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Reminders

* Homework 5: Readings [ Application of ML
— Release: Wed, Mar. 08
— Due: Wed, Mar. 22 at 11:59pm
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K-MEANS



K-Means Outline

Clustering: Motivation [ Applications
Optimization Background

— Coordinate Descent

— Block Coordinate Descent
Clustering

— Inputs and Outputs

— Objective-based Clustering
K-Means

— K-Means Objective

— Computational Complexity

— K-Means Algorithm [ Lloyd’s Method
K-Means Initialization

— Random

— Farthest Point
— K-Means++ This Lecture

Last Lecture



Clustering, Informal Goals

Goal: Automatically partition unlabeled data into groups of similar

datapoints.

Question: When and why would we want to do this?

Useful for:

e Automatically organizing data.

e Understanding hidden structure in data.

e Preprocessing for further analysis.

® Representing high-dimensional data in a low-dimensional space (e.g.,
for visualization purposes).

Slide courtesy of Nina Balcan



Applications (Clustering comes up everywhere...)

* Cluster news articles or web pages or search results by topic.
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e C(luster protein sequences by function or genes according to expression
profile.

-MTEGGFDPRERICSHE LINL R -« -SGDSG- - - ISITVILMARMVIAVLLFLLRP P+ - -S5PES - - BOVPPAPPVE -
-MTEGGFDPREQICSHE~ LIN= RA --86D56- - - ISITVILMANMVIAVLLFLLR? P »--8SPHS - -GOVPPAPPVE - -
MTEGGFDPREQICSHE - INL A 8GD:=G ISITAILMVAMVIAVLLFLLR?PY ESPES - - GOVFPAPPVE
MTEGGPDPRECICSHE- IN WA 8GD:=G ISITAILMAWMVIAVLLFLLRP P - -BSPHS - - GQVPPAPPYL
-MTEGGPDPEECICSRER I RA ---8GD3G- - - ISITVILMANMVIAVLLFLLRPPY --SSPHS - -GOVPPAPPVE - -
-MAEGGFDPEEGICS JE LINL R --8GDSG- - - ISITVILMAWMVIAVLFFLLRP P --SSPHS - -GOVPPAPPVE - -
MVEGGFDPRECICSHE FINL Q5 5GD:-.6 ISTTVILMANMVITVLLFLLR? P SSPHS - - GOVPPAPPVG
MVEGGFDPRECICSHE INL 56050 ISITVILMANMVIAVLLFLLR? P SSPHS - - GQVPPAPPVE
MTEGGFDPRECINSHES I Q8! 8GD=G ISITVILMANMVIAVLLFLLRIPY! SSPES - - GOVPPAPPVG
-MAEGGFDPREQICSHE:: INL! QS --8GDSE- - - ISTTVILMANNVIAVLLELLRS P --88PHS - - GODPPAPPYD - -
MAEGGFDPRECVCSHE LINL Q5! 8sDs6 ISITTVILMANMVIAMLLFLLR? P S5PHS - - GOOPPAPPY
MAEGGFDPEECVCSHE LINL Qs SGDNG ISITMILMAWMVIAVILFLLRP P TSPHN - - GOQOPPAPPY

Slide courtesy of Nina Balcan



Applications (Clustering comes up everywhere...)

* Cluster customers according to purchase history.

e And many many more applications....

Slide courtesy of Nina Balcan



Optimization Background

Whiteboard:

— Coordinate Descent
— Block Coordinate Descent



Clustering

Question: Which of these partitions is “better”?
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Clustering

Whiteboard:

— Inputs and Outputs
— Objective-based Clustering



K-Means

Whiteboard:
— K-Means Objective
— Computational Complexity
— K-Means Algorithm / Lloyd’s Method



K-Means Initialization

Whiteboard:
— Random
— Furthest Traversal
— K-Means++



Lloyd’s method: Random Initialization

Slide courtesy of Nina Balcan



Lloyd’s method: Random Initialization

Example: Given a set of datapoints

O

Slide courtesy of Nina Balcan



Lloyd’s method: Random Initialization

Select initial centers at random

O

Slide courtesy of Nina Balcan



Lloyd’s method: Random Initialization

Assign each point to its nearest center

™

Slide courtesy of Nina Balcan



Lloyd’s method: Random Initialization

Recompute optimal centers given a fixed clustering

Slide courtesy of Nina Balcan



Lloyd’s method: Random Initialization

Assign each point to its nearest center
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Lloyd’s method: Random Initialization

Recompute optimal centers given a fixed clustering
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Lloyd’s method: Random Initialization

Assign each point to its nearest center

Slide courtesy of Nina Balcan



Lloyd’s method: Random Initialization

Recompute optimal centers given a fixed clustering

Get a good quality solution in this example.

Slide courtesy of Nina Balcan



Lloyd’s method: Performance

It always converges, but it may converge at a local optimum that is
different from the global optimum, and in fact could be arbitrarily

worse in terms of its score.

Slide courtesy of Nina Balcan



Lloyd’s method: Performance

Local optimum: every point is assigned to its nearest center and
every center is the mean value of its points.

Slide courtesy of Nina Balcan



Lloyd’s method: Performance

It is arbitrarily worse than optimum solution.... g
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Lloyd’s method: Performance
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This bad performance, can happen

even with well separated Gaussian

clusters.

Slide courtesy of Nina Balcan



Lloyd’s method: Performance

This bad performance, can
happen even with well

separated Gaussian clusters.

Some Gaussian are
combined..... -

Slide courtesy of Nina Balcan



Lloyd’s method: Performance

* If we do random initialization, as k increases, it becomes more likely

we won’t have perfectly picked one center per Gaussian in our

initialization (so Lloyd’s method will output a bad solution).

* For k equal-sized Gaussians, Pr[each initial centerisin a

. . k! 1
different Gaussian] = - ~ —

* Becomes unlikely as k gets large.

Slide courtesy of Nina Balcan



Another Initialization Idea: Furthest Point

Heuristic

Choose ¢4 arbitrarily (or at random).
e Forj=2, ..,k
* Pick ¢; among datapoints x1,x, ..., x" that is farthest

from previously chosen ¢4, €3, ..., €j_1

Fixes the Gaussian problem. But it can be thrown off by

outliers....

Slide courtesy of Nina Balcan



Furthest point heuristic does well on previous

example
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Furthest point initialization heuristic sensitive

to outliers

Assume k=3
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Slide courtesy of Nina Balcan



Furthest point initialization heuristic sensitive

to outliers

Assume k=3
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K-means++ Initialization: D% sampling [avo;]

Interpolate between random and furthest point initialization

Let D(x) be the distance between a point x and its nearest center.
Chose the next center proportional to D*(x).

* Choose ¢4 at random.

* Forj=2,..,k

* Pick ¢jamong x1,x2, ..., x™ according to the distribution

Pr(q = x) o@, I~ ¢[[> b2

Theorem: K-means++ always attains an O(log k) approximation to optimal
k-means solution in expectation.

Running Lloyd’s can only further improve the cost.

Slide courtesy of Nina Balcan



K-means++ Idea: D sampling

* Interpolate between random and furthest point initialization

. Let D(x) be the distance between a point x and its nearest center.
. a
Chose the next center proportional to D%(x) = miny_; “x‘ — ¢ ”
* «a = 0,random sampling

= . (Side note: it actually works well for k-center)
e a = oo, furthest point

e a =2, kmeans++
Side note: @ = 1, works well for k-median

Slide adapted from Nina Balcan



K-means ++ Fix
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K-means++/ Lloyd’s Running Time

* K-means ++ initialization: O(nd) and one pass over data to select
next center. So O(nkd) time in total.

* Lloyd’s method

Repeat until there is no change in the cost. Each round takes time

Foreachj: Cj «<{x € S whose closest center is ¢;} O(nkd),

For each j: ¢; <mean of C;

* Exponential # of rounds in the worst case [AVo7].

Expected polynomial time in the smoothed analysis (non worst-case)
model!

Slide courtesy of Nina Balcan



K-means++/ Lloyd’s Summary

e Running Lloyd’s can only further improve the cost.

* Exponential # of rounds in the worst case [AVo7].

* Expected polynomial time in the smoothed analysis model!

* Does wellin practice.

e K-means++ always attains an O(log k) approximation to optimal
k-means solution in expectation.

Slide courtesy of Nina Balcan



What value of k?

 Heuristic: Find large gap between (k - 1)-means cost and
k-means cost.

* Hold-out validation/cross-validation on auxiliary task (e.g.,
supervised learning task).

* Try hierarchical clustering.

Slide courtesy of Nina Balcan



EM AND GMMS



Expectation-Maximization Outline

Background
— Multivariate Gaussian Distribution
— Marginal Probabilities

Building up to GMMs
— Distinction #1: Model vs. Objective Function
— Gaussian Naive Bayes (GNB)
— Gaussian Discriminant Analysis
— Gaussian Mixture Model (GMM)

Expectation-Maximization
— Distinction #2: Data Likelihood vs. Marginal Data Likelihood
— Distinction #3: Latent Variables vs. Parameters
— Objective Functions for EM

— Hard (Viterbi) EM Algorithm
* Example: K-Means as Hard EM

— Soft (Standard) EM Algorithm
* Example: Soft EM for GMM
Properties of EM
— Nonconvexity [ Local Optimization
— Example: Grammar Induction
— Variants of EM



Background

Whiteboard

— Multivariate Gaussian Distribution
— Marginal Probabilities



GAUSSIAN MIXTURE MODEL
(GMM)



Building up to GMMs

Whiteboard

— Distinction #1: Model vs. Objective Function
— Gaussian Naive Bayes (GNB)

— Gaussian Discriminant Analysis

— Gaussian Mixture Model (GMM)



Gaussian Discriminant
Analysis

Data: p— {(x® z0)}V wherex® € RM and 2z € {1, ..., K}

Generative Story: ; ~ Categorical(¢)

x ~ Gaussian(p,, X,)

Model: Joint: p(x, PARONTS E) = p(X\Z; 22 E)p(z; ¢)

Log-likelihood: N
U, X) = long<x<@'>, 2, 1, %)

2

=) logp(x?]z; p, ) + log p(21); ¢)
=1



Gaussian Discriminant
Analysis
Data: p = {(x® 20NN wherex® € RM and 2z € {1,..., K}

Log-likelihood: ;

N
(¢, 1, 2) = > logp(x [z u, ) + log p(27; ¢)
=1




Gaussian Mixture-Model

Data:  p — {(xD}N wherex(" ¢ RM

Generative Story: ; ~ Categorical(¢)

x ~ Gaussian(p,, X,)

K

Marginal: p(x; ¢, pu, 3) = Zp(X‘Z; p, X)p(z; @)

z=1

(Marginal) Log-likelihood:

N
E(qﬁ, L, E) = log Hp(X(Z)a ¢7 122 2)
1=1



Mixture-Model

Data: D — (x(W}N wherex(? ¢ RM

Generative Story: ; ~ Categorical(¢)

x ~ pe(:|2)
Model: Joint:  pg. (X, Z) = po(X|2)pg ()
Marginal:  pg ¢ Zpe X| qu )

(Marginal) Log-likelihood:



Data:

Mixture-Model

D = {x}Y | where x(") ¢ RM

Generative Story: ; ~ Categorical(¢)

Model:

(Marginal) Log-likelihood:

X ~ po(-|2) <':/’ This could be any
arbitrary distribution
Joint:  pg.g(x, z) = pe(]Parameterized by ©.

K
o Today we’re thinkin
M I — ] y g
argina p9,¢(X) zjlpe(“ about the case where it
=

is a Multivariate
Gaussian.

0(0) = log Hpg,qb(x(i))

1=1

N K
= log) po(x']2)py(2)
i=1 —1



Learning a Mixture Model

Supervised Learning: The Unsupervised Learning: Parameters
parameters decouple! are coupled by marginalization.
D = {(xD,zM)}N D ={x"}Y,

N N K
0", ¢" = argmax ) logpo(xV|=")py(='”) 0",¢" = argmax y log ) po(x'”|2)pe(2)
P =1 P =1 2=1

N
0" = argmax Z log pe (x9|2(9)
o =

N
¢ = argmax Z log pg (2\V)
o i1



Learning a Mixture Model

Supervised Learning: The Unsupervised Learning: Parameters
parameters decouple! are coupled by marginalization.
D = {(xD,zM)}N D ={x"}Y,
RN

Training certainly isn’t as simple
as the supervised case.

In many cases, we could still use
( some black-box optimization
method (e.g. Newton-Raphson) .
to solve this coupled . Z.

9", 4 optimization problem. 7. :ar%ﬁaleogzpe(x( '[2)ps (2)

=1 z=1
This lecture is about a more @
problem-specific method: EM.




EXAMPLE: K-MEANS VS GMM



Example: K-Means
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Example: K-Means
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Example: K-Means

~ Clustering with K-Means (k=3, iter=0)
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Example: K-Means

~ Clustering with K-Means (k=3, iter=1)
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Example: K-Means

~ Clustering with K-Means (k=3, iter=2)
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Example: K-Means

~ Clustering with K-Means (k=3, iter=3)
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Example: K-Means

~ Clustering with K-Means (k=3, iter=4)
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Example: K-Means

~ Clustering with K-Means (k=3, iter=5)
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GMM

Example
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Example: GMM
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Example: GMM

. Clustering with GMM (k=3, init=random, cov=spherical, iter=0)
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Example: GMM

;Clustering with GMM (k=3, init=random, cov=spherical, iter=1)
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Example: GMM

. Clustering with GMM (k=3, init=random, cov=spherical, iter=2)
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Example: GMM

. Clustering with GMM
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e _
““ o S
YV _van Y& -
NEPRN=
ey A
\'I LN
v‘i .’
-
W
a
w
4
"I‘V)’.vev
—— % ' . B
V S, S
w< S
a T o
S a9 a
® o~ ©
L \4

70



Example: GMM

;Clustering with GMM (k=3, init=random, cov=spherical, iter=4)
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Example: GMM

;Clustering with GMM (k=3, init=random, cov=spherical, iter=5)
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GMM

Example:
Clustering with GMM (k
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Example: GMM

. Clustering with GMM (k=3, init=random, cov=spherical, iter=7)
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GMM

Example

, iter=8)

=spherical

=random, cov

with GMM (k=3, init
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GMM

Example

Clustering with GMM (k=3, init

6_I

=spherical, iter=9)

-random, cov
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GMM

Example

Clustering with GMM (k=3, init
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GMM

Example

Clustering with GMM (k=3, init

6_I

=spherical, iter=11)

random, cov
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Example: GMM

Llustering with GMM (k=3, init=random, cov=spherical, iter=12)
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spherical, iter=13)

GCMM
random, cov

Example

Clustering with GMM (k=3, init
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Example: GMM

Llustering with GMM (k=3, init=random, cov=spherical, iter=14)
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Example: GMM

Llustering with GMM (k=3, init=random, cov=spherical, iter=15)
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Example: GMM

Llustering with GMM (k=3, init=random, cov=spherical, iter=16)
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Example: GMM

Llustering with GMM (k=3, init=random, cov=spherical, iter=17)
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Example: GMM

Llustering with GMM (k=3, init=random, cov=spherical, iter=18)
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Example: GMM

Llustering with GMM (k=3, init=random, cov=spherical, iter=19)
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K-Means vs. GMM

Convergence:
K-Means tends to converge much faster than a GMM

Speed:

Each iteration of K-Means is computationally less intensive than
each iteration of a GMM

Initialization:

To initialize a GMM, we typically first run K-Means and use the
resulting cluster centers as the means of the Gaussian components

Output:

A GMM yields a probability distribution over the cluster assignment
for each point; whereas K-Means gives a single hard assignment
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