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Logistic  Regression  Readings:
Murphy  8.1-­‐8.3,  8.6
Bishop  4.3.2,  4.3.4
HTF  4.1,  4.4
Mitchell  –

“Generative  …Logistic  Regression”  
(Mitchell,  2016)
“Maximum  …Gradient  Training”
(Elkan,  2014)



Reminders

• Homework 3:  Linear  /  Logistic Regression
– Release:  Mon,  Feb.  13
– Due:  Wed,  Feb.  22  at  11:59pm
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Note  the  
change  in  

time.



Outline
• Motivation:

– Choosing  the  right  classifier
– Example:  Image  Classification

• Logistic  Regression
– Background:  Hyperplanes
– Data,  Model,  Learning,  Prediction
– Log-­‐odds
– Bernoulli  interpretation
– Maximum  Conditional  Likelihood  Estimation

• Gradient  descent  for  Logistic  Regression
– Stochastic  Gradient  Descent  (SGD)
– Computing  the  gradient
– Details  (learning  rate,  finite  differences)

• Nonlinear  Features
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MOTIVATION:  
LOGISTIC  REGRESSION
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Classifiers

Which  classification  method  should  we  use?
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1. The  one  that  gives  the  best  predictions…
– on  the  training  data
– on  the  (unseen)  test  data
– on  the  (held-­‐out)  validation  data

2. The  one  that  is  computationally  efficient…
– during  training
– during  classification

3. The  most  interpretable  one…
– in  terms  of  its  parameters
– as  a  model

4. The  one  that  is  easiest  to  implement…
– for  learning
– for  classification



Classifiers

Which  classification  method  should  we  use?
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Naïve  Bayes  defined  a  generative  model  p(x, y)
of  the  features  x and  the  class  y.  

Why  should  we  define  a  model  of  p(x, y) at  all?  

Why  not  directly  model  p(y | x)?



Example:  Image  Classification
• ImageNet LSVRC-­‐2010  contest:  
– Dataset:  1.2  million  labeled  images,  1000  classes
– Task:  Given  a  new  image,  label  it  with  the  correct  class
– Multiclass classification  problem

• Examples  from  http://image-­‐net.org/
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Example:  Image  Classification
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Figure 2: An illustration of the architecture of our CNN, explicitly showing the delineation of responsibilities
between the two GPUs. One GPU runs the layer-parts at the top of the figure while the other runs the layer-parts
at the bottom. The GPUs communicate only at certain layers. The network’s input is 150,528-dimensional, and
the number of neurons in the network’s remaining layers is given by 253,440–186,624–64,896–64,896–43,264–
4096–4096–1000.

neurons in a kernel map). The second convolutional layer takes as input the (response-normalized
and pooled) output of the first convolutional layer and filters it with 256 kernels of size 5⇥ 5⇥ 48.
The third, fourth, and fifth convolutional layers are connected to one another without any intervening
pooling or normalization layers. The third convolutional layer has 384 kernels of size 3 ⇥ 3 ⇥
256 connected to the (normalized, pooled) outputs of the second convolutional layer. The fourth
convolutional layer has 384 kernels of size 3 ⇥ 3 ⇥ 192 , and the fifth convolutional layer has 256
kernels of size 3⇥ 3⇥ 192. The fully-connected layers have 4096 neurons each.

4 Reducing Overfitting

Our neural network architecture has 60 million parameters. Although the 1000 classes of ILSVRC
make each training example impose 10 bits of constraint on the mapping from image to label, this
turns out to be insufficient to learn so many parameters without considerable overfitting. Below, we
describe the two primary ways in which we combat overfitting.

4.1 Data Augmentation

The easiest and most common method to reduce overfitting on image data is to artificially enlarge
the dataset using label-preserving transformations (e.g., [25, 4, 5]). We employ two distinct forms
of data augmentation, both of which allow transformed images to be produced from the original
images with very little computation, so the transformed images do not need to be stored on disk.
In our implementation, the transformed images are generated in Python code on the CPU while the
GPU is training on the previous batch of images. So these data augmentation schemes are, in effect,
computationally free.

The first form of data augmentation consists of generating image translations and horizontal reflec-
tions. We do this by extracting random 224⇥ 224 patches (and their horizontal reflections) from the
256⇥256 images and training our network on these extracted patches4. This increases the size of our
training set by a factor of 2048, though the resulting training examples are, of course, highly inter-
dependent. Without this scheme, our network suffers from substantial overfitting, which would have
forced us to use much smaller networks. At test time, the network makes a prediction by extracting
five 224 ⇥ 224 patches (the four corner patches and the center patch) as well as their horizontal
reflections (hence ten patches in all), and averaging the predictions made by the network’s softmax
layer on the ten patches.

The second form of data augmentation consists of altering the intensities of the RGB channels in
training images. Specifically, we perform PCA on the set of RGB pixel values throughout the
ImageNet training set. To each training image, we add multiples of the found principal components,

4This is the reason why the input images in Figure 2 are 224⇥ 224⇥ 3-dimensional.
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CNN  for  Image  Classification
(Krizhevsky,  Sutskever &  Hinton,  2011)
17.5%  error  on  ImageNet LSVRC-­‐2010  contest

Input  
image  
(pixels)

• Five  convolutional  layers  
(w/max-­‐pooling)

• Three  fully  connected  layers

1000-­‐way  
softmax



Example:  Image  Classification
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CNN  for  Image  Classification
(Krizhevsky,  Sutskever &  Hinton,  2011)
17.5%  error  on  ImageNet LSVRC-­‐2010  contest

Input  
image  
(pixels)

• Five  convolutional  layers  
(w/max-­‐pooling)

• Three  fully  connected  layers

1000-­‐way  
softmax

This  “softmax”  
layer  is  Logistic  
Regression!

The  rest  is  just
some  fancy  

feature  extraction  
(discussed  later  in  

the  course)



LOGISTIC  REGRESSION
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Logistic  Regression
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We  are  back  to  
classification.

Despite  the  name  
logistic  regression.

Data:  Inputs  are  continuous  vectors  of  length  K.  Outputs  
are  discrete.



Why  don’t  we  drop  the  
generative  model  and  

try  to  learn  this  
hyperplane directly?

Background:  Hyperplanes



Background:  Hyperplanes

H = {x : wT x = b}
Hyperplane (Definition  1):  

w

Half-­‐spaces:  
H+ = {x : wT x > 0 and x1 = 1}
H� = {x : wT x < 0 and x1 = 1}

Hyperplane (Definition  2):  

H = {x : wT x = 0

and x1 = 1}x0

x0
x0



Why  don’t  we  drop  the  
generative  model  and  

try  to  learn  this  
hyperplane directly?

Background:  HyperplanesDirectly  modeling  the  
hyperplane would  use  a  
decision  function:

for:

h( ) = sign(�T )

y � {�1, +1}



Using  gradient  ascent  for  linear  
classifiers

Key  idea  behind  today’s  lecture:
1. Define  a  linear  classifier  (logistic  regression)
2. Define  an  objective  function  (likelihood)
3. Optimize  it  with  gradient  descent  to  learn  

parameters
4. Predict  the  class  with  highest  probability  under  

the  model
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Using  gradient  ascent  for  linear  
classifiers
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Use  a  differentiable  
function  instead:

logistic(u) ≡ 1
1+ e−u

p�(y = 1| ) =
1

1 + (��T )

This  decision  function  isn’t  
differentiable:

sign(x)

h( ) = sign(�T )



Using  gradient  ascent  for  linear  
classifiers
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Use  a  differentiable  
function  instead:

logistic(u) ≡ 1
1+ e−u

p�(y = 1| ) =
1

1 + (��T )

This  decision  function  isn’t  
differentiable:

sign(x)

h( ) = sign(�T )



Logistic  Regression
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Learning:  finds  the  parameters  that  minimize  some  
objective  function. �� = argmin

�
J(�)

Prediction:  Output  is  the  most  probable  class.
ŷ =

y�{0,1}
p�(y| )

Model:  Logistic  function  applied  to  dot  product  of  
parameters  with  input  vector.

p�(y = 1| ) =
1

1 + (��T )

Data:  Inputs  are  continuous  vectors  of  length  K.  Outputs  
are  discrete.



Whiteboard

• Decision  boundary
• Bernoulli  interpretation
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Logistic  Regression
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Logistic  Regression
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Logistic  Regression
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LEARNING  LOGISTIC  REGRESSION
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Maximum  Conditional
Likelihood  Estimation
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Learning:  finds  the  parameters  that  minimize  some  
objective  function.

We  minimize  the  negative log  conditional  likelihood:

Why?
1. We  can’t  maximize  likelihood  (as  in  Naïve  Bayes)  

because  we  don’t  have  a  joint  model  p(x,y)
2. It  worked  well  for  Linear  Regression  (least  squares  is  

MCLE)

�� = argmin
�

J(�)

J(�) = �
N�

i=1

p�(y(i)| (i))



Maximum  Conditional
Likelihood  Estimation
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Learning:  Four  approaches  to  solving  

Approach  1:  Gradient  Descent
(take  larger  – more  certain  – steps  opposite  the  gradient)

Approach  2:  Stochastic  Gradient  Descent  (SGD)
(take  many  small  steps  opposite  the  gradient)

Approach  3:  Newton’s  Method
(use  second  derivatives  to  better  follow  curvature)

Approach  4:  Closed  Form???
(set  derivatives  equal  to  zero  and  solve  for  parameters)

�� = argmin
�

J(�)



Maximum  Conditional
Likelihood  Estimation
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Learning:  Four  approaches  to  solving  

Approach  1:  Gradient  Descent
(take  larger  – more  certain  – steps  opposite  the  gradient)

Approach  2:  Stochastic  Gradient  Descent  (SGD)
(take  many  small  steps  opposite  the  gradient)

Approach  3:  Newton’s  Method
(use  second  derivatives  to  better  follow  curvature)

Approach  4:  Closed  Form???
(set  derivatives  equal  to  zero  and  solve  for  parameters)

�� = argmin
�

J(�)

Logistic  Regression  does  not  
have  a  closed  form  solution  
for  MLE  parameters.



Algorithm 1 Gradient Descent

1: procedure GD(D, �(0))
2: � � �(0)

3: while not converged do
4: � � � + ���J(�)

5: return �

—

Gradient  Descent
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In  order  to  apply  GD  to  Logistic  
Regression  all  we  need  is  the  
gradient of  the  objective  
function  (i.e.  vector  of  partial  
derivatives).  

��J(�) =

�

����

d
d�1

J(�)
d

d�2
J(�)
...

d
d�N

J(�)

�

����



Stochastic  Gradient  Descent  (SGD)
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We  need  a  per-­‐example  objective:

We  can  also  apply  SGD  to  solve  the  MCLE  
problem  for  Logistic  Regression.

Let J(�) =
�N

i=1 J (i)(�)
where J (i)(�) = � p�(yi| i).

—



GRADIENT  FOR  LOGISTIC  
REGRESSION
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Whiteboard

• Partial  derivative  for  Logistic  Regression
• Gradient  for  Logistic  Regression
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Details:  Picking  learning  rate

• Use  grid-­‐search  in  log-­‐space  over  small  
values  on  a  tuning  set:
– e.g.,  0.01,  0.001,  …

• Sometimes,  decrease  after  each  pass:
– e.g factor  of  1/(1  +  dt),  t=epoch
– sometimes  1/t2

• Fancier  techniques  I  won’t  talk  about:
– Adaptive  gradient:  scale  gradient  differently  for  
each  dimension  (Adagrad,  ADAM,  ….)

39
Slide  courtesy  of  William  Cohen



SGD  for  Logistic  Regression
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We  need  a  per-­‐example  objective:

We  can  also  apply  SGD  to  solve  the  MCLE  
problem  for  Logistic  Regression.

Let J(�) =
�N

i=1 J (i)(�)
where J (i)(�) = � p�(yi| i).



Takeaways

1. Discriminative  classifiers  directly  model  the  
conditional,  p(y|x)

2. Logistic  regression  is  a  simple  linear  
classifier,  that  retains  a  probabilistic  
semantics

3. Parameters  in  LR  are  learned  by  iterative  
optimization  (e.g.  SGD)
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NON-­‐LINEAR  FEATURES
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Nonlinear  Features

Whiteboard
– Example  functions
– Nonlinear  Features  for  Linear  Regression
– Nonlinear  Features  for  Logistic  Regression
– Nonlinear  Features  for  KNN
– Nonlinear  Features  for  Naïve  Bayes
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Example:  Linear  Regression  
Nonlinear  Features

– From  Bishop  Ch  1

Slide  courtesy  of  William  Cohen

Polynomial  basis  vectors  on  a  small  dataset



0th Order  Polynomial

n=10
Slide  courtesy  of  William  Cohen



1st Order  Polynomial

Slide  courtesy  of  William  Cohen



3rd Order  Polynomial

Slide  courtesy  of  William  Cohen



9th Order  Polynomial

Slide  courtesy  of  William  Cohen



Over-­fitting

Root-­Mean-­Square  (RMS)  Error:

Slide  courtesy  of  William  Cohen



Polynomial  Coefficients      

Slide  courtesy  of  William  Cohen



Overfitting

Definition:  The  problem  of  overfitting is  when  
the  model  captures  the  noise  in  the  training  data  
instead  of  the  underlying  structure  

Overfitting  can  occur  in  all  the  models  we’ve  seen  
so  far:  
– KNN  (e.g.  when  k  is  small)
– Naïve  Bayes  (e.g.  without  a  prior)
– Linear  Regression  (e.g.  with  basis  function)
– Logistic  Regression  (e.g.  with  many  rare  features)
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9th Order  Polynomial

Slide  courtesy  of  William  Cohen

(Small  #  of  examples)



9th Order  Polynomial

Slide  courtesy  of  William  Cohen

(Large  #  of  examples)


