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Reminders

* Homework 2: Learning to Search for RNNs
— Out: Sun, Sep 18
— Due: Thu, Sep 29 at 11:59pm




Q&A

Q: What is the difference between a stochastic policy and a
° deterministic policy?

A: Definition: a stochastic policy is a probability distribution
over actions given a state

as ~ (- | 5t)

Definition: a deterministic policy is a function that maps
from a state to an action

a; = w(S)



CONDITIONAL INDEPENDENCIES
OF DGMS



What Independencies does a Bayes Net Model?

Three cases of interest...




What Independencies does a Bayes Net Model?

Three cases of interest...




D-Separation

If variables X and Z are d-separated given a set of variables E
Then X and Z are conditionally independent given the set E

Definition #1:
Variables X and Z are d-separated given a set of evidence variables E

iff every path from Xto Z is “blocked”.

A pathis “blocked” whenever:
1.  3dYonpaths.t. YEEandYisa “common parent”

O -O-@O -0

2. 3AYonpaths.t.YEEandYisina *“cascade”

o'oY Youo

3. 3AYon paths.t. {Y, descendants(Y)} € Eand Yisina “v-structure”

OO0 -0
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D-Separation

If variables X and Z are d-separated given a set of variables E
Then X and Z are conditionally independent given the set E

Definition #2:
Variables X and Z are d-separated given a set of evidence variables E iff there does

not exist a path in the undirected moral graph

: keep only X, Z, E and their ancestors
2.  Moral graph: add undirected edge between all pairs of each node’s parents
3. Undirected graph: convert all directed edges to undirected
: delete any nodes in E

Example Query: A 1L B|{D, E}

Original: Moral: Undirected:

T O T O T 0T O e
= not d-separated
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Markov Blanket (Directed)

Def: the co-parents of a node
are the parents of its children

Def: the Markov Blanket of a
node in a directed graphical @

model is the set containing the @ @ @

node’s parents, children, and
co-parents.



Markov Blanket (Directed)

Def: the co-parents of a node Example: The Markov
are the parents of its children Blanket of X, is

X5 X, X5, Xg Xg X
Def: the Markov Blanket of a X5 Xy X5 X Xy, o}
node in a directed graphical @
model is the set containing the
node’s parents, children, and @ @ @
co-parents. Parents

O & @

Co-parents

Children @

X]Z



Markov Blanket (Directed)

Def: the co-parents of a node Example: The Markov
are the parents of its children Blanket of X, is
X5 X, X5, Xg Xg X

Def: the Markov Blanket of a X5 Xy X5 Xs Xo, Xiof
node in a directed graphical @
model is the set containing the
node’s parents, children, and @ @ @
co-parents. Parents

. ® 8 @
Theorem: a node is

.. . Co-parents

conditionally independent of @ @
every other node in the graph @
given its Markov blanket il @

X]Z



CONDITIONAL INDEPENDENCIES
OF UGMS



Markov Blanket (Directed)

Def: the co-parents of a node Example: The Markov
are the parents of its children Blanket of X, is
X5 X, X5, Xg Xg X

Def: the Markov Blanket of a X5 Xy X5 Xs Xo, Xiof
node in a directed graphical @
model is the set containing the
node’s parents, children, and @ @ @
co-parents. Parents

. ® 8 @
Theorem: a node is

.. . Co-parents

conditionally independent of @ @
every other node in the graph @
given its Markov blanket il @

X]Z



Markov Blanket (Undirected)

Example: The Markov
Blanket of Xj is

X
Def: the Markov Blanket of a X5 X Xo Xio}

node in an undirected graphical
model is the set containing the
node’s neighbors.

Theorem: a node is
conditionally independent of
every other node in the graph
given its Markov blanket




Undirected Graphical Models . 2%
Conditional Independence Semantics A
Consider a distribution overr.v.s X,,..., X;

YAﬁ ZX\ 1\[1’\/\;8

For a UGM and any disjoint index sets A, B, C,
(ile,AS{t, ..., T, BEY, ..., TLCE, ..., T})

X, is conditionally independent of X; given X, iff
Xc separates sets X, and X;
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Undirected Graphical Models

Whiteboard

— Proof of independence by separation (simple
case)



Non-equivalence of Directed |/
Undirected Graphical Models

There does not exist an There does not exist a
undirected graphical model directed graphical model that
that can capture the can capture the conditional
conditional independence independence assumptions
assumptions of this directed  of this undirected graphical
graphical model: model:

Exercise: Can you
prove these claims?




Representation of both directed and undirected graphical models

FACTOR GRAPHS
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Three Types of Graphical Models

Directed Graphical Undirected Graphical

Model Model Factor Graph



How General Are Factor Graphs?

* Factor graphs can be used to describe
— Markov Random Fields (undirected graphical models)

— Conditional Random Fields
— Bayesian Networks (directed graphical models)



Factor Graph Notation

e Variables:
X=1{X,... Xi...

e Factors:

Vo, Vg, Py, - -

where o, 3,7,... C {1,...n}

Joint Distribution

p(@) = - [] v(wa)




Factors are Tensors

* Def: the arity of a
factor is the number
of neighbors
(variables) it has

e Factors:

Vo, Vg, Uy oo 7

where o, 3,7v,... C {1,... 7%

* Def: a unary factor
touches one variables

* Def: a binary factor
touches two variables

* Def: a ternary factor
touches three
variables

| ~ |'!-I

3 5

PDl...

S

vp/pPp| ...

VFS

0 [9 1, |

PRVP

...PP

LW (O w

S

<

Q.0 B |<

O |-|N (W o

0w b~ on|B

flies like



Factors are Tensors
e Factors must contain ;k -

non-negative values --
this ensures we have a
valid probability
distribution

* We also sometimes

refer to factors as
potential functions or

potentials (like UGMs)

Joint Distribution

p(@) = - [ vala)




Ex: Factor Graph over Binary

/LVA Vi w&e»(. 5(+) p(+)

&

4

Variables
.-——5 L M a \9 & \PAK(‘GIL)CX
= @ (g " ® O o 6
O | 3 d O | 2
\ O & ¢ (>} (D |
L 2 S
IRERER €

|
b,o) = —EIWA(“) \PA (a,)) Pac (a,b,0) = Z = ééf_s(cl )

- tsm

6 ‘f‘% 48/z
2 16 le/Z

' 6 6/z

S + 7o 70/z
p
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CONVERTING UGMS AND DGMS
TO FACTOR GRAPHS



Factors have local opinions (> 0)

Each black box looks at some of the tags X; and words W,

_ Note: We chose to reuse
v /n p & A n|p|d] the same factors at
v|1/6|3|4 1/6/3|4 different positions in the
n 8|42 8142 sentence.
pl1]3]|1 131

1810

o

O a0

T )
755 | (8 Wy @ >
25 A0 O) B55s O ®
V| 3|53 V| 3|53
n 4|52 n 4|52
p |0.10.1| 3 p |0.10.1| 3
d 0.10.2/0.1 d 0.10.2/0.1




Factors have local opinions (> 0)

Each black box looks at some of the tags X; and words W,

p(n, v, p, d, n, time, flies, like, an, arrow) — ?
vin p d v np d
v i1[6[/3]|4 vi1/6[3]|4
n(8 4/201 n|/8/4|2|01
p|1[3[1]3 p|1|3[1]3
do18/0 0 do18 0|0

o
-] W
O=O
N
N
O
N
N

Ol nl @ O v g
Q|5 8|~
e WL ® @
v|3|5|3 vVi3|5]3
ni4, 5|2 ni4/ 5|2
P 0.10.1] 3 p 0.10.1 3
d (0.1/0.2/0.1 d [0.1/0.2/0.1 36




Global probability = product of local opinions

Each black box looks at some of the tags X; and words W,

1
p(n, v, p, d, n, time, flies, like, an, arrow) = ? (4 * 8 * 5 * 3 * )
I/\ = ?
(Wn|p|d V| n
v|i1]6[3]|4 @ 116
(0(5)4 2001 |n 8|42
p|1/3|1/3 pl1]3]1
doi1 8 o]0 d o1 8 0
S = (-)m > —m G
A3 & (@) g~
&n time ies = ,’{H e @
V3,513 M 3(5) 3
@515 ni4/5 2
p [0.1/0.1] 3 p (0.10.1 3
d 0.10.2/0.1 d 0.1/0.2/0.1
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Markov Random Field (MRF)

Joint distribution over tags X; and words W,
The individual factors aren’t necessarily probabilities.

1
p(n,v,p,d,n,time,ﬂies,like,an,arrow) = 7(4*8*5*3 *)
vin p d v np d
v 1/6[3[(4| |v|1]/6|3]|4
n/ < 4201 n|/8 42|01
p 1/3[1]3 p 1/3[1]3
do.18 00 do.18 0|0
() (D
S == ()= e
Ol nl @ O v g
Q : o)
Ahil @WEEE O @
v|i3|5|3 V{353
n 452 n 4|52
p [0.1/0.1] 3 p (0.10.1 3
d |0.1/0.2/0.1 d |0.1/0.2/0.1 38




(Bayesian Netvvor\lb

But sometimes we choose to make them probabilities.
Constrain each row of a factor to sum to one. Now Z = |.

p(n, v, p, d, n, time, flies, like, an, arrow) — %{(3 *8* 0% 5 ® )
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Converting to Factor Graphs

Each conditional and Each maximal clique (or
marginal distribution in a each clique)in an

directed GM becomes a undirected GM becomes a
factor factor

by B
K W



Converting to Factor Graphs

* Example1

® =

o

P(X;) P(X;) P(X5[X0X,) P(X5[X,X3) P(X,[X,,X5)

141 1 1 !

fa(x1) 1:b(Xz) fc(x3rx1rxz) fd(x5rxvx3) fe(X4,X2,X3)

© Eric Xing @ CMU, 2005-2015
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Converting to Factor Graphs

* Example 2

7/
A yzg ;
W(X1;X2;X3) = fa(x17X2)fb(xz:xs)fc(x3:x1)
. '“P"/BQ\ X =w

\V(X17X27X3) = fa(X1,X2,X3)

© Eric Xing @ CMU, 2005-2015 42




Converting to Factor Graphs

2

* Example 4

© Eric Xing @ CMU, 2005-2015



Converting to Factor Graphs

'\‘<" /‘:TKH

© Eric Xing @ CMU, 2005-2015 44

* Examples




Converting to Factor Graphs

A neat property of factor graph
convertion:

* Afactor graph sometimes
turns tree-like undirected /
directed graphical models to
factor trees,

Trees are a data-structure
that guarantees exactness of
belief propagation!

© Eric Xing @ CMU, 2005-2015 45



Converting to Factor Graphs

Equivalence of directed and undirected trees

Any undirected tree can be converted to a directed tree by choosing a root
node and directing all edges away from it

A directed tree and the corresponding undirected tree make the same
conditional independence assertions

Parameterizations are essentially the same.

— Undirected tree:
pla) = ;(nwm I1 w<:cz-,xj>>

i / (i.d)EE &
— Directed tree: /
p(x) =plz,) || pla;le:) ﬁ

— Equival : (i.7)€E
quivalence O S
¢($r) = p<x'r’)7 w(xu xj) — p(xj‘xi);
Z =1, ¢Y(x;)=1



MRF VS. CRF



MRF vs. CRF

Markov Random Field (MRF):
just a distribution over variables y

partition function Z is just a function of
the parameters

po(y) = i%@ra[wya;@

/4 {3}

like
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Markov Random Field (MRF)

Joint distribution over tags X; and words W,

p(n,v,p,d,n,%like,an,axrow) = %(4*8*5*3*)

Q.

v
1
8
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o
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Ol nl @ O v g
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== HEEE ® €
V|3|/5|3 V|3/5/|3
n 452 n 4/5/2
p |0.10.1| 3 p |0.10.1| 3
d |0.1/0.2/0.1 d |0.1/0.2/0.1 49




Conditional Random Field (CRF)

Conditional distribution over tags X; given words w,.
The factors and Z are now specific to the sentence w.

1
n,v,p,d, n | time, flies, like, an, arrow — *8* * *...

- (2
vin p d v np d
v|i1/6(3]|4 vi1[6|3|4
n/ < 4201 n|/8 42|01
p|1/3|1/3 pl1[3[1]3
doi1 8 o]0 doi18 0]o0




TYPES OF GRAPHICAL MODELS



Three Types of Graphical Models

Directed Graphical Undirected Graphical

Model Model Factor Graph



Graphical Models in General
1.

Key Concepts for Graphical Models

A graphical model defines a
family of probability
distributions

That family shares in common a

set of conditional
independence assumptions
By choosing a
parameterization of the
graphical model, we obtain a
single model from the family

The model may be either
locally or globally normalized

Ex: Directed G.M.

1.

2.

Family: directed graphs with
locally normalized conditional
probabilities

Conditional Independencies: d-
separation, Markov blanket

Example parameterization:
conditional probability tables
(CPTs) for discrete var.s,
conditional probability
densities for continuous var.s

Normalization: locally
normalized, partition function
is always 1.0



Graphical Models in General

1.

4.

A graphical model defines a
family of probability
distributions

That family shares in
common a set of conditional
independence assumptions
By choosing a
parameterization of the

graphical model, we obtain a
single model from the family

The model may be either
locally or globally
normalized

Key Concepts for Graphical Models

Ex: Undirected G.M.

1.

Family: undirected graphs
with unormalized potentials

Conditional Independencies:
independence by
separation, Markov blanket

Example parameterization:
Markov random field (MRF),
conditional random field
(CRF), neural potentials

Normalization: globally
normalized



Graphical Models in General

1.

A graphical model defines a
family of probability
distributions

That family shares in
common a set of conditional
independence assumptions
By choosing a
parameterization of the

graphical model, we obtain a
single model from the family

The model may be either

locally or globally
normalized

Key Concepts for Graphical Models

Ex: Factor Graph

1.

Family: bipartite graph over
variables and factors
Conditional Independencies:
independence by
separation, inferable from
underlying DGM or UGM

Example parameterization:
any DGM parameterization,
any UGM parameterization

Normalization: locally
normalized if based on DGM,
globally normalized if based
on UGM
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COMPUTATIONAL COMPLEXITY



Analysis of Algorithms

Key Questions:
1. Given asingle

algorithm, will it 0l

complete on a given 17 ottogny

input in a reasonable =

amount of time/space? g

2. Given two algorithms
which one is better?



g

Comparing Algorithm Runtimes
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Comparing Algorithm Runtimes
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Comparing Algorithm Runtimes
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Comparing Algorithm Runtimes

30 A

25 A

20 A

154

10 A

-
P
P
s ¥
P
P
“““
-
P
a®
a®
P
a®

an®
-‘I- I
™Y -—-___—_--—_—_—_——




Comparing Algorithm Runtimes
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Comparing Algorithm Runtimes
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Comparing Algorithm Runtimes
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Comparing Algorithm Runtimes

1750000

1500000 A

1250000 A

1000000 A

750000 A
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250000

O_
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Comparing Algorithm Runtimes

O(1) constant
O(log(n)) logarithmic
O(n) linear

O(n log(n)) “nlogn”
O(n?) quadratic
O(n3) cubic

o(2") exponential
O(n!) factorial

O(n") superexponential



Complexity Classes

* Analgorithm runs in polynomial time if its runtime is a polynomial function of
the input size (e.g. O(n¥) for some fixed constant k)

* Theclass P consists of all problems that can be solved in polynomial time

* A problem for which the answer is
binary (e.g. yes/no) is called a
decision problem

* The class NP contains all decision
problems where ‘yes’ answers can
be verified (proved) in polynomial
time — J—

* A problemis NP-Hard if given an /NP,CWP,&R / \
O(1) oracle to solve it, every f \ [ awre )
problem in NP can be solved in | np | | WP-cCamplete |

polynomial time (e.g. by reduction) \ e ).
« Aproblem is NP-Complete if it w
belongs to both the classes NP and '

NP-Hard P = NP P = NP

NP-Hard NP-Hard

Figure from https://en.wikipedia.org/wiki/NP-completeness



Complexity Classes

* A problem for which the answeris a Examples of #P-Hard
nonnegative integer is called a counting problems
problem *  #SAT,i.e. how many
* The class #P contains the counting satisfying solutions for a
problems that align to decision problems given SAT problem?
In NP * How many solutions for
— really this is the class of problems that count a given DNF formula?

the number of accepting paths in a Turing e H luti £
machine that is nondeterministic and runs in OW many solutions Tor

polynomial time a 2-SAT problem?
* A problem is #P-Hard if given an O(1) * How many perfect
oracle to solve it, every problem in #P can matchings for a
be solved in polynomial time (e.g. by bipartite graph?
reduction) « How many graph
* A problem is #P-Complete if it belongs to colorings (with k colors)
both the classes #P and #P-Hard for a given graph G?

* There are no known polytime algorithms
for solving #P-Complete problems. If we
found one it would imply that P = NP.

Examples from https://en.wikipedia.org/wiki/%E2%99%AFP-complete



EXACT INFERENCE



Exact Inference
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(#P-Hard)

(#P-Hard)

(NP-Hard)




