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Abstract: The discrete choice model explains and predicts the behavior of a consumer
who chooses one item to purchase from among a set of alternatives. The consumer is
assumed to assign a utility to each item based on its features, and to choose an item
with probability proportional to its utility. We consider the high-dimensional setting
where the number of item features is large. It is important in this setting to identify and
remove features that are irrelevant to the utility function. Not only is feature selection
important to skirt the curse of dimensionality for statistical estimation, it is of interest
to understand the factors on which people base their spending decisions. We show that,
when the utility function has the diminishing returns property and is thus concave, an
additive approximation is safe, in that in the population setting it does not erroneously
remove relevant features. We propose a two stage feature screening method based on
this result, evaluate our method on both simulation data and a novel job/housing survey
dataset, and show that it is practical and effective.

1. Introduction

Many human behaviors can be modeled as a consumer selecting one item to purchase
from among a set of alternatives. Examples include buying a product on Amazon, choos-
ing the bus or car for commuting Ortuzar and Willumsen (1994), deciding where to buy a
house Nechyba and Strauss (1998), and even choosing where to commit a crime Bernasco
and Block (2009). The discrete choice model (DCM) originated in econometrics McFad-
den (1973) as a general method to model such finite choice problems. The DCM measures
the attractiveness of item ¢ to consumer n by a utility function f(x;,s,) where x;, s, are
feature vectors of the item and the consumer, respectively. The consumer is more likely to
pick item ¢ over the alternatives if the utility f(x;,s,) is higher. The utility function in the
DCM is estimated from a dataset of purchases; each purchase consists of a consumer, a
set of items, and the consumer’s choice from that set. The Al and machine learning com-
munities have in recent years rediscovered the DCM as a form of preference learning Chu
and Ghahramani (2005); Fiirnkranz and Hiillermeier (2010).

Because it has become easier to extract and store information digitally, the number of
features in a modern dataset is often large, possibly larger than the number of samples.

Variable selection becomes important, where an estimation technique must select and use
1
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only a small set of relevant variables to avoid the well known curse of dimensionality. Vari-
able selection among the item features x; is especially important in the DCM, as people
tend to make decisions based on a few important cues or factors Shah and Oppenheimer
(2008). Good variable selection methods give insight into how consumers make choices.

We assume that the utility function V'(x;,s,) is decomposed as f(x;) + h(s,) and fo-
cus on the estimation of f(x;). We suppose f(x;) obeys certain shape-constraints, mainly
concavity. We do not assume that f is additive, but we show that for the purpose of screen-
ing out irrelevant variables, it is safe to approximate the possibly non-additive f with an
additive concave model, followed by a sequence of decoupled convex models to catch
non-concave residuals.

We prove that this procedure, in the population setting, is faithful in that it will not
erroneously mark a relevant variable as irrelevant. The assumptions we make on the un-
derlying density are mild, and do not restrict correlations between the variables. This is in
contrast to linear models where, if the true function is non-linear, one must make stronger
covariance structure assumptions in order to provide the same guarantee. While estimation
of a low-dimensional concave utility function for the DCM is studied by Matzkin using
parametric distributional assumptions Matzkin (1991), we are unaware of previous results
on variable selection in the DCM in the high dimensional nonparametric setting that we
study in this paper.

The utility function is often assumed to be linear McFadden et al. (1978); Nechyba and
Strauss (1998) but a concavity assumption is less restrictive. In many economics applica-
tions, the concavity assumption is popular and natural because of the law of diminishing
returns. For example, Nechyba and Strauss Nechyba and Strauss (1998) represent the at-
tractiveness of a community in the DCM with features such as per-pupil school spending.
The law of diminishing returns in this case states that once a school spends enough per
pupil, further spending will be less effective and thus effect a smaller increase in a house-
hold’s utility.

Though our estimation method is a nonparametric generalization of the linear model,
it requires no additional tuning parameters, such as the smoothing bandwidth that makes
local polynomial methods difficult. Concavity (and other similar shape-constraints) thus
offers an attractive computational compromise between a parametric and fully nonpara-
metric model. We formulate a convex optimization in the infinite dimensional constraint
space of concave functions, which reduces to a finite dimensional space of piecewise linear
functions.

2. Discrete Choice Model

In discrete choice model, each consumer n chooses one item out of a set A,, of alternatives
based on the utility-maximization principle: each item ¢ € A, has a utility U,,; and the
consumer chooses item i if U,;, > U,; for all j € A, (ties broken arbitrarily). The utility
U,; 1s unobservable but is assumed to equal a function of some observable features of the
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items and of the consumer plus noise
Uni = Vm +€pi = V(Xia Sn) + €ni-

The vector x; denotes features of item ¢, s,, denotes features of consumer n, and ¢,,; denotes
the noise term. The probability of consumer n choosing item ¢ depends on the assumptions
on the distribution of the noise vector €, = (€,1, ..., €n)4,,|)-

Pm = ]P(Um > Unjavj 7é Z) = ]P)(Vm + €ni > an + Enjavj 7é Z)

For example, ¢, ~;;y Gaussian yields the probit model, € ~;;; extreme value yields the
logit model. In this paper, we consider the logit model, also known as the Bradley-Terry
model. The probability consumer n chooses item 7 under the logit model has the expres-
sion:

P exp(Vii) _ exp(V(xi,80))
" Yieanexp(Vay)  Tjea, exp(V(x5,8,))

We follow the standard assumption that the representative utility function V'(x;,s,,) is
decomposed additively as f(x;) + h(s,) and focus on the estimation of f(x;), similar to
Chu and Ghahramani Chu and Ghahramani (2005). We assume A can be modeled well and
the results in this paper hold regardless of how one chooses to model A(s,,).

We assume that f(x;) is concave, which is strictly more general than the usual lin-
ear assumption and is justified by the principle of diminishing returns present in many
economics applications. ! Since discrete variables are common in practice and concavity
applies only to functions of continuous variables, we add a linear term o z; for the discrete
features z;:

V(xi,2i,80) = f(xi) +a’z; + h(s,)

We can then model the consumer choices by

exp(f(x;) + a'z; + h(s,))

P(consumer n chooses i | A,,) = Siea, exp(f(x;) + oz, + h(s,))

The unknown f, a, h can be estimated from a dataset of purchases. We represent each
purchase by a vector y,, = (Yni)ica,; Yni = 1 iff consumer n chooses item i. For notational
simplicity, we assume that each consumer makes exactly one purchase. It is straightfor-
ward to extend the model to cases where each consumer makes multiple purchases.

Given N purchases, the likelihood under the logit DCM is + SN, ((y,, | X a,, Z4,., Sn)
where

(YnlXa Zassn) = 3 yni(f(xi)+a" zith(s,))—log( 3 exp (f(xi) + o'z + h(sy))

1€EA, i€AR

Lour results readily apply to the estimation of A (s, ) in the cases where h can be assumed concave.
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3. Additive Faithfulness

Let d; and ds denote the number of features in x; and z; respectively. In the high-dimensional
setting where d; and d, are large, it is necessary to select a small subset S; C {1,..,d;}
and Sy C {1,...,do} such that f(x;) + a’z; = f(xg,:) + ai,zs,; where xg,; is the
restriction of the vector x; to coordinates in S;.

The lasso effectively tackles high-dimensional problems by adding an ¢; penalty on
the linear coefficients to the likelihood maximization. The natural extension for high-
dimensional concave function estimation is to add to the likelihood a group ¢; penalty
on the subgradients of f:

N d
minimize  — %  £(yn|Xa,, Zan5n) + M D (1Bl + A2 [l
£.67.h n=1 k=1

subjectto f; < f; + BT (x; — x;), for all 4, j

where f; is the estimated function value f(x;) and the vector 3; € R is the subgradient
at x;.

This convex optimization problem has O(Mp) variables and O(M?) constraints, lead-
ing to a potentially cumbersome and computationally inefficient method. In the following
section, we will use additive functions to approximate f(-) and argue that concave func-
tions are additively faithful with respect to variable selection, under very mild conditions.
The resulting variable selection framework is much more computationally efficient.

3.1. Additive Faithfulness of Concave Functions

The additive approximation to a multivariate function f is a sum of one-dimensional
functions f; such that >2¢_, fix(x;) approximates f(x). In general, if the true model is
non-additive, an additive approximation may introduce false negatives and cause poten-
tial misspecification problems. However, we show that concave functions have an unique
property: as long as the true function we approximate is concave and monotone on the
boundary, we can safely mark as irrelevant any variable that is zeroed out by the optimiza-
tion algorithm. In other words, it is faithful in terms of variable selection under an additive
approximation. Before giving our main result, which makes this precise, we begin with a
lemma that characterizes the components of the optimal additive approximation.

For notational simplicity, we suppose that |.A,,| = m for all n. We assume that each
purchase, which comprises <{Xi, z; 1, sn), is iid drawn from some distribution /' with
density p. For this section, we use k to index features, ¢, j to index items, and n to index
consumers.

Lemma 3.1. Let F be a distribution on [0, 1]™% x {0, 1}™92 with a mixed density p. Let
f:10,1]% — R be an integrable true function of the items. Define the following for any
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fixed 7, h:

m

=Y YV (xi,2zi,8,) + log (i exp (V(x;, 2, sn))>] (3.1)

i=1 j=1

(¥, = arg mip E

dy
where V(x;,2;,8,) = Z fr(zri) + 77z + h(sy)
k=1
exp(f(x;) + al'z; + h(s,)) )
Siexp(f(x;) +a’z; + h(s,)) )

Y: | x,z,s, ~ Bernoulli (
Then f} satisfies

exp(fi (Tri) + ¢(X-kyis Zi,8n)) XD (f(zhix—ki) + Tz + h(s,))
S exp(fi(@ng) + 0(Xkjo 2 8n)) 7y exp (f(@j, X—ky) + a2; + h(sn))

xkz:| = 07

where )(X_ji, 2;,Sp) = Swrtk Jrr (iﬂk/i)+’YTZ¢+h(Sn), 0(Xi,8,) = 2%21 fr(@ri) +h(sy).
Furthermore, this solution is unique.

Lemma 3.1 easily follows from the stationary conditions of the optimal solution. Lemma 3.1
states the intuitive fact that the first moment conditional on x;; under the true model must
equal that of the optimally fitted f;;. We now give our main result and the accompanying
assumptions.

Definition 3.1. Let f : [0,1]% — R be an integrable function, f is boundary monotone if
forall k and all x_y,

Onf >0 or O, f<0 at the boundary x;, = 0 and x, = 1
Definition 3.2. Let p be a mixed density supported on [0, 1]™% x {0, 1}™%, p satisfies the
boundary-points condition, if

0
3xji

m
=1

p(x_ji A% iz {zi}iq|2j:) =0 atxj; =0and xj; =1,  forany x_;;, {x;}i2i,{2:}

Theorem 3.1. (Additive Faithfulness) Let p be a positive mixed density supported on
[0,1]™4 x {0, 1} that satisfies the boundary-points property (definition 3.2). Suppose f
is concave, boundary-monotone (definition 3.1) and differentiable.

Fix arbitrary ~, h, let { f; (/?:1 be the optimal additive components as defined in equa-
tion 3.1. Then f} = 0 implies that 0., f(x) = 0, that is, f does not depend on feature
k.

Theorem 3.1 is the main theoretical result of this paper. It states that even if the true
function f is not additive, the additive approximation yields no false negatives. We defer
the proof to section 7 of the appendix.

It is important to note that additive faithfulness does not rely on any restrictions of
the correlation structure between the covariates. The only distributional assumption we
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make is the mild boundary-point condition (definition 3.2). We allow the density to be-
have arbitrarily in the interior of the support. In contrast, in linear regression where * =
YE[X f(X)], we would need to restrict the covariance to make the same faithfulness
guarantee.

The boundary monotone condition (definition 3.1) is reasonable in applications where
the concavity assumption is natural. With respect to some features, such as the per-pupil
school spending in Nechyba and Strauss Nechyba and Strauss (1998), the utility function
is monotone and thus boundary monotone as well. Boundary monotone condition also
holds for features of which people want more when there is too little (one boundary point)
and less when there is too much (the other boundary point). For instance, people distrust
extremely cheap items and refrain from extremely expensive items.

Theorem 3.1 does not give a way to estimate whether f; = 0. The next section tackles
this problem.

3.2. Concave Additive Model

Since the true function f is concave, it is natural to consider a concave additive model. For
notational simplicity, we let -y be arbitrarily fixed and omit A(s,,) in this section.

{ﬁ"}zzl =arg min E
fre—Ct

m d m d
-2 Y <Z Fulwr) + ’YTZi> +log ) exp <Z Folary) + ”VTZj>]
i=1 k=1 j=1 k=1
where we use C!, —C! to denote the set of univariate convex and concave functions respec-
tively.

Concave additive components f,j are not additively faithful, but we can restore faithful-
ness by coupling the fv,j’s with a set of convex functions:

eC

g = arg min B |~ 30V (gu(k) + 6(x 17)) +log (z exp (g2 a15) + 0(x-1, zm)}
k i=1 j=1
where qb(X_k’i, Zi) = Zk’;ﬁk fk’ (Ik/z) —+ ’j/TZi.
Theorem 3.2. Suppose p(x,z) is a mixed positive density on C' x {0,1}™%, where C' C
R™ is a compact set and p(x,z) satisfies the boundary-points condition. Suppose that
Oy f (%), OF, f (%), O (X {5} i, {2} [00a), and OF, p(x i {5} 20, {2} [0na)
are all continuous on C. Then f; = 0 and g;, = 0 only if f does not depend on xy, i.e.
Oy, f(x) = 0 with probability 1.

We defer the proof of theorem 3.2 to section 8 of the appendix. Theorem 3.2 states that
if a covariate is relevant, then at least one of the optimal concave and convex functions
that minimizes the negative likelihood should be nonzero. Therefore, if we fit O for both
the convex and concave component, we can safely zero out the corresponding variable and

Sk 66

claim it as irrelevant. Intuitively, the convex gj, “catches” any non-concave residual that f;;“
could not capture.
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4. Estimation Procedure

Theorem 3.2 motivates a two stage procedure for variable selection. In the first stage, we fit
a sparse additive concave function under the logistic DCM framework. We then separately
fit a convex function on the residuals for each dimension.

Importantly, we do not introduce tuning parameters for smoothing the function. Such
smoothing parameters are essential to most nonparametric estimation methods, but are
typically very difficult to set. In particular, there is no easy way to optimally adjust smooth-
ing parameters in a traditional additive model, based for example on kernel regression or
smoothing splines. This is a key attraction of the shape-constrained approach.

Given sample {X,;, Zn;, Sn, Yn }ie, ftl'"N , the following procedure, referred to as AC/DC(additively
concave/decoupled convex), is performed.

AC Stage: Compute, jointly

~ ~ - ) 1 XN p
fla---vfdp’%h: argmin _NZE(Yn’XAmZAnaSn)_F)\lZHBk-HOO_F)QH’YHl
n=1

frseofa, €=Cyh k=1
4.1
where UynlXans Za,,80) = D yniV (X4,24,8,) —log( Y exp(V(x5,2j,8,))
€A, JEAR
‘7(Xi7 Zi,Sp) = Z Je(@rs) + v'z; + h(s,)
k
and (. are the corresponding subgradients of f(+).
DC Stage: Compute, separately, for each k where ||f.|| ., = 0
1 Y ~
G, = argmin - > UynlXanZa,,sn) + M| Brelloo + X2V I1 (4.2)

gr€EC! n=1

where ;. are the corresponding subgradients of gi(-). We then output as the set of con-
tinous relevant variables {k : ||f|lsc > 0 or ||Bi|lsc > 0} and of discrete relevant
variables {k" : v # 0}

We adopted an /, /¢ penalty in 4.1 and the /., penalty in 4.2 to encourage sparsity. In
the AC stage (4.1), any estimation method for A can be used.

4.1. Optimization

We describe the optimization algorithm only for the additive concave logistic regression
stage, the second decoupled convex logistic regression stage is a straightforward modifi-
cation. We observe that a univariate concave function is characterized by non-increasing



/Concave Utility Estimation for Discrete Choice Model 8

subgradients. So we form our optimization problem as

N d1
minimize — Y ((y,|Xa,,Za,,80) + M D 1Bl + X2 7]
f767’)/,h n=1 k=1

subject to  fri+1) = frt) + Bre) (Tr(it1) — Ti()) (4.3)

M
> fri=0, Briit1) < Bray, (VK 7)
=1

d1 dl
UynlXan Za,,80) = > YD fulmni) + 772 + hy) —log( Y exp(d_ fulzny) +7725 + hy))
€A k=1 JEAR k=1

where {(1),(2),..., (M)} is a reordering of {1,2,..., M} such that zq) < 24 <
... < Ty(y). We use the centering constraints S, fy(xx;) = 0 for identifiability.

Motivated by the shooting algorithm for the lasso Friedman, Hastie and Tibshirani (2010),
we solve optimization 4.3 with block coordinate descent. In the outer loop, we repeatedly
iterate between optimization of (f, 3) and of -y. When estimating f (or +y), we again in the
inner loop iteratively select a dimension k, fix all i, (or y4/) for & # k, and optimize
{fe(xki) }iz1,...m (Or ;). For each inner loop iteration, we apply Newton’s method and
solve a sequence of quadratic programs. We use the optimization software MOSEK to
solve the intermediate QPs in our implementation. In the cases where h, = h(s,) must
be estimated as well, we would iterate between (f, 3), v, h in the outer loop and, depend-
ing on choice of model for h(s,), any appropriate optimization algorithm can be used to
optimize h in a step of the outer loop.

The estimated function can be evaluated on an input item x; with the equation f(x;) =
Zi;l fr(zgg) = ZZ;I min{ f; + Bri(zk; — xx;)} For univariate convex function es-
timation, we modify the linear inequality so that the subgradients are non-decreasing:
Br(i+1) = Br)-

5. Experiment

We evaluate AC/DC on both synthetic data experiments as well as a novel survey dataset.
For all of our experiments we do not consider consumer features, i.e., we omit the A(s,,)
term.

5.1. Simulation

For the M items, we generate continuous feature vectors X, ..., X;; ~ P where the distri-
bution P = ¢N(0,Y) + (1 —¢)U is a mixture between a multivariate Gaussian distribution
thresholded to lie in [—b, b]P* and an uniform distribution supported on [V, b'[P* where
b > b to fulfill the boundary condition. By “thresholded”, we mean that if the Gaussian
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sample is greater than b, then we set it equal to b. The discrete feature vectors zy, ..., Zys
are generated similarly, except that we discretize the vectors by setting a continuous value
to zero if it is less than 0.

The true utility function is taken to be the sum of a piecewise linear function of the con-
tinuous features xg, and a linear function of the discrete features zg,, where the piecewise
linear function is guaranteed to be concave and 51, S, represent the corresponding active
feature sets with |S;| = | S| = 3. In the simulations, we take %;; = vI*=! for various
v’s, and pick the set of active features at random to create varying amounts of correlation

log(Np1)
N

between relevant and irrelevant variables. In addition, we always set \; = and

Ao = 0.3/ el

In the first simulation, we fix v = 0.3. We vary N = 100, 200, ..., 700, p; = 20, 50, 100, 200.
For each (NN, p;), we generate 50 independent datasets and apply AC/DC procedure to in-
fer the function estimates f,subgradients (3, and discrete coefficients . We declare correct
support recovery, if for Vk € Sy, [|Br]lc > 1075, V& ¢ Sy, ||Bk]lec < 107¢ and for
VE' € So,|yw| > 1075, VK ¢ So,|yw| < 1076, We show the plot of correct support re-
covery probability versus differnt combinations of NV and p; in figure la. As can be seen,
the ACDC algorithm achieves higher support recovery rate as sample size increases even
when p is large.

In the second simulation, we fix p; = 15 and investigate the robustness of the ACDC al-
gorithm over different correlation structures. /V varies from 100, 200, . .., 700 and v varies
from 0,0.2,0.5,0.7. As before, we generate 50 data sets and compute the probability of
correct support recovery for each combination of N and v. The results are shown in fig-
ure 1b and demonstrate that ACDC can still select relevant variables well for design of
moderate correlation.
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Fig 1

5.2. Survey Data

This dataset consists of 530 surveys we gave to the students and staff at our university.
Each survey contains three options, each of which is a hypothetical living arrangement
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that consists of a job and an apartment in some neighborhood within some city. We ask the
respondents to choose the one they most prefer. Each living arrangement is described on
the survey by three types of information: personal level, city level, and neighborhood level.
The personal level information are yearly salary, monthly rent, and commute time. The
city level information are year round temperature, population, robbery rate, and diabetes
rate. The neighborhood level information are average income, unemployment rate, and the
percent of college graduates.

salary

B /

relative rent

N

(b) Two examples of the fitted component
(a) Correlation among some features shown functions. Relative rent is rent divided by av-

Utility

-05
.710

Utility

and not shown on the survey. erage income of the neighborhood.
Fig 2
ACDC | linear concave | linear
Features in Survey | 83.3% | 76.9% 8 features | 0.670 | 0.680
Features in Survey 3 features 0.680 0.686

(minus % diabetes) 80.8% | 757 %

(b) Negative log-likelihood of models fitted us-
(a) Percentage of features selected that are ing either the top 8 features or the top 3 features
among the features given on the surveys. of the feature selection process.

TABLE 1

We created the surveys by gathering information on 68 US cities and a total of 148
zipcode regions (which we call neighborhoods) within those cities. The information is
gathered from www.city-data.com. We generate each living arrangement by ran-
domly selecting a city and a zipcode region and then generating a random salary, rent, and
commute time based on the average in that zipcode neighborhood. The reader can find
examples of the survey as well as more detail about how we made the surveys in section 9
of the appendix.

Feature selection evaluation. In addition to the features shown on the survey, we col-
lected various other features of the cities and zipcode regions we used. These additional
features are July humidity level, January snowfall, April sunshine rate, % households
gay/lesbian, % households unmarried, elevation, air quality index, and % voted Obama in
2008. Because these features were not shown on the survey and not known to the respon-
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Method
Concave

. Linear

rent

rent*commute

commute ~ I
elevation ~ I
I

Jan.snow

population ~ E—

relative.income ~ M

rent/salary

relative.rent

April.sunshine ~ .

average.income
unemployment

Feature

Fig 3: Variable selection frequency for survey data

dents, they are by construction irrelevant to the survey responses. These irrelevant features
are, however, correlated with the survey features (Figure 2a).

We evaluate AC/DC by taking random subsamples of the data, performing variable se-
lection, and measuring how often the features shown on the survey are marked as relevant.
We compare AC/DC against the sparse standard logistic DCM where we let f(x;) = 37x;
and apply the ¢; penalty on . The regularization parameters are selected so that on aver-
age 9.5 features are selected. From the 400 surveys in the training data, we took 94 random
subsamples of 200 surveys and performed both AC/DC and sparse linear model on these
subsamples. In addition to the raw features, we also added some interaction terms among
the relevant variables.

The results are shown in Figure 3 and Table 1a. AC/DC outperforms the linear model
in choosing features that are relevant to the survey. We included %diabetes as a feature
on the survey though it is unlikely to play a part in a respondent’s decision process. Thus,
in the second row of Table 1a, we exclude %diabetes as a relevant variable. Not surpris-
ingly, the two features selected with 100% frequency are salary and a rent-times-commute
interaction term.

Heldout likelihood evaluation. To ensure that the concavity assumption is reasonable
and that we are not overfitting to the training data, we also evaluate the log-likelihood of
our estimated model on a heldout dataset of 114 surveys. These surveys use information
only from cities that do not appear in any of the training data surveys. We use the top 3 or
the top 8 features in selection process and refit an additive concave model, unregularized,
on the training data, using only those features (likewise with the sparse linear model). For
features whose monotoncity in the utility is obvious, we also add a monotone constraint
when refitting. Table 1b shows that concave monotone model performs slightly better.
Though the improvement is small, the concave monotone model using 3 features achieves
the same likelihood as the linear model using 8 features. We show two examples of the
fitted functions in Figure 2b. Both salary and the relative rent (rent / average income)
exhibit concavity.

6. Discussion

We have developed a smoothing parameter free semiparametric variable selection proce-
dure for learning concave utility functions in the context of the logistic DCM. Our current
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focus is on the estimation of concave part of the utility funtion. However, it would be
interesting to further explore the consumer grouping behavior via a multi-task learning
procedure, as in Birlutiu, Groot and Heskes (2013). Another interesting direction is to
automatically detect whether an additive component is convex or concave.
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7. Proof of Theorem 3.1

For simplicity, we omit the consumer function h(s,) in the proofs.

Proof. (of Theorem 3.1) W.T.S. f; = ¢ = 8% f = 0. Now we assume that for all xy;,
(3.1) holds and f}(xr;) = fi(zk;),Vj # i. Differentiating with respect to xy; under the
integral gives:

/ exp((X_k,i, Zi)) exp (f(wri, X_py) + ' z;)
> [Pk b sl | L ™ S o (o) 7 0T

exp (f(x:) + a’z;) f'(x;) Sz exp (f(x5) + a’z;)
2
(S exp (£(x)) + aTz))
If p satisfies the boundary-points condition, then the integral equation can be reduced
to:

(X kyis Zis {X5, 25 } 2| Thi) dx_g =0

exp (f(xi) +a'z) f'(xi) 3 exp (f(x;) + a’z;)

#i
Z /p X ks Li, {Xj7 Zj}];éz’xkz) m ’ 2 dx—(kﬂ') =0
{z: )7 (Zj:1 exp (f(x;) + CYTZJ'))

Recall that f is boundary-monotone, without loss of generality we can assume f”(z9;, x_j;) >
0. Also, by the positive density assumption, p(X_;, Z;, {X;, Z; }ji|zri) > 0. So we have
f(@Y,x_ ;) = 0 for all x_y. Likewise, f’(x};,x_ ;) = 0 for all x_j ;.

Because f(xyi, X_x;) as a function of xy; is concave, it must be that, for all x;; € (0,1)
and for all x_, ;:

0= f'(z1; X ki) < f(@pi, X i) < [, % 1i) =0

Therefore, f does not depend on x. 0

8. Proof of Theorem 3.2

Proof. From Theorem 3.1, it suffices to show that f; = 0.

Now suppose f,j/ = g;;/ = 0. First consider the univariate function hy(zy;) = de "+,
where § € R. hi(zy;) is convex and decreasing if 6 > 0, concave and increasing if § < 0.
Since f; = g; = 0, then

=1 =1

= arg mln {IE log (f: exp(de ™% + d(X_p, ZJ)) — ipi((Seﬂk" + A(X ki, Zz))‘| }
i=1

=1

=0
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where
exp(f(x;) + alz;)
Sty exp(f(x;) + alz;)

Recall that the objective function is convex in 4, the stationary condition gives us:

Di =

n o el o m) e (flx)ta’z) \]
E ; c (Z;”:l exp(de™" + d(X_k4,2;5)) DTy exp(f(x;) + oszj)>] =0
R Sy < exp(S(xinz)  exp(f(x:)+a"z)) ))} L

i—1 > exp(P(X ki, Zj)) > exp(f(x;) + alz;

It is not hard to prove that f; (2;) has lower bounded derivatives f; (x;) and f;" (x;).
Then we can always find an 1 such that e~ + nf}(xy;) is convex and non-increasing.
Therefore, by a similar argument, we have

E (ki . < exp(P(X_r,i,2i)) exp (f(x;) +a’z;)) )] —0
)

D (et fi(an)

=1

Sy exp(Q(xX-kyj,25))  Xjiexp(f(x;) + alz;

T (@) ( exp(p(X_p,i, Zi)) oxp (f(x;) + a’'z)) ))} =0

_ ” -

Y exp(o(X-kj,25))  XjLiexp(f(x;) +a’z;

—E

S IMs

Li=1 Zgnzl eXp(¢(X—k,j7 Zj)) - Z;nzl eXp(f<Xj> + asz)

( exp(¢(X_p., 1)) exp (f(x:) + a7z)) )

Recall that f(xy;) is a unique function that satisfies

g | Ui () + ¢(Xki 7)) exp (f(xi) +a’z))
Sty exp(fi(zng) + o(xoky,25))  XiLiexp(f(x)) + a’zy)

Then we have

i XPO(X k7)) explfi(wn) + O k7)) 1=
e <E9"=1€XP<¢<XM’ZJ->> E&exp(f;(gckj)m(xk,j,zm) ” 0

zi))
i exp(¢(X—t,j: Z;)) >t exp(fi (wr)) + (X1, 25))

2
i 5 (2hi) exp(P(X i 2i)) 321 exXP(O(X 5, 25)) (exp(f (xr5) — exp(fi (x,%)))] 0
part STy exp(P(X -k, 25)) X5k exp(fi (wrs) + (X5, 25))

—E [m iz )( exXp(P(X ki, %)) exp(fk(wkl)+¢(x hirZ 1 iy

— |
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Note that

o

@
Il
—_

fr (ki) exp(d(X 1.4, 2i)) ; exp(P(X_r.j,2;)) (exp(fi (zr;) — exp(fi (vri)))

fr(@ri) exp(O(X-i, 2i) + d(X-5,25)) (exp(fi (vx;) — exp(fi (¥ri)))

)

exp(B (i) + 6(x.2) (i (eai) — Fi () ) (exp(fi (2ny) — exp(fi (211)))

o

S
Il
—

<.

e

)

<0 since (£ (oxe) — () ) (exp(F (wny) — exp(fi (ox) ) <0

/\.
.

and

ieXp(cﬁ(X—k,j, z;)) i exp(fi (vx;) + (X5, 2;)) > 0.

=1

Thus we have
(Filew) — £ (o) ) (exp(fi (a5) — exp(fi (z2:)) = 0, for alli # j

ie. fi(xr) = fi(xy;), forall i # j. O
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[1] bridgeport orlando columbus jacksonville dallas
[6] charlotte reno portland durham denver
[11] Jjersey_city paradise spokane rockford chesapeake
[16] chicago cambridge austin seattle raleigh
[21] allentown berkeley philadelphia pittsburgh boston
[26] san_diego las_vegas lynn atlanta richmond
[31] cincinnati warren madison houston san_antonio
[36] miami fremont nyc albany la
[41] newark vancouver sf detroit aurora
[46] stamford ann_arbor springfield grand_rapids elizabeth
[51] eugene milwaukee cleveland new_haven dc
[56] boulder henderson buffalo

Fig 4: List of the cities used in the training dataset surveys.
[1] kansas minneapolis baltimore phoenix fort_wayne
[6] indianapolis manchester st_louis st_paul norfolk

Fig 5: List of the cities used in the test dataset surveys.

9. Survey Detail

Figure 6 shows examples of surveys we handed out to respondents. Each survey contains
three random living arrangements. The living arrangements are sampled randomly from a
large collection that we generated from actual city and zipcode region data. To generate a
living arrangement, we take the following steps:

1. We select a random city and a random zipcode region. All features of the living
arrangement except salary, commute time, and rent are simply the features of the
selected city and the zipcode region.

2. We generate a random salary s = Spgse * Cadj * Cnoise Where spase ~ Uni f{69K, 80K }.

__ [ national average income
Cadj =

0.15
. 4 ) is the regional wealth adjustment; richer regions yield
region average icome

higher salaries. ¢, ~ N(0,0.15%) is a Gaussian multiplier noise.
3. We generate a random rent r = 7p5Cnoise Where 7y, 1s the average rent of the
zipcode region and c,i5c ~ N(0,0.15%) is a Gaussian multiplier noise.
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o Gender: (circle one):

e Major: Social Science

M F Other

Physical Science

N/A
Math/Stats

Language Biology Economics

Other

Undecided

You have just completed your Bachelor's degree. You have a choice of three different jobs in three different locations in the US. All other considera-
tions being equal, which one of the following living situations do you most prefer?

Situation A Situation B Situation C
Salary 69,0008 79,0008 88,0008
Rent 690$ 710$ 760$
Commute Time 28 min 24 min 26 min
o0 = o = ’_'\ s =
z; ~ Daily high SF — A
Temperature e = | —~ o 1
- - eor o P —
e S |- =2 s
4PF ‘_/ T |
wer average | 0F | |
2°F 2°F ~ 2AF
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
City Population
(Chicago: 3,000,000) 837,000 1,550,000 603,000
City Robbery Rate
(per 100,000) (New York City: 250) 163 519 159
Diabetes Rate 9 9 9
(ot 1% 10.4% 10.4% 7.0%
Neighborhood Income 41,0008 23,0008 56,000$
(national: 44,000)
H 0,
Neighbor. %College Grad 10.6% 115% 54.7%
(national: 32%)
1 0,
Neighbor. %Unemploy 11.2% 17.6% 10.3%
(national: 8.1%)
Response
(check one)
Survey ID: 1
1
o Gender: (circle one): M F Other N/A
e Major: Social Science Physical Science Math/Stats Language Biology Economics Other Undecided

You have just completed your Bachelor's degree. You have a choice of three different jobs in three different locations in the US. All other considera-
tions being equal, which one of the following living situations do you most prefer?

Situation A Situation B Situation C
Salary 84,000 76,000% 64,000%
Rent 1,100$ 1,500% 870%
Commute Time 12 min 34 min 26 min
B W wr
. Daiyhgh | 20F wr =
TOF TOF "
Temperature ::: A~ o | e e —
P — | = wr
ST — ~] Daily low o wr
i X = W
P — US aversge | 20F =
P an Fob Mar Apr May Jun Jul Aug Sep Oct Nov Dec 7 an Fob Mar Apr May Jun Jul Aug Sep Oct Nov Dec 17 fan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
City Population 165,000 636,000 2,710,000
(Chicago: 3,000,000)
City Robbery Rate
(per 100,000) (New York City: 250) 103 303 498
Diabetes Rate o ) 9
P 8.2% 8.0% 8.4%
Neighborhood Income 57,000$ 61,0008 54,0008
(national: 44,000)
H 0,
Nefghbor. %College Grad 20.1% 49.7% 36.1%
(ational: 32%)
3 0,
Ne!ghbur. %Unemploy 10.2% 6.5% 75%
(national: 8.1%)
Response
(check one)
Survey ID: 2
1

Fig 6: Example surveys
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