
HOMEWORK 3:
LINEAR REGRESSION AND LOGISTIC REGRESSION

CMU 10601: MACHINE LEARNING (FALL 2016)
OUT: Sep. 14, 2016

DUE: 5:30 pm, Sep. 26, 2016
TAs: Simon Shaolei Du, Tianshu Ren, Sriram Vasudevan

Instructions
• Homework Submission: Submit your answers and results to Gradescope. You will use Autolab to submit

your code in Problem 2.2. For Gradescope, you will need to specify which pages go with which question.
We provide a LaTeX template which you can use to type up your solutions. Please check Piazza for updates
about the homework.

• Collaboration policy: The purpose of student collaboration is to facilitate learning, not to circumvent it.
Studying the material in groups is strongly encouraged. It is also allowed to seek help from other students
in understanding the material needed to solve a particular homework problem, provided no written notes
(including code) are shared, or are taken at that time, and provided learning is facilitated, not circumvented.
The actual solution must be done by each student alone. The presence or absence of any form of help or
collaboration, whether given or received, must be explicitly stated and disclosed in full by all involved.
Please refer to the course webpage.
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Homework 3: Linear and Logistic Regression 10-601 Introduction to Machine Learning

1 Linear Regression [40 pts]
In this problem, you will derive the linear regression and ridge linear regression formulas from a statistical point
of view. First let’s see how frequentists approach the following inference problem:
Consider the model

p(y|x) = N (y|w>x, σ2)

where x is the feature, y is the label. N (y|µ, σ2) is the Gaussian distribution with mean µ and variance σ2.
Throughout this question, we assume σ is known. Suppose we have the following data independently generated
from this model:

D = (X,y)

where X ∈ Rd×n, the i-th column Xi are the features of the i-th training sample and y ∈ Rn, yi is the label of
the i-th training sample.

(a) [10 Points] Please write out the likelihood function p (D|w) in terms of X,y,w and σ.

(b) [10 Points] Maximum Likelihood Estimation: Please derive a formula for w that maximize p (D|w) (hint:
consider log-likelihood).

(c) [10 Points] Now suppose we have become Bayesians and we have a prior for w:

p(w) = Πd
j=1N

(
wj |0, γ2

)
,

i.e. each coordinate of w is independent of other coordinates and have the mean 0 and variance γ2. Again,
we assume variance γ2 is known. Please write out the posterior probability: p (w|D) in terms of X, y, w, σ
and γ.

(d) [10 Points] Please derive a formula for w that maximize the posterior (hint: use Bayes’ rule to simplify
calculation).

2 Logistic Regression [60 pts]
You will implement a logistic regression classifier and apply it to a two-class classification problem. Your code will
be autograded by a series of test scripts that run on Autolab. To get started, download the template for Homework
3 from the course website, and extract the contents of the compressed directory. In the archive, you will find
one .m file for each of the functions that you are asked to implement, along with a file called HW3Data.mat that
contains the data for this problem. You can load the data into Octave by executing load("HW3Data.mat") in
the Octave interpreter. Make sure not to modify any of the function headers that are provided.

2.1 Theoretical Derivation
(a) [5 Points] In logistic regression, our goal is to learn a set of parameters by maximizing the conditional log

likelihood of the data. Assuming you are given a dataset with n training examples and p features, write down
a formula for the conditional log likelihood of the training data in terms of the the class labels y(i), the features
x
(i)
1 , . . . , x

(i)
p , and the parameters w0, w1, . . . , wp, where the superscript (i) denotes the sample index. This

will be your objective function for gradient ascent.

(b) [5 Points] Compute the partial derivative of the objective function with respect to w0 and with respect to an
arbitrary wj , i.e. derive ∂f/∂w0 and ∂f/∂wj , where f is the objective that you provided above. Please show
all derivatives can be written in a finite sum form.

2.2 Implementation
(a) [30 Points] Implement a logistic regression classifier using stochastic gradient ascent by filling in the missing

code for the following functions:

• Calculate the value of the objective function: obj = LR CalcObj(XTrain,yTrain,wHat)

• Calculate the stochastic gradient: sg = LR CalcSG(x,y,wHat)

• Update the parameter value: wHat = LR UpdateParams(wHat,sg,eta)
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• Check whether gradient ascent has converged (whether the difference in the values is less than the toler-
ance): hasConverged = LR CheckConvg(oldObj,newObj,tol)

• Complete the implementation of gradient ascent: [wHat,objVals] = LR SGA(XTrain,yTrain)
(Note: Although this is supposed to be stochastic, please do not randomize your training instances for
the purpose of this assignment, since we will be evaluating your code on Autolab.)

• Predict the labels for a set of test examples:
[yHat,numErrors] = LR PredictLabels(XTest,yTest,wHat)

where the arguments and return values of each function are defined as follows:

• XTrain is an n× p dimensional matrix that contains one training instance per row

• yTrain is an n× 1 dimensional vector containing the class labels for each training instance

• x is an 1× p dimensional vector that contains one training instance

• y is a scalar, a class labels for a single training instance

• wHat is a p+ 1× 1 dimensional vector containing the regression parameter estimates ŵ0, ŵ1, . . . , ŵp

• hasConverged is a scalar that is either true or false.

• sg is a p + 1 × 1 dimensional vector containing the value of the a stochastic gradient of the objective
function with respect to each parameter in wHat

• eta is the gradient ascent step size that you should set to eta = 0.5/sqrt(n) where n is the
iteration number

• obj, oldObj and newObj are values of the objective function

• tol is the convergence tolerance, which you should set to tol = 0.0001

• objVals is a vector containing the objective value at each iteration of gradient ascent

• XTest is an m× p dimensional matrix that contains one test instance per row

• yTest is an m× 1 dimensional vector containing the true class labels for each test instance

• yHat is an m× 1 dimensional vector containing your predicted class labels for each test instance

• numErrors is the number of misclassified examples, i.e. the differences between yHat and yTest

To complete the LR SGA function, you should use the helper functions LR CalcObj, LR CalcSG, LR UpdateParams,
and LR CheckConvg, so we can give you partial credits.

(b) [0 Points] Train your logistic regression classifier on the data provided in XTrain and yTrainwith LR SGA,
and then use your estimated parameters wHat to calculate predicted labels for the data in XTest with
LR PredictLabels.

(c) [5 Points] Report the number of misclassified examples in the test set.

(d) [5 Points] Plot the value of the objective function on each iteration of stochastic gradient ascent, with the
iteration number on the horizontal axis and the objective value on the vertical axis. Make sure to include axis
labels and a title for your plot. Report the number of iterations that are required for the algorithm to converge.

(e) [10 Points] Next, you will evaluate how the training and test error change as the training set size increases.
For each value of k in the set {10, 20, 30, . . . , 480, 490, 500}, first choose a random subset of the training data
of size k using the following code:

subsetInds = randperm(n, k)

XTrainSubset = XTrain(subsetInds, :)

yTrainSubset = yTrain(subsetInds)

Then re-train your classifier using XTrainSubset and yTrainSubset, and use the estimated parameters
to calculate the number of misclassified examples on both the training set XTrainSubset and yTrainSubset
and on the original test set XTest and yTest. Finally, generate a plot with two lines: in blue, plot the value
of the training error against k, and in red, plot the value of the test error against k, where the error should be
on the vertical axis and training set size should be on the horizontal axis. Make sure to include a legend in
your plot to label the two lines. Describe what happens to the training and test error as the training set size
increases, and provide an explanation for why this behavior occurs.
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