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1 Proof of Lemmab.1:

Recall thatR(B) = E|Y — BX||2 andR(B) = L||Y — BX||% whereX is p x n matrix andY’ is ¢ x n matrix.

R(B) =E||Y — BX|3 (1.1)

~1\" -1
=tr{( &) Bl B)} 2
B “IN\" (Syy Svx) (-1,
() e 2 () @
=tr {C"SC}. (1.9)
Similarly, the sample risk can be reexpressed as

~ 1
R(B) = IV - XBI3: (L5)

— tr { (‘éQ>T %(Y, X)T (Y, X) (—qu> } (L.6)
I I
= tr {cTi,,c} . (1.8)

Each of these risks has an “uncontrollable” contributicat titoes not depend dB. Specifically,

R, =tr{Zyy} (1.9
Eu = tr{iyy}. (110)



We can express the remaining “controllable” risk as

R.(B) = tr { (—é@)T @%1 gig (%{)} (1.12)

=tr {DTEC} (1.12)

e -
R.(B) :tr{(éI(I) @g; ;Z) (?Bq)} (1.13)
= tr {DTEC}. (1.14)

Thus, we can write

R(B) — R(B) = R, — Ry + R.(B) — R.(B) (1.15)
=R, — R, +tr {DT (z: - i) c} . (1.16)

Now, using Hlder’s inequality for matrices,
trAB < || Al || B (1.17)

wherel/r 4+ 1/r" = 1, we have with|| - ||2 denoting the spectral norm,

Ro(B) — Ro(B) = tr {DT (2 - i:n) O} (1.18)
< [D(E = Sa)ll2 [ICl. (1.19)

=D = )2 1Bl (1.20)

<[ID]2 1= = Znll2 | Bl (1.21)

< cmax(2, || Bl|2) [|I£ = Snll2 | B« (1.22)

< B2 Z - Zall2 (1.23)

(1.24)

In (1.22) and (1.23); denotes a generic constant.
A concentration of measure result from Vershynin (2011festéhat with probability at leagt— exp(—cip),
we have that, for subgaussian random variabj|Es- §n||2 < ca4/ p%q wherec; andc, are constants depend-

ing on ||3]]2. Combining this with equation 1.24 and a union bound overGhgroups gives us the lemma
immediately.

B

The reason we use the controllable error, and the métrix 0‘1> rather than( B

Iq), is that the trace
norm of the latter is of the ord€p + ¢)|| B||. rather thar]| B||...

2 Proof of Theorem 5.1

Following the usual argument, B = arg mingcs Y — BX||r whereB = {B : ||B||. < L}.



We have that

R(B) - inf R(B) = R(B) - R(B) — (R(B.) - R(B.)) + (R(B) — R(B.) @1
< R(B) - R(B) — (R(B.) — R(B.)) (2.2)
= Re(B) — Re(B) — (Re(Bx) — Re(Bx)) (2.3)
< 2sup {Ru(B) - Re(B)} (2.4)
BeB
(2.5)
The theorem then follows from Lemma 5.1 and a union bound thes® groups.
3 Proof of Lemma 5.2
Suppose the dictionar®, ..., D is fixed and let| D < 1. Then we define
K
R(a) =E[Y =) axDp X|[3
k=1
and the corresponding
K
~ 1
R(a) = —||Y — > arDpX|f5
k=1
We get thus that
R(a) — R(a) =
R K R K K ~
trlyy —trXyy + Zak (tr(DkZXy) - tI‘(DkZXy)) + Z Z QU QU <t1‘(Dk2XxD;Cr/) - tI‘(DkEXXDg,))
k=1 k=1k'=1

We first consider the term

n

- 1
tr(DrExy) — tr(DpXxy) = E[Y T Dy X] — - > Y DX;

=1
T 1 n
=Y <JE?[YTWTX] - = Z YiTuvTXi)
=1 =1
where",_, cjuv” = Dy is the SVD of D;. Since each’ Tw andv' X is Gaussin random variable,
we use well-known concentration of measure result and gdtwlith probability at least — % we have
tr(DpXxy) — tr(DkaXy) < || Dg||«C % whereC' is some constant depending only on variance of
X,Y.
We can use identical technique to bound the other ten(erEXXDg/) — tr(DkEXXDg,) and get that,
with probability at least — 1,

D log(K loo (K
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The lemma then follows from a union bound over all groups.



4 Proof of Theorem 5.3

Following the usual argument, l&t= arg min, R(c) + Al|e||1, and leta* = arg ming: ||, <z R()
Then we have, with probability at leakt- %

R(@) - R(a*) = R(@) — R(@) — (R(a*) — R(a*)) + (R(@) — R(a*))
< R(@) - R(@) — (R(a”) — R(a")) + o1

5 Proof of Theorem 5.2

We first re-write the excess risk as

X)) X

R(Dlearn Iearr(g)) R(B*(g))

R(Dleam Iearr(g)) R(Dlearn Iearr(g)) (5.1)

+ R(Dleam |eafr(g)) R(Dmlt '(Tr';ge)) (5.2)

+ R(D™, agrid) — RID™, age) (5:3)

n R(Dmlt :?rlzta(c?e)) R(B*(g)) (5.4)
wherea"™) is as defined in Proposition 5.1 withset tor(2ta)

We then bound (5.1) using Lemma 5.1 becali§e,_, 'ea”(g)D'eamH < [|a'®2™9)||; since the optimiza-

tion algorithm enforces a hard nuclear-norm constrainDﬂ,?ﬁm. To control (5.2), we observe that although the
dictionary learning procedure is nonconvey, it is guaradt® improve the objective. Thus, we have imme-

diately that (5.2) is at m0§t||ai;i;(cﬁ2 Il A bound on (5.4) follows from Proposition 5.1 and a bound B13)
follows from Lemma 5.2.

6 Proof of Proposition 5.1

This proof is very involved and we will organize it into seablemmas and sections.

6.1 Linear AlgebraLemmas

Lemmal. Letwu be a unit vector, let be a vector such that Prdju) = <H“U’”>
Then|lu —v||3 =1 — (u,v).



Proof. Note that

U,V

lu = vl3 = |lu oll3

B
= Jlu— {(u,v")o'|3
=1— (u,v")?
(u, v)?
R

wherev’ = m is a unit vector.

Sincev = <H7$|1\)2>U’ we get that™% = 1 and hence:
2

llvll3

lu =3 =1 - (u,v)

Lemma2. Letu,v be two orthonormal vectors. Lat, vy be two vectors such that
1. (ulu) > rand(viv) > 1
2. JJugll2 < Tand|jvgll2 <1
3. Note that the first two items implies that] v) < v/1 — 72 and that(v{u) < V1 — 72
Then we get thaul vg| < 3v/1 — 72.

Proof. Letv| = vg — (vo, u)u — (vg,v)v. We note thavy, is orthogonal tas, v.
We now perform orthogonal decompositiomfin term ofu, v, v{:

Ug, Vg
ug = (ug, u)u + (ug, v)v + < O; g>116 +r
oo ll3
/ (uo,vg)
Uy = vyt T
w63

whereug = uy — (uo, u)u — (ug,v)v andr is the remainder term. Note thais orthogonal tay, v, v, S0 by
Pythagorean Theorem, we get

1
lugll3 = (uo,v5)? s + [I71I3
lvoll3
5 1
llvpll3

lvoll2llugll2 = [(uo, vp)]

lugll3 > (uo, vp)

Let (u,v)* denote the orthogonal complement to the spafuob}, thenu = Proj,, .« (uo) andwy
Proj, .,y (vo). By Pythagorean theorem and condition thatug) > 7 and(v,v) > 7, we get thaf|ug||5 <
1—72and|lvj]3 <172,



Now let’s consider RHS:

\(anvéﬂ = |u0,v0 - <U07U>U - <U()7U>U>|

= |(uo, v0) — (vo, u){uo, u) — (vo, v)(uo, v)|
Since(vy, u), (ug, v) € [—v1 — 72,v/1 — 72] and(u, ug), (v, vo) € [r, 1], we get that

(v, u) (g, u) + (vo, ) (ug, v)) € [-2v/1 — 72,2¢/1 — 72]

Combining the two results, we get that

|<U0,’Uo>‘§2 ]_—7'2_|_]__,7_2

<3y1-—712

6.2 Probability Theory Lemmas

Lemma 3 (Sampling lemma). Letv € RP be a random unit vector. Thenis sampled uniformly from the unit
sphereS? if and only if v is distributed identically to some random vec% whereX = (Xy,...,X,) ~
N(0,1,)

We also give a useful extension of the Sampling Lemma.

Lemma 4 (Sample-projection lemma). Letv € R? be a random unit vector sampled uniformly from the unit
sphereSP. LetV C RP be a subspace and let = Proj, (v) be the orthogonal projection efontoV, then
¢ is distributed uniformly at random on the unit sphé¥ec V whereq is the dimension o¥/.

llv'1l2

Proof. If v is sampled uniformly at random from the unit sphé¥e then its distribution is independent of the
coordinate system. That is,@ € RP*? is an isometry, the®w is identically distributed as.

Hence, without loss of generality, we can assume that thjeqdion is onto the firsy coordinates of.. The
conclusion follows immediately by invoking Lemma 3. O

Lemma 5. Let vy be a fixed unit vector and let be a unit vector sampled uniformly at random. Then with
probability at least(1 — 72)?/2 (for some constant), we have thatv]v| > 7.

Proof. Without loss of generality, we can assume that= (1,0,0,...,0). By the Sampling Lemma, we can

view v as
(X1, Xp)

,/X12+...+Xg’

v =

whereX1, ..., X, are i.i.d. N (0, 1). We are then interested jn] v| = %12“(2
1t P
If \vgv| > 7, then
X2
2 2 - 7 277
X2+ X5 4.+ X,
—_———
zZ
2 2 <
Now, % > 72 implies that(1 — 72)X? > 72Z, which implies that% > 11272



Note thatX} has ay? distribution with one degree of freedom and that= X3+...+ X2 is ax” distribution
2

with p — 1 degrees of freedom. Sinéeand X are independenf = Zl ) has anF'-distribution withd; = 1
p—1

andd, =p— 1.
Our goal now is to use known results about the CDF ofhdistribution to characterize the probability of
the event? > (p — 1) . Itis known that the CDF of thé-distribution is the ncompl ete regularized Beta

1—72"
function,
P(R<z)=1 a. (dl d2>

-, =
d1atds 22

where

dyx

.
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Thus,

1 p—1
PR>x)=1—1T2(=,—
(_I‘) 72(2a 2)

1
/ 1) dt

2

= Jx .
/ TRl - )T dt
0

The denominator is a monotonically decreasing functiop fufr p > 3 and hence we upper bound it by some
constant) < % < 4. We lower bound the numerator according to

1 1
/t’l/z(l—t)(p"g)/zdtz/ (1—t)P=3)/2q4
T T2

2
p—1
) 2 ]1}:7'2
p

HenceP(R > (p — 1)-Ty) > (1 — 72)P/2, -

12
Corollary 6. Let vy be a fixed unit vector and let;, ...,vx be K unit vectors sampled independently and

uniformly at random. Then
_mnax lugvi| > 7
with probability at least
1 —exp{—Kc(1 — 12)P/?},



Proof. The probability thatjv]vx| < 7 is at mostl — ¢(1 — 72)P/2, as shown before. Since thgs are
independent, the probability that for all, |v] vy| < 7is at most(1 — ¢(1 — 72)P/2)K,
Define a real number by ¢(1 — 72)P/2 = L. We now use the inequalityl — %)™ < exp(—t) for all
t € [0, K] and get
(1 —c(1 —72)P/2)E < exp(—cK (1 — 72)P/?).

We thus conclude that the probability thaf v, | > 7 for at least oney, is at leasti —exp(—cK (1—72)P/2). O

We can relate the angular deviation between two unit veatgrs; to the/, distance between, and v
projected onta,;, as
lvo = (vgor)vrll3 =1 — (vo,v1)*.
Hence /v v1| > 7 if and only if ||vg — (vo, v1)v1]|3 < 1 — 72
For convenience, we now defire= 1 — 72 and obtain the following proposition describing the sparse
approximation error it = 1.

Proposition 7. Letwv, be afixed unit vector and I, ...dx be K iid unit vectors sampled uniformly at random.
Then

P (kqlinK lvo — (v di)di |3 < e) <1 — exp(—cKe?/?).

We now upper bound the error of the optimal sparse-coeftigipproximation with the approximation error
of an easy-to-analyze algorithm that is similar to Orthagdatching Pursuit.

Algorithm 1 Projected Orthogonal Matching Pursuit (POMP)

Let D, be the set of dictionary entries chosen at iteratiaiith Dy = (). Letd, € RP be a dictionary entry; we
will leave its dependency animplicit

Letr, be residue at iteratiohwith ry = w. Start algorithm witht = 0.

Fort=1,....s

1. Letay = (r¢—1,di). Choosek™ = arg  max  «y. Set chosen dictionaw; = dj» and sety} = oy~

k:d¢Dy_1

Note: This is equivalent to choosing = argd gl[i)n i1 — dpagl3
k

t—1

2. LetD; = D;_1 U d}, letV; be subspace orthogonal to spant

da;

3. Project alld;, ¢ D, ontoV; and getd;,.. For all unchosen entriesgt dj, to bem.
k

4. Letr, =ri—1 — djof.

In Theorem??, we show that POMP is very similar to OMP except with slighaietye in how it picks the
new dictionary entry at every iteration.

We would like to repeatedly apply Single Vector Approxinsatiemma. To do that, we must first show
that after we choosé; and projected all remaining dictionary entries, the reingirentries are stochastically
independent of each other conditioned on the entijes., d; already chosen.

Lemma8. Suppose POMP is at iteratienLet d;. be the projection off;, ontoV; for somed,, not yet chosen.

o de
Letdy, = ;-

Then the sel{E’;}dngt is, conditioned on{d3, ..., d; } independently and identically distributed as uni-
formly random unit vectors on sphef&* C V; wherem = p — t is the number of remaining entries.



Proof. Sinces < p, we get thatn > 0. The claim then follows directly from induction and LemmaSaple-
Projection Lemma). O

Proposition 9. Letv € R? be a fixed vector. Let be the estimate af outputted by the POMP algorithm with
sparsity level (number of non-zero entriesx p and a dictionary of siz&” > 2s.
Then||v — 9|3 < ||v||3¢ with probability at least — s exp(—cKe?/?*)

Proof. With probability at mostxp(—cKe?/?), ||r1]|3 > € wherer; is the residue after the first iteration.

Conditioned onix1, the first dictionary choser), the remaining collection of un-chosen dictionaries are
still independent and uniformly distributed on the uniteghinV;.

We will think of POMP at iterationt as approximating;_; by a single dictionary entry. We say iteration
is a FAILURE if the approximation differs from,_; by more thar||r,_1||3¢. Hence, if||r5||3 > ¢°, then some
iterations from 1 tas experienced failure.

Note that by Theoren??, r,_; lies in V,-,. Note also that; = r,_; — (r;_1,d}) whered; is chosen
amongstk — ¢ + 1 dictionary entries uniformly distributed on unit spherd/ir ; (by Lemma 8.

Hence, we know for one iteration, probability of failureg.i.||r:||3 > €||r:—1]|3, has probability at most
exp(—c(K — t + 1)eP=t+1/2) which is less tharxp(—c& e?/2) by assumption thak > 2s . Instead of
carrying the fractiongi around, we will redefine here to be old: divided by 2.

By union bound across all iterations théjm,||3 > * with probability at mosk exp(—cKe?/?).

By a change of variable, we get then thag ||3 < e with probability at least — s exp(—cK e?/?*) O

6.3 Proof of Proposition 5.1

We will follow the proof of Proposition 9 and upper bound thatimal sparse approximation error with the
approximation of an algorithm.

Algorithm 2 Matrix Matching Pursuit (MMP)
Let M = 37 o;uju; be input matrix
Let{D,..., Dx } be a set of rank 1 dictionary entries with, = dy.d;,

1. Foreach =1,...,r
Perform a simultaneous Matching Pursuit as followed:
Initialize residue as a paify = u;,r, = gj)
(@) Foreachiteration=1,...s/r

Find £* to maximizemin(|7]_,dg-|, |r]_,d;-|)
Add Dy to set of dictionary entries chosen so far. Project all reingi{d} and{d, } to orthog-
onal complement ofl,- andd,. respectively. Update residug = 7,1 — (FtT,ldk*)dk*,zt =
Ty1— (£L1dk*)dk*

(b) Combine allk* to get an approximatio(tia,, u ) for (u;, u;)

2. Output final approximation 57 _, cerAng,j

Note: To help explain the analysis, we will introduce a little bitvocabulary. Suppose matri¥ has SVD
M = Z§:1 o—jﬂjg]T-, then we will say eachﬂjg} is aneigen-atom. We can think of Matrix Matching Pursuit
then as estimating each of theigen-atoms separately through a Dual-POMP procedure.



In order word, Matrix Matching Pursuit estimates each eigtmnﬂjg} with s/r dictionary entrieSEAngj .
We then combine alt of such eigen-atom estimates to get the final approximation.

The first three lemma builds up to a concentration of meadatersent saying that for all eigen-atoms
(Wi, u;), the MMP estimatgz 4, u 4, ) are close td;, u;).

Essentially, the following random events must all simudiaunsly hold.

1. Fix eigen-atom, an iteration of MMP must estimate a panesiduedr;, r,) well
2. Fix eigen-atom, all iterations must estimate well

3. All eigen-atoms must be estimated well.

Lemma 10 (Dual Angular Deviation). Let{(d;,d,), ..., (dx,d)} be adictionary of pairs of random vectors.
Let (@, ) be two fixed vectors. Then with probability at ledast exp{—c?>K (1 — 72)(P*+9)/2}  there exist
k € {1,..., K} such that
(@"dr)? > 7*|[ul3 and(u'dy)? > 7lull3

This lemma states that one iteration of MMP must estimatk bpandwu, well.

Proof. We first fix a particulatk.

By Lemma 5 and by independencedf andd,,, we get that with probability at leagt(1 — 72)®+9)/2,
(@'dg)? > 72 and(u'd,)? > 2.

Therefore, by similar proof technique as Corollary 6, weleitgthe independence betweéd;,, d,) and
(dw, di) and get the desired result. O

The following lemma says that for a fixed eigen-atom, allatems of MMP estimate the corresponding
residues well.

Lemma1l. Letwu" be a fixed rank-1 matrix angiz||> = |jul|2 = 1. Letuau), be estimate ofiu" outputted
by the OMP+ algorithm with sparsity leve)r and dictionary of sizé.

Then@'@4 > 7 AND u"u, > 7 with probability at least — % exp (—cQK(l - T)"(“‘I)/Qs)
T

Proof. First, note that' < (p + ¢) and that Lemma 8 still applies. At every iteration, the remira dictionary
entriesd,’s and dy,’s are still uniformly and independently distributed on tingit sphere in the orthogonal
complement of the span of dictionary entries chosen so far.

We will declare iteratiort a SUCCESS if, for some > 0, ||, |3 < |lr;,_; /3¢ AND |7 |3 < ||Te—1]|3€

Note thatr, =r,_, — (r,_,,d; )d; and

Izll3 = llr—y — (o1, di) i II5
= ||Q—1H§ - <£t—17d:>2

—%k

And similarly, [[7¢[|3 = ||F¢-1/]3 — (Fe-1,d;)*.

By Lemma 10,(r, ,,d!)? > 72||r,_,||? AND (r;_1,d;)2 > 72||F;_1||2 with probability at leastl —
exp{—c?(K —t+1)(1—7%)(P+a=2(t=1)/2} 'Using thaty > £ and redefining, we have that —exp{—c?(K —
t+1)(1 — 72)ta=20=1)/2} > 1 —exp{—c?K (1 — 72)(p+a)/2},

Hence, with probability at leagt— exp{—c?K (1 — 72)®+9)/2},

lrell3 = Nz 113 = (re—y, d2)?
< e 30 = 72)

10



AND ||7¢]|3 < [|Te—113(1 — 72). Settinge = (1 — 72) and we have that roundSUCCEEDS with probability
atleastl — exp{—c?KeP+a)/2},

By union bound, the probability that at least one iteratiddlS is at most(s/r) exp{—c>KeP+9)/2},
Hence, probability|z — @ 4|3 > €%/ or ||u — u,||3 > €/ is at most(s /r) exp{—c? Ke(P+t9)/2},

By a change of variable (setting= ¢*/"), we get thal| — |3 > € OR |Ju — u4]|3 > € with probability
at most(s/r) exp{ —c>Ke"(Pta)/2s}

We will now finish the proof by relating the evefiti — 14|53 < €|| AND |ju — u,||3 < ¢ to the event
(@'aa)? > 72 AND (u"u,)? > 72 for somer dependent oa.

By Theorem??, we know thati 4 andu 4, are the orthogonal projections @fandu respectively to the span
of the dictionaries{d, } and{d;}. Therefore, Lemma 1 applies afjg — w42 < ¢ AND [lu — u,||2 < ¢
implies that(@"4) > 1 — e AND (uTuy) > 1 —e.

Make a change of variable by letting= 1 — ¢ and we complete the proof. O

The following proposition uses previous lemmas and analgzeor of approximating oneranked matrix
with the MMP procedure.

Proposition 12. Let M = Y_._, o;u;u be arank-r matrix where{u;} are orthonormal andu,} are or-
thonormal. Suppose also that;_, o? =1 (i.e. | M||% = 1).

Let {(Ta,,uy,)}i=1,..» be estimates produced by MMP with a dictionary of size

Let M4 = Y1, oilia,u},, then with probability at least— s exp(—c? K (55 )"P+0/25), || M — Ma||% <
€.

Proof.

||M MAHF = || Zazuz ZoluA uA HF
i=1

= IIZGzA I
= Z O‘iO'j<Ai,Aj>

i,j=1
whereA; = wu] —ua,u), is ag x p matrix.
We now divide the rest of the proof into two steps. In the fitspsve bound|A;||% and in the second step
we bound(A;, A;) for i # j.
First Step:
1AiIF = g —a
= |laru] 1%
<2 - 2tr((Tn]) " uAiuL)

=2 = 2(u/ua, ) (uuy,)

— 20w Ua,u),)

From previous Lemma 11 and by a union bound acioss1, ...,r, we get that with probability at least
1 —sexp (—c2K(1 —7)rP+0/25) foralli = 1,...,r, (4 wa,) > 7 AND (u]uy,) > 7. We will denote this
eventS.

11



On eventS then, ||A;[|% < 2(1 — 72).
Second Step: Assumei # j
(Ai, ) = (W] —Ta,up,, Uju] —Ua,uy,)

= <ﬂ7@;r’ﬂ]g;r> - <ﬂ¢@2—,ﬂAjQ£j> - <ﬂj@}7ﬂAiﬂAi> + <ﬂAiQ£pﬂAngj>

term 1 term 2 term 3 term 4

Term 1 is(ﬂfﬂj)(gjgj) = 0 by orthonormality.
Term 2is(u; wa,)(u]u4,). In events:

1. (ujua;) > 7 AND (ujuy,) > 7 forall j

2. |[wa,|l3 < L AND |lu, |3 for all j

Hence, because; andu; are orthogonal foi # j, we can invoke Pythagorean theorem and get|tt1Ta‘tAj| <
V1—r72foralli,j.

Therefore, for alf, j, Term 2 is bounded by— 72 in absolute value. Similarly, Term 3 is boundediby 72
in absolute value for all, 5.

Term 4 is(ﬂ}im_i)(ngAj). In eventS, we can invoke Lemma 2 and get that for allj, Term 4 is
bounded by (1 — 72) in absolute value.

Hence,[(A;, Aj)] < 11(1 —72).

To finish the proof, we pick up from the beginning and note,thatevents:

.
1M = Mallz = Y oioi(Di, Ay)

1,9=1

< 1||M|2A - 72)
< 22| M3 - 7)

where for the last step, we used thiat- 72) = (1 — 7)(1 + 1) < 2(1 — 7) for 7 € [0, 1].

The probability of evens is at leastl — s exp(—c?K (1 — 7)7(P+9)/25), By lettinge = 22| M||2(1 — 7),
we get that:

M — M||% < e with probability at least — s exp(—c* K (5575772

*

)r(p+q)/2s ) .
O

By definition of B°(9) as the optimal dictionary approximation withsparse coefficients, and by taking

union bound, we know that with probability at ledst sG exp(—cKmr(pJW)/Zs),

max B0~ B9} < e

ERRRE)

Setting probabilityy = + = sG exp(chm"(pﬂ)/Qs) and we get that with probability — -+,

12



* * 1
x50 = 50 < 225792 (L vow(Gcy

>2s/r(p+q)
Proposition 5.1 then follows in a straightforward mannephygging in desired value dk'.

7 Dictionary Optimization Algorithm

In this section, we give the details for the optimizationagithms that solve the following:

i D
Derggl(ﬂf(m )
where we have
1 (1 K
fa.D)= 53" {nnY@ - (Z af)Dk) X3+ Ana@lh}
g=1 k=1

and

Cp(r) ={D e R”? : |D||, < 7 and||D|» < 1}

7.1 Projected Gradient Descent
The projected gradient descent algorithm, although sinipk®o slow for many applications.
In this algorithm,Q) 1, is defined by
QL(valn =

K K

L

fle D)+ > (D} = Dy, Vi) + 5 > [IDi = Dill3-
k=1 k=1

TheSi mul Pr oj ect (X, 7) function performs a simultaneous projection of the diageh#he matrix> onto
the intersection of thé; -ball of radiusr and the/.,-ball of radius one. We give details on how to perform this
project in section 7.3.

7.2 FISTA

The Fast Iterative Shrinkage and Thresholding Algorithasdal on Nesterov’s optimal first-order optimization
algorithm, proposed by Beck & Teboulle (2009a), is gengraster than the projected gradient descent algo-
rithm.

FISTA is not guaranteed to improve the objective at evemaiten and this can lead to instability and

divergence. We adapt the monotonic version of FISTA desdrin Beck & Teboulle (2009b) for dictionary
learning.
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Algorithm 3 Projected Gradient Descent for Dictionary Learning
Input: Y9 € Rx" X(9) ¢ RP*" anda'?) e RE forg=1,...,G;7 € R,y > 1.
Output: D1, ..., Dg € RI*P
1. Fork =1, ..., K, generate random unit vectaisu, and setD;, = wu'. SetL = 1.

2. lterate until convergence:
Precompute

1 1
vl — ﬁy(g) - S Dy (a,@X(g))
k=1

(a) For eachi:, compute the gradient;, = — & 25:1 Vi (oz,(j’)X(g)>T
(b) For eachk:
compute the SV, — + Vi = U SV,
projectX) = Si mul Pr oj ect (X, 7);
updateD}, = Uy X, V,].
(¢) If f(a, D") > Qr(D’, D), setL «+ vL and repeat from (b).
(d) SetD «+ D'.

7.3 Si mul Proj ect

Proof of correctness of Algorithm 5. Let B, () denote thé; -ball of radiusr and letB..(1) denote thé.-ball
of radius 1.

We first note that the instructions given in computg step 2 is correct as shown in Duchi et al. (2008).

We proceed by induction on the dimensionality of the inpudtoe If v € R, then clearly the projection is
justv™e® = min(7, 1) and would be outputted by either step 3 or 4 of the algorithm.

Suppose then we have a vector of dimengioW/e now perform case analysis:
In case 1, step 3 terminates. In this case, we projectdg-ball and have also landed in ttig, -ball.
We claim thatv™¢* is the correct projection onto the intersection. ket B;(7) N B (1), by definition,

[lv —v™¥||2 < |lu — v]]2. Sincev™™ € B (1) as well, we get that™<* is the correct projection.

In case 2, step 4 terminates. In this case, we projected tigmll and have also landed in theball. By
same argument as befor€'" is the correct projection.

In case 3: we go into step 5. We must now project to boundanptif thel,.-ball andl,-ball. Thus, we
need to find @™** to minimize||v — v"¢*||3 and such that BOThhax; v/* = 1 and)_, v7"** = 7.

v°® must equall sincev; = max; v;. The remaining’ must then both be in thig-ball of radiusr — 1

14



Algorithm 4 Monotonic FISTA for Dictionary Learning

Input: Y@ € RI*" X (@) ¢ RP*" anda(9) e RE forg=1,...,G;7 € R, v > 1.
Output: Dy, ..., D € RI*P

1.

2.

Fork = 1,..., K, generate random unit vectaisu, and setD; ; = uu'. SetL = 1.
SetD;, | = Di,1, sete; =1

Iteratet = 1,...,T
Precompute

K

1 1

vfﬁl) = Ey(g) - E D, (al(CH)X(g))
k=1

(a) For eactk, compute the gradiedf;, = —& 0| v (a,(f)X(g))T
(b) For eachk:

compute the SVID;, , — 1V = UiV

projecty; = Si nul Proj ect (3, 7);

updateD} , = Up XV,
(©) If f(a, Dy y) > Qr(Dy 4, Dy ), SetL « L and repeat from (b).
(d) Sete,,, = Vit
(e) For eactlk:

SetDy,, = argmin{f(«, D) : D = D} ;, Dy 11}

SetD}, 1 = Do+ ;2 (Djly — Die) + 4H(Diye — D)

Ct41

Algorithm 5 Si ul Pr oj ect , simultaneous projection onte-ball of radiusr andi.-ball of radiusl

IN: 3 diagonal matrix; > 0

OUT: Y’/

1. Letv € R? be the diagonal oE, suppose without loss of generality that> vy > ...v,.

2. Compute\ > 0, with the following steps, such that soft-thresholding\qyrojectsv ontol; -ball of radius

-
€) Ietk:max{jzl,...,p:vj—%( ‘Z:lur—T) >0}

(b) Leth =} (X105 —7)

3. Soft-threshold by X to getv™e®. If v}¢* < 1, set diagonal oE’ asv™¢* and return.
4. Setally; > 1to belto getv™™. If ) v} < T, setdiagonal oE’ asv™*" and return.

5. Setv; asl. Letv’ = (v, ..., v, ). Recursively calSi mul Proj ect (v/,7— 1)
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and be in thé.-ball of 1. The correctness of the algorithm then follows by induckiypothesis. O

8 Discussion of Lower Bound for Proposition 5.1

Theorem 13. (Jeong and Kim Jeong & Kim (2009)) For any dictiondpy= dy, ..., dx, we have

_ 2slog K
lim inf {logdS(D)+ S8R | og P

p—o0

+ i log p] >0
p—3s p—s p—3s s

whered, (D) = E, unit(se-1)llv — v°||3 with v drawn uniformly in thep-dimensional unit sphere and
being its optimak-sparse approximation with respect to dictionary

From this, we can get that for any dictionaby it must be that

1

25/ (p—s) (P =S\ 8 S/(ps)}
(L2

If we letp — s be©(p), we get thatimpqoo(g)s/@*s) andlim,, ., >* are both constants.

Our analysis assumes throughout that s > £ and hence, the lower bound becon@%s)‘ls/l? compared
to our upper bound o@%)%“} (extra2 because we are consider squared error). This is tight enfouglur
purpose because any constant multiplier of the exponewibes a constant when we apply our approximation

error result to derive the statistical rate of convergence.

9 Simulation Experiments on Overlapping Groups
We consider the following simulation setting:

e We letX € RP andY € R? and estimaté0 x 10 matrices. We let each group hawe= 50 samples and
we run our algorithm with{’ = 40 dictionary entries.

e We create 50 groups where group 1 to group 20 all completedylap. Group 30 to group 50 also
completely overlap although are completely different frgroup 1 to group 20. Group 20 to group 30
overlap with both group 1 to 20 and group 30 to 50; half of datgroup 20 to group 30 are from group
1 to 20 and half are from group 30 to 50.

e Group 1 to 20 and group 30 to 50 each have a distinct oraclessign matrix. That is, we generate data
asY = BX + e whereB is the oracle regression matrix.

As shown in Figure 1, we observe that our algorithm does densiroup 1 and 20 to be highly related:
these use the same set of learned dictionary entries. Theisdame for group 30 to 50. Group 20 to 30, which
overlap in part with group 1 to 20 and with group 30 to 50, isvemdo use some of the dictionary entries used
by group 1 to 20 and some of the dictionary entries used tomBoLto 50 as expected. Note that because of the
sparsity penalty on the coefficients, many of the extrandai®nary entries are not used by any of the groups,
which is appropriate because the groups exhibit high lefelverlap and hence does not require Ell= 40
dictionary entries to model.
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Figure 1: Group relatedness in the overlap simulation expmrts. Each value indicates how strongly each
group utilizes each dictionary entries. Ligher color cep@nd to stronger coefficients.
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