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Abstract. We give analgorithmfor thebanditversionof a very generalonline
optimizationproblemconsideredby Kalai andVempala[1], for the caseof an
adaptiveadversary. In thisproblemwearegivenaboundedsetS ��� n of feasible
points.At eachtime stept, theonlinealgorithmmustselecta point xt � Swhile
simultaneouslyanadversaryselectsacostvectorct � � n. Thealgorithmthenin-
curscostct � xt . Kalai andVempalashow thatevenif S is exponentiallylarge(or
infinite), solong aswe have anefficient algorithmfor theoffline problem(given
c � � n, find x � S to minimizec � x) andsolong asthecostvectorsarebounded,
onecanefficiently solve theonlineproblemof performingnearlyaswell asthe
bestfixedx � S in hindsight.TheKalai-Vempalaalgorithmassumesthatthecost
vectorsct aregiven to the algorithmafter eachtime step.In the “bandit” ver-
sion of the problem,the algorithmonly observesits cost,ct � xt . Awerbuch and
Kleinberg [2] giveanalgorithmfor thebanditversionfor thecaseof anoblivious
adversary, andanalgorithmthatworksagainstanadaptiveadversaryfor thespe-
cial caseof theshortestpathproblem.They leave opentheproblemof handling
anadaptive adversaryin thegeneralcase.In this paper, we solve this openprob-
lem,giving a simpleonlinealgorithmfor thebanditproblemin thegeneralcase
in thepresenceof anadaptiveadversary. Ignoringa (polynomial)dependenceon
n, weachieve a regretboundof �	� T3
 4 ln � T ��� .

1 Intr oduction

Kalai andVempala[1] give an elegant,efficient algorithmfor a broadclassof online
optimizationproblems.In their setting,we have an arbitrary(bounded)setS 
�� n of
feasiblepoints.At eachtime stept, an online algorithm � mustselecta point xt � S
andsimultaneouslyan adversaryselectsa costvectorct � � n (throughoutthe paper
we usesuperscriptsto index iterations).Thealgorithmthenobservesct andincurscost
ct � xt . Kalai andVempalashow that so long aswe have an efficient algorithmfor the
offline problem(given c � � n find x � S to minimize c � x) and so long as the cost
vectorsarebounded,we canefficiently solve theonlineproblemof performingnearly
aswell asthebestfixedx � S in hindsight.Thisgeneralizestheclassic“expertadvice”
problem,becausewe do not requirethesetS to berepresentedexplicitly: we just need
an efficient oraclefor selectingthe bestx � S in hindsight.Further, it decouplesthe
numberof expertsfrom theunderlyingdimensionalityn of thedecisionset,underthe
assumptionthecostof a decisionis a linearfunctionof n featuresof thedecision.The
standardexpertssettingcanberecoveredby lettingS ��� e1 ��������� en � , thecolumnsof the
n � n identitymatrix.



A problemthatfits naturallyinto this framework is anonlineshortestpathproblem
wherewerepeatedlytravel betweentwo pointsa andb in somegraphwhoseedgecosts
changeeachday(say, dueto traffic). In this case,we canview thesetof pathsasa set
Sof pointsin a spaceof dimensionequalto thenumberof edgesin thegraph,andct is
simply thevectorof edgecostson day t. Even thoughthenumberof pathsin a graph
canbeexponentialin thenumberof edges(i.e., thesetS is of exponentialsize),since
we cansolve theshortestpathproblemfor any givensetof edgelengths,we canapply
theKalai-Vempalaalgorithm.(Notethatadifferentalgorithmfor thespecialcaseof the
onlineshortestpathproblemis givenby TakimotoandWarmuth[3].)

A naturalgeneralizationof theaboveproblem,consideredby AwerbuchandKlein-
berg [2], is to imaginethatratherthanbeinggiventheentirecostvectorct , thealgorithm
is simply told thecostincurredct � xt . For example,in thecaseof shortestpaths,rather
thanbeingtold the lengthsof all edgesat time t, this would correspondto just being
told thetotal timetakento reachthedestination.Thus,this is the“banditversion”of the
Kalai-Vempalasetting.AwerbuchandKleinberg presenttwo results:analgorithmfor
thegeneralproblemin thepresenceof anobliviousadversary, andanalgorithmfor the
specialcaseof theshortestpathproblemthatworksin thepresenceof anadaptivead-
versary. Thedifferencebetweenthetwo adversariesis thatanobliviousadversarymust
committo theentiresequenceof costvectorsin advance,whereasanadaptiveadversary
maydeterminethenext costvectorbasedontheonlinealgorithm’splay(andhence,the
informationthealgorithmreceived)in theprevioustimesteps.Thus,anadaptiveadver-
saryis in essenceplayinga repeatedgame.They leave openthequestionof achieving
goodregretguaranteesfor anadaptive adversaryin thegeneralsetting.

In this paperwe solve theopenquestionof [2], giving analgorithmfor thegeneral
banditsettingin thepresenceof anadaptiveadversary. Moreover, ourmethodis signifi-
cantlysimplerthanthespecial-purposealgorithmof AwerbuchandKleinberg for short-
estpaths.Ourboundsaresomewhatworse:weachieve regretboundsof ��� T3� 4  lnT !
comparedto the �"� T2� 3 ! boundsof [2]. We believe improvementin this directionmay
bepossible,andpresentsomediscussionof this issueat theendof thepaper.

The basicideaof our approachis asfollows. We begin by noticing that the only
history informationusedby the Kalai-Vempalaalgorithmin determiningits actionat
time t is the sumc1:t # 1 � ∑t # 1

τ$ 1cτ of all costvectorsreceived so far (we usethis ab-
breviatednotationfor sumsover iterationindexesthroughoutthepaper).Furthermore,
the way this is usedin the algorithmis by addingrandomnoiseµ to this vector, and
thencalling theoffline oracleto find thext � Sthatminimizes � c1:t # 1 % µ! � xt . So,if we
candesigna banditalgorithmthatproducesanestimatêc1:t # 1 of c1:t # 1, andshow that
with highprobabilityevenanadaptiveadversarywill not causêc1:t # 1 to differ toosub-
stantiallyfrom c1:t # 1, we canthenarguethatthedistribution ĉ1:t # 1 % µ is closeenough
to c1:t # 1 % µ for the Kalai-Vempalaanalysisto apply. In fact, to make our analysisa
bit moregeneral,so thatwe couldpotentiallyuseotheralgorithmsassubroutines,we
will arguea little differently. Let OPT� c !&� minx ' S� c � x ! . We will show thatwith high
probability, OPT� ĉ1:T ! is closeto OPT� c1:T ! andĉ1:T satisfiesconditionsneededfor the
subroutineto achievelow regreton ĉ1:T . Thismeansthatoursubroutine,whichbelieves
it hasseenĉ1:T , will achieve performanceon ĉ1:T closeto OPT� c1:T ! . We thenfinish
off by arguingthatourperformanceonc1:T is closeto its performanceon ĉ1:T .



The behavior of the bandit algorithm will in fact be fairly simple.We begin by
choosinga basisB of (at most)n pointsin S to usefor sampling(we addresstheissue
of how B is chosenwhenwedescribeouralgorithmin detail).Then,ateachtimestept,
with probabilityγ we explore by playinga randombasiselement,andotherwise(with
probability1 ( γ) weexploit by playingaccordingto theKalai-Vempalaalgorithm.For
eachbasiselementb j , weuseourcostincurredwhile exploringwith thatbasiselement,
scaledby n) γ, asanestimateof c1:t # 1 � b j . Usingmartingaletail inequalities,we argue
thatevenanadaptiveadversarycannotmakeourestimatediffer toowildly from thetrue
valueof c1:t # 1 � b j , andusethis to show thataftermatrix inversion,our estimatêc1:t # 1

is closeto its correctvaluewith highprobability.

2 ProblemFormalization

We can now fully formalize the problem.First, however, we establisha few nota-
tionalconventions.As mentionedpreviously, weusesuperscriptsto index iterations(or
rounds)of our algorithm,andusetheabbreviatedsummationnotationc1:t whensum-
ming variablesover iterations.Vectorsquantitiesareindicatedin bold, andsubscripts
index into vectorsor sets.Hats(suchasĉt ) denoteestimatesof thecorrespondingactual
quantities.Thevariablesandconstantsusedin thepaperaresummarizedin Table(1).

As mentionedabove, we considerthesettingof [1] in which we have anarbitrary
(bounded)setS 
*� n of feasiblepoints.At eachtime stept, the online algorithm �
mustselectapointxt � Sandsimultaneouslyanadversaryselectsacostvectorct � � n.
Thealgorithmthenincurscostct � xt . Unlike [1], however, ratherthanbeingtold ct , the
algorithmsimply learnsits costct � xt .

For simplicity, we assumea fixed adaptive adversary + and time horizon T for
thedurationof this paper. Sinceour choiceof algorithmparametersdependson T, we
assume1 T is known to thealgorithm.We refer to thesequenceof decisionsmadeby
thealgorithmsofarasadecisionhistory, whichcanbewrittenht ��, x1 ��������� xt - . Let H .
be thesetof all possibledecisionhistoriesof length0 throughT ( 1. Without lossof
generality(e.g.,see[5]), weassumeouradaptiveadversaryis deterministic,asspecified
by a function + : H .0/1� n, a mappingfrom decisionhistoriesto costvectors.Thus,
+2� ht # 1 !3� ct is thecostvectorfor timestept.

We canview our onlinedecisionproblemasa game,whereon eachiterationt the
adversary + selectsa new costvectorct basedon ht # 1, andtheonlinealgorithm � se-
lectsa decisionx � Sbasedon its pastplaysandobservations,andpossiblyadditional
hiddenstateor randomness.Then,� paysct � xt andobservesthiscost.For ouranalysis,
we assumea L1 boundon S, namely 4 x 4 1 5 D ) 2 for all x � S, so 4 x ( y 4 1 5 D for all
x � y � S. We alsoassumethat 6 c � x 6 5 M for all x � S andall c playedby + . We also
assumeS is full rank,if it is not we simply projectto a lower-dimensionalrepresenta-
tion. Someof theseassumptionscanbe lifted or modified,but this setof assumptions
simplifiestheanalysis.

ForafixeddecisionhistoryhT andcosthistorykT �7� c1 �������8� cT ! , wedefineloss� hT � kT !9�
∑T

t $ 1 � ct � xt ! . For a randomizedalgorithm � andadversary + , we definethe random
1 Onecanremove this requirementby guessingT, anddoublingthe guesseachtime we play

longerthanexpected(see,for example,Theorem6.4from [4]).



variableloss�:� � +;! to be loss� hT � kT ! , wherehT is drawn from the distribution over
historiesdefinedby � and + , andkT �<�=+2� h0 ! �������8� +2� hT # 1 !�! . Whenit is clearfrom
context, wewill omit thedependenceon + , writing only loss�>�?! .

Ourgoalis to defineanonlinealgorithmwith low regret.Thatis,wewantaguaran-
tee that the total loss incurredwill, in expectation,not be much larger than the op-
timal strategy in hindsightagainst the cost sequencewe actually faced.To formal-
ize this, first definean oracle @ : � n / S that solves the offline optimizationprob-
lem, @A� c !�� argminx ' S� c � x ! . We then defineOPT� kT !�� c1:T � @A� c1:T ! . Similarly,
OPT�>� � +;! is therandomvariableOPT� kT ! whenkT is generatedby playing + against
� . Weagain dropthedependenceon + and � whenit is clearfrom context. Formally,
wedefineexpectedregretas

E , loss�>� � +2!B( OPT�>� � +;! - � E , loss�:� � +;! - ( E min
x ' S

T

∑
t $ 1

� ct � x ! � (1)

NotethattheE ,OPT�:� � +;! - termcorrespondsto applyingthemin operatorseparately
to eachpossiblecosthistoryto find thebestfixeddecisionwith respectto thatparticular
costhistory, andthentaking the expectationwith respectto thesehistories.In [5], an
alternative weaker definition of regret is given. We discussrelationshipsbetweenthe
definitionsin AppendixB.

3 Algorithm

Chooseparametersγ andε, whereε is aparameterof GEX
t C 1
Fix abasisB C7D b1 E�F�F�F>E bn G � S
while playingdo

Let χt C 1 with probabilityγ andχt C 0 otherwise
if χt C 0 then

Selectxt from thedistributionGEX � ĉ1 E�F�F�FHE ĉt I 1 �
Incurcostzt C ct � xt

ĉt C 0 � � n

else
Draw j uniformly at randomfrom D 1 E�F�F�F>E n G
xt C b j
Incurcostandobservezt C ct � xt

DefineˆJ t by ˆJ t
i C 0 for i KC j and ˆJ t

j C�� nL γ � zt

ĉt C�� B† � I 1ˆJ t
end if
ĉ1:t C ĉ1:t I 1 M ĉt

t C t M 1
endwhile

Algorithm 1: BGA



Weintroduceanalgorithmwecall BGA, standingfor Bandit-styleGeometricdeci-
sionalgorithmagainstan Adaptiveadversary. Thealgorithmalternatesbetweenplay-
ing decisionsfrom a fixedbasisto getunbiasedestimatesof costs,andplaying(hope-
fully) gooddecisionsbasedonthoseestimates.In orderto determinethegooddecisions
to play, it usessomeonline geometricoptimizationalgorithmfor the full observation
problem.Wedenotethisalgorithmby GEX (GeometricExpertsalgorithm). Theimple-
mentationof GEX weanalyzeis basedontheFPLalgorithmof Kalai andVempala[1];
we detail this implementationandanalysisin AppendixA. However, otheralgorithms
couldbeused,for examplethealgorithmof Zinkevich [6] whenS is convex. We view
GEX asa function from thesequenceof previouscostvectors � ĉ1 �������8� ĉt # 1 ! to distri-
butionsover decisions.

Pseudocodefor ouralgorithmis givenin Algorithm (1).Oneachtimestep,wemake
decisionxt . With probability � 1 ( γ ! , BGA playsa recommendationxt � x̃t � S from
GEX. With probability γ, we ignore x̃t and play a basisdecision,xt � bi uniformly
at randomfrom a samplingbasisB �N� b1 ��������� bn � . The indicatorvariableχt is 1 on
explorationiterationsand0 otherwise.

OursamplingbasisB is an � n matrixwith columnsbi
� S, sowecanwrite x � Bw

for any x � � n andweightsw � � n. For agivencostvectorc, let OP� B†c (thesuperscript
† indicatestranspose).This is the vectorof decisioncostsfor the basisdecisions,so
O t

i � ct � bi . We defineˆO t
, anestimateof O t , asfollows: Let ˆO t � 0 � � n on exploitation

iterations.If on anexplorationiterationwe play b j , thenˆO t
is thevectorwhere ˆO t

i � 0
for i Q� j and ˆO t

j � n
γ � ct � b j ! . Notethatct � b j is theobservedquantity, thecostof basis

decisionb j . On eachiteration,we estimatect by ĉt �R� B† ! # 1ˆO t
. It is straightforwardto

show that ˆO t
is anunbiasedestimateof basisdecisioncostsandthat ĉt is anunbiased

estimateof ct oneachtimestept.
The choiceof the samplingbasisplays an importantrole in the analysisof our

algorithm.In particular, we usea baricentricspanner, introducedin [2]. A baricentric
spannerB �S� b1 ��������� bn � is a basisfor S suchthat bi

� S and for all x � S we can
write x � Bw with coefficientswi

� ,T( 1� 1- . It maynotbeeasyto find exactbaricentric
spannersin all cases,but [2] provesthey alwaysexist andgivesanalgorithmfor finding
2-approximatebaricentricspanners(wheretheweightswi

� ,U( 2� 2- ! , whichis sufficient
for ourpurposes.

4 Analysis

4.1 Preliminaries

At eachtime step,BGA either (with probability 1 ( γ) plays the recommendatioñxt

from GEX, or else(with probabilityγ) playsarandombasisvectorfrom B. For purposes
of analysis,however, it will beconvenientto imaginethatwerequestarecommendation
x̃t from GEX on every iteration,andalso that we randomlypick a basisto explore,
bt � � b1 ��������� bn � , on eachiteration.We thendecideto play eitherx̃t or bt basedon the
outcomeχt of acoinof biasγ. Thus,thecompletehistoryof thealgorithmisspecifiedby
thealgorithmhistoryGt # 1 �*, χ1 � x̃1 � b1 � χ2 � x̃2 � b2 ��������� χt # 1 � x̃t # 1 � bt # 1- , which encodes
all previousrandomchoices.Thesamplespacefor all probabilitiesandexpectationsis



Table1. Summaryof notation

S �V� n setof decisions,acompactsubsetof � n

D � � L1 boundondiameterof S, W x E y � SEYX x Z y X 1 [ D
n � N dimensionof decisionspace
ht decisionhistory, ht C x1 E�F�F�F>E xt

H \ setof possibledecisionhistories]
: H \_^ � n adversary, functionfrom decisionhistoriesto costvectors`

anonlineoptimizationalgorithm
Gt I 1 historyof BGA randomnessfor timesteps1 throught Z 1
ct � � n costvectoron time t
ĉt � � n BGA’sestimateof thecostvectoron time t
M � �0a boundonsingle-iterationcost, X ct � xt X [ M
B � S samplingbasisB CbD b1 E�F�F�F>E bn G
β∞
� � matrix maxnormon � B† � I 1J t �dc Z M E M e n vector,

J t
i C ct � bi for bi

� B
ˆJ t � � n BGA’sestimateof

J t
T ��f endof time, index of final iteration
xt � S BGA’sdecisionon time t
x̃t � S decisionrecommendedby GEX on time t
χt � D 0E 1 G indicator, χt C 1 if BGA exploreson t, 0 otherwise
γ �dc 0E 1e theprobabilityBGA exploresoneachtimestep
zt �dc Z M E M e BGA’s losson iterationt, zt C ct � xt ,
ẑt �dc Z RE Re lossof GEX, ẑt C ĉt � x̃t

thesetof all possiblealgorithmhistoriesof lengthT. Thus,for agivenadversary+ , the
variousrandomvariablesandvectorswe consider, suchasxt � ct � ĉt � x̃t , andothers,can
all beviewedasfunctionson thesetof possiblealgorithmhistories.Unlessotherwise
stated,our expectationsandprobabilitiesarewith respectto thedistribution over these
histories.

A partialhistoryGt # 1 canbevieweda subsetof thesamplespace(anevent)con-
sistingof all completehistoriesthathaveGt # 1 asaprefix.We frequentlyconsidercon-
ditional distributionsandcorrespondingexpectationswith respectto partialalgorithm
histories.For instance,if weconditiononahistoryGt # 1, therandomvariablesc1 ��������� ct ,

O 1 ��������� O t , ˆO 1 ��������� ˆO t # 1
, ĉ1 ������� ĉt # 1, x1 ��������� xt # 1, andχ1 ��������� χt # 1 arefully determined.

We now outline the generalstructureof our argument.Let ẑt � ĉt � x̃t be the loss
perceivedby theGEX on iterationt. In keepingwith earlierdefinitions,loss� BGA !&�
z1:T and loss� GEX !0� ẑ1:T . We also let OPT � OPT� BGA � +;!0� c1:T � @A� c1:T ! , the
performanceof the bestpost-hocdecision,and similarly OPT � OPT� ĉ1 ��������� ĉT !P�
ĉ1:t � @A� ĉ1:t ! .

The baseof our analysisis a boundon the lossof GEX with respectto the cost
vectorsĉt of theform

E , loss� GEX! - 5 E ,OPT-8% � terms! � (2)



Sucha result is given in AppendixA, andfollows from an adaptationof the analysis
from [1]. We thenprove statementshaving thegeneralform

E , loss� BGA ! - 5 E , loss� GEX ! -8% � terms! (3)

and

E ,OPT- 5 E ,OPT-g% � terms! � (4)

Thesestatementsconnectour real lossto the “imaginary” lossof GEX, andsimilarly
connectthelossof thebestdecisionin GEX’s imaginedworld with thelossof thebest
decisionin the realworld. Combiningthe resultscorrespondingto Equations(2), (3),
and(4) leadsto anoverall boundon theregretof BGA.

4.2 High Probability Boundson Estimates

We prove a boundon theaccuracy of BGA’s estimateŝO t
, andusethis to show a rela-

tionshipbetweenOPTandOPTof theform in Equation4.
Define randomvariablese0 � 0 and et ��O t ( ˆO t

. We are really interestedin the
correspondingsumse1:t , wheree1:t

i is thetotal errorin our estimateof c1:t � bi . We now
bound 6 e1:t

i 6 .
Theorem 1. For λ h 0,

Pr e1:t
i i λ

nM
γ
 t 5 2e# λ2� 2 �

Proof. It is sufficient to show the sequencee0 � e1 � e1:2 � e1:3 ��������� e1:T of randomvari-
ablesis a boundedmartingale sequencewith respectto the filter G0 � G1 ��������� GT ; that
is, E , e1:t

i 6 Gt # 1- � e1:t # 1
i . The result then follows from Azuma’s Inequality (see,for

example,[7]).
First, observe thate1:t

i �jO t
i ( ˆO t

i
% e1:t # 1

i . Further, thecostvectorct is determinedif
weknow Gt # 1, andso O t

i is alsofixed.Thus,accountingfor the γ
n probabilityweexplore

aparticularbasisdecisionbi , wehave

E e1:t
i 6 Gt # 1 � γ

n
O t

i ( n
γ
O t

i
% e1:t # 1

i
% 1 ( γ

n
, O t

i ( 0 % e1:t # 1
i

- � e1:t # 1
i �

andsoweconcludethatthee1:t
i formsamartingalesequence.Noticethat 6 e1:t

i ( e1:t # 1
i 6k�

6 O t
i ( ˆO t

i 6 . If wedon’t sample,ˆO t
i � 0 andso 6 e1:t

i ( e1:t # 1
i 6 5 M. If wedosample,wehave

ˆO t
i � n

γ O t
i , andso 6 e1:t

i ( e1:t # 1
i 6 5 nM

γ . Thisboundis worse,soit holdsin bothcases.The
resultnow follows from Azuma’s inequality. lm

Let β∞ �*4=� B† ! # 1 4 ∞, amatrixL∞-normon � B† ! # 1, sothatfor any w, 4n� B† ! # 1w 4 ∞ 5
β∞ 4 w 4 ∞.

Corollary 1. For δ � � 0� 1- , andall t from1 to T,

Pr 4 ĉ1:t ( c1:t 4 ∞ i β∞J � δ � γ !  t 5 δ �
whereJ � δ � γ !o� 1

γ nM 2ln � 2n) δ ! .



Proof. Solving δ ) n � 2e# λ2� 2 yields λ � 2ln � 2n) δ ! , and then using this value in
Theorem(1) gives

Pr 6 e1:t
i 6 i J � δ � γ !  t 5 δ ) n�

for all i � � 1� 2��������� n� . Then,

Pr 4 e1:t 4 ∞ i J � δ � γ !  t 5
n

∑
i $ 1

Pr 6 e1:t
i 6 i J � δ � γ !  t

5 δ

by theunionbound.Now, noticethatwecanrelateˆO 1:t
andĉ1:t by

� B† ! # 1ˆO 1:t ��� B† ! # 1
t

∑
τ$ 1

O τ �
t

∑
τ$ 1

� B† ! # 1O τ �
t

∑
τ$ 1

ĉτ � ĉ1:t �

andsimilarly for O 1:t andc1:t . Then

Pr 4 ĉ1:t ( c1:t 4 ∞ i β∞J � δ � γ !  t � Pr 4n� B† ! # 1 � ˆO 1:t (?O 1:t !p4 ∞ i β∞J � δ � γ !  t

5 Pr β∞ 4 e1:t 4 ∞ i β∞J � δ � γ !  t

� Pr 4 e1:t 4 ∞ i J � δ � γ !  t

5 δ �
lm

We cannow prove our mainresultfor thesection,a statementof theform of Equa-
tion (4) relatingOPTandOPT:

Theorem 2. If weplay + againstBGA for T timesteps,

E ,OPT- 5 E ,OPT-g% � 1 ( δ ! 3
2

Dβ∞J � δ � γ !  T % δMT �

Proof. Let Φ � ĉ1:T ( c1:T . By definitionof @ , @A� ĉ1:T ! � ĉ1:T 5 @A� c1:T ! � ĉ1:T or equiv-
alently @A� c1:T % Φ ! � � c1:T % Φ ! 5 @A� c1:T ! � � c1:T % Φ ! , andsoby expandingandrear-
rangingwehave

@A� c1:T % Φ ! � c1:T (;@A� c1:T ! � c1:T 5 �>@A� c1:T !q(;@7� c1:T % Φ !�! � Φ
5 D 4 Φ 4 ∞ � (5)

Then,

6 OPT( OPT6r�S6 @A� c1:T ! � c1:T (2@A� c1:T % Φ ! � � c1:T % Φ !�6
5 6s�>@A� c1:T !q(2@A� c1:T % Φ !�! � c1:T 6 % 6t@A� c1:T % Φ ! � Φ 6
5 � D % D ) 2 !p4 Φ 4 ∞ �



wherewe have usedEquation(5). Recallfrom Section(2), we assume4 x 4 1 5 D ) 2 for
all x � S, so 4 x ( y 4 1 5 D for all x � y � S. Thetheoremfollows by applyingthebound
on Φ givenby Corollary (1), andthenobservingthat theabove relationshipholdsfor
at leasta 1 ( δ fractionof thepossiblealgorithmhistories.For theotherδ fraction,the
differencemightbeasmuchasδMT. Writing theoverallexpectationasthesumof two
expectationsconditionedonwhetheror not theboundholdsgivestheresult. lm

4.3 Relating the Lossof BGA and its GEX Subroutine

Now weprove astatementlikeEquation(3), relatingloss� BGA ! to loss� GEX ! .
Theorem 3. If werun BGA with parameterγ against + for T timesteps,

E , loss� BGA ! - 5 � 1 ( γ ! E , loss� GEX ! -8% γMT �

Proof. For a given adversary + , Gt # 1 fully determinesthe sequenceof costvectors
givento algorithmGEX. So,we canview GEX asa functionfrom Gt # 1 to probability
distributionsoverS. If wepresentacostvectorĉ to GEX, thentheexpectedcostto GEX
givenhistoryGt # 1 is ∑x̃ ' SPr� x̃ 6 Gt # 1 !&� ĉ � x̃ ! . If wedefinex̄t � ∑x̃ ' SPr� x̃ 6 Gt # 1 ! x̃, we
canre-write theexpectedlossof GEX againstĉ asĉ � x̄t ; that is, we canview GEX as
incurringthecostof someconvex combinationof thepossibledecisionsin expectation.

Let ˆO t u j
be ˆO t

giventhatwe exploreby playingbasisvectorb j on time t, andsimilarly

let ĉt u j �R� B† ! # 1ˆO t u j
. Observe that ˆO t u j

i � n
γ O t

i for j � i and0 otherwise,andso

n

∑
j $ 1

ˆO t u j � n
γ
O t � n

γ
B†ct � (6)

Now, wecanwrite

E , ẑt 6 Gt # 1- �S� 1 ( γ ! 0 % γ
n

∑
j $ 1

1
n ∑

x̃t ' S

Pr� x̃t 6 Gt # 1 !v� ĉt u j � x̃t !

� γ
n

∑
j $ 1

1
n

ĉt u j � x̄t

� γ
n
� B† ! # 1

n

∑
j $ 1

ˆO t u j � x̄t � andusingEquation(6),

� ct � x̄t �
Now, weconsidertheconditionalexpectationof zt andseethat

E , zt 6 Gt # 1- �S� 1 ( γ !�� ct � x̄t ! % γ
n

∑
i $ 1

1
n
� ct � bi !

5 � 1 ( γ ! E , ẑt 6 Gt # 1-8% γM � (7)



Thenwehave,

E , zt - � E E , zt 6 Gt # 1-
5 E � 1 ( γ ! E , ẑt 6 Gt # 1-g% γM

�w� 1 ( γ ! E E , ẑt 6 Gt # 1- % γM

�w� 1 ( γ ! E , ẑt -g% γM � (8)

by using the inequality from Equation(7). The theoremfollows by summingthe in-
equality(8) over t from 1 to T andapplyinglinearityof expectation. lm

4.4 A Bound on the ExpectedRegret of BGA

Theorem 4. If werun BGA with parameterγ usingsubroutineGEX with parameterε
(asdefinedin AppendixA), thenfor all δ � � 0� 1- ,

E , loss� BGA ! -
5 E ,OPT-g% � D

1
γ

nM 2ln � 2n) δ !  T % δMT % ε
γ2 n3M2T % n

ε
% γMT

Proof. In AppendixA, we show an algorithmto plug in for GEX, basedon the FPL
algorithmof [1] andgive boundson regretagainsta deterministicadaptive adversary.
Wefirst show how to applythatanalysisto GEX runningasasubroutineto BGA.

First, we needto bound 6 ĉt � x 6 . By definition, for any x � S, we canwrite x � Bw
for weightsw with wi

� ,U( 1� 1- (or ,T( 2� 2- if it is anapproximatebaricentricspanner).
Note that 4 ˆO t 4 1 5 � n

γ ! M, andfor any x � S, we canwrite x asBw wherewi
� ,U( 2� 2- .

Thus,

6 ĉt � x 68��6s� B† ! # 1ˆO t � Bw 6q�x6y� ˆO t ! †B# 1Bw 68��6 ˆO t � w 6 5 4 ˆO t 4 1 4 w 4 ∞ 5 2nM
γ �

Let R � 2nM ) γ. Supposeat thebeginningof timewefix therandomdecisionsof BGA
that arenot madeby GEX, that is, we fix a sequenceX �z, χ1 � b1 ��������� χT � bT - . Fixing
this randomnesstogetherwith + determinesa new deterministicadaptive adversary
ˆ+ that GEX is effectively playing against.To seethis, let h̃t # 1 �z, x̃1 ��������� x̃t # 1- . If we

combineh̃t # 1 with theinformationin X, it fully determinesapartialhistoryGt # 1. If we
let ht # 1 ��, x1 ��������� xt # 1- bethepartialdecisionhistorythatcanberecoveredfrom Gt # 1,
then ˆ+2� h̃t # 1 !o� χt d

γ +2� ht # 1 ! . Thus,whenGEX is run asa subroutineof BGA, we can
applyLemma(3) from theAppendixandconclude

E , loss� GEX!{6 X - 5 E ,OPT 6 X -g% ε � 4n % 2! R2T % 4n
ε

(9)

For the remainderof this proof, we usebig-Oh notationto simplify the presentation.
Now, takingtheexpectationof bothsidesof Equation(9),

E , loss� GEX ! - 5 E ,OPT-g% � εnR2T % n
ε



Applying Theorem(3),

E , loss� BGA ! - 5 � 1 ( γ ! E ,OPT-g% � εnR2T % n
ε
% γMT

andthenusingTheorem(2) wehave

E , loss� BGA ! -
5 � 1 ( γ ! E ,OPT-g% � J � δ � γ ! D  T % δMT % εnR2T % n

ε
% γMT

5 E ,OPT-8% � D
1
γ

nM 2ln � 2n) δ !  T % δMT % ε
γ2 n3M2T % n

ε
% γMT

For the last line, notethatwhile E ,OPT- couldbenegative, it is still boundedby MT,
andsothis justaddsanotherγMT term,which is capturedin thebig-Ohterm. lm

Ignoring thedependenceon n, M, andD andsimplifying, we seeBGA’s expected
regretis boundedby

E , regret� BGA ! - �z�
 T ln � 1) δ !

γ
% δT % εT

γ2
% 1

ε
% γT �

Settingγ � δ � T # 1� 4 andε � T # 3� 4, wegetaboundonourlossof order �"� T3� 4  lnT ! .

5 Conclusionsand OpenProblems

We have presenteda generalalgorithm for online optimizationover an arbitrary set
of decisionsS 
R� n, andproved regret boundsfor our algorithmthat hold againstan
adaptive adversary.

A numberof questionsareraisedby thiswork. In the“flat” banditsproblem,bounds
of theform �"�  T ! arepossibleagainstanadaptive adversary[4]. Againsta oblivious
adversaryin thegeometriccase,a boundof �"� T2� 3 ! is achieved in [2]. We achieve a
boundof �"� T3� 4  lnT ! for this problemagainstan adaptive adversary. In [4], lower
boundsaregivenshowing thatthe ���  T ! resultis tight, but nosuchboundsareknown
for the geometricdecision-spaceproblem.Can the ��� T3� 4  lnT ! and possibly the
�"� T2� 3 ! boundsbe tightenedto �"�  T ! ? A relatedissueis theuseof informationre-
ceivedby thealgorithm;our algorithmandthealgorithmof [2] only usea γ fractionof
the feedbackthey receive, which is intuitively unappealing.It seemsplausiblethatan
algorithmcanbefoundthatusesall of thefeedback,possiblyachieving tighterbounds.
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A Specificationof a GeometricExperts Algorithm

In this sectionwe point out how theFPL algorithmandanalysisof [1] canbeadapted
to oursettingto useastheGEX subroutine,andprove thecorrespondingboundneeded
for Theorem(4). In particular, we needa boundfor anarbitraryS 
�� n andarbitrary
costvectors,requiringonly thaton eachtimestep,6 c � x 6 5 R. Further, theboundmust
holdagainstanadaptive adversary.

FPL solvesthe online optimizationproblemwhenthe entirecostvectorct is ob-
servedateachtimestep.It maintainsthesumc1:t # 1, andoneachtimestepplaysdecision
xt ��@A� c1:t # 1 % µ! , whereµ is chosenuniformly at randomfrom , 0� 1) ε- n, given ε, a
parameterof thealgorithm.Theanalysisof FPL in [1] assumespositive costvectorsc
satisfying 4 c 4 1 5 A, andpositive decisionvectorsfrom S 
�� n| with 4 x ( y 4 1 5 D for
all x � y � Sand 6 c � x ( c � y 6 5 R for all costvectorsc andx � y � S. Further, thebounds
provedarewith respectto a fixedseriesof costvectors,not anadaptive adversary. We
now show how to bridgethegapfrom theseassumptionsto ourassumptions.

First,weadaptanargumentfrom [2], showing thatby usingourbaricentricspanner
basis,we cantransformour probleminto onewheretheassumptionsof FPL aremet.
We thenarguethatacorrespondingboundholdsagainstanadaptive adversary.

Lemma 1. LetS 
j� n beasetof (notnecessarilypositive)decisions,andkt �7, c1 ��������� cT -
a setof costvectors on thosedecisions,such that 6 ct � x 6 5 R for all x � Sandct � kt .
Then,there is analgorithm �?� ε ! thatachieves

E , loss�:�?� ε ! � kt ! - 5 OPT� kt ! % ε � 4n % 2 ! R2T % 4n
ε

Proof. This an adaptationof the argumentsof Appendix A of [2]. Fix a baricentric
spannerB �N� b1 ��������� bn � for S. Then,for eachx � S, let x � Bw anddefine f � x !}�
,T( ∑n

i $ 1wi � w1 ��������� wn
- . Let f � S!_� S~ . For eachcostvectorct defineg� ct !_�x,R� R % ct �

bs1 �	������� R % ct � bn
- . It is straightforwardto verify thatct � x � g � ct ! � f � x ! , andfurther

g� ct ! i 0, 4 g � ct !p4 1 5 � 2n % 1 ! R, andthedifferencein costof any two decisionsagainst
a fixedg � ct ! is at most2R. By definitionof a baricentricspanner, wi

� ,T( 1� 1- andso
theL1 diameterof S~ is at most4n. Notetheassumptionof positive decisionvectorsin
Theorem1 of [1] caneasilybelifted by additively shiftingthespaceof decisionvectors
until it is positive.Thischangesthelossof thealgorithmandof thebestdecisionby the
sameamount,soadditive regretboundsareunchanged.Theresultof this lemmathen
follows from theboundof Theorem1 from [1]. lm

Wenow needto extendtheaboveboundto adaptiveadversaries.Thekey pointhere
is thatthealgorithmis self-oblivious. A self-obliviousalgorithmalwaysplaysadecision
from somedistribution thatdependsonly on thecosthistorysofarandnot theoutcome
of its previousprobabilisticchoices.Thus,aself-obliviousalgorithmcanbeviewedasa
functionfrom costhistoriesto distributionsoverdecisions.For suchalgorithms,for any
(possiblyadaptive) adversary + therealwaysexistsanobliviousadversarythatcauses
at leastasmuchregret.Theideafor theproofbelow is dueto AdamKalai.2

2 WethankTomHayesandVarshaDanifor pointingoutabugin theproofwehadin theoriginal
versionof thispaper.



Lemma 2. Fix T, let H . be the setof decisionhistoriesof length0 to T ( 1, and let
K . be the setof all costhistoriesof length0 to T ( 1. Then,fix a decisionalgorithm
� : K .&/ ∆ � S! , where∆ � S! is thesetof probabilitydistributionsonthesetSof possible
decisions.Define

R�>� � +2!o� E� u �
T

∑
t $ 1

ctxt ( min
x ' S

T

∑
t $ 1

ctx

Let + beanarbitrary adversary. Then,thereexistsanobliviousadversary +V~ such that

R�:� � + ~ ! i R�>� � +;!
Proof. An adversaryis t-obliviousif its first t costsarechosenobliviously; noteall ad-
versariesare1-oblivious.Let + beanarbitraryadversary, andsupposeit is k-oblivious.
If k � T, we aredone.Otherwise,let c1

o ��������� ck
o bethefirst k (obliviously chosen)costs

selectedby + . Expectationsare over the randomvariablesx1 ��������� xT and c1 ��������� cT

when + playsagainst � , thoughin this casec1 ��������� ck arefully determined.Let KT �
c1 ��������� cT , therandomvectorcorrespondingto thecosthistory.

Let g � KT !	� minx ' S∑T
t $ 1ctx. Using linearity of expectation,we cansplit the ex-

pectedregretR�>� � +;! into 3 terms:

E ,
k

∑
t $ 1

ct
oxt -g% E , ck

|
1xk
|

1-8% E ,
T

∑
t $ k
|

2

ctxt ( g � KT ! -

Since� andc1 ��������� ck arefixed,E , xk
|

1- � E , �?� c1
o ��������� ck

o ! - � x̄ is alsoknown.Since
+ is only k-oblivious,it getsto pick ck

|
1 with knowledgeof x1 ��������� xk. Wehave

Pr� ck
|

1 !o�
x1 u � � � u xk

Pr� x1 ��������� xk !���,�+;� x1 ��������� xk !o� ck
|

1- �

where � is anindicatorfunction,returning1 if +2� x1 ��������� xk !Y� ck
|

1 andzerootherwise.
TheprobabilityPr� x1 ��������� xk ! is well definedbecause+ and � arefixed.Importantly,
notethatthedistributionoverck

|
1 is independentof thedistributionoverxk

|
1; this fol-

lowsfrom theassumptionthat � is self-oblivious,thatis, it picksits distributionsbased
only on thepastcostvectors,noton its own actions.Thus,lettingLk � E ,∑k

t $ 1ct
oxt - we

canwrite

R�:� � +;!3� Lk % x̄E , ck
|

1-8% E ,
T

∑
t $ k
|

2

ctxt ( g � KT ! - (10)

� Lk %
ck� 1

Pr� ck
|

1 ! ck
|

1x̄ % E ,
T

∑
t $ k
|

2

ctxt ( g � KT !36 ck
|

1- dck
|

1 (11)

5 Lk % sup
ck� 1

ck
|

1x̄ % E ,
T

∑
t $ k
|

2

ctxt ( g � KT !36 ck
|

1- � (12)

wherethesupis over all ck
|

1 with Pr� ck
|

1 !&h 0. Observe that thequantityinsidethe
supremumis well definedbeforeany costsor decisionsareselected,andso + coulddo



at leastaswell by selectingck
|

1 obliviously to besomec thatachievesthesupremum.
Thus,thereis a � k % 1 ! -oblivious adversarythat causesat leastasmuchregret as + .
Extendingthis result inductively, we concludethereis a fully oblivious (T-oblivious)
adversary + ~ suchthatR�:� � + ~ ! i R�>� � +2! . lm
Lemma 3. TheregretboundfromLemma1 appliesevenif theadversaryis adaptive.

Proof. First, observe that as long as FPL re-randomizesat eachtimestep,it is self-
oblivious,andsoLemma2 applies.Supposesomeadaptive adversary + causesregret
that exceedsthe boundin Lemma1. We canapply Lemma2 to + andconstructan
oblivious +V~ thatalsoexceedsthebound,acontradiction.

Thus,we canuse �?� ε ! asour GEX subroutinefor full-observation online geometric
optimization.



B Notionsof Regret

In [5], analternativedefinitionof regretis given,namely,

E , loss�0u ��� hT ! - ( min
x ' S

E
T

∑
t $ 1

ct � x � (13)

Thisdefinitionis equivalentto oursin thecaseof anobliviousadversary, but againstan
adaptive adversarythe “bestdecision”for this definition is not thebestdecisionfor a
particular decisionhistory, but thebestdecisionif thedecisionmustbechosenbefore
acosthistoryis selectedaccordingto thedistributionoversuchhistories.In particular,

E min
x ' S

T

∑
t $ 1

ct � x 5 min
x ' S

E
T

∑
t $ 1

ct � x

andsoaboundonEquation(1) is at leastasstrongasaboundonEquation(13).In fact,
boundson Equation(13) canbe very poor whenthe adversaryis adaptive. Thereare
naturalexampleswherethestrongerdefinition(1) givesregret �"� T ! while theweaker
definition (13) indicatesno regret.Adaptinganexamplefrom [5], let S �<� e1 ��������� en �
(the“flat” banditsetting)andconsiderthealgorithm � thatplaysuniformly at random
from S. The adversary + gives c1 � 0, and if � then plays ei on the first iteration,
thereaftertheadversaryplaysthecostvectorct wherect

i � 0 andct
j � 1 for j Q� i. The

expectedlossof � is n # 1
n T. For regretasdefinedby Equation(13),minx ' SE , c1:T � x- �

n # 1
n T, indicatingnoregret,while E ,minx ' S� c1:T � x ! - � 0, andsothestrongerdefinition

indicates�"� T ! regret.
Unfortunately, this implies like theproof techniquesfor boundson expectedweak

regret like thosein [4] and[2] cannotbe usedto get boundson regret asdefinedby
Equation(1). Theproblemis thatevenif wehaveunbiasedestimatesof thecosts,these
cannotbeusedto evaluatethetermE ,minx ' S∑T

t $ 1 � ct � x ! - in (1) becausemin is a non-
linearoperator. We surmountthis problemby proving high-probabilityboundson our
estimatesof ct , which allows usto usea unionboundto evaluatetheexpectationover
the min operator. Note that the high probability boundsproved in [4] and[2] canbe
seenascorrespondingto ourdefinitionof expectedregret.


