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Abstract. We give analgorithmfor the banditversionof a very generalonline
optimizationproblemconsideredoy Kalai and Vempala[1], for the caseof an

adaptie adwersaryIn this problemwe aregivenaboundedsetSC R" of feasible
points.At eachtime stept, the online algorithmmustselecta pointx' € Swhile

simultaneouslanadwersaryselectsa costvectorc! € R". Thealgorithmthenin-

curscostct - xt. Kalai andVempalashawv thatevenif Sis exponentiallylarge (or

infinite), solong aswe have an efficient algorithmfor the offline problem(given

c € R", find x € Sto minimize c- x) andsolong asthe costvectorsarebounded,
onecanefficiently solve the online problemof performingnearlyaswell asthe

bestfixedx € Sin hindsight.The Kalai-Vempalaalgorithmassumeshatthe cost
vectorsc! are given to the algorithm after eachtime step.In the “bandit” ver

sion of the problem,the algorithmonly obseresits cost,ct - x. Awerbuch and
Kleinbeig [2] give analgorithmfor thebanditversionfor the caseof anoblivious

adwersary andanalgorithmthatworksagainstanadaptve adwersaryfor the spe-
cial caseof the shortesipathproblem.They leave openthe problemof handling
anadaptve adwersaryin thegeneralkaseIn this paperwe solve this openprob-

lem, giving a simpleonline algorithmfor the banditproblemin the generakcase
in thepresencef anadaptve adwersary lgnoringa (polynomial)dependencen

n, we achieve aregretboundof O(T%/4,/In(T)).

1 Intr oduction

Kalai andVempala[l] give an elegant, efficient algorithmfor a broadclassof online
optimizationproblems.In their setting,we have an arbitrary (bounded)setS C R" of

feasiblepoints. At eachtime stept, an online algorithm 4 mustselecta pointxt € S

and simultaneouslyan adwersaryselectsa costvectorct € R" (throughoutthe paper
we usesuperscriptso index iterations). The algorithmthenobseresct andincurscost
¢ -xt. Kalai andVempalashav that solong aswe have an efficient algorithmfor the
offline problem(given c € R" find x € S to minimize c- x) and so long as the cost
vectorsareboundedwe canefficiently solve the online problemof performingnearly
aswell asthebestfixedx € Sin hindsight.This generalizeshe classic‘expertadvice”

problem,becauseave do notrequirethe setSto berepresenteexplicitly: we justneed
an efficient oraclefor selectingthe bestx € Sin hindsight.Further it decoupleghe

numberof expertsfrom the underlyingdimensionalityn of the decisionset,underthe

assumptiorthe costof a decisionis alinearfunction of n featuresof the decision.The

standardxpertssettingcanberecoveredby letting S= {ey, ..., ey}, thecolumnsof the

n x n identity matrix.



A problemthatfits naturallyinto this framework is anonline shortespathproblem
wherewe repeatedlyravel betweerntwo pointsa andb in somegraphwhoseedgecosts
changesachday (say dueto traffic). In this case we canview the setof pathsasa set
Sof pointsin a spaceof dimensionequalto the numberof edgesn thegraph,andct is
simply the vectorof edgecostson dayt. Eventhoughthe numberof pathsin a graph
canbe exponentialin the numberof edgedi.e., the setSis of exponentialsize),since
we cansolve the shortespathproblemfor ary givensetof edgelengths we canapply
theKalai-Vempalaalgorithm.(Notethatadifferentalgorithmfor the specialcaseof the
onlineshortespathproblemis givenby TakimotoandWarmuth[3].)

A naturalgeneralizatiorof theabove problem,consideredy AwerlbuchandKlein-
bem [2], is toimaginethatratherthanbeinggiventheentirecostvectord, thealgorithm
is simply told the costincurredc! - xt. For example,in the caseof shortespaths rather
thanbeingtold the lengthsof all edgesat time t, this would correspondo just being
told thetotaltime takento reachthedestinationThus,thisis the“banditversion”of the
Kalai-Vempalasetting.Awerbuch andKleinberg presentwo results:an algorithmfor
thegeneralproblemin the presenc®f anobliviousadwersary andanalgorithmfor the
specialcaseof the shortespathproblemthatworksin the presencef anadaptivead-
versary Thedifferencebetweerthetwo adwersariess thatanobliviousadwersarymust
committo theentiresequencef costvectorsn advance whereasanadaptve adwversary
maydeterminghenext costvectorbasedntheonlinealgorithm’s play (andhencethe
informationthealgorithmreceved)in the previoustime stepsThus,anadaptve adwer-
saryis in essencelayingarepeatedyame.They leave openthe questionof achiesing
goodregretguaranteefor anadaptve adwersaryin thegeneraketting.

In this paperwe solve the openquestionof [2], giving analgorithmfor thegeneral
banditsettingin the presenc®f anadaptve adversary Moreover, our methodis signifi-
cantlysimplerthanthespecial-purposalgorithmof AwertuchandKleinbeig for short-
estpaths.Our boundsaresomevhatworse:we achieve regretboundsof O(T%4/InT)
comparedo the O(T?/3) boundsof [2]. We believe improvementin this directionmay
bepossible andpresensomediscussiorof thisissueatthe endof the paper

The basicideaof our approachs asfollows. We begin by noticing that the only
history information usedby the Kalai-Vempalaalgorithmin determiningits actionat
timet is the sumc'*~* = 5'-3 ¢* of all costvectorsreceied so far (we usethis ab-
breviatednotationfor sumsover iterationindexesthroughouthe paper).Furthermore,
the way this is usedin the algorithmis by addingrandomnoisep to this vector and
thencallingtheoffline oracleto find thex! € Sthatminimizes(ct*~1 4 p) - x'. So,if we
candesigna banditalgorithmthat producesan estimatet**— of ¢c1*~1, andshaw that
with high probabilityevenanadaptve adwersarywill notcauset!*~—1 to differ too sub-
stantiallyfrom c}*~1, we canthenamuethatthe distribution &1~ + 1 is closeenough
to 11 4 i for the Kalai-Vempalaanalysisto apply. In fact, to make our analysisa
bit more general sothatwe could potentiallyuseotheralgorithmsassubroutinesye
will aguealittle differently Let OPT(c) = minycs(c- x). We will showv thatwith high
probability OPT(&T) is closeto OPT(c!T) andé! T satisfiexonditionsneededor the
subroutingo achiee low regreton&!T. Thismeanghatour subroutinewhich believes
it hasseenc!T, will achieve performanceon &7 closeto OPT(c!T). We thenfinish
off by amuingthatour performancen cT is closeto its performancen &,



The behaior of the banditalgorithmwill in fact be fairly simple. We begin by
choosinga basisB of (at most)n pointsin Sto usefor sampling(we addresghe issue
of how B is choserwhenwe describeour algorithmin detail). Then,ateachtime stept,
with probability y we explore by playing a randombasiselementandotherwise(with
probability 1 — y) we exploit by playingaccordingo the Kalai-Vempalaalgorithm.For
eachbasiselemenbj, we useour costincurredwhile exploring with thatbasiselement,
scaledby n/y, asanestimateof c1-1. bj. Usingmartingaletail inequalitieswe argue
thatevenanadaptve adwersarycannotmake our estimataliffer toowildly fromthetrue
valueof ct*~1. bj, andusethis to shav thatafter matrix inversion,our estimatez!* 1
is closeto its correctvaluewith high probability.

2 Problem Formalization

We can now fully formalize the problem. First, however, we establisha few nota-
tional corventions. As mentionedoreviously, we usesuperscript$o index iterations(or

rounds)of our algorithm,andusethe abbreiated summatiomotationc!* whensum-
ming variablesover iterations.Vectorsquantitiesareindicatedin bold, andsubscripts
index into vectorsor sets Hats(suchas&') denoteestimate®f thecorrespondingctual
quantities Thevariablesandconstantsisedin the paperaresummarizedn Table(1).

As mentionedaborve, we considerthe settingof [1] in which we have an arbitrary
(bounded)setS C R" of feasiblepoints. At eachtime stept, the online algorithm 4
mustselectapointx! € Sandsimultaneouslanadersaryselectsacostvectorc' € R".
Thealgorithmthenincurscostct - x'. Unlike[1], however, ratherthanbeingtold ¢!, the
algorithmsimply learnsits costc' - xt.

For simplicity, we assumea fixed adaptve adwersary 4’ andtime horizonT for
the durationof this paper Sinceour choiceof algorithmparameterslependon T, we
assumé T is known to the algorithm. We referto the sequencef decisionsmadeby
thealgorithmsofar asa decisionhistory, which canbewritten ht = [x,... x!]. LetH*
bethe setof all possibledecisionhistoriesof lengthO throughT — 1. Without loss of
generality(e.g.,se€5]), we assumeur adaptve adwersaryis deterministicasspecified
by afunction 7 : H* — R", a mappingfrom decisionhistoriesto costvectors.Thus,
V(h=1) = ¢ is the costvectorfor timestept.

We canview our online decisionproblemasa game,whereon eachiterationt the
adwersary?’ selectsanew costvectorct basecon h'~1, andthe onlinealgorithm 4 se-
lectsa decisionx € Sbasedon its pastplaysandobsenations,andpossiblyadditional
hiddenstateor randomnessThen, 4 paysc' - x' andobsenesthis cost.For our analysis,
we assumea L1 boundon S, namely||x||s < D/2for all x € S, so||x —y||1 < D for all
X,y € S. We alsoassumehat|c- x| < M for all x € Sandall ¢ playedby 7. We also
assumeSis full rank, if it is notwe simply projectto a lowerdimensionakepresenta-
tion. Someof theseassumptionganbe lifted or modified, but this setof assumptions
simplifiesthe analysis.

For afixeddecisiorhistoryh™ andcosthistoryk™ = (c,...,c"), wedefinelosgh™ k™) =
s, (ct-x!). For a randomizedalgorithm 4 andadwersary4/, we definethe random

1 Onecanremore this requiremenby guessingr, anddoublingthe guesseachtime we play
longerthanexpected(see for example, Theorem6.4from [4]).



variablelosg 4, V) to belosgh' k"), whereh' is dravn from the distribution over
historiesdefinedby 4 and ¥, andk™ = (¥ (h°),...,%/(h"~1)). Whenit is clearfrom
contet, we will omitthedependencen ¥/, writing only losq4).

Ourgoalis to defineanonlinealgorithmwith low regret. Thatis, we wantaguaran-
tee that the total loss incurredwill, in expectation,not be much larger than the op-
timal stratgy in hindsightagainst the cost sequenceve actually faced.To formal-
ize this, first definean oracle ® : R" — S that solves the offline optimizationprob-
lem, R (c) = argmin,_g(c-X). We then define OPT(k") = c'T . & (c1'T). Similarly,
OPT(4, V) istherandomvariableOPT(k" ) whenk' is generatedy playing %’ against
4. We agpindropthedependencen ¥ and4 whenit is clearfrom context. Formally,
we defineexpectedregretas

Ellosg4, V) —OPT(4,4)] = E[los§ 4, V)] - E [min i\(ct -x)} : (1)

X€S &

Notethatthe E[OPT(4, /)] termcorrespondso applyingthe min operatorseparately
to eachpossiblecosthistoryto find thebestfixeddecisiorwith respecto thatparticular

costhistory, andthentaking the expectationwith respecto thesehistories.In [5], an

alternatve wealer definition of regretis given. We discussrelationshipsbetweenthe

definitionsin AppendixB.

3 Algorithm

Chooseparametery ande, whereeg is aparameteof GEX
t=1
Fix abasisB = {b1,...,bn} C S
while playingdo
Let x' = 1 with probabilityy andy! = 0 otherwise
if Xt =0then
Selectx! from thedistribution GEX(&?, ..., & 1)
IncurcostZ = ct - x!

g¢=0eR"
else
Draw j uniformly atrandomfrom {1,...,n}
t
X' =Dbj

Incurcgtstandobser‘ezt =c.xt
Definel" by /! = 0fori # j andf, = (n/y)Z
ot = (B‘r)—lijt
endif
glt — glt-1 + et
t=t+1
endwhile

Algorithm 1: BGA



Weintroduceanalgorithmwe call BGA, standingfor Bandit-styleGeometriadeci-
sionalgorithmagainstan Adaptiveadvesary. The algorithmalternatedetweerplay-
ing decisiondrom a fixed basisto getunbiasedestimatef costs,andplaying (hope-
fully) gooddecisionsdasednthoseestimatesln orderto determinghegooddecisions
to play, it usessomeonline geometricoptimizationalgorithmfor the full obsenation
problem.We denotethis algorithmby GEX (GeometricExpertsalgorithm). Theimple-
mentationof GEX we analyzes basedn the FPL algorithmof Kalai andVempalg1];
we detail this implementatiorandanalysisin AppendixA. However, otheralgorithms
couldbeused for examplethe algorithmof Zinkevich [6] whenSis cornvex. We view
GEX asa functionfrom the sequencef previous costvectors(e?, ... ,& 1) to distri-
butionsover decisions.

Pseudocod#or ouralgorithmis givenin Algorithm (1). Oneachtimestepwe make
decisionx!. With probability (1 —y), BGA playsa recommendation! = X' € Sfrom
GEX. With probability y, we ignore X' and play a basisdecision,x' = b; uniformly
at randomfrom a samplingbasisB = {by,...,bn}. The indicatorvariabley' is 1 on
explorationiterationsandO otherwise.

OursamplingbasisB is an x n matrixwith columnsb; € S sowe canwrite x = Bw
for ary x € R" andweightsw € R". For agivencostvectorc, let £ = B¢ (thesuperscript
T indicatestranspose)This is the vector of decisioncostsfor the basisdecisions,so
A =c-bj. We define?', anestimateof £, asfollows: Let /' = 0 € R" on exploitation
iterations.If on anexplorationiterationwe play bj, then?' is the vectorwheref} =0
fori= | and@j = 3(6 -bj). Notethatc' - b; is the obsered quantity the costof basis

decisionb;. On eachiteration,we estimatec' by ¢! = (BT)*lzt. It is straightforvardto

shaw that?' is an unbiasedestimateof basisdecisioncostsandthat& is an unbiased
estimateof ¢! on eachtimestept.

The choice of the samplingbasisplays an importantrole in the analysisof our
algorithm.In particular we usea baricentricspannerintroducedin [2]. A baricentric
spanneB = {by,...,bn} is a basisfor S suchthatb; € Sandfor all x € S we can
write x = Bw with coeficientsw; € [—1, 1]. It maynotbeeasyto find exactbaricentric
spannerdn all casesbut [2] provesthey alwaysexist andgivesanalgorithmfor finding
2-approximatéaricentricspannergwheretheweightsw; € [—2,2]), whichis sufficient
for our purposes.

4 Analysis

4.1 Preliminaries

At eachtime step,BGA either (with probability 1 —y) playsthe recommendatioi!
from GEX, or else(with probabilityy) playsarandombasisvectorfrom B. For purposes
of analysishowever, it will becorvenientto imaginethatwe requestirecommendation
%! from GEX on every iteration, and also that we randomlypick a basisto explore,
bt € {by,...,bn}, oneachiteration.We thendecideto play eitherk' or bt basedonthe
outcomex! of acoinof biasy. Thus,thecompletehistoryof thealgorithmis specifiedoy
the algorithm history Gt = [x*, &%, b, x2,%%,b%, ..., x* 1, %%, b'1], which encodes
all previousrandomchoices.The samplespacefor all probabilitiesandexpectationss



Table 1. Summaryof notation

SCR" setof decisionsacompactsubsebf R"

DeR L1 boundondiameterof S Vx,y € S |x—y|1 <D
neN dimensionof decisionspace

ht decisionhistory, ht =x1,... x!

H* setof possibledecisionhistories

V:H* — R" adwersaryfunctionfrom decisionhistoriesto costvectors
a anonline optimizationalgorithm

Gt-1 history of BGA randomnesor timestepsl throught — 1
deRr" costvectorontimet

gdeRrn BGA'’s estimateof the costvectorontimet
MeR*t boundon single-iteratiorcost,|c - x| < M

BCS samplingbasisB = {b1,...,bn}

Bo € R matrix maxnormon (BT)~1

¢ € [-M,M]" vector & = c' - b; for b € B

7 eRrn BGA's estimateof

TeN endof time, index of final iteration

xXes BGA'sdecisionontimet

tes decisionrecommendetly GEX ontimet
xt€{0,1} indicator x' = 1if BGA exploresont, O otherwise
v [0, the probability BGA exploreson eachtimestep

Z ¢ [-M,M] BGA'slossoniterationt, 2 = c' - X',

#c€[-RR lossof GEX,# =& .&t

thesetof all possiblealgorithmhistoriesof lengthT. Thus,for agivenadwersary?’, the
variousrandomvariablesandvectorswe considey suchasx', c', &, %!, andothers,can
all beviewed asfunctionson the setof possiblealgorithmhistories.Unlessotherwise
stated our expectationsandprobabilitiesarewith respecto the distribution over these
histories.

A partial history Gt~1 canbe viewed a subsetbf the samplespace(an event) con-
sistingof all completehistoriesthathave G'~* asa prefix. We frequentlyconsidercon-
ditional distributionsand correspondingxpectationawith respecto partial algorithm
histories Forinstanceif we conditiononahistoryG!—?, therandomvariables?, ..., c!,
AT T ey e andx?,...,xt" 1 arefully determined.

We now outline the generalstructureof our agument.Let 2 = & - X' be the loss
percevedby the GEX oniterationt. In keepingwith earlierdefinitions,los§BGA) =
Z'T andlosgGEX) = 2. We alsolet OPT = OPT(BGA, %) = c*T - ® (c*'T), the
performanceof the bestpost-hocdecision,and similarly OPT = OPT(E,....e") =
gt ‘R‘@li)'

The baseof our analysisis a boundon the loss of GEX with respectto the cost
vectorst! of theform

E[los§GEX)] < E[OPT] + (terms. )



Sucharesultis givenin AppendixA, andfollows from an adaptatiorof the analysis
from [1]. We thenprove statementfiaving the generaform

E[losfBGA)] < E[los§GEX)] + (terms (3)
and
E[OPT] < E[OPT + (terms. (4)

Thesestatementgonnectour real lossto the “imaginary” lossof GEX, andsimilarly
connecthelossof the bestdecisionin GEX's imaginedworld with thelossof the best
decisionin the realworld. Combiningthe resultscorrespondindo Equationg(2), (3),
and(4) leadsto anoverall boundontheregretof BGA.

4.2 High Probability Boundson Estimates

We prove a boundon theaccuray of BGA's estimatesfzt, andusethis to shav arela-
tionshipbetweerOPTand(fI;Tof theform in Equation4.

Define randomvariablese® = 0 andé = / — 7'. We are really interestedin the
correspondingumset!, wheree!! is thetotal errorin our estimateof c'* - bj. We now
bound|e!t|.

Theorem1. For A > 0,
Pf“a“l >A#\/f] <26 M2,

Proof. It is sufficient to shav the sequence®, el el el3 ... e!T of randomvari-
ablesis a boundedmartingale sequencavith respectto the filter G°,G,...,G'; that
is, E[e!t | G1] = g1, The resultthenfollows from Azumas Inequality (see,for
example,[7]).

First,obsere thatelt = #f — /A +el*~L. Further the costvectorc! is determinedf
weknow G—1, andso#! is alsofixed. Thus,accountindor the‘ﬁ’ probabilitywe explore
aparticularbasisdecisionb;, we have

10 -3[e o o Yt ore e

andsowe concludethatthee!* formsamartingalesequenceNoticethat|ell't gt =
\ft #].1f wedont sample/! = 0 andso|e'! — e!*~1| < M. If we dosamplewe have
& ="¢, andsolgH — g™t < /- This boundis worse soit holdsin bothcasesThe
resulthN follows from Azumalsinequality O

LetBw = ||(B") 72|, amatrix L.,-normon (BY)~1, sothatfor ary w, || (BT) 1w/, <
Boo [|Wco-

Corollary 1. For &€ (0,1], andall t from1to T,
Pr{[[e* — ¢ e > Bud(8.y)VA] < 3.

where J(3,y) = —nM\/2In (2n/d).



Proof. Solving 6/n = 2e/2 yields \ = 2In(2n/d), and thenusingthis valuein
Theorem(1) gives

Pr(let| > 3(3.y)vE] <&/n.

foralli € {1,2,...,n}. Then,
Pr €™l > I(8,y)VE ler [1eM] > 3(8,y) V1]
<d

by theunionbound.Now, noticethatwe canrelate?™ andélt by

(BT)—lzlit _ (BT)—l i =

=1 r:1

t t
lgT Zé :61'1.

andsimilarly for /** andc!*. Then

P64 = o = Bwd(B.¥)VE] = Pr[| (BN — £24) 0 = BI(3¥) V]

< Pr[Bo/e™ o > B=3(3,Y) V]
= Pr[[[e]j > I@GY)VA]

<.
a

We cannow prove our mainresultfor the section a statemenof the form of Equa-
tion (4) relatingOPTandOPT:

Theorem 2. If weplay 1 againstBGA for T timesteps,
. 3
E[OPT] < E[OPT] + (1 5) <§D[3m\](6,y)ﬁ) +3MT.

Proof. Let® =¢&l'T —cbT. By definitionof ®, R (€'7)-&*T < R (ctT)-&*T orequiv-
alently R (cT + @) - (c*T + @) < R (ctT) - (ctT + @), andsoby expandingandrear
rangingwe have

i7{(01:T _|_¢).C1:T _R(Cl:T).ClT ( ) Q{(CH +®))-®

< (R
< D[|®le- (5)

Then,

|OPT—OPT = |R(c*T)-c*T — R (c'T + @) - (¢ + @)
< J(R(CHT) = R (T +@))-ctT|+|R (M + @) D]
< (D+D/2)||®]|e,



wherewe have usedEquation(5). Recallfrom Section(2), we assume|x||1 < D/2 for
allx € S, so|x—y||1 < D for all X,y € S. Thetheoremfollows by applyingthe bound
on @ givenby Corollary (1), andthenobservingthat the above relationshipholdsfor
atleasta 1 — o fractionof the possiblealgorithmhistories.For the otherd fraction, the
differencemightbeasmuchasdMT. Writing the overall expectationasthe sumof two
expectationgonditionedon whetheror not the boundholdsgivestheresult. O

4.3 Relating the Lossof BGA and its GEX Subroutine
Now we prove a statementik e Equation(3), relatinglos§BGA) to losg GEX).
Theorem 3. If werun BGA with parametery against?’ for T timesteps,

E[losgBGA)] < (1—Y)E[losgGEX)] +YMT.

Proof. For a given adwersary?/, G~ fully determineshe sequencef costvectors
givento algorithmGEX. So,we canview GEX asa functionfrom G'~1 to probability
distributionsover S. If we presenticostvectort to GEX, thentheexpectedcostto GEX
givenhistoryG'=1is SgcsPr(X | G 1) (€-%). If we definex = TresPr(X | G %, we
canre-write the expectedossof GEX againstt as¢- X!; thatis, we canview GEX as
incurringthe costof somecorvex combinatiorof the p055|bledeC|5|onsn expectation.
Let /" be?' giventhatwe explore by playing basisvectorb; ontimet, andsimilarly

leteti = (BN 17", Obserethati"! = 74 for j =i andO otherwiseandso

n .
=N Dt 6)
J:]_ y y
Now, we canwrite
o gt-1 c 1 =1y (@
E[Z |G™Y = (1—y)0+y ZnZ % |G %)
=1 €S
n
_ Lail «t
g
=1
n .
= \—r:(BT)‘1 [Z Et’J] X!, andusingEquation(6),
=i
=c.x.

Now, we considerthe conditionalexpectationof 2 andseethat

€2 |61 = (1-(E X) 73 S(E-b)
< (1-y)E[Z | GY+yM, )



Thenwe have,
E[Z] = E[E[Z | G7Y]

E[(1-VE[Z |G Y +yM]
= (1-yE[E[Z |G ]+

= (1-Y)E[Z]+WM, (8)
by usingthe inequality from Equation(7). The theoremfollows by summingthe in-
equality(8) overt from 1 to T andapplyinglinearity of expectation. O

4.4 A Bound on the ExpectedRegret of BGA

Theorem4. If werun BGA with parametery usingsubioutine GEX with parametere
(asdefinedn AppendixA), thenfor all & € (0, 1],

E[losgBGA)]
< E[OPT+ 0 (D%nM\/ZIn(Zn/é)ﬁ—kéMT + %n3M2T + 2 +yMT>

Proof. In AppendixA, we shav an algorithmto plug in for GEX, basedon the FPL
algorithmof [1] andgive boundson regretagainsta deterministicadaptve adwersary
We first shav how to applythatanalysisto GEX runningasa subroutineo BGA.

First, we needto bound|¢ - x|. By definition, for any x € S, we canwrite x = Bw
for weightsw with w; € [—1,1] (or [-2,2] if it is anapproximatebaricentricspanner).
Notethat ||@t||1 < (\—';)M, andfor ary x € S, we canwrite x asBw wherew; € [-2,2].
Thus,

R 17t At At At 2nM
& x| =|(B") 7 -Bw|=|(2)BBw| =0 -w| < |71 |w]e < v

Let R=2nM/y. Supposetthebeginningof time we fix therandomdecisionsof BGA

thatare not madeby GEX, thatis, we fix a sequenceX = [x*,b%,...,x",b"]. Fixing

this randomnessogetherwith 7 determinesa newv deterministicadaptie adwersary
7V that GEX is effectively playing against. To seethis, let ht=1 = [%2, ..., %~1]. If we
combineht—1 with theinformationin X, it fully determines partialhistoryG!—1. If we
leth”t = [x!,...,x'" 1] bethepartialdecisionhistorythatcanberecoseredfrom G' 1,

then?/(ht-1) = ! % V(h=1). Thus,whenGEX is run asa subroutineof BGA, we can
applyLemma(3) from the Appendixandconclude

4n

E[los§GEX) | X] < E[OPT| X] +&(4n+ 2)RPT + - 9)

For the remainderof this proof, we usebig-Oh notationto simplify the presentation.
Now, takingthe expectationof bothsidesof Equation(9),

E[losYGEX)] < E[OPT]+ O <€nR2T N 2)



Applying Theorem(3),
— n
E[los{BGA)| < (1~ Y)E[OPT]+ 0 (enRT + = +-yMT)
andthenusingTheorem(2) we have

E[los{BGA)]
< (1-Y)E[OPT)+ 0 (3(8,y)DVT +8MT +nReT +  +yMT)

<E[OPT+0 (D\llnM\/ZIn(Zn/é)ﬁ+6MT FELCIVES 2 +yMT>

V2
For thelastline, notethatwhile E[OPT] could be negative, it is still boundedoy MT,
andsothis justaddsanotheryMT term,whichis capturedn thebig-Ohterm. O

Ignoringthe dependencen n, M, andD andsimplifying, we seeBGA'’s expected
regretis boundedoy

E[regrel(BGA)]:O(f” (1/9) +6T+?+1+VT>

Settingy= =T Y/*ande = T34 wegetaboundonourlossof orderO(T%4y/InT).

5 Conclusionsand Open Problems

We have presentedh generalalgorithm for online optimizationover an arbitrary set
of decisionsS C R", and proved regret boundsfor our algorithmthat hold againstan
adaptve adwersary

A numberof questionsareraisedby thiswork. In the“flat” banditsproblem bounds
of theform O(+/T) arepossibleagainstan adaptve adwersary[4]. Againsta oblivious
adwersaryin the geometriccasea boundof O(T2/3) is achiezedin [2]. We achieve a
boundof O(T¥4y/InT) for this problemagpinstan adaptie adwersary In [4], lower
boundsaregivenshaving thatthe O(+/T) resultis tight, but no suchboundsareknown
for the geometricdecision-spaceroblem. Canthe O(T¥4y/InT) and possibly the
O(T?/3) boundsbe tightenedto O(+/T)? A relatedissueis the useof informationre-
ceived by thealgorithm;our algorithmandthe algorithmof [2] only useay fraction of
the feedbackihey receve, which is intuitively unappealinglt seemslausiblethatan
algorithmcanbefoundthatusesall of thefeedbackpossiblyachiering tighterbounds.
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A Specificationof a Geometric Experts Algorithm

In this sectionwe point out how the FPL algorithmandanalysisof [1] canbe adapted
to our settingto useasthe GEX subroutineandprove the correspondindpoundneeded
for Theorem(4). In particular we needa boundfor an arbitraryS C R" andarbitrary
costvectors,requiringonly thaton eachtimestep,|c- x| < R. Furthey the boundmust
hold againstanadaptve adwersary

FPL solvesthe online optimizationproblemwhenthe entire costvectorc is ob-
senedateachtimesteplt maintainghesumc!*~1, andon eachtimestepplaysdecision
xt = R (c**1 4 1), wherep is chosenuniformly at randomfrom [0,1/€]", givene, a
parametepof the algorithm.The analysisof FPL in [1] assumepositive costvectorsc
satisfying||c||1 < A, andpositive decisionvectorsfrom SC R} with |[x —y|[y < D for
all x,y € Sand|c-x —c-y| < Rfor all costvectorsc andx,y € S. Further thebounds
proved arewith respecto afixed seriesof costvectors,not anadaptve adwersary We
now shav how to bridgethe gapfrom theseassumption$o our assumptions.

First,we adaptanamgumentfrom [2], shawving thatby usingour baricentricspanner
basis,we cantransformour probleminto onewherethe assumptionef FPL aremet.
We thenarguethata correspondindpoundholdsagainstanadaptve adversary

Lemma 1. LetSC R" beasetof (notnecessarilpositive)decisionsandk! = [c?, ..., cT]
a setof costvectoss on thosedecisionssuc that |c! - x| < Rfor all x € Sandc' € K.
Then,ther is an algorithm 4(¢) thatachieves

E[losg4(e), k)] < OPT(K) +£(4n+2)R?T + %
Proof This an adaptationof the agumentsof Appendix A of [2]. Fix a baricentric
spanneB = {by,...,by} for S Then,for eachx € S, let x = Bw anddefine f(x) =
[— S Wi, W1, ...,Wp]. Let f(S) = S. For eachcostvectorc' defineg(c') = [R, R+c'-
bsi, ..., R+c'-by). It is straightforvardto verify thatc' - x = g(c') - f(x), andfurther
g(c') >0, [jg(c")]]1 < (2n+1)R, andthedifferencein costof ary two decisionsagainst
afixedg(c') is atmost2R. By definition of a baricentricspannerw; € [—1,1] andso
theL, diameterof S is at most4n. Note the assumptiorof positive decisionvectorsin
Theoreml of [1] caneasilybelifted by additively shifting the spaceof decisionvectors
until it is positive. This changeshelossof thealgorithmandof thebestdecisionby the
sameamount,so additive regretboundsare unchangedT he resultof this lemmathen
follows from theboundof Theoreml from [1]. ad

We now needto extendtheabove boundto adaptve adwversariesThekey pointhere
is thatthealgorithmis self-oblivious A self-obliviousalgorithmalwaysplaysadecision
from somedistribution thatdepend®nly onthe costhistorysofarandnottheoutcome
of its previousprobabilisticchoices Thus,a self-oblviousalgorithmcanbeviewedasa
functionfrom costhistoriesto distributionsover decisionsFor suchalgorithms for ary
(possiblyadaptve) adversary?’ therealwaysexists anoblivious adwersarythatcauses
atleastasmuchregret. Theideafor the proof below is dueto AdamKalai.2

2 WethankTom HayesandVarshaDanifor pointingoutabugin theproofwe hadin theoriginal
versionof this paper



Lemma?2. Fix T, let H* be the setof decisionhistoriesof lengthOto T — 1, andlet
K* bethe setof all costhistoriesof lengthO to T — 1. Then,fix a decisionalgorithm
A4:K* — A(S), where A(S) is thesetof probability distributionson thesetS of possible
decisionsDefine

T T
R(4,7)=E dxt—min'§ c'x
(4,7) 4,V |}Z XeSt;

Let 7 beanarbitrary advesary. Then there existsan obliviousadvesary 7 suc that
R(A, %) > R4, V)

Proof An adwersaryis t-obliviousif its firstt costsarechoserpbliviously; noteall ad-
versariearel-oblivious.Let 1 beanarbitraryadversaryandsupposet is k-oblivious.
If k=T, we aredone.Otherwiseletcl, ..., c bethefirst k (obliviously chosen)osts
selectecby 7. Expectationsare over the randomvariablesx?,...,x" andct,... c'
when ¥ playsagainst.4, thoughin this casec?,...,c¢ arefully determinedLetKT =
cl,...,cT, therandomvectorcorrespondingo the costhistory.

Let g(KT) = minkes S, c'x. Using linearity of expectationwe cansplit the ex-
pectedregretR(4, ) into 3 terms:

k T

E[t;CtOXt] + E[Ck+1xk+l] + E[tzzi—zctxt o g(KT)]

Since4 andc!,...,c¢ arefixed,E[x<t1] = E[4(c},. .., cX)] = Xis alsoknown. Since
7 is only k-oblivious, it getsto pick c+1 with knowledgeof x,.. ., xK. We have

Pr(ck+1) — / Pr(xL,... X I[V(xL, ... xK) = ),

x1,... xK

LRS!

wherel is anindicatorfunction,returninglif 9/(x*,...,x*) = c¢*1 andzerootherwise.
The probability Pr(x%, ..., x¥) is well definedbecausel’ and 4 arefixed. Importantly
notethatthedistribution over c“t1 is independenof thedistribution over x<1; this fol-
lowsfrom theassumptiorthat 4 is self-oblivious,thatis, it picksits distributionsbased
only onthe pastcostvectorsnotonits own actions Thus, letting LK = E[TK_; ¢ x!] we
canwrite

.
R(A, V) =LX+xE[+E[ § X —g(KT)] (10)
t=k+2
.
:Lk+/ Pr(c+1) | x4 E| Z Xt —g(KT) | &Y [ ddt (12)
okt a2

T
< Lk+sup Ck+1)?+ E[ Z CtXt 7g(KT) ‘ Ck+l],] (12)
t=k3-2

ck+1

wherethe supis over all <1 with Pr(c“t1) > 0. Obsere that the quantityinsidethe
supremunis well definedbeforeany costsor decisionsareselectedandso ¥’ coulddo



atleastaswell by selectingckt? obliviously to be somec thatachiezesthe supremum.
Thus, thereis a (k+ 1)-oblivious adwersarythat causesat leastasmuchregretas 7.
Extendingthis resultinductively, we concludethereis a fully oblivious (T-oblivious)
adwersary?” suchthatR(4, V") > R(4, V). 0

Lemma 3. TheregretboundfromLemmal appliesevenif theadvesaryis adaptive

Proof. First, obsene that aslong as FPL re-randomizest eachtimestep,it is self-
oblivious,andsoLemma2 applies.Supposesomeadaptve adwersary?’ causesegret
that exceedsthe boundin Lemmal. We canapply Lemmaz2 to 9’ and constructan
oblivious 7 thatalsoexceedgshebound,a contradiction.

Thus,we canuse 4(g) asour GEX subroutinefor full-obsenation online geometric
optimization.



B Notionsof Regret

In [5], analternatve definitionof regretis given,namely

T
E[lossy 4(h")] —minE lzlct-x] . (13)
’ XxeS &

This definitionis equivalentto oursin the caseof anobliviousadwersarybut againstan
adaptve adwersarythe “best decision”for this definitionis not the bestdecisionfor a
particular decisionhistory, but the bestdecisionif the decisionmustbe choserbefore
acosthistoryis selectedaccordingto thedistribution over suchhistories.In particular

T T
E{minS c-x| <minE c-x
xeSt: XeS =

andsoaboundon Equation(1) is atleastasstrongasaboundon Equation(13). In fact,
boundson Equation(13) canbe very poor whenthe adwersaryis adaptve. Thereare
naturalexampleswherethe strongerdefinition (1) givesregret O(T) while the wealer
definition (13) indicatesno regret. Adaptingan examplefrom [5], let S= {ey,...,en}

(the“flat” banditsetting)andconsiderthe algorithm 4 thatplaysuniformly atrandom
from S The adwersary ¥’ givesc! = 0, andif 4 thenplayse on the first iteration,
thereaftethe adwersaryplaysthe costvectorc' wherec, = 0 andc, = 1 for j #i. The
expectedossof 4 is "%1T. For regretasdefinedoy Equation(13), mingesE[ctT - x] =

21T, indicatingno regret, while E[minyes(ctT - x)] = 0, andsothe strongerdefinition
indicatesO(T) regret.

Unfortunately this implieslik e the proof techniquegor boundson expectedweak
regret like thosein [4] and[2] cannotbe usedto get boundson regret as definedby
Equation(1). Theproblemis thatevenif we have unbiasedestimate®f the coststhese
cannotbe usedto evaluatethe term E[minyes{_; (c - x)] in (1) becausenin is anon-
linear operator We surmountthis problemby proving high-probabilityboundson our
estimatesf ¢!, which allows usto usea unionboundto evaluatethe expectationover
the min operator Note that the high probability boundsproved in [4] and[2] canbe
seenascorrespondingo our definition of expectedregret.



