesign one othe Bug
algorithms to relax the assumption of perfect positioning. Feel free
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10.

11.
12.

13.

CHAPTER 2. BUG ALGORITHMS

to introduce a new type of \reasonable” sensor (not a high-reolution
Global Positioning System).

. In the Bugl algorithm, prove or disprove that the robot does not

encounter any obstacle that does not intersect the disk of rdius
d(tart ; Ggoar) ceNtered at dgoal-

. What assumptions do the Bugl, Bug2, and Tangent Bug algothms

make on robot localization, both in position and orientation?

. Prove the completeness of the Tangent Bug algorithm.

Adapt the Tangent Bug algorithm so that it has a limited e Id of view
sensor, i.e., it does not have a 360 degree eld of view rangessor.

Write out Dy G for boundary following in the planar case.

Let Gi(x) = D(x)+1 and let Gy(x) = D(x) +2. Why are their
Jacobians the same?

Let G(x;y) = y3+y x2 Wirite out a y as a function of x in an
interval about the origin for the curve de ned by G(x;y) = 0.



Chapter 3

Con guration Space

Page 56, in the paragraph

As an example, consider the one-
dimensional manifold Sl=fx=(x1;X2) 2 R?j
X2+ x3=1g. For any point x 2 S* we can de ne a neighborhood that
is di eomorphic to R. For example, consider the upper portion of the
circle, Uy = fx 2 S'jx, > 0g. The chart ;: Uy ! (0;1) is given
by 1(X) = X1, and thus x; can be used to de ne a local coordinate
system for the upper semicircle. In the other direction, the upper
portion of the circle can be parameterized byz 2 (0;1) R, with

1 Y2)=(z;:(1 z)%), which maps the open unit interval to the upper
semicircle. But St is not globally di eomorphic to R?; we cannot nd
a single chart whose domain includes all of?.

{ All of the (0;1)'s should be ( 1;1).

{ The 11(2) =(z;(1 Z)%) should read 11(2) =(z;(1 22)%)

Page 57, the
1@ = (1 2P
N2 = (2,22 1)
12 = 1 %2
J@ = (2 12

27
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should read
@) = (@ 2Y)2)
,N2) = (z:(22 1)2)
M2 = (@ ZD%2)
2@ = (2 Do)

Page 58, the 1 22 should read (1 z2)2

Page 71, in the Jacobian matrix, element (23) lower right-hand cor-
ner, the element should not begqj, but instead it should be ?T.;v SO
the Jacobian at the end of the chapter (before the problems) wich

currently reads

@ @1 @: .
3(q) = @_ @ @ @ _ 1 0 rysing racosg
@ @ @ 0 1 rqcos rosin
@q G ©r G 1COS(B  rzsings
should read
' @1 @1 @: # .
3(q) = @ _ @ @ _ 1 0 nrysing rpcosgs
@, @ @ O 1 rycos rosin
@1 & G5 o 1C0SGs  F2sInGs



Chapter 4

Potential Functions

On Pg 78, the Hgssian matrix has ge indices in the lower left arner
incorrect. The BIOF should readm, so the matrix

2 U U 3

§ @%_ @Q@QZ
@U @u
@u@q @8

should read

2 U U 3

§ ‘@3 @Q@ﬁg
gu  @u
@A@g @f

On page 103 eq. #26(there are two equations) are wrong. The u's
should be upper case and the double summation notation shodlbe

consistent.
X X
u(g = Uattj + Urepij
T ) X X T
= Jj (Or uag ij (o) + Jj (opr Urepij (4.1)
j i
should read

29
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X X X
U(q = Uattj + Urepij
T | J X X T
\]j (opr Uattj(Q)"' \]j (opr Urepij (4.2)



Chapter 5

Roadmaps

Chap 5, pg 145, anz should be replaced by ag, so
Q =fx2Q 1(@= g

should read

Q =1q2Q] (9= ¢

31
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Chapter 6

Cell Decompositions

Bugs coming soon!

33
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CHAPTER 6. CELL DECOMPOSITIONS



Chapter 7

Sampling-Based Algorithms

Bugs coming soon!

35
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Chapter 8

Kalman Filtering

Apparently, there is an AppendixJ with no space but | cannot nd it
again

Page 276, 7 lines from the bottom, the lineH (k + 1) TK (y(k + 1)
H (k + 1) x(k + 1jk)). should be replaced withH (k + 1) TK (y(k + 1)
H(k + 1)%(k + 1jk)).

There was missing hat on thex(k + 1jk).
Page 277, the x = Kv below eq. 8.7 should read x = HTKv
Page 285, eq. 8.30 has an extra right parenthesis

Page 286, second line of eq.:84, Gx(k)+ w(k) should be replaced
with , Hx (k) + w(k)

Page 287, g 8.5 - bold circle is an ellipse but looks like a cale because
the axes were scaled incorrectly.

Page 291, the phrase

the process model for this robot nonlinear, i.e.,

is missing \is".

Page 297, eq. &8 y(k); should be replaced withy; (k).

on page 293, ninth line from the top ﬁ = i S 1 ”T should be replaced
with 2= i-jrSijl ij -

37
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Chapter 9

Bayesian Methods

on page 308, in the rst sentence of Section 9.1.1P(x j u(0 : k
1);y(1 : k)) should have anx(k) not an x so should read

P(x(k)ju(0:k 1);y(@:k))
on page 319, eq. 9.18
2 . . 3
_ ~ xp+d%os(; + 9
x'=x"+4yl + d%in( 1+ 95
r
should be replaced with
2 . 3
dos(! + 9

x'=x"+ 4d0in( | + 95
04 0

on page 325, theh; below eq. (9.23) should reah;; .

39
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Chapter 10

Robot Dynamics

page 362, section 10.4.1 Planar Rotation, sentence 3. Thelie a re-
peated \to."

41
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CHAPTER 10. ROBOT DYNAMICS



Chapter 11

Trajectory Planning

Bugs coming soon!

43
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CHAPTER 11. TRAJECTORY PLANNING



Chapter 12

Nonholonomic and
Underactuated Systems

Bugs coming soon!

45
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Appendix A

Mathematical Notation

No bugs to report, yet!
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APPENDIX A. MATHEMATICAL NOTATION



Appendix B

Basic Set De nitions

No bugs to report, yet!
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APPENDIX B. BASIC SET DEFINITIONS



Appendix C

Topology and Metric Spaces

No bugs to report, yet!
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APPENDIX C. TOPOLOGY AND METRIC SPACES



Appendix D

Mathematical Notation

No bugs to report, yet!
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APPENDIX D. MATHEMATICAL NOTATION



Appendix E

Representations of
Orientation

No bugs to report, yet!
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APPENDIX E. REPRESENTATIONS OF ORIENTATION



Appendix F

Polyhedra Robots in
Polyhedra Worlds

No bugs to report, yet!
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Appendix G

Analysis of Algorithms and
Complexity Classes

No bugs to report, yet!
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60APPENDIX G. ANALYSIS OF ALGORITHMS AND COMPLEXITY CLASSES

| believe that there were so many mistakes in the graph searchppendix,
that we just rewrote the whole thing. This les needs to replace the MIT
Press o cial le.



Appendix H

Graph Representation and
Basic Search

H.1 Graphs

Thus far, we have been operating on grids without taking fulladvantage of
the neighboring relationships among the cells. A grid, as wieas other maps,
can be represented by graph which encodes these neighboring relationships.
A graph is a collection of nodes and edges,i.e., G = (V;E). Sometimes,
another term for a node is vertex, and this chapter uses the two terms
interchangeably. We use G for graph,V for vertex (or node), and E for
edge. Typically in motion planning, a node represents a sadint location
and an edge connects two nodes that correspond to locationshat have
an important relationship. This relationship could be that the nodes are
mutually accessible from each other, two nodes are within tie of sight of
each other, two cells are next to each other in a grid, etc. Ths relationship
does not have to be mutual: if the robot can traverse from nods V; to V,,
but not from V, to V;, we say that the edgeE1, connecting V1 and V, is
directed. Such a collection of nodes and edges is called directed graph
If the robot can travel from Vi to Vo and vica versa, then we connectv;
and V, with two directed edgesE1» and E»;. If for each vertex V; that is
connected toV;, both E; and Ej; exist, then instead of connectingV; and
V; with two directed edges, we connect them with a single undireted edge.
Such a graph is called arundirected graph. Sometimes, edges are annotated
with a non-negative numerical value re ective of the costs @ traversing this
edge. Such values are calledeights

A path or walk in a graph is a sequence of nodeBVig such that for

61
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Figure H.1. A graph is a collection of nodes and edges.
Edges are either directed (left) or undirected (right).
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Figure H.2. A tree is a type of directed acyclic graph with
a special node called theoot. A cycle in a graph is a path
through the graph that starts and ends at the same node.

adjacent nodesV; and Vi+1, Ejj+1 exists (and thus connectsV, and V.1 ).
A graph is connected if for all nodes V; and V; in the graph, there exists
a path connecting V; and V;. A cycle is a path of n vertices such that
rst and last nodes are the same, i.e.,.V1 = V, (gure H.2). Note that the
\direction" of the cycle is ambiguous for undirected graphs which in many
situations is su cient. For example, a graph embedded in the plane can have
an undirected cycle which could be both clockwise and countelockwise,
whereas a directed cycle can have one orientation.

A tree is a connected directed graph without any cycles (gure H.2)
The tree has a special node called theoot, which is the only node that
possesses no incoming arc. Using a parent-child analogy, ag@nt node has
nodes below it called children; the root is a parent node but annot be a
child node. A node with no children is called aleaf. The removal of any
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Figure H.3.  depth- rst search vs. breadth-rst search.
The numbers on each node re ect the order in which nodes
are expanded in the search.

non-leaf node breaks the connectivity of the graph.

Typically, one searches a tree for a node with some desired perties
such as the goal location for the robot. Adepth- rst search starts at the
root, chooses a child, then that node's child, and so on untilnding either
the desired node or a leaf. If the search encounters a leaf, ¢hsearch then
backs up a level and then searches through an unvisited childntil nding
the desired node or a leaf, repeating this process until the ekired node is
found or all nodes are visited in the graph ( gure H.3).

Breadth- rst search is the opposite; the search starts at the root and
then visits all of the children of the root rst. Next, the search then visits
all of the grandchildren, and so forth. The belief here is tha& the target node
is near the root, so this search would require less time ( gue H.3).

A grid induces a graph where each node corresponds to a celld@an edge
connects nodes of cells that neighbor each other. Four-pdirconnectivity
will only have edges to the north, south, east, and west, whearas eight-point
connectivity will have edges to all cells surrounding the curent cell. See
gure H.4.

As can be seen, the graph that represents the grid is not a treeHowever,
the breadth- rst and depth- rst search techniques still ap ply. Let the link
length be the number of edges in a path of a graph. Sometimes, this is
referred to as edge depth. Link length diers from path length in that
the weights of the edges are ignored; only the number of edge®unt. For
a general graph, breadth- rst search considers each of theades that are
the same link length from the start node before going onto chHd nodes.
In contrast, depth-rst search considers a child rst and th en continues
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Figure H.4. Four-point connectivity assumes only four
neighbors, whereas eight-point connectivity has eight.

Push here Pop here Push and pop here

Queue Stack

Figure H.5. Queue vs. stack.

through the children successively considering nodes of ingasing link length
away from the start node until it reaches a childless or alredy visited node
(i.e., a cycle). In other words, termination of one iteration of the depth- rst
search occurs when a node has no unvisited children.

The wave-front planner (chapter ??, section??) is a breadth- rst search.
Breadth- rst search, in general, is implemented with a list where the children
of the current node are placed into the list in a rst-in, rst -out FIFO
(manner). This construction is commonly called a queue and forces all
nodes of the same linklength from the start to be visited rst ( gure H.5).
The breadth- rst search starts with placing the start node in the queue.
This node is then expandedby it being popped o (i.e., removed from the
front) the queue and all of its children being placed onto it. This procedure
is then repeated until the goal node is found or until there ae no more nodes
to expand, at which time the queue is empty. Here, we expand &lnodes
of the same level (i.e., link length for the start) rst befor e expanding more
deeply into the graph.

Figure H.6 displays the resulting path of breadth- rst search. Note that
all paths produced by breadth- rst search in a grid with eight-point connec-
tivity are optimal with respect to the the \eight-point conn ectivity metric.”
Figure H.7 displays the link lengths for all shortest paths between each cell
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Figure H.6.  White cells denote the path that was deter-
mined with breadth- rst search.

Figure H.7. A plot of link length values from the start
(upper - left corner) node where colored cells correspond
to link length (where the lighter the cell the greater the
link length in the graph) and black cells correspond to
obstacles.

and the start cell in the free space in Figure H.6. A path can tren be deter-
mined using this information via a gradient descent of link kength from the
goal cell to the start through the graph as similarly done with the wavefront
algorithm.

Depth- rst search contrasts breadth- rst search in that no des are placed
in alistin alast-in, rst-out LIFO (manner). This construc tion is commonly
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Figure H.8.  White cells denote the path that was deter-
mined with depth- rst search.

called astack and forces nodes that are of greater and greater link length
from the start node to be visited rst. Now the expansion procedure sounds
the same but is a little bit di erent; here, we pop the stack and push all of
its children onto the stack, except popping and pushing occuon the same
side of the list ( gure H.5). Again, this procedure is repeated until the goal
node is found or there are no more nodes to expand. Here, we expd nodes
in a path as deep as possible before going onto a di erent path.

Figure H.8 displays the resulting path of depth- rst search. In this ex-
ample, depth- rst search did not return an optimal path but i t a orded a
more e cient search in that the goal was found more quickly than breadth-
rst search. Figure H.9 is similar to gure H.7, except the li nk lengths here
do not correspond to the shortest path to the start; instead, the link lengths
correspond to the paths derived by the depth- rst search. Agin, we can
use a depth- rst search algorithm to Il up such a map and then determine
a path via gradient descent from the goal cell to the start.

Another common search is called ggreedy searchwhich expands nodes
that are closest to the goal. Here, the data structure is cakd a priority
gueuein that nodes are placed into a sorted list based on a priorityvalue.
This priority value is a heuristic that measures distance tothe goal node.
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M

Figure H.9. A plot of linklength values from the start (up-
per - left corner) node where colored cells correspond to
link lengths of paths de ned by the depth- rst search. The
lighter the cell the greater the linklengths in the graph;
black cells correspond to obstacles.

H.2 A Algorithm

Breadth- rst search produces the shortest path to the start node in terms of
link lengths. Since the wave-front planner is a breadth- rst search, a four-
point connectivity wave-front algorithm produces the shortest path with
respect to the Manhattan distance function. This is becauset implicitly
has an underlying graph where each node corresponds to a calhd neigh-
boring cells have an edge length of one. However, shortesgth length is not
the only metric we may want to optimize. We can tune our graph sarch
to nd optimal paths with respect to other metrics such as enagy, time,
traversability, safety, etc., as well as combinations of trem.

When speaking of graph search, there is another opportunityfor opti-
mization: minimize the number of nodes that have to be visital to locate the
goal node subject to our path-optimality criteria. To disti nguish between
these forms of optimality, let us reserve the termoptimality to measure the
path and e ciency to measure the search, i.e., the number of nodes visited
to determine the path. There is no reason to expect depth- rg and breadth-
rst search to be e cient, even though breadth- rst search ¢ an produce an
optimal path.

Depth- rst and breadth- rst search in a sense are uninformed, in that the
search just moves through the graph without any preferencedr or in uence
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on where the goal node is located. For example, if the coordates of the
goal node are known, then a graph search can use this informiain to help
decide which nodes in the graph to visit (i.e., expand) to loate the goal
node.

Alas, although we may have some information about the goal nde,
the best we can do is de ne aheuristic which hypothesizes an expected,
but not necessarily actual, cost to the goal node. For examm@, a graph
search may choose as its next node to explore one that has thé@test
Euclidean distance to the goal because such a node has highg®ssibility,
based on local information, of getting closest to the goal. ldwever, there is
no guarantee that this node will lead to the (globally) shortest path in the
graph to the goal. This is just a good guess. However, these gd guesses
are based on the best information available to the search.

The A algorithm searches a graph e ciently, with respect to a cho-
sen heuristic. If the heuristic is \good," then the search ise cient; if the
heuristic is \bad," although a path will be found, its search will take more
time than probably required and possibly return a suboptimd path. A
will produce an optimal path if its heuristic is optimistic. An optimistic, or
admissible, heuristic always returns a value less than or el to the cost of
the shortest path from the current node to the goal node withn the graph.
For example, if a graph represented a grid, an optimistic hedstic could be
the Euclidean distance to the goal because thé.? distance is always less
than or equal to the L distance in the plane ( gure H.10).

First, we will explain the A search via example and then formally in-
troduce the algorithm. See gure H.11 for a sample graph. TheA search
has apriority queue which contains a list of nhodes sorted by priority. This
priority is determined by the sum of the distance from the start node to the
current node and the heuristic at the current node.

The rst node to be put into the priority queue is naturally th e start
node. Next, weexpandthe start node by popping the start node and putting
all adjacent nodes to the start node into the priority queue rted by their
corresponding priorities. Since node B has the highest priity, it is ex-
panded next, i.e., it is popped from the queue and its neighbis are added
(gure H.12). Note that only unvisited nodes are added to the priority
queue, i.e., do not re-add the start node.

Now, we expand node H because it has the highest priority. 1t$ popped
o of the queue and all of its neighbors are added. However, H &s no
neighbors, so nothing is added to the queue. Since no new noglare added,
no more action or expansion will be associated with node H (gire H.12).
Next, we pop o the node with highest priority, i.e., node A, and expand it,
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el ]

Figure H.10.  The heuristic between two nodes is the Eu-
clidean distance, which is less than the actual path length
in the grid, making this heuristic optimistic.

adding all of its adjacent neighbors to the priority queue ( gure H.12).

Next, node E is expanded which gives us a path to the goal of co%.
Note that this cost is the real cost, i.e., the sum of the edge @sts to the goal.
At this point, there are nodes in the priority queue which have a priority
value greater than the cost to the goal. Since these priorityalues are lower
bounds on path cost to the goal, all paths through these nodeswvill have a
higher cost than the cost of the path already found. Therefoe, these nodes
can be discarded (gure H.12).

The explicit path through the graph is represented by a serig of back
pointers. A back pointer represents the immediate history of the expasion
process. So, the back pointers from nodes A, B, and C all pointo the
start. Likewise, the back pointers to D, E, and F point to A. Fi nally, the
back pointer of goal points to E. Therefore, the path de ned with the back
pointers is start, A, E, and goal. The arrows in gure H.12 point in the
reverse direction of the back pointers.

Even though a path to the goal has been determinedA is not nished
because there could be a better path. A knows this is possible because
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GOAL

Figure H.11. Sample graph where each node is labeled by
a letter and has an associated heuristic value which is
contained inside the node icon. Edge costs are represented
by numbers adjacent to the edges and the start and goal
nodes are labeled. We label the start node with a zero to
emphasize that it has the highest priority at rst.

the priority queue still contains nodes whose values are snflar than that

of the goal state. The priority queue at this point just contains node C
and is then expanded adding nodes J, K, and L to the priority queue. We
can immediately remove J and L because their priority valuesare greater
than or equal the cost of the shortest path found thus far. Noa K is then
expanded nding the goal with a path cost shorter than the previously found

path through node E. This path becomes the current best path. Since at
this point the priority queue does not possess any elements ose values
are smaller than that of the goal node, this path results in the best path



H.2. A ALGORITHM 71

} [~# No expansion
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Figure H.12.  (Left) Priority queue after the start is ex-

panded. (Middle) Priority queue after the second node,
B, is expanded. (Right) Three iterations of the prior-
ity queue are displayed. Each arrow points from the ex-
panded node to the nodes that were added in each step.
Since node H had no unvisited adjacent cells, its arrow
points to nothing. The middle queue corresponds to two
actions. Node E points to the goal which provides the
rst candidate path to the goal. Note that nodes D, I, F,
and G are shaded out because they were discarded.

[ No expansion
E(3) H» GOAL(S)

Cld) = K (4) B GOAL(4)
L{35}
J{5)

Figure H.13. Four displayed iterations of the priority

queue with arrows representing the history of individual
expansions. Here, the path to the goal is start, C, K, goal.

(gure H.13).

H.2.1 Basic Notation and Assumptions

Now, we can more formally de ne theA algorithm. The input for A is the
graph itself. These nodes can naturally be embedded into theobot's free
space and thus can have coordinates. Edges correspond to adgnt nodes
and have values corresponding to the cost required to travexre between the
adjacent nodes. The output of the A algorithm is a back-pointer path,
which is a sequence of nodes starting from the goal and goingabk to the
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start.

We will use two additional data structures, an open setO and a closed
set C. The open setO is the priority queue and the closed setC contains
all processed nodes. Other notation includes

Star(n) represents the set of nodes which are adjacent ta.
c(n1;ny) is the length of edge connectingn; and n,.
g(n) is the total length of a backpointer path from n to Gsart -

h(n) is the heuristic cost function, which returns the estimated cost of
shortest path from n to gyoal-

f (n) = g(n) + h(n) is the estimated cost of shortest path from ggart
to Ogoal Via N.

The algorithm can be found in algorithm 4.

Algorithm 4 A Algorithm
Input: A graph
Output: A path between start and goal nodes
1: repeat
Pick Npest from O such that f (Npesy) (n);8n 2 O.
Removenyest from O and add to C.
If Npest = Ogoals EXIT.
Expand npest: for all x 2 Star(npest) that are not in C.
if x 2 O then
add x to O.
else if g(Npest) + C(Npest; X) < g(x) then
update x's backpointer to point to Npegt
10: end if
11: until O is empty

The A algorithm searches for a path from the start to the goal. In sich
a case, theg function is sometimes called thecost-to-come or cost-from-start
function. If the search were to occur in reverse, from goal testart, then the
g function is called the cost-to-go function which measures the path cost
to the goal. Likewise, the heuristic then becomes an estimad cost of the
shortest path from the current node to the start. The objective function f
is still the sum of g and h.
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H.2.2 Discussion: Completeness, E ciency, and Optimality

Here is an informal proof of completeness foA . A generates a search tree,
which by de nition, has no cycles. Furthermore, there are a nite number of
acyclic paths in the tree, assuming a bounded world. Sincé& uses a tree,
it only considers acyclic paths. Since the number of acyclipaths is nite,
the most work that can be done, searching all acyclic paths,s also nite.
Therefore A will always terminate, ensuring completeness.

This is not to say A will always search all acyclic paths since it can
terminate as soon as it explores all paths with greater costhian the minimum
goal cost found. Thanks to the priority queue, A explores paths likely to
reach the goal quickly rst. By doing so, it is ecient. If A does search
every acyclic path and does not nd the goal, the algorithm still terminates
and simply returns that a path does not exist. Of course, thisalso makes
sense if every possible path is searched.

Now, there is no guarantee that the rst path to the goal found is the
cheapest/best path. So, in the quest for optimality (once agin, with respect
to the de ned metric), all branches must be explored to the exent that a
branch's terminating node cost (sum of edge costs) is greatehan the lowest
goal cost. E ectively, all paths with overall cost lower than the goal must
be explored to guarantee that an even shorter one does not esti Therefore,
A is also optimal (with respect to the chosen metric).

H.2.3 Greedy-Search and Dijkstra's Algorithm

There are variations or special cases oA . When f (n) = h(n), then the
search becomes greedy search because the search is only considering what
it \believes" is the best path to the goal from the current node. When

f (n) = g(n), the planner is not using any heuristic information but rat her
growing a path that is shortest from the start until it encoun ters the goal.
This is a classic search calledijkstra's algorithm. Figure H.14 contains a
graph which demonstrates Dijkstra's Algorithm. In this example, we also
show backpointers being updated (which can also occur withA ). The
following lists the open and closed sets for the Dijkstra se&h.

1. 0= fSg
2. 0=11,2,4;5g9; C = fSg (1;2;4;5 all point back to S)

3. 0= 114,59, C = fS;2g (there are no adjacent nodes not in C)
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Figure H.14.  Dijkstra Graph Search Example

4. O = f1;5;3g;C = fS;2,4g (1;2;4 point to S; 5 points to 4; C =
fS;2;4; 1g

5. 0=13;Gg;C = fS;2;4; 1g (goal points to 5 which points to 4 which
points to S)

H.2.4 Example of A on a Grid

Figure H.15 contains an example of a grid world with a start ard goal
identi ed accordingly. We will assume that the free space ugs eight-point
connectivity, and thus cell (3;2) is adjacent to cell (4 3), i.e., the robot can
travel from (3;2) to (4; 3). Each of the cells also has its heuristic distance to
the goal where we use a modi ed metric which is not the Manhatan or the
Euclidean distance. Instead, between free space cells, artieal or horizgntal
step has length 1 and a diagonal has length:4 (our approximation of = 2).
The cost of traveling from a free space cell to an obstacle deis made to
be arbitrarily high; we chose 10000. So one cell step from ade space to
an obstacle cell along a vertical or horizontal direction cets 10000 and one
cell step along a diagonal direction costs 10008. Here, we are assuming
that our graph connects all cells in the grid, not just the free space, and
the prohibitively high cost of moving into an obstacle will prevent the robot
from collision ( gure H.16).

Note that this metric, in the free space, does not induce adrle Euclidean
metric because two cells sideways and one cell up is4 not = 5. However,
this metric is quite representative of path length within the grid. This
heuristic is optimistic because the actual cost to current ell to the goal will
always be greater than or equal to the heuristic. Thus far, in gure H.15
the back pointers and priorities have not been set.

The start cell is put on the priority queue with a priority equ al to its
heuristic. See gure H.17. Next, the start node is expanded ad the pri-
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Figure H.15.

Heuristic values are set, but backpointers
and priorities are not.

X9 X2 x3
X8 X4

x7/

Figure H.16.
values.

c(x1,x2)=1
c(x1,x9)=1.4

¢(x1,x8)=10000,if x8 is in
obstacle,x1 is a freecell

¢(x1,x9)=10000.4, if X9 is in
obstacle, x1 is a freecell

Eight-point connectivity and possible cost

ority values for each of the start's neighbors are determind. They are
all put on the priority queue sorted in ascending order by priority. See g-
ure H.18(left). Cell (3;2) is expanded next, as depicted in gure H.18(right).
Here, cells (41), (4;2), (4;3), (3;3), and (2; 3) are added onto the priority
queue because our graph representation of the grid includdsoth free space
and obstacle cells. However, cells (2), (3;3), and (2; 3) correspond to ob-
stacles and thus have a high cost. If a path exists in the freepace or the
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longest path in the free space has a traversal cost less tharup arbitrarily
high number chosen for obstacles ( gure H.16), then these dis will never
be expanded. Therefore, in the gures below, we did not dis@y them on
the priority queue.

Eventually, the goal cell is reached (gure H.19 (left)). Since the pri-
ority value of the goal is less than the priorities of all otha cells in the
priority queue, the resulting path is optimal and A terminates. A traces
the backpointers to nd the optimal path from start to goal ( gure H.19

(right)).

H.2.5 Nonoptimistic Example

Figure H.20 contains an example of a graph whose heuristic liaes are
nonoptimistic and thus force A to produce a nonoptimal path. A puts
node S on the priority queue and then expands it. Next, A expands node
A because its priority value is 7. The goal node is then reache with pri-
ority value 8, which is still less than node B's priority value of 13. At this
point, node B will be eliminated from the priority queue because its value
is greater than the goal's priority value. However, the optimal path passes
through B, not A. Here, the heuristic is not optimistic because from B to
G, h =10 when the actual edge length was 2.

H.3 D Algorithm

So far we have only consideredstatic environments where only the robot
experiences motion. However, we can see that many worlds havmoving
obstacles, which could be other robots themselves. We termush environ-
ments dynamic. We can address dynamic environments by initially invoking
the A algorithm to determine a path from start to goal, follow that path
until an unexpected change occurs (see (8) in gure H.21(left)) and then
reinvoke the A algorithm to determine a new path. This, however, can be-
come quite ine cient if many cells are changing from obstack to free space
and vice versa. TheD algorithm was devised to \locally repair” the graph
allowing for an e cient updated searching in dynamic environments, hence
the term D [376].

The D algorithm (algorithm 5) uses the notation found in table H.1.
Just like A , D has a data structure called the open listO. However, D
may process states after they are removed from the open listso t(X) is
used to classify states adlNEW , OPEN, and CLOSED to mean X has
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h=1 | h=o | [e2

70

@22)

f= f= G

76

b=0 | b=o | [&2

90

L1

90

h=14 | h=1 State

=0 b=0
h=24 | h=2
f= f=
b=() b=(
h=34 | h=3
f= f=

b= b=()

h=4.4 h=4

f= f=
b=0 b=()

h=5.4 h=5

= = | ]

Figure H.18.
ity queue is updated, and the backpointers are set, which

are represented by the right bottom icon. b= (i;] ) points
to cell (i;j ). (Right) Cell (3 ;2) was expanded. Note that
cells (3 3), (2;3), and (4;2) are not displayed in the pri-
ority queue because they correspond to obstacles.

b=0 | b=0 |l [

Start node is put on priority queue, displayed

e

h=6 h=5 h=4 h=3 h=2 h=1 h=0 g:: ;2
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(Left) The start node is expanded, the prior-

never been inO, X is currently in 0, and X was in O but currently is not,

respectively.

The function h(X) measures path cost from the goal toX ; this is some-
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h=6 | h=5 | h=4
f= f= f=

b=0 | b=() | b=0
h=64 | h=54 | h=44
f= f= f=

b=0 b=0 b=0
h=6.8 | h=58  h=48
f= f= =108

b=() b=0 | b=(3.2)
h=72 |h=6.2
1=107.2

(Left) The goal state is expanded. (Right)

Figure H.19.
Resulting path.

Figure H.20. A nonoptimistic heuristic leads to a non-

optimal path with A .

times called cost-to-go. Ultimately, the D planner usesh to determine the
path in the graph; when sequencing through the path to the go§ the values
of h decrease. Note that some notation may get confusing here bagseA
usesh as the heuristic function whereasD usesh as the cost-to-go function.
The D algorithm uses the k values to determine the priority of the
nodes in the open list. Thek value for a particular node X is the smallest
h value for that node since it was most recently inserted onto he open list.
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State Functions

State X | Stored cost fromY to X c(X;Y)
Current State Xc | Cost from Y to X based on sensors r(X;Y )
Neighbor State | X, | Cost from X to goal h(X)
Start S Minimum cost from X to goal k(X)
Goal G | Tag t(X)
List of all States | L Parent state (predecessor) ofX b(X)
Open List @]

Table H.1. Common notation used inD

This means if X were inserted into the open list, if its h value changes, then
the k value is the smallest of theh values while X remains in the open list.
However, onceX is removed from the open list, if it is re-inserted, k(X)

starts o with the new h value.

The signi cance of k(X)) is that it distinguishes raise states, those where
k(X) > h(X) from lower states, those wherek(X) = h(X). It is possible
for obstacle nodes to be placed on the open list, but they willhave high
k values meaning they will probably never be processed. Aftethe initial
search, thek-values are identical to theh values.

We once again consider a directed graph where a node correspis to a
robot state and an edge connects the nodes of adjacent statesNote that
two states may not physically lie side-by-side, so an edge adly corresponds
to two nodes for which a robot can traverse from one stateX to another
state Y for some edge cost(Y; X). It is possible that c(X;Y ) 6 c(Y; X).

After some initialization, D performs a modi ed Dijkstra's search us-
ing INIT PLAN (algorithm 6), which calls PROCESS STATE (al-
gorithm 14) to expand nodes. The initial search starts by plaing the goal
node onto the open list and ends when the start node is labeleds closed.
Once the search is complete, the robot begins to follow the djmal path
to the goal. This happens InPREPARE REPAIR (algorithm 7) and
REPAIR REPLAN (algorithm 8). E ectivelyy, PREPARE REPAIR
looks for changes in the environment thata ects the costs among nodes
within sensor range and if such a changes existREP AIR REPLAN
locally repairs the graph by readjusting the backpointers, so a new opti-
mal path can be found. If no change existsREPAIR REPLAN simply
directs the robot along the current optimal path.

The actual repairing of the backpointers and directed motin of the



80APPENDIX H. GRAPH REPRESENTATION AND BASIC SEARCH

Algorithm 5 D Algorithm
Input: List of all states L
Output: The goal state, if it is reachable, and the list of statesL are
updated so that the backpointer list describes a path from the start to
the goal. If the goal state is not reachable, return NULL.

for each X 2 L do
t(X) = NEW
end for
h(G) =0
INSERT (O; G;h(G))
Xc=S
P =INIT PLAN (O;L; X ¢; G) (algorithm 6)
if P =NULL then
Return (NULL)
end if
: while X.6 G do
PREPARE REPAIR (O;L;X ) (algorithm 7)
P = REPAIR REPLAN (O;L;X;G) (algorithm 8)
if P =NULL then
Return (NULL)
end if
X¢ = the second element ofP f Move to the next state in Pg.
: end while
: Return (X¢)

© o NO R wWNRE

e e T o o =
© 0 N g RN RO

Algorithm 6 INIT  PLAN (O;L; X ¢; G)
Input: Open list O, List of all states L, Current Position X, Goal G
Output: A list of states to goal as described by back pointers in the
list of states L; Open List O is modi ed
repeat
Kmin = PROCESS STATE(O;L)
until (Kmin = 1) or (t(X¢) = CLOSED)
P=GET BACKPOINTER LIST (L; X ¢; G) (algorithm 9)
Return (P)

a R wnhe

robot occurs in REPAIR  REPLAN . Notice that INIT PLAN and
REPAIR REPLAN look quite similar except the \until* terminating
condition is dierent. This is because INIT PLAN only accesses one



H.3. D ALGORITHM 81

part of PROCESS STATE sincet(X) = NEW whereasREPAIR
REPLAN uses all parts ofPROCESS STATE. The repairing process
terminates whenk value of any node in the open list is greater than or equal
to h(X¢). In other words, the process terminates when the minimum pé#h
cost from any node in the open list to the goal is greater than o equal to
the the path cost from the current robot position X to the goal. This is
the terminating condition in REPAIR  REPLAN which is di erent from
the terminating condition in INIT ~ PLAN .

There is one piece of terminology which should be made cleart @his
point. In actuality, D is not consideringactual path costs but rather the
perceived path costs which are derived from the robot's current undersand-
ing of the graph being searched. If the edges of the graph aredorrect, say
due to a change in the environment, then theD algorithm does not use the
updated information until the robot discovers a change in the environment,
i.e., until the robot discovers a change in an edge cost. Th® literature
hence uses the termestimated path cost to re ect this, but such terminology
could be confusing because a heuristic also estimates pattost and there
are many other ways to estimate path cost. Therefore, this dscription of
D avoids the use of this term but the reader should be aware of iwvhen
reading the literature. Later on, the focusedD algorithm was developed to
include a heuristic function for guiding, or focusing, the repairing process.
Typically for D , g is used as the heuristic function switching theg and h
notation convention from A . Often, when people speak oD , they really
mean focusedD , but this section focuses, no pun intended, on the original
D algorithm.

At this point instead of directly explaining the details of PROCESS
STATE, we give an example of the entireD algorithm. Consider the grid
environment in gure H.21(left) which is identical to the on e in gure H.15,
except cell (4 3) is a gate which can either be a free-space cell or an obstacl
cell. Assume it starts as a free-space cell. Finally, a nodaithe search graph
corresponds to a cell, regardless if it is obstacle or free ape, and since this
graph is directed, a pair of nodes corresponding to adjacentells have two
directed edges.

To achieve the initial Dijkstra-like search from the goal back to the start,
the goal node is rst placed on the open list ( gure H.21(right)) with h = 0.
It is then expanded ( gure H.22(left)), adding (6 ; 6), (6;5), and (7;5) onto
the queue (algorithm 14, lines 17-19). D increments the k and h values
according to the metric described in gure H.16. Unless stagéd otherwise,
when a node is expanded, it is automatically put on the closedist, so the
goal is expanded and then put on the closed list.
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Algorithm 7 PREPARE REPAIR (O;L; X o)

Input: Open list O, List of all states L, Current Position X
Output: Open List O is modi ed

1:

[EEY
e

11:
12:

for each state X 2 L within sensor range ofX; and X do

for each neighborY of X do
if r(Y;X) 6 c(Y;X) then
MODIFY COST(O;Y; X;r(Y; X))
end if
end for
for each neighborY of X do
if r(X;Y) 6 c(X;Y) then
MODIFY COST(O; X;Y;r(X;Y))
end if
end for
end for

Algorithm 8 REPAIR REPLAN (O;L;X;G)

Input: Open list O, List of all states L, Current Position X, Goal G
Output: A list of states to goal as described by back pointers in the
list of states L ; Open List O is modi ed

repeat
kmin = PROCESS STATE(O;L)
until (Kmin h(X¢)) or (Kmin = 1)
P =GET BACKPOINTER LIST (L; X ¢; G)
Return (P)

Next, node (6;6) is expanded adding nodes (%) and (5;5) onto the

open list (gure H.22(right)). The node (7 ;5) is then expanded adding
nodes (64) and (7; 4) into the open list. ( gure H.23(left)). More nodes are
expanded until we arrive at node (4 6) ( gure H.23(right)). When (4 ;6) is
expanded, nodes (36) and (3;5), which are obstacle nodes, are placed onto
the open list, but with high k and h values gure H.23(right). Since the h
values of the expanded obstacle nodes are high, they will mbgkely never
be expanded, which makes sense because they are obstacle emd

The Dijkstra-like search is complete when the start node (21) is ex-

panded ( gure H.24(left)). Note that some cells may not have been consid-
ered by the D algorithm. The optimal path from start to goal (assuming
that the gate cell (4;3) is not an obstacle) is found by traversing the back-
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Figure H.21.  (Left) A cell world similar to gure H.15,
except it has a gate,h values andk values. (Right) Put
goal node on open list.
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Figure H.22.  (Left) Expand the Goal Node (Right) Node
(6;6) is expanded.

pointers starting from the start node to the goal node ( gure H.24(right)).
The optimal path is (2;1) ! 320! (&3)! (5;4) ! (6;5) !
(7;6). Note that nodes (1, 1), (1;2), (1;3), (2;3), (3;3), (3;4), (3;5), (3;6)
and (4; 2) are still on the open list.

The robot then starts tracing the optimal path from the start node to the
goal node. In gure H.25(left), the robot moves from node (2 1) to (3;2).
When the robot tries to move from node (32) to (4;3), it nds that the
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Figure H.23.  (Left) Expand (7;5). (Right) Expand (4;6).

gate node (4 3) is an obstacle ( gure H.25(left)). In the initial search for an
optimal path, we had assumed that the gate node was a free spaciode, and
hence the current path is not feasible. At this stage, insted of re-planning
for an optimal path from the current node (3;2) to goal node,D tries to
make local repairs to the graph until a new optimal path is found.

There is one subtlety about the sensor range which should beated.
When we assume the robot has a sensor range of one cell, doesstimean
that the robot can see all neighboring cells, the current cd] and the edge
costs among all such cells, or does this mean that it can seel alich cells and
all of the edges costs associated with these cells. If the katrr, then some
edges may be considered \out of sensor range" because suchgedcosts
are between a cell within sensor range and a cell outside of s&or range.
However, it is reasonable to expect such edge costs to chanpecause the
cell within sensor range has changed. In this example, we asse that the
robot infers that the peripheral edge costs change as well. ither assumption
is ne, as long as the implementation is consistent.

To address the fact that (4; 3) is now an obstacle,D increases by a large
number the transition cost to and from (4; 3) for all nodes adjacent to (4 3).
Actually, in our example, we simply set the transition cost to a high number,
say 1Q000. Next, all nodes a ected by the increased transition cost (all
eight neighbors and (4 3)) are put on the open list (algorithm 7). Recall
that D is repairing a directed graph, soMODIFY COST is called 16
times, once for each neighbor and eight times on (8) but (4; 3) is put onto
the open list only once. See gure H.25 (right). Note that sorme neighbors
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of (4,3), and (4,3) itself have lowerk values than most elements on the open
list already. Therefore, these nodes will be popped rst.

The node (5 4) is now popped because itk value is the smallest. Since
its k and h are the same, consider each neighbor of {8). One such neighbor
is (4;3). The node (43) has a back pointer which points to (54) but
its original h value is no longer the sum of theh value of (54) and the
transition cost, which was just raised due to the obstacle (¥gorithm 14,
line 17). Therefore, (4 3) is put on the open list but with a high h value
(algorithm 14, line 19). Note that since (4; 3) is already on the open list, its
k value remains the same and hence the node }(8) is a raise state because
h>k. See gure H.26 (left). Next, (5;3) is popped but this will not a ect
anything because none of the surrounding nodes are new, antie h values of
the surrounding nodes are correct. A similar non-action hapens for (4 4).
See gure H.26 (right).

Now, the node (4 3) is popped o the open list and sincek < h, the
objective is to try to decrease theh value (algorithm 14, line 7). This is akin
to nding a better path via (4 ; 3) to the goal, but this is not possible because
(4; 3) is an obstacle. Looking more carefully at the algorithm, onsider node
(5; 3), which is a neighbor of (43) and has anh value which is less than
the k value of (4; 3) but h value of (4; 3) \equals” the sum of the h value of
(5; 3) and the transition cost. This means that nothing is improved coming
from (4;3) to (5;3). This is also true for (5;4) and (4;4). See gure H.27
(left). Note that our notion of equality is not precise in that any two \large"
numbers are equal; so for example, 10000 = 10001

So, we cannot nd a path through any of the neighbors of (4 3) to reduce
h. Therefore, the node (4 3) is expanded next, which places all nodes whose
back pointers point to (4; 3), which in this case is only (3 2), onto the open
list with a high h value (algorithm 14, line 17). Now, (3, 2) is also a raise
state. Note that the k value of (3; 2) is set to the minimum of its old and new
h values (this setting happens in the insert function). Next, we pop (5 2)
but this will not a ect anything because none of the surrounding nodes are
new, and the h values of the surrounding nodes are correct. See gure H.27
(left).

Now, node (3 2) is popped o the open list. Sincek <h, D looks for
a neighbor whoseh value is less than thek value of (3;2) (algorithm 14,
line 9). If such a neighbor exists, thenD would redirect the backpointer
through this neighbor. However, no such neighbor exists.

Next, D looks for neighboring nodes whose back pointers point to (2)
and have an \incorrect" h value, i.e., all neighboring nodes withh values
not equal to the h value of (3;2) plus its associated transition cost. Such
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nodes are also placed onto the open list with a highh value, making them
raise states (algorithm 14, line 24). These are (3l), (2;1), and (2;2). Note
that the k values of these nodes are set to the minimum of the neWw value
and the old h value.

Also, D looks for neighboring nodes whose back pointer does not pdin
to (3;2), whoseh value plus the transition cost is less than theh value of
(3; 2), which is on the closed list, and whoséh value is greater than the k
value of (3;2) (algorithm 14, line 29). The only such neighbor is (41). This
could potentially lead to a lower cost path. So, the neighbor(4; 1) is put on
the open list with its current h value because it could potentially reduce the
h value of (3;2). It is called a lower state becauseh = k. See gure H.27
(right).

Continuing with the lowest k value node, the node (41) is popped o
the open list and expanded. Since théh and k values of (4 1) are the same,
D considers the neighbors whose pack pointers do not point to4 1) to see
if passing through (4; 1) reduces any of the neighbors values (algorithm 14,
line 17). This redirects the backpointers of (32) and (3;1) to pass through
(4;1); moreover, these nodes are then put onto the open list. Hoaver,
since (32) was \closed," its new k value is the smaller of its old and new
h values, making it a lower state (sincek = h). Similarly, since (3;1) was
\open" (already on the open list), its new k value is the smaller of its oldk
value and its newh value. See gure H.28 (left).

Next, the node (3;1) is popped o the open list. Since its k value 6.6
is less than its h value 7.2, D looks for a neighbor whoseh value is less
than the k value of (3;1) (algorithm 14, line 9). The only such neighbor
is (4;1). This gives us hope that there is a lower cost path through 4; 1).
However, since the sum of the transition cost to (41) and the h value of
(4;1) is greater than the h value of (3;1), no such improved path exist and
nothing happens. However, the node (31) can be used to form a reduced
cost path for its neighbors, so (31) is put back on the open list but with
a k value set to the minimum of its old h value and newh value. Thus, it
now also becomes a lower state. See gure H.28 (right).

The node (2 2) is then popped o the open list and expanded. This
increases theh values of the nodes that pass through (22) and puts them
back on the open list. When the nodes (11), (1;2) and (1; 3) are put back
onto the open list, their k values are una ected, hence their position in the
open list remains the same, but theirh values are increased making them
raise states (algorithm 14, line 24). See gure H.29 (left). Next the node
(2;1) is popped o the queue and sincek < h and it cannot reduce the cost
to any of its neighbors, so this has no e ect. See gure H.29 (mght).
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Now, the node (3 1) is popped o the open list and expanded. This has
the e ect of redirecting the back pointers of (2;2) and (2; 1) through (3;1)
and putting them back on the open list with a k value equal to the minimum
of the old and new h values (algorithm 14, line 17). Becausek equalsh;
they are now lower states. See gure H.30 (left). NowKmin = h(X¢) which
is the h-value of the current robot position, the terminating condition of
REPAIR REPLAN (algorithm 8). Note that X is still on the open list
and this should not be a concern because even ¥, were popped o of the
open list, no improvement can be made because the current phtcost h is
already optimal. Finally, the new path is determined via gradient descent
of the h values ( gure H.30 (right)), and then the robot follows the p ath to
the goal ( gure H.31).

Algorithm 9 GET BACKPOINTER LIST (L;S;G)
Input: A list of states L and two states (start and goal)
Output: A list of states from start to goal as described by the back-
pointers in the list of states L
if path exists then
Return (The list of states)
else
Return (NULL )
end if

ahrwbdR

Algorithm 10 INSERT (O; X;hnew)
Input: Open list, a state, and anh-value
Output: Open list is modi ed
if t(X)= NEW then
K(X) = hnew
else if t(X)= OPEN then
K(X') = min( k(X ); hnew)
else if t(X)= CLOSED then
k(X') = min( h(X); hnew)
end if
h(X) = hnew
t(X)= OPEN
Sort O based on increasing values

© o NN R

[En
e
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Algorithm 11  MODIFY  COST(O; X;Y;cval)

Input: The open list, two states and a value
Output: A k-value and the open list gets updated

c(X;Y )= cval
if t(X)= CLOSED then
INSERT (O; X;h (X))
end if
Return GET KMIN (O) (algorithm 13)

a kbR

Algorithm 12 MIN  STATE(O)

Input: The open list O
Output: The state with minimum Kk value in the list related values

if O=; then

Return (1)
else

Return (argminy,ok(Y))
end if

Algorithm 13 GET KMIN (O)

Input: The open list O
Output: Lowest k-value of all states in the open list

if O=; then

Return (1)
else

Return (miny 20 k(Y))
end if

a s wnhe
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Figure H.24.  (Left) Termination of initial search phase:
start cell is expanded. (Right) Tracing backpointers yields
the optimal path, or is it?
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Figure H.25.  (Left) The robot physically starts tracing
the optimal path. (Right) The robot cannot trace the
assumed optimal path: gate (43) prevents passed. All
nodes surrounding (4 3) are put on the open list.
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Figure H.26.  (Left) Pop (5;4) o of the open list and ex-
pand; node (4 3) becomes a raise state. (Right) Pop (53)
o of open list but this has not e ect.
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Figure H.27.  (Left) Pop (4;3) o of open list, and try to
nd a better path through it; none exist. Eventually (3 ;2)
is put on the open list as a raise state. (Right) Pop (32)
o of open list.



H.3. D ALGORITHM

91

h= n=2 | n=1 ] h=o0 || State] k he h=s | n=2 | n=1 | n=0 | [ State] k
6| k= k=2 | k=1 | k=0 k= k=3 | k=2 | k=1 | k=0
b= b=(66)| b=(76)| b= g;; 2'2 - b=156)| b=(66) | b=(78)| b= @] 686
n= n=24| n=14| n=1 XEET) - h=3a| h=24| h=14] n=1 @n] 7.0
5 k= k=24 | k=14 | k=1 2.1 . P k=34 | k=24 | k=14 | k=1 (3,1)\ 7.2
b= b=(66)| b=78)| =08 [ 1,2 76 = b2E8)| b= (68| =8| =08 [ (12| 7.6
n= n=28| n=24) n=2 (32| 76 n= N=38| h=28| h=24| n=2 (32| 76
4l = k=28 | k=24 | k=2 13) 8.0 = k=38| k=28 k=24 | k=2 (1,3) 8.0
b=(05)] b=(75)| b=(75) REDEED b= b=(55)| b=(65)| b=(75)| b=(7.5) . :
n=so n=sg| h=34) n=3 610000 h=80 n=38 | h=34 | h=3 a.h| 80
3| k=80 k=38 | k=34 | k=3 | |38 "soo pias | reaal ves || @8 [10000
b=(2.2) b=(64) | b=(74)| b=(74) 3.5) | 10000 =2.2) b=(64) | b=(74)| b=(7.4) 3.5) [ 10000
h=76 | h=towo | p n=48| h=4d | h=4 = -l
2| k=76 | k=68 #5 k=48 | k=44 | k=4 Ef;g ED;DG kf;g Efjg Efjj Efj
b=(22) | b=(32)| bTA) b=(63)| b=(73)| b=(73) » » » . . s
b=22) | b=(32) | b=(d.1) =(63) | b=(73) | b=(7.3)
S S S satees] 1o B voze 1o
b=(22) D) | b=(4.1)| b=(62)| b=(62)| b=7.2)| b=7.2) | [P} nn| e e B o on| oon| s B
1 2 3 4 5 6 7 7 > 3 2 5 5 7
Figure H.28. (Left) Pop (4;1) o of open list (Right) Pop
(3;1) o of open list.
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Figure H.29.

(Right) Pop (2;1) o of open list.

(Left) Pop (2,2) o the queue and expand it
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Figure H.30. (Left) Pop (3,1) o the queue and expand it.
(Right) Determine optimal path from the current location
to the goal by following gradient of h values.
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5) | b=(75) )?{'(7.5)
= 10000 Q:s/ h=2
3| k=80 4| k=3
b=(22) z }ZSA) b=(7.4)
h= 10000 8 h=44 | h=4 »
2| k=76 8 k=44 k=4
b= 3, b=(73) | b=(73)
h= 10000 82| h=72 h=54| h=5
1| k=80 | k=82 k=72 k=58 | k=54 | k=5
b=(22) | b=(3,1) | b=(4.17| b=(52) | b=(62)| b=(7.2)| b=(72}| [l
1 2 3 4 5 6 7

Figure H.31. Robot moves to goal from its current loca-
tion.
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Algorithm 14 PROCESS STATE
Input: List of all states L and the list of all states that are openO
Output: A Kmin , an updated list of all states, and an updated open list

1: X = MIN  STATE(O) (algorithm 12)

2. if X = NULL then

3 Return ( 1)

4: end if

5. koig = GET  KMIN (O) (algorithm 13)

6: DELETE (X)

7: if Kog <h (X) then

8. for each neighborY 2 L of X do

9: if t(Y)8& NEW andh(Y) Kkqgandh(X) >h(Y)+ c(Y;X) then

10: b(X)=Y

11: h(X) = h(Y)+ c(Y; X);

12: end if

13:  end for

14: end if

15: if Koig = h(X) then

16: for each neighborY 2 L of X do

17: if (t(Y)= NEW) or (b(Y)= X and h(Y) 6 h(X)+ c(X;Y)) or
((Y)86 X and h(Y) >h(X)+ ¢(X;Y)) then

18: b(Y)= X

19: INSERT (O;Y;h(X)+ c(X;Y)) (algorithm 10)

20: end if

21:  end for

22: else

23: for each neighborY 2 L of X do

24: if (t(Y)= NEW)or(b(Y)= X andh(Y) 6 h(X)+ c(X;Y)) then

25: b(Y)= X

26: INSERT (O;Y;h(X)+ c(X;Y))

27: elseif b(Y) 6 X and h(Y) >h(X)+ c(X;Y ) then

28: INSERT (O; X;h (X))

29: else if ((Y) 6 X and h(X) > h(Y)+ c(Y;X)) and (t(Y) =
CLOSED) and (h(Y) >k ¢iq) then

30: INSERT (O;Y;h(Y))
31: end if

32: end for

33: end if

34: Return GET KMIN (O) (algorithm 13)
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H4 D Lite

The D Lite algorithm is perhaps an easier-to-understand advanc@ent over
the D approach and is therefore more often used. One need not knovhe
details of D to understand D Lite, however we make some comparisons
here for the sake of explanation. JustlikeD , D Lite has the e ect of locally
repairing the graph when a change occurs. Howeveb) Lite does not have
any back pointers to determine a path; instead eaclD Lite node contains
additional values: an objective function g and a \look ahead" function rhs.
In general, g is a type of cost-to-goal function.

Nodes are calledconsistent if their g and rhs values are the same and
likewise areinconsistent if their g and rhs functions dier. If g >rhs, then
a node isover-consistent and if g < rhs, the a node isunder-consistent
This notion of consistency is analogous to the raise and lowestates of D .
Finally, there is a heuristic function h, which has the same meaning a$
from A and is therefore di erent from the hin D .

The graph being search is assumed to be a directed graph whetfu; v) is
the cost to traverse a directed edge from the source nodeto the destination
v (D dened c(u;v) to be the cost from v to u). Hence, the Sucqu) and
the Pred(u) are the successors and predecessors, respectively, of thede
u. With these terms in-hand, the rhs function is de ned as

rhs(u) = sozrglurgc(u)(C(u,S‘% a(s9)

There is an open list (again sometimes called a priority quea) U whose
key k is now a two-vector, as opposed to the reak values as before. This
key is
min(g(s); rhs(s)) + h(Sstart ; S)

k(s) = min(g(s); rhs(s))

Sometimes, the rstand second components of the key are cat the primary
key and secondary key, respectively. If the primary key ol is less than the
primary key of v, then k(u) <k (v). If the primary keys are equal, then the
secondary keys are used as a tie breaker.

The D Lite algorithm (algorithm 15) takes as input a directed graph,
the edge costs (which can be modied), a start state and a goaktate. In
general, after an initial search, D Lite determines a path by performing
gradient descent on the sum of the edge costs and objectiveriation g, i.e.,
chose the next node whosey value in addition to the cost to get there is
smallest. This procedure terminates either when the robot eaches the goal
or detects a change in edge cost. At this point, the edge costare repaired
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and the rhs and g values are updated to re ect these changes. Once all of the
changes are computedD Lite continues with gradient descent to follow the
optimal path. Ultimately, algorithm 15 does not output anyt hing, per say,
but the search graph is updated so that therhs and g values are assigned
appropriately.

Now, let us take a closer look at algorithm 15. Assume withoutloss
of generality that the start and goal nodes initially di er, s o the objective
is to move from the start to the goal. First, algorithm 16 init ializes the
open list to empty, sets all of therhs and g values to in nity, assigns the
rhs value of the goal to zero, and places the goal on the open listThis
makes the goal inconsistent, speci cally over-consistent Therefore, when
ComputeShortestP ath (algorithm 17) is called, the highest priority element,
i.e., the lowest key value, of the open list is the goal. Natually, the goal's
key value is less than the key value of the start.ComputeShortestP ath then
makes the goal consistent by setting theg value equal to its rhs value and
for all nodes with outgoing edges that terminate at the goal,each node has
its rhs value updated. This process repeats until the start node is @nsistent
and the top key on the open list is not less than the key of the sirt node.
At this point, the loop terminates and an optimal path can be determined.

While the current and goal nodes are not the same, the robot mees
from the current node toward the goal. At each step, the planrer directs
the robot to the successor node whosg value summed with cost to traverse
the edge to that successor node is minimal over all successapdes, i.e.,
from u, chose the next node such thaic(u; s + g(s% is minimized over all
s®2 Sucqu).

In the process of following the optimal path to the goal, if there are any
changes in the graph, or more speci cally if there are any chages in the
graph within sensor range of the robot,D Lite rst updates these edge
costs, updates the source nodes of the a ected edges, updatdse keys of
the appropriate nodes in the open list, and then callsComputeShortestP ath
again to make the appropriate nodes consistent. This last a&on has the
ultimate e ect of locally repairing the optimal path by alter ing the g and
rhs values. This entire process continues until the current andgoal states
are the same.

The ComputeShortestP ath (algorithm 17) does nothing unless the start
node is inconsistent or the lowest priority node in the openikt has a key value
less than the start's key value. If this is the case, the lowespriority state u
is popped o the open list. If it is over-consistent, ComputeShortestP ath
makes u consistent and updates all of the nodes with edges terminatig
at u. If uis under-consistent, then ComputeShortestP ath makesu over-
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Algorithm 15 D Lite (S; Sstart ; Sgoal)
Input: A graph of nodesS and two nodes (start and goal)
Output: A modied graph of nodes S with their k and rhs values
properly set.

1! Scurrent = Sstart
2: Initialize () (algorithm 16)
3: ComputeShortestP ath() (algorithm 17)
4: while Scyrrent 6 Sgoal dO
5: if g(Scurrent )= 1 then
6: Break (No path exists)
7. end if
8 Scurrent = argmin 50y suce(seurent ) (C(Scurrent ;Y + g(sY)
9:  Move to Scyurrent
10:  Scan graph for any changed costs (within sensor limits)
11: if any edge cost changedhen
12: for each directed edge (1;v) with changed costdo
13: Update edge costc(u; v)
14: UpdateV ertexu)
15: end for
16: for each s2 U do
17: UpdatgU; s; CalculateKey(s)
18: end for
19: ComputShortestP ath ()
20: end if

21: end while

Algorithm 16 Initialize ()
Input:  The start Sstart , Scurrent » 90al Sgoar, Open list U and graph of
states S are global variables.
Output: A modied open list U and modi ed graph of states S with
updated rhs and g values.
u=,;
for each s2 S do
rhs(s)=g(s)= 1
end for
rhs (sgoa) = 0
Insert (U; syoal; CalculateKey (Sgoal))

o g kR wdkR
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Algorithm 17  ComputeShortestP ath()
Input:  The start Sstart , Scurrent » 90al Sgoar, Open list U and graph of
states S are global variables.
Output: A modied open list U and modi ed graph of states S with
updated rhs and g values.

g(scurrent )) do

2. u=PoplU)

3. if g(u) >rhs (u) then

4 g(u) = rhs(u)

5: for each s 2 Pred(u) do
6: UpdateV ertexs)

7 end for

8 else

9: guw=1 S
10: for each s2 Pred(u) fug do
11: UpdateV ertexs)

12: end for

13:  end if

14: end while

consistent and updatesu, as well as all nodes with edges terminating at
u. The nodes are updated in algorithm 18 and the keys are calcated in
algorithm 19.

Algorithm 18 U pdateV ertex(u)
Input: A node u, and the start Sstart , Scurrent » 90al Sqoal, @and open list
U are global variables.
Output: A modi ed node u and a modi ed open list U.
if U6 syoa then
rhs(u) = min so syce(u) (S(U; s9 + g(s9)
end if
if u2 U then
RemovgU; u)
end if
if g(u) & rhs(u) then
Insert (U; u; CalculateKey (u))
end if
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Algorithm 19 CalculateKey (s)

Input: A nodes.
Output: A key for s.

Return (min( g(s);rhs(s)) + h(Scurrent ;S); min(g(s); rhs(s)))

Non-diagonal: 1.0
Free—Free L
Diagonal: 1.4 Legend
Free—Obstacle ’ Non-diagonal: « Free
Obstacle—Free Diagonal: «
. Obstacle
Non-diagonal: «©
Obstacle—Obstacle . On open list
Diagonal: <

Figure H.32.  Eight connected grids with pairwise directed
edges between neighboring cells.

Let's consider the example whereD Lite searches a grid of cells. Each
node in the graph corresponds to a cell and each pair of neiglabing nodes
u and v has a pair of directed edges: one fronu to v and visa versa. The
cost to travel from one free cell to a neighboring free cell i4d if it is an up,
down, left or right motion, and is 1:4 if it is a diagonal motion. The cost of
travel either from an obstacle cell or to an obstacle cell innite, as depicted
in gure H.32.

Initially, all of the nodes' rhs and g values are set to in nity, except for
the goal whoserhs value is set to zero and itsg value is set to in nity. Since
the goal is now inconsistent, it is put on the open list. See qire H.33.

D Lite then calls ComputeShortestP ath which immediately pops the
goal o of the open list, and since it is over-consistent, males it consistent
with rhs and g values of zero. Now,ComputeShortestP ath expands the
popped node by callingU pdateV ertexon all of its predecessors. This com-
putes rhs values for the predecessors and puts them on the open list, bu
only if they become inconsistent. Node (11) is a predecessor but not put
on the open list because it remained consistent. See gure 34 where the
small arrows indicate which node is used to compute thehs value, e.g., the
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.| &% g« g« g« g« .| & g« g« g« g«
rhs: @ | rhs: @ | rhs: o | rhs: @ | rhs: @ rhs: @ | rhs: @ | rhs: o | rhs: @ | ths: w
rhs: o | rhs: @ | rhs: o | rhs: oo | rhs: @, é rhs: o

START

gr @ g« gr @
rhs: @ | rhs: @ rhs; o

-

g« g
rhs: e | rhs: o

g«
rhs: 0

GOAL
GOAL

Figure H.33. (Left) Goal rhs value set to zero and all other
rhs and g values to in nity (Right) Goal is put on open
list. Arrows are not back pointers but rather represent
gradient directions.

g« g« g« g« g« g« g« g« g« g
> ths: oo | ths: @ | rhs: o  rhs: oo | rhs: *| ths: oo | ths: o | rhs: e | rhs: o | rhs: oo
g: [oe] g: [on] g: (s 0] g: (o] g: (s 0] E g: [on] g: (s 0] g: (o] g: (s 0] g: [ss]

* ths:® | ths: o | rhs: o | rhs: o | ths: 4 E "| ths:o | rths: oo | rhs:w | rhs: o | rhs: @,
rhs: o rhs: e | rhs: o rhs: 1 rhs: oo | rhs: o

L

3 &0 g ® g @ g ® 3 g:0$7g:00 g o g
8| rhs: 0 | rhs: o rhs: o | ths: @ 8| rhs: 0 | rhs: 1 rhs: © | ths: @

0 1 2 3 4 0 1 2 3 4

Figure H.34.  (Left) The goal is popped of the open list.
(Right) The goal is expanded and the resulting inconsis-
tent nodes are put the on open list.

rhs value of (G; 1) is computed using theg value of (0; 0) and the transition
cost from (1;0) to (0;0), i.e., 1=0+1.

Continue in ComputeShortestP ath by popping (0; 1), which is tied with
(1;0) for the minimum node in the open list. Here, UpdateV ertexis called
on all of the predecessors of the popped node. WhddpdateV ertexis called

START
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g o g g o g o g g @ g w g ® g: o g: o
rhs: @ | rhs: @ | rhs: o | rhs: @ | ths: w rhs: @ | rhs: @ | rhs: o | rhs: @ | rhs: @

g w g o g o g o g o E g« g: o g o g g o E
*| ths: o | ths: e | rhs: e | rhs: o | rhs: m@\é *| ths:2 [rths: 2.4 rhs: oo | rhs: oo | rths: m@\é
P i 20
gl g« g g1 g g @
Y rhs: 1 rhs: @ | rhs: o orhs 1 rhs: @ | rhs: @
t +
3 g:Otig:oo g o g o 3 @0 Je g o g o
8| rhs: 0 | rhs: 1 rhs: © | ths: o 8| rhs: 0 | rhs: 1 rhs: o | rhs: @
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Figure H.35.  (Left) Pop minimum node o of list but do
not expand any neighbors on open list. (Right) Pop mini-
mum node o of open list and put inconsistent neighboring
nodes on the open list.

on each predecessor node, thehs value of each predecessor is updated by
examining the g-values of each of the predecessor's successors in the graph
Since, (Q1) is over-consistent, it is made consistent and all predeasors of
(0; 1) have their rhs values updated viaU pdateV ertex Two of its prede-
cessors become inconsistent and are put on the open list. Ammg the rhs
values of the predecessors (@) and (1; 1) did not change, and as such, did
not become inconsistent and are not put on the open list. Thehs value of
(1;0) did not also did not change but was already inconsistent ad on the
open list. See gure H.35. Now, (10) is expanded but no predecessors of
(1;0) are put on the open list because they remained consistentfr calling
UpdateV ertex

This Dijkstra-like search continues until the start node is e ectively ex-
panded and made consistent. In gure H.36, (31) is popped and expanded,
and all of its predecessors, which become inconsistent, aput on the open
list. Note that the start was already on the open list. At this point, the start
has the lowest key value, so is popped o the open list and madeonsistent.
In this case, none of the predecessors of the start become otsistent, so are
not put on the open list, although some were already on the ope list. At
this point, since the start node is consistent and the top keyon the open list
is not less than the key of the start node, an optimal path exiss. This al-
lows the ComputeShortestP ath loop to terminate. Finally, note that some
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g3 g:34 | 2238 | g:4.38 g 23 @34 | g238 | g48 g:
®| ths:3 |rhs: 3.4 rhs: 3.8 | rhs: 4.8 | ths: 5.8 *| ths: 3 |rhs: 3.4 rhs: 3.8 | rhs: 4.8 | rhs: 5.8
l e ¥ l ¥ e
g2 g24 | ¢34 | gd4d | g g g2 g24 | ¢34 | gd44 | 554
*| ths:2 |rhs: 2.4  rhs: 3.4 | rhs: 4.4 | ths: 5.4}15 *| ths:2 | rhs: 2.4 | rhs: 3.4 | ths: 4.4 | rhs: 5.4[-!
9 | #

g1 248 g @ el

: g: 4.8 g1 @
Y oths 1 rhs: 4.8 | ths: 5.8 " rhst 1 ths: 5.8
- 1
4 g:Ofﬁ gl g: o g: o 3 &0 g:
§ ths:0 | rhs: 1 rhs: 5.8 | ths: 6.2 8| rhs: 0 rhs: 6.2

0 1 2 3 4 0

Figure H.36.  (Left) Pop minimum node o of open list
and put inconsistent neighboring nodes on the open list.
(Right) Pop start o of the open list, make it consistent,
but no nodes are put on the open list.

nodes remain on the open list and for examples with larger ggahs, some
nodes may not have been considered at all.

The robot then follows the negated gradient ofg from the start to the
goal until the robot detects an obstacle at (22). See gure H.37. The
algorithm dictates that for all directed edges (u; v) with changed edge costs,

START

UpdateV ertex(u) is called. Since the edges are directed and in this example

all neighboring cellsu and v have two edges, one fromu to v and visa versa,
(2;2) has 16 a ected edges. See gure H.38.

Let's consider the outgoing and incoming edges to (2) separately. For
each of the outgoing edgesUpdateV ertex is called on (2 2). First, the
outgoing edge to (2 3) is called. Since the edge cost is now in nite, therhs
value of (2;2) is raised to in nity making it inconsistent and hence (2;2) is
put on the open list. Now, when U pdateV ertexis called for the rest of the
outgoing edges of (22), nothing happens because (2) remains inconsistent.

Now, consider the incoming edges to (). One of the predecessors of
the incoming edge to (22) is (3; 3), soUpdateV ertexis called on (33). The
minimum possible rhs value of (3;3) is still 4:8, but this value is based on
the g value of (2 3), not (2;2). The node (3 3) is still consistent, so it is
not put on the open list. Another incoming edge to (2 2) comes from (32),
so UpdateV ertex is called on this node. Since the transition cost to (22)
increased, the minimum possiblerhs value of (3;2) is now 52, computed
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23 234 | 2238 | g:48 g

g x
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Figure H.37.  (Left) Follow optimal path via gradient de-
scent ofg. (Right) The robot discovers that (2;2) is an
obstacle.
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= g e Z g
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Figure H.38.  (Left) Outgoing edges to (2 2). (Right) In-
coming edges to (22).

based on theg value of (2, 3) where 52 = 3:8+ 1:4. See gure H.39.

4

Another incoming edge to (2 2) comes from (31). The minimum pos-

sible rhs value of (3;1) is now 54, computed based on theg value of

(3 2).

Again, note that the rhs value of a node is always computed using the,
not a rhs, values of its successors. The remaining ve nodes { (1), (1;2),
(2;3), (2;3) and (2;1) { remain consistent and hence are not put on the

open list. See gure H.40.

START

START
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Figure H.39.

considered. (Right) Node (32) is considered

Incoming edges to (22) (Left) Node (3;3) is

g3 34 | 238 | g48
ths: 3 |rhs: 3.4 rths: 3.8 | rhs: 4.8

g
ths: 5.8

g 3.4
rhs: 3.4

g: 3.8

rhs:

3.8

g: 4.8

"ths: 4.8

g'CD
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L g 54
:5.2 |rhs: 5.4
1 i

START

-

e
ths: 5.8

e

GOAL

g'oo
ths: 6.2

GOAL

Figure H.40.
considered. (Right) The remaining nodes are considered

Incoming edges to (22) (Left) Node (3;1) is

Note that the processing order of (32) versus (31) does not matter
because when (32) is processed, itsrhs-value, not its g-value, is updated.
Then, when (3;1) is updated, its rhs-value is updated and is based on the

g-value of (3;2), which has not changed, and not its rhs value. As such, we

will get the same e ect whether we process (32) before (3 1) or vice versa.
Now, D Lite goes back to CompteShortestP ath until a new optimal

path is found. Note that the current robot position is inconsistent and does

not have the smallest key value in the open list. This indicaks an optimal

START

START
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Figure H.41. (Left) Node (2;2) is considered. (Right)
Node (3, 2) is considered.

path, based on all available information, has not been detenined. The node
with the minimum key is (2;2). It is under-consistent, so its g value is set
to in nity and UpdateV ertexis called on all of its predecessors. This does
not make any of the predecessors inconsistent, so none aretpan the open
list. See gure H.41.

Next, (3;2) is popped and it is under-consistent, so itgy is set to in nity.
Next, its predecessors are updated: (£2) becomes inconsistent, (31) is
updated but remains inconsistent, (4 1) remains inconsistent but its rhs
value does not change and is now computed from thg value of (3;1). Also,
(3;2) is updated, remains inconsistent and is put back on the ope list. See
gure H.42.

Still in the ComputeShortestP ath procedure, (31) is popped o the
open list and since it is under-consistent, itsg value is made in nite and its
predecessors are updated: (4) is updated and remains inconsistent, while
(3;0) and (4;0) are updated but are now consistent since bothg and rhs
are in nite. See gure H.43.

Also, since (31) is under-consistent, ComputeShortest path calls
UpdateV ertex on (3;1), which results in putting (3;1) back on the open
list since it remains inconsistent. Now, (32) has the smallest key value, so
it is popped o of the open list and since it is over-consisten, its g value is
set to its rhs value. See gure H.44. When its predecessors are updated,
(3;1) is modi ed but still remains inconsistent, so it stays on the open list.
See gure H.45 (left).
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Figure H.42. Expand (3;2) and update its predecessors
and it.

Figure H.43.  (Left) Node (3;1) is popped. (Right) The
predecessor nodes of (3) are updated.

Once again, the node corresponding to the robots current paon is
consistent and the top key on the open list is not less than the key of
current position. Therefore, a new optimal path has been fond and
ComputeShortestP ath breaks out of its loop. Once again, the optimal
path is determined by following the gradient of g. See gure H.45.
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Figure H.44. (Left) Node (3;1) remains on the open list
(Right) Node (3;2) is expanded.

Figure H.45. (Left) Update the predecessors of (32)
(Right) A new optimal path has been found.

H.5 A Comment on Reverse Searching

The search starts at the goal, and works backward, for good @&@son. After
the initial search, the back pointers form a search tree whih is rooted at the
goal. Bearing in mind that the robot detects changes in edge @sts near its
current position, one could easily see that if the root of thesearch tree were
the start node, then the search tree would have be drasticajl recomputed.
With the goal node at the root of the tree, when an edge cost chages,
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only a subtree that contains the current robot position is repaired where
part of that subtree will be redirected to nodes in a neighbomg subtree.
In fact, in general, the entire subtree is not repaired; the epairing process
terminates when an optimal path from the current robot position to the goal
is determined.

A change in the environment is just one reason why a robot may eed
to replan its path. Another has to do with the stochastic nature of the
robot's motion. For example, error in control or unforeseenslippage may
cause the robot to fall o its intended path. The bene t of per forming the
reverse search is that for small perturbations, an optimal f@th to the goal for
nearby nodes was already computed during the initial Dijksta-like search.
In fact, one can determine the best action forall nodes in the graph, not
just the ones along the shortest path.

A mapping from nodes to actions is called auniversal plan, or policy.
Techniques for nding optimal policies are known as universl planners and
can be computationally more involved than the shortest path techniques
surveyed here. One simple way to attain a universal plan to a gal is to
run Dijkstra's algorithm backward (as in D ): After completion, we know
for each node in the graph the length of an optimal path to the gal, along
with the appropriate action. Generalizations of this approach are commonly
used in stochastic domains, where the outcome of actions is adeled by a
probability distribution over nodes in the graph.
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Appendix |

Statistics Primer

On Pg 548, the” should be a\ . So
Pr(E1\ E2)=Pr( E;) Pr(Ep)
should read

Pr(E1\ E») =Pr( E;) Pr(Ey)

On pg 549, cumulative is misspelled, twice.

109
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Appendix J

Linear Systems and Control

The dot over x(k + 1) should not be there in eq (J.10). So thex(k+1)
should readx(k + 1).
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