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Q&A

5

Q: How do we define a distance function when 
the features are categorical (e.g. weather 
takes values {sunny, rainy, overcast})?

A: Step 1: Convert from categorical attributes to 
numeric features (e.g. binary)
Step 2: Select an appropriate distance function 
(e.g. Hamming distance)



Q&A
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Q: Those decision boundary figures for KNN 
were really cool, how did you make those?

A: Well it’s a little complicated for k > 1, but here’s a way you can think 
about decision boundaries for a nearest neighbor hypothesis (k=1)
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Q&A
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Q: Those decision boundary figures for KNN 
were really cool, how did you make those?

A: Well it’s a little complicated for k > 1, but here’s a way you can think 
about decision boundaries for a nearest neighbor hypothesis (k=1)



Reminders
• Homework 2: Decision Trees
– Out: Wed, Jan. 26
– Due: Fri, Feb. 4 at 11:59pm

• HW1 Resubmission: 
– You should only resubmit if you receive email 

from us inviting you to resubmit. 
• Homework 3: KNN, Perceptron, Lin.Reg.
– Out: Fri, Feb. 4
– Due: Fri, Feb. 11 at 11:59pm 
– (only two grace/late days permitted)
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GEOMETRY & VECTORS
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Geometry

In-Class Exercise
Draw a picture of the 
region corresponding 
to:

Draw the vector
w = [w1, w2]
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Answer Here:



Visualizing Dot-Products

Whiteboard:
– definition of dot product
– definition of L2 norm
– definition of orthogonality
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Vector Projection
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Question: 
Which of the following is the projection of a vector a onto a 
vector b?



Visualizing Dot-Products

Whiteboard:
– vector projection
– hyperplane definition
– half-space definitions
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Key idea: Try to learn 
this hyperplane directly

Linear Models for Classification

Directly modeling the 
hyperplane would use a 
decision function:

for:

h(t) = sign(�T t)

y ! { " 1, +1 }

!""#$%&'()*(+,'
! -*.//'0**'('%123*4'"5'

6"22"%/7'10*+'!$%*(4'
8/(00$5$*40

! 9)*0*'$%6/1+*,
! Perceptron
! Logistic Regression
! Naïve Bayes (under 

certain conditions)
! Support Vector 

Machines



ONLINE LEARNING
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Online vs. Batch Learning

!"#$%&'(")*+*,
Learn from all the examples at 
once

-*.+*(&'(")*+*,
Gradually learn as each example 
is received
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Online Learning
!"#$%&'(
)* +,-./0$#1/',0 prediction (what will the value 

of Alphabet Inc. be tomorrow?)
2* !$#3&classification (distribution of both spam 

and regular mail changes over time, but the 
target function stays fixed - last year's spam 
still looks like spam)

4* 5'.-$$'67#,3-6 systems. Examples: 
recommending movies; predicting whether a 
user will be interested in a new news article

8* 970%&#.'$'6,0in a new market
19

!"#$%&'$'()%$&*+,-&.#/'&0'"1'/



Online Learning
For i = 1, 2, 3, …:
• Receive an unlabeled instance x(i)

• Predict y’ = h! (x(i))
• Receive true label y(i)

• Suffer loss if a mistake was made, y’ ≠ y(i)

• Update parameters θ

Goal:
• Minimize the number of mistakes
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THE PERCEPTRON ALGORITHM
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Perceptron

Whiteboard:
– (Online) Perceptron Algorithm
– Hypothesis class for Perceptron
– 2D Example of Perceptron
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Perceptron Algorithm: Example
Example: ! " #$ !
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! " #! $ !
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X

!
X

!

!"#$%&'$'()%$&*+,-&.#/'&0'"1'/



Intercept Term
!"#!"#$%&$'($)((%$*)$
+),(-.(/,$,(-01

$"#2,$3"+4,3$,"($%(.+3+&)$
5&6)%*-#$&44$,"($&-+7+)
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4):)9

4);)9

!"#!"#$%&$'($*%%$8$365,-*.,$9:;$
,&$,"($+),(-.(/,$,(-0$%6-+)7$
<(-.(/,-&)$,-*+)+)71
$" ='&$.*3(3
9: 2).-(*3+)7$5$3"+4,3$,"($

%(.+3+&)$5&6)%*-#$
,&'*-%3$,"($)(7*,+>($3+%(

?: @(.-(*3+)7$5$3"+4,3$,"($
%(.+3+&)$5&6)%*-#$
,&'*-%3$,"($/&3+,+>($3+%(



Perceptron Inductive Bias

1. Decision boundary should be linear
2. Most recent mistakes are most important 

(and should be corrected)
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Background: Hyperplanes

H = { x : w T x = b}
Hyperplane (Definition 1): 

w

Hyperplane (Definition 2): 

Half-spaces: 

!"#$#%"&'()%*+: fold the 
bias , and the weights !
into a single vector θ by 

prepending a constant to 
" and increasing 

dimensionality by one to 
get x’!

:
.

. .

:

:



(Online) Perceptron Algorithm
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'(")*+*,/& ;<*4(<$=*'>4"6*+14*,
! +*+#+".+0(>(4(2*<*40'<"'=*6<"4'"5'(//'?*4"*0
! 1%+.(&%"<'6"%=*4&*+

! )($(+2( %*@<'*@(2>/*'A3!"#B'7!"#C
! 4)(5+$#7.'D')A3!"#C
! +6>"0$<$=*'2$0<(#*,'"55 3!"#<"'>(4(2*<*40
! +6%*&(<$=*'2$0<(#*,'789#)"$#3!"#54"2'>(4(2*<*40

:"#"/&;%>1<0'(4*'6"%<$%1"10'=*6<"40'"5'/*%&<)'! E'F1<>1<0'
(4*'+$064*<*E

;)(5+$#+<*/&F1<>1<'+*<*42$%*+'37')7>*4>/(%*E

öy = h! (x) = sign( ! T x) �•�‹�‰�•(a) =

!
1, �‹�â ! 0
" 1, �‘�–�Š�‡�”�™�‹�•�‡

&



(Online) Perceptron Algorithm
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'(")*+*,/

:"#"/&;%>1<0'(4*'6"%<$%1"10'=*6<"40'"5'/*%&<)'! E'F1<>1<0'
(4*'+$064*<*E

;)(5+$#+<*/&F1<>1<'+*<*42$%*+'37')7>*4>/(%*E

öy = h! (x) = sign( ! T x) �•�‹�‰�•(a) =

!
1, �‹�â ! 0
" 1, �‘�–�Š�‡�”�™�‹�•�‡

&



(Online) Perceptron Algorithm
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'(")*+*,/

:"#"/&;%>1<0'(4*'6"%<$%1"10'=*6<"40'"5'/*%&<)'! E'F1<>1<0'
(4*'+$064*<*E

;)(5+$#+<*/&F1<>1<'+*<*42$%*+'37')7>*4>/(%*E

öy = h! (x) = sign( ! T x) �•�‹�‰�•(a) =

!
1, �‹�â ! 0
" 1, �‘�–�Š�‡�”�™�‹�•�‡

Implementation Trick!"#$%&"
'&($)*+,"$#"+-,". add on 

positive mistake and 
subtract on negative 

mistake/")&,#*+01"'&2$-#&"
3!"#4$5&#"2$,&"+6"4(&"#*70



(Batch) Perceptron Algorithm
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!*(4%$%&5"4'G*46*><4"%'(/0"'H"4#0'$5'H*')(=*'('5$@*+'<4($%$%&'
+(<(0*<B'IE'-*'6(//'<)$0'<)*'J3(<6)K'0*<<$%&'$%'6"%<4(0<'<"'<)*'J"%/$%*K'
0*<<$%&'<)(<'H*.=*'+$06100*+'0"'5(4E

���Ž�‰�‘�”�‹�–�Š�• �U���‡�”�…�‡�’�–�”�‘�• ���‡�ƒ�”�•�‹�•�‰ ���Ž�‰�‘�”�‹�–�Š�• �����ƒ�–�…�Š��

�U�ã�’�”�‘�…�‡�†�—�”�‡���
�����
������������D = { (�t(1) , y(1) ), . . . , (�t (N ) , y(N ) )} ��
�V�ã ! ! 0 ! ���•�‹�–�‹�ƒ�Ž�‹�œ�‡ �’�ƒ�”�ƒ�•�‡�–�‡�”�•
�W�ã �™�Š�‹�Ž�‡�•�‘�– �…�‘�•�˜�‡�”�‰�‡�†�†�‘
�X�ã �ˆ�‘�”i " { 1, 2, . . . , N } �†�‘ ! �	�‘�” �‡�ƒ�…�Š �‡�š�ƒ�•�’�Ž�‡
�Y�ã öy ! �•�‹�‰�•(! T �t ( i ) ) ! ���”�‡�†�‹�…�–
�Z�ã �‹�ö̂y #= y(i ) �–�Š�‡�• ! ���ˆ �•�‹�•�–�ƒ�•�‡
�[�ã ! ! ! + y( i ) �t ( i ) ! ���’�†�ƒ�–�‡ �’�ƒ�”�ƒ�•�‡�–�‡�”�•
�\�ã �”�‡�–�—�”�•!



(Batch) Perceptron Algorithm
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!*(4%$%&5"4'G*46*><4"%'(/0"'H"4#0'$5'H*')(=*'('5$@*+'<4($%$%&'
+(<(0*<B'IE'-*'6(//'<)$0'<)*'J3(<6)K'0*<<$%&'$%'6"%<4(0<'<"'<)*'J"%/$%*K'
0*<<$%&'<)(<'H*.=*'+$06100*+'0"'5(4E

:+7$877+<*/
9)*'L(<6)'G*46*><4"%'M/&"4$<)2'6(%'3*'+*4$=*+'$%'<H"'H(70E

:E L7'*@<*%+$%&'<)*'"%/$%*'G*46*><4"%'(/&"4$<)2'<"'<)*'3(<6)'
0*<<$%&'A(0'2*%<$"%*+'(3"=*C

NEL7'(>>/7$%&'=#<$%"7#+$&>)"5+(*#&:(7$(*#&?=>:@&<"'2$%$2$?*'('
0"O6(//*+'A+*,(&'<77&"%'('/$%*(4'0*>(4(<"4



Extensions of Perceptron
! "#$%&'(%)*%+$)#,

! generalizes better than (standard) perceptron
! memory intensive (keeps around every weight vector seen during 

training, so each one can vote)
! -.%)/0%&'(%)*%+$)#,

! empirically similar performance to voted perceptron
! can be implemented in a memory efficient way 

(running averages are efficient)
! 1%),%2'(%)*%+$)#,

! Choose a kernel K(x’, x)
! Apply the !"#$"%&'#()!&to Perceptron
! Resulting algorithm is *'(%%&+"#,&*(-.%"

! 3$)4*$4)%&'(%)*%+$)#,
! Basic idea can also be applied when , ranges over an exponentially 

large set
! Mistake bound /0"*&$0' depend on the size of that set
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Perceptron Exercises
!"#$%&'()
!"#$%&'&(#)#'$*#+),'$! -#&'.#/$01$)"#$
2#'+#%)',.$&-3,'4)"($+&.$0#$!"#$$%&'()'
('*#&%("'+,-.#&($#,&,5$)"#$5#&)6'#$
*#+),'7$/ !"#0'/!$#010'/!%#8

98 !'6#:$45$1,6$'#%-&+#$;-4.#&'<$=4)"$
;%,-1.,(4&-<$&0,*#

>8 !'6#:$5,'$&--$/&)&7#)7
?8 @&-7#:$5,'$&--$/&)&7#)7
A8 !'6#:$06)$,.-1$5,'$+#')&4.$/&)&7#)7
B8 @&-7#:$06)$,.-1$5,'$+#')&4.$/&)&7#)7
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PERCEPTRON MISTAKE BOUND
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Perceptron Mistake Bound
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!"#$%&'$'()%$&*+,-&.#/'&0'"1'/

CD1*9).,0";$9)*2,7@$9 ?.#,:.E,72)..$:1,7#($FE$&GG'$1*$;,3,;,72$)..$:1,7#($FE$&GG'$
;1"(7H#$4-)72"$#-"$7?9F"*$1<$9,(#)>"(I$J-"$).21*,#-9$,($,73)*,)7#$#1$(4).,725K

>8")"*#((/& $5'0"2*'+(<(')(0'2(4&$%'! (%+'(//'>"$%<0'/$*'$%0$+*'
('3(//'"5'4(+$10'" B'<)*%'<)*'"%/$%*'G*46*><4"%'(/&"4$<)2'
2(#*0' # $" ! 1 2$0<(#*0

!!

!
!

!
!

!

"

"
"

"

"

!
!

"
"

"
"

!

!

! !!"#$%-*'0(7'<)(<'<)*'A3(<6)C'>*46*><4"%'(/&"4$<)2')(0'
$<*2(),(5 $5'$<'0<">0'2(#$%&'2$0<(#*0'"%'<)*'<4($%$%&'+(<('
A>*45*6</7'6/(00$5$*0'<)*'<4($%$%&'+(<(CE

&'()%*'+"','- ,'P"4'.+*(").B&7(4")"9.(&+(<(B'$5'<)*'
>*46*><4"%'(/&"4$<)2'676/*0'4*>*(<*+/7'<)4"1&)'<)*'+(<(B'
$<'H$//'$<*2(),(& $%'('5$%$<*'Q'"5'0<*>0E


