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Q:

A:

Q&A

Why did we focus mostly on the Perceptron mistake

bound for linearly separable data; isn’t that an
unrealistic setting?

Not at all! Even if your data isn’t linearly separable to
begin with, we can often add features to make it so.

mﬂ t Exercise: Add

IPEE D I ® |+ another featurg to
transform this

< > .
+1 il - nonlinearly separable
y P + | @ data into linearly
P P s separable data.




Reminders

Homework 3: KNN, Perceptron, Lin.Reg.
— Out: Wed, Sep. 18

— Due: Wed, Sep. 25 at 11:59pm
Midterm Exam 1

— Thu, Oct. 03, 6:30pm - 8:00pm
Homework 4: Logistic Regression
— Out: Wed, Sep. 25

— Due: Fri, Oct. 11 at 11:59pm
Today’s In-Class Poll

— http://p9.micourse.org




CONVEXITY



Convexity

Function f : R — Ris convex
ifVx e RM xo e RM 0<t<1:

fltx1 + (1 —t)x2) < tf(x1) + (1 — 1) f(x2)

A

tf(z1) + (1 —1)f(z2)

f(txl + (1 — t)wg)




Convexity

Suppose we have a function f(z) : X — .

e The value z* is a global minimum of f iff f(z*) < f(z),Vx € X.

e The value z* is a local minimum of f iff Jes.t. f(z*) < f(z),Vx € [x* — €, 2™ + €.

Convex Function Nonconvex Function
A A
> >
e Eachlocal minimumi s a * A nonconvex function is not
global minimum convex

 Each local minimum is not
necessarily a global minimum



Convexity

Function f : RM — R is convex
ifVx; € RN[,XQ € RN[,O <t<1l:

ftx1+ (1 —t)x2) < tf(x1) + (1 —1t)f(x2)

A

tf(z1) + (1 —t)f(z2)

I
fltzr + (1 —t)x2) /::
|

Function f : RM — Ris strictly convex
ifVx; e RM x, c RM 0<¢t <1t

fltx1 + (1 —t)x2) <tf(x1) + (1 —1)f(x2)

A

tf(z1) + (1 — 1) f(z2)

f(tz1 4+ (1 —t)z2)frs

Each local
minimum of a
convex function is
also a global
minimum.

A strictly convex
function has a
unique global

minimum.
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Convexity

The Mean Squared Error function,
which we minimize for learning
the parameters of Linear
Regression, is convex!




Solving Linear Regression

Question:

True or False: If Mean Squared Error (i.e. & S0iv, (y® — h(x())?)
has a unique minimizer (i.e. argmin), then Mean Absolute Error (i.e.

LS [y® — h(x®)[) must also have a unique minimizer.

Answer:



GRADIENT DESCENT



Motivation: Gradient Descent

To solve the Ordinary Least Squares The resulting shape of the matrices:
problem we compu’]c\cre:
. : . T -1 T
b=argmin= > (0 —(0"x®)2 (X, X )T (X, ¥)
0 N =2 MxN NxM MxN Nx1
| ]l ]
= (XTX)"}(xXTY) M x M M x1

Background: Matrix Multiplication Given matrices A and B
e If Aisqg x rand Bisr x s, computing AB takes O(grs)
e If A and B are ¢ x g, computing AB takes O(¢?3"3)
e If Ais g x g, computing A~ takes O(¢g*3").

Computational Complexity of OLS:
XTX O(M?N)

( )1 O(M2373) Linear in # of examples, N
MN) Polynomial in # of features, M




Motivation: Gradient Descent

Cases to consider gradient descent:

1.

What if we can not find a closed-form
solution?

. What if we can, but it’s inefficient to

compute?

. What if we can, but it’s numerically

unstable to compute?
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Gradients

These are the gradients that
Gradient Ascent would follow.
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(Negative) Gradients
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Gradient Descent would follow.



1.0

0.8

0.6

0.4

0.2

\
h
/

|
\}\

)
\

R

Shown are the paths that Gradient Descent
would follow if it were making infinitesimally
small steps.
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Pros and cons of gradient descent

* Simple and often quite effective on ML tasks

* Often very scalable

 Only applies to smooth functions (differentiable)

* Might find a local minimum, rather than a global one

1(06,0,).

0,

0,

26
Slide courtesy of William Cohen



Gradient Descent

Chalkboard
— Gradient Descent Algorithm
— Details: starting point, stopping criterion, line
search



Gradient Descent

Algorithm 1 Gradient Descent

procedure GD(D, 9(0))

1:

2 6 — 09

3: while not converged do
4 0 < 60— \VoJ(0)

5 return 0

In order to apply GD to Linear
Regression all we need is the
gradient of the objective
function (i.e. vector of partial
derivatives).




Gradient Descent

Algorithm 1 Gradient Descent

procedure GD(D, ')
0 — 6

1:

2

3: while not converged do
4 0 < 60— \VoJ(0)

5

return 6

There are many possible ways to detect convergence.
For example, we could check whether the L2 norm of
the gradient is below some small tolerance.

Ve J(0)]]2 < €

Alternatively we could check that the reduction in the
objective function from one iteration to the next is small.



STOCHASTIC GRADIENT DESCENT



Gradient Descent

Algorithm 1 Gradient Descent

1: procedure GD(D, 0(0))

2 0 — 6\

3: while not converged do
4 0 < 60— \VoJ(0)

5 return 6




Stochastic Gradient Descent (SGD)

Algorithm 2 Stochastic Gradient Descent (SGD)

i: procedure SGD(D, 8©)

2 6+ 6

3: while not converged do

4: for i ~ Uniform({1,2,...,N})do
5:

6

0 «— 0 — \VeJ¥(0)
return 6

We need a per-example objective:

Let J(0) = i1, JO(6)



Stochastic Gradient Descent (SGD)

Algorithm 2 Stochastic Gradient Descent (SGD)

i: procedure SGD(D, 8©)

2 6+ 6

3: while not converged do

4: for i ~ Uniform({1,2,...,N})do
5:

6

0 «— 0 — \VeJ¥(0)
return 6

We need a per-example objective:

Let J(0) = i1, JO(6)



Stochastic Gradient Descent (SGD)

Algorithm 2 Stochastic Gradient Descent (SGD)

1: procedure SGD(D, 6'°) SRR

x 060
3: while not converged do NN

4: for i € shuffle({1,2,...,N}) do :
5 0« 0 — \VeJ?(0)
6 return 6 %

In practice, it is common
to implement SGD using
sampling without
replacement (i.e.

We need a per-example objective: | shuffle({1,2,... N}), even
though most of the

N i ' '
Let J(0) =322, J(0) | wihrenacemenc e
Uniform({1,2,... N}).




Convergence Curves

Log-log plot of training MSE versus epochs Def: an epoch is a
10, ——

S 19 — — 3 single pass through
5 B — Gradient Descent ] the training data
= \ — SGD ‘
£ : . — Closed-1|‘orm | 1. For GD, only one
« 10; \ L (normal eq.s) } update per epoch
g : '-.\ 1 2. For SGD, N updates
‘9‘ | \ : per epoch
T 4'\ \ ‘ N = (# train examples)
2 10 .'|“ \ 3 e SGD red
o P ' ] reduces MSE
o a \ i <
T F\ \ : much more rapidly
‘2 t\ \\ : than GD
s . < \ | - For GD/SGD, training
2 3.‘“ - - —— 4 6 _ o_ong

10 55 > p MSE is initially large

10 10 10 due to uninformed
Epochs initialization

Figure adapted from Eric P. Xing 37






Expectations of Gradients
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Convergence of Optimizers

¥C‘>'Mw>e.4c¢ Aa.a.lys,\o, N [-\-M wolemn s
Dot Congeryoact o RNY(=) ‘3@) <€
pfz;y‘v\‘\ /\qeu’wéé 51(‘-95 4" C"’“‘7< Cow‘)OJz}m q)u c'-lm#:-.
T Newkss Mefld O(fa du 7€) V(& V) <omm)
GD O %) VS (8) — owh)
>€D ol /6) V3:(6) < o)
“a\uws\t;!:: ’ /ct) & cevests 40‘7 4,
et ard Condibin S e

Teheany: OED hns el sloser  asymplohe ‘ {
IBL bot 2 oSk ?’*skr th q)fzﬁ. e



Optimization Objectives

You should be able to...

* Apply gradient descent to optimize a function

* Apply stochastic gradient descent (SGD) to
optimize a function

* Apply knowledge of zero derivatives to identify
a closed-form solution (if one exists) to an
optimization problem

* Distinguish between convex, concave, and
nonconvex functions

* Obtain the gradient (and Hessian) of a (twice)
differentiable function



PROBABILISTIC LEARNING



Probabilistic Learning

Function Approximation

Previously, we assumed that our
output was generated using a
deterministic target function:

x) ~ p*(-)
y() = ¢* (%)

Our goal was to learn a
hypothesis h(x) that best
approximates c*(x)

Probabilistic Learning

Today, we assume that our
output is sampled from a
conditional probability
distribution:

x) ~ p*()
y ~ p* (-[x")

Our goal is to learn a probability
distribution p(y|x) that best
approximates p*(y|x)



Robotic Ffirming

_» Deterministic Probabilistic
- f Classification Is this a picture of | Is this plant
| (binary output) a wheat kernel? drought resistant?

Regression
(continuous

How many wheat
kernels are in this
picture?

What will the yield
of this plant be?




Bayes Optimal Classifier

Whiteboard
— Bayes Optimal Classifier
— Reducible / irreducible error
— Ex: Bayes Optimal Classifier for 0/1 Loss



Maximum Likelihood Estimation
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Learning from Data (Frequentist)

Whiteboard

— Principle of Maximum Likelihood Estimation
(MLE)
— Strawmen:

* Example: Bernoulli
* Example: Gaussian

* Example: Conditional #1
(Bernoulli conditioned on Gaussian)

* Example: Conditional #2
(Gaussians conditioned on Bernoulli)



MOTIVATION:
LOGISTIC REGRESSION
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Bird 2126 92.85% o

WarmDiooded egg-laying vertebrates chancienzed by feathers and foredimbs modhed as wings Pt c;":::. :‘;‘r’t‘.
e =

MAne Fumal, mEne Cresture, sea sumal ses Crewture (1)
scavenger (1) Treemap Visaailzation mages of the Synset Downioads
bped (0)
predanor, prodatory anmal (1)
larva (49)
acrogons (Q)
- fender (0)
wut (0)
' chordine (3087)
tuncate, wrochordate, wrochorg (6)
cephalochardane (1)
- vartabeate, craniste (JO77)
mbrmenal, marnrmaian (1169)
ad (&71)
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cock (1)
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POCOIssere bird (0)
turd of pruy, raplor, ragtonial Bed (B0)
SARNRCeOuS Dard, Salacean (11 4)




IMSGENET
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s of nocthemn italy faving deep blue-purple flowers, simdar 10 but smaller than Ins germanca phcteres  Poplanity  Wardoet
Percenide s

halcpyte (0)
succulent (39) Troeveay Yousiization g1 of the Symee Daownlosd
osftivar (0)
Cutivated plare (0)
weed (54)
evergreen, svergresn plant (0)
decdutus plamt (0)
v (272)
Creeper (0)
woody plant, lgneous plant (1868)
geophyte (0)
desert plart, seropiyte. xeropiytc plant, xerophile, serophik
mascphyte, mascpiytic plart (0)
SSUAUC plant, witer Dt hryde ooty te, MySropiytic plat (11
uberous plam (0)
butbous plane (179)
ndacecus plam (27)
s, Nag. Newr-Oe-bs, sword Ny (19)
Dadrded s (4)
Ficrestne ra, Orrig, Fs Qermancs forentrs, rn
German i, Ins germanca (0)
German s, s hochw (0)
Daimacion s, iris palécia (0)
Dearcdhess s (4)
bibous s (0)
Owir?! ra, s cratata (O)
SUrking s, Sasdon, (Iaddon is, Stnking gladwyn,
Persian nd, s persca (0)
yelow wis, yollow flag, yelow water flag, ins pseuda
owar! ns, verngd s, s verra (0)
bhue fag. s versicolor (0)




IMSGENET

5
Court, courtyard e oa2e1ec Bl
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Example: Image Classification




Example: Image Classification

CNN for Image Classification
(Krizhevsky, Sutskever & Hinton, 2011)
17.5% error on ImageNet LSVRC-2010 contest

Input * Five convolutional layers 1000-way
image (w/max-pooling)
(pixels) e Three fully connected layers softmax

7S,

The rest s just This “softmax’’ i
some fancy 192 . . . D048 Joas \dense
| feature extraction | { layeris Log'St'C A
o (discussed laterin f—=—)| Regression! | / \
@ the course) 3| R
224 S/t}’i/d/e’: Max . 128 ]Max pooling 2048 2048
Uof 4 pooling pooling

3 48



LOGISTIC REGRESSION



Logistic Regression

Data: Inputs are continuous vectors of length M. Outputs
are discrete.

D = {x,yN wherex e RM andy € {0,1}

We are back to
classification.

Despite the name
logistic regression.



Linear Models for Classificatim

Key idea: Try to learn

this hyperplane directly
HOBIIME Einzaet = yDirectly modeling the
* We’ll see a number of =~
commonly used Linear |~ hyp.erplane W(.)u'd e e
Classifiers l -~ ldecision function:
* These include: = -
— Perceptron X h(X) — Sign(g X)

— Logistic Regression
— Naive Bayes (under
certain conditions) , for:

— Support Vector
Machines Y € {_1, _I_]-}

r pr—



Background: Hyperplanes%

Hyperplane (Definition 1):

H={x:w'x=0>b}
Hyperplane (Definition 2):
H={x:0"x=0
and Lo = 1}
0= bwy,...,wyl

T

Half-spaces:

Ht ={x:0"x>0andzy = 1}
H™ ={x:0"x<0andzy =1}



Using gradient ascent for linear

classifiers
Key idea behind today’s lecture:
1. Define a linear classifier (logistic regression)
2. Define an objective function (likelihood)

3. Optimize it with gradient descent to learn
parameters

4. Predict the class with highest probability under
the model



