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Abstract

Distributed Constraint Satisfaction Problems (DCSPs) provide a model to capture
a broad range of cooperative decentralized problem solving settings. Researchers have
generally proposed two different sets of approaches for solving DCSPs, backtracking
based approaches, such as Asynchronous Backtracking (ABT), and mediation based
approaches, such as Asynchronous Partial Overlay (APO). These sets of approaches
differ in the levels of coordination employed during conflict resolution. While the
computational and communication complexity of the backtracking based approaches
is well understood, the tradeoffs in complexity involved in moving toward mediation
based approaches are not. In this paper we attempt to comprehensively reexamine the
space of mediation based approaches for DCSP and fill gaps in existing frameworks
with new strategies. We present different mediation session selection rules, including
a rule that favors smaller mediation sessions, and different mediation strategies, in-
cluding a decentralized hybrid strategy based on ABT. We present empirical results
on solvable 3-coloring and random binary DCSP problems, that accurately capture
the computational and communication tradeoffs between ABT and various mediation
based approaches. Our results confirm that under some circumstances the strategies
we have identified to fill gaps in previously proposed techniques dominate existing
strategies.

1 Introduction

Distributed Constraint Satisfaction Problems (DCSPs) provide a formalism for repre-
senting problems where different agents are each responsible for instantiating different
sets of variables subject to constraints. The agents aim to assign values to their vari-
ables, such that all constraints are satisfied. Many real-world scenarios can be modeled
as DCSPs, such as supply chain coordination [18], conflict resolution via argumenta-
tion [6], emergency room scheduling [17], and distributed meeting scheduling [13].
DCSPs have also been shown to be effective models for solving distributed problems
while preserving privacy [15, 19], as well as security [14].
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There have been several distributed algorithms developed for solving DCSPs, each
with particular strengths and weaknesses. The DCSP algorithm that has received the
most attention is an asynchronous version of Constraint Backtracking (CBT), called
Asynchronous Backtracking (ABT) [21]. The original proposal for ABT has seen sev-
eral improvements [5, 2, 23], and is considered one of the most effective techniques for
solving DCSPs.

Recently the multi-agent systems community has become interested in DCSP algo-
rithms for modeling agent coordination tasks. This idea was introduced by Mailler and
Lesser in the context of an algorithm called Asynchronous Partial Overlay (APO) [10].
In APO agents involved in a conflict select a mediator to solve a centralized version
of a sub-problem capturing key elements of that conflict. This direction has been ex-
tended by work on dianosing multi-agent system failures using DCSP algorithms such
as ABT [7].

APO has been shown to involve significantly less communication than backtrack-
ing based techniques, such as ABT, by reducing the amount of unsuccessful instanti-
ation attempts that repeatedly violate the same constraints (thrashing) [10]. On the
other hand, in contrast with ABT, current versions of mediation based techniques have
failed to fully exploit opportunities for concurrent processing. This tradeoff has not
been explicitly identified in prior experimental investigations due to somewhat coarse
computational complexity measurements.

In this paper we measure computational complexity based on a finer metric recently
proposed by Meisels et. al. [11], that involves counting non-concurrent constraint
checks. Comprehensive testing based on this finer metric reveals tradeoffs that had not
been captured previously. Our results involve solvable 3-coloring problems, as well as
random binary DCSPs. These results have motivated us to develop a hybrid technique
that reconciles the tradeoffs we have identified. The basic intuition of our hybrid
technique is to avoid thrashing on solvable problems through coordinated mediation,
while maximizing concurrent work in the mediation process itself.

In Section 2 we introduce the DCSP formally, and discuss previous work on mea-
suring problem solving complexity of DCSP algorithms. In Section 3 we discuss ABT
and APO, along with new variations including our decentralized hybrid. Experimental
results are presented and discussed in Section 5, and concluding remarks are provided
in Section 6.

2 Background

2.1 DCSP Definition

The distributed constraint satisfaction problem was first discussed by Sycara et. al. and
Yokoo et.al. as a way of formalizing Cooperative Distributed Problem Solving [21, 18].
A DCSP is formally defined in a way similar to that of a centralized CSP (c.f. [3]) with
the following form:
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• a set of n variables, V = {x1, . . . , xn}

• a set of discrete finite domains for each variable, D = {D1, . . . , Dn}

• a set of constraints R = {R1, . . . , Rm} where each Ri(di1, . . . , dij) is a predicate on
the Cartesian product of the domains of all the variables referenced by that con-
straint. The constraint is said to be satisfied if the assignments of each referenced
variable satisfy the constraint.

An agent, i, is said to know about a particular set of variables, Vi, and constraints,
Ci. We will call the group of agents that agent i is connected to by constraints i’s
neighborhood, Ni. The goal of the agents is to instantiate their variables so that
all constraints are satisfied. As in other work, for the sake of simplicity, we restrict
our presentation to situations where each agent controls (“owns”) a single variable
and knows about all the constraints that refer to that variable. We further limit
our discussion to binary constraints (constraints between two variables). It has been
shown that more general problems can be reduced to problems that conform to these
restrictions. In Section 6 we briefly discuss why the trends observed in this study
should extend to these more complex classes of DCSPs.

2.2 Related Work

The distributed constraint satisfaction paradigm has been studied extensively since its
inception. Solotorevsky et. al. modeled emergency room scheduling

The original descriptions of ABT and APO appear in [21] and [10] respectively1. In
empirical studies of APO and backtracking based algorithms, such as ABT and Asyn-
chronous Weak Commitment [20] (AWC), computational complexity measurements
were often based on somewhat coarse performance metrics. In particular, these exper-
iments typically did not differentiate between steps that required significantly different
amounts of computation, e.g. equally counting as a single step a consistency check in
AWC and a full backtracking search in a mediation session. Because they also focused
primarily on solvable 3-coloring problems these experiments also raised the question
of whether they were representative of other problem classes. In this paper we revisit
the coordination tradeoffs involved in solving DCSPs using finer computational metrics
and a more extensive class of problem instances - both solvable 3-coloring problems and
random binary DCSPs. Our experiments reveal a richer set of performance tradeoffs
than had been reported earlier. In addition, we present novel search configurations
that aim to reconcile these tradeoffs.

Our empirical analysis uses a metric introduced by Meisels et.al. [11] that records
the number of non-concurrent constraint checks (NCCCs) associated with different
distributed search procedures. This metric distinguishes between complex computa-
tional steps involving multiple constraint checks, and much simpler ones. Constraint

1A more detailed description and analysis of APO appears in Mailler’s PhD thesis [9].
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checks are the preferred computational unit used to measure performance of centralized
constraint processing algorithms (see for example [16]). By counting non-concurrent
checks the NCCCs metric is akin to the notion of a make-span or throughput measure-
ment in scheduling [8]. Using this metric we will re-evaluate the performance of APO,
its variants, and ABT on solvable 3-coloring problems, as was originally done, as well
as completely random binary DCSPs, as is typically done when evaluating constraint
processing algorithms.

The notion of exploring variations on a DCSP algorithm to better understand its
strengths and weaknesses is not without precedent. There have been many investiga-
tions into variations on ABT that have provided valuable insights into the tradeoffs
inherent in the algorithm. For example, Bressiere et.al. [2] described a new algorithm
based on ABT and the centralized Dynamic Backtracking algorithm [4], called Dis-
tributed Dynamic Backtracking (DisDB). It has been observed that one of the key
ideas from DisDB, namely the elimination of stale agent information, can be used to
significantly improve the performance of ABT, however the extra work of dynamically
resolving new information has little benefit on Random DCSP instances [22].

The results presented in this paper build on our preliminary work comparing dif-
ferent mediation session selection rules for APO [1].

3 Basic Backtracking and Mediation Algorithms

This section outlines key features of ABT and APO, focusing on elements that impact
computation and communication complexity.

3.1 Asynchronous Backtracking

ABT is an asynchronous implementation of the traditional backtracking search ap-
proach to solving centralized CSPs.

A summary of the procedures involved in the original description of ABT is shown
in Figure 1. The algorithm begins with an initialization process, during which each
agent i is given a static priority, pi (typically based on lexicographic order). Agent i

then arbitrarily assigns a value, di, to its variable, xi, and broadcasts it to all lower
priority neighbors. When agent i receives an assignment message from another agent,
j, it stores the assignment as a tuple in the set called its agentview. Agent i then checks
the consistency of its agentview and its own assignment. When it finds that its own
assignment violates a constraint it tries to assign a value to its variable that resolves
consistency. If it cannot find such an assignment it begins the backtrack process, and
informs a higher priority agent that its agentview is nogood (leads to an unsatisfiable
situation for the agent)2. The algorithm proceeds until all of the agents have variable

2We are aware that an agent can potentially resolve the subset of its agentview that resulted in the
conflict. However, this has been shown to provide little benefit.
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assignments consistent with their agentviews, or one of the agents discovers that the
problem is infeasible. For a full description of the ABT algorithm along with proofs of
completeness and correctness, the reader is directed to its original description in [21].

An agent executing ABT uses constraint checks3 to determine the consistency of
its variable assignment. Because the agent knows only about the assignments of higher
priority agents (as defined in its agentview), this amounts to checking each constraint
with a higher priority agent. Notice that the original description of ABT involves
recording each received nogood as a constraint (see “when received nogood” in Fig-
ure 1). As a result, each learned nogood is among the set of constraints that must
be checked for consistency. Since the storage of nogoods can grow exponentially on
harder problem instances, checking nogoods as constraints can significantly increase
the number of NCCCs used by ABT. It has been shown, however, that agents can
avoid much of the constraint checking work associated with nogoods by eliminating
them from storage once they become stale (they refer to a branch of the search tree
that has already been discarded) [2]. The necessary revisions to ABT for pruning stale
nogoods are given in Figure 3.1. When measuring the computational requirements of
this revised version of ABT, it is important to take into account the additional checks
that have been introduced to determine whether or not a nogood is stale. However,
because the number of stale nogoods tends to grow exponentially, the savings typically
far outweigh this additional computational cost. We would like to note additionally,
that this improvement cannot be used in A WC because priorities are assigned dynami-
cally and stale nogoods may become relevant again. This makes AWC less competitive
when measuring computational requirements based on consistency checks. For this
reason we do not report experiments with AWC in this paper.

Another configuration of ABT involves having agents read all queued messages
before trying to re-assign their variables. In contrast to checking consistency af-
ter each incoming assignment update or nogood, agents processes all the informa-
tion they have received before performing their next consistency check (“procedure
check agent view”). This small variation has recently been reported to provide sig-
nificant improvements [22].

3.2 Asynchronous Partial Overlay

A summary of the procedures involved in a basic mediation framework for DCSPs is
given in Figure 3. Procedures that are not redefined are assumed to be identical to the
description in Figure 1. The initialization process of a mediation based algorithm pro-
ceeds the same way as in ABT. However, when agent i broadcasts its value assignment,
it does not consider priority and sends the assignment to all its neighbors. When agent
i receives an assignment message it proceeds in the same fashion as ABT to update its
agentview and check the consistency of relevant constraints. If agent i detects a conflict
and cannot resolve it locally by changing the value of its variable it initiates a conflict

3Note that this refers to constraint checks in general, whether or not these checks are concurrent.
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procedure init()

calculate priority, pi (usually lexicographic order);
choose di ∈ Di arbitrarily; set xi ← di;
agent viewi ← ∅;
broadcast();

when received ok?(j, dj)

update agent view(j, dj);
check agent view();

procedure update agent view(j, dj)

if agent viewi contains assignment for j then
remove assignment of j from agent viewi;

end if
agent viewi ← agent viewi ∪ {〈j, dj〉};

procedure check agent view()

if ¬consistent(agent viewi ∪ {〈i, xi〉}, Ci) then
if choose value() then

broadcast();
else

resolve conflict();
end if

end if

procedure broadcast()

for agent j ∈ Ni | pj < pi do
send ok?(i, xi) to agent j;

end for

procedure choose value()

for di ∈ Di do
if consistent(agent viewi ∪ {〈i, di〉}, Ci) then

xi ← di; return ⊤;
end if

end for
return ⊥;

procedure resolve conflict()

if agent viewi 6= ∅ then
find agent j ∈ agent viewi with lowest priority, pj ;
send nogood(i, agent viewi) to agent j;

else
No solution!

end if

when received nogood(j,agent viewj)

for agent k in agent viewj and not in agent viewi do
let dk be the value of agent k in agent viewj ;
update agent view(k, dk);
request that k add i to Nk;

end for
let cj be the constraint that agent viewj is nogood;
Ci ← Ci ∪ {cj};
check agent view();

Figure 1: Procedures Defining the Behavior of an ABT Agent i
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when received ok?(j, dj)

update agent view(j, dj);
prune stale nogoods();
check agent view();

procedure prune stale nogoods()

for nogood constraint cng ∈ Ci do
let agent viewc be the agentview that created cng;
if agent viewc * agent viewi ∪ {〈i, xi〉} then

Ci ← Ci \ {c
ng};

end if
end for

when received nogood(j,agent viewj)

for agent k in agent viewj and not in agent viewi

do
let dk be the value of agent k in agent viewj ;
update agent view(k, dk);
request that k add i to Nk;

end for
if agent viewj ⊆ agent viewi ∪ {〈i, xi〉} then

let cj be the constraint that agent viewj is no-
good;
Ci ← Ci ∪ {cj};
check agent view();

end if

Figure 2: Revisions to ABT for Nogood Pruning

resolution process. In a mediation based algorithm the this involves agent i inviting all
of its neighbors to join a mediation session - the size of the mediation session is defined
by agent i’s neighborhood. Once all of agent i’s neighbors have each either accepted or
rejected the invitation, a mediation session begins. A mediation session only involves
the agents that have accepted the invitation. An agent can only accept to participate
in one mediation session at a time. Agents choose which invitation to accept according
to a mediation session selection rule, which we denote R≺. Additional details of the
APO algorithm, a specific mediation based implementation, can be found in [10].

In the following Section we review different possible mediation session selection
rules and mediation procedures, and discuss their constraint checking requirements.
Independently of the mediation session selection rule and mediation procedure, medi-
ation based agents use constraint checks to determine the consistency of their variable
assignments.

4 Mapping Mediation Dimensions

The space of possible mediation strategies has been the subject of limited investigation.
In this paper we focus on two mediation dimensions that we have found to have a
significant impact on the performance of mediation based algorithms, namely mediation
session selection rules and mediation procedures themselves.
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procedure broadcast()

for all agents j ∈ Ni do
send ok?(i, xi) to agent j;

end for

procedure resolve conflict()

acceptedi ← ∅;
for agent j ∈ Ni do

send invitation(i) to agent j;
rsvpi ← rsvpi ∪ {j};

end for

when received I : {invitation(j1),...,invitation(jn)}

/* I is a set of n invitations received at the same time */
if agent i is already involved in a mediation session then

send reject invitation(i) to all inviting agents;
else

find invitation(jk) ∈ I specified by selection rule, R≺;
send accept invitation(i) to agent jk;
send reject invitation(i) to all other inviting agents;

end if

when received accept invitation(j)

acceptedi ← acceptedi ∪ {j};
rsvpi ← rsvpi \ {j};
if is empty(rsvpi) then

mediate(acceptedi);
end if

when received reject invitation(j)

rsvpi ← rsvpi \ {j};
if is empty(rsvpi) then

mediate(acceptedi);
end if

Figure 3: Mediation DCSP Algorithm Framework (procedures not redefined are given in
Figure 1)

4.1 Mediation Session Selection Rules

The mediation session selection rule described in the original APO algorithm is biased
toward the selection of larger mediation sessions. Preliminary work reported in [1]
presented a computational model along with initial results suggesting that, under cer-
tain circumstances, focusing first on smaller sessions can yield significant performance
improvements. To demonstrate how the problem solving complexity of a mediation
procedure can be affected by the selection of a mediator, we present the following
probabilistic worst-case analysis. Throughout our analysis we will make some assump-
tions:

• For simplicity sake, and to focus on the primarily on the impact of mediation, we
assume that agents have no manner of resolving conflicts other than mediation.

• We will assume that the complexity of the mediation process dwarfs all other
agent processing, such as the computation required to choose a mediator. This
assumption is justified considering that mediation usually requires performing
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some kind of search, which is likely to overshadow the complexity of other agent
tasks.

• For a particular problem instance and a particular mediation framework we will
assume that M provides a finite upper bound on the number of mediations re-
quired to reach a stable solution, or identify that the problem is infeasible. An
upper bound exists for any complete algorithm such as APO, as mediation ses-
sions can continually grow in size until the entire finite sized problem is mediated
by a single agent in the worst case.

• We assume that the function f(x) describes the worst-case complexity of medi-
ating x agents, such that the computation involved by the individual mediator is
O(f(x)).

Let T (ω) be a function such that the worst-case computational complexity of the entire
mediation system can be described as O(T (ω)), where ω ∈ Ω defines a vector of size
M whose i’th entry is the number of agents involved in the i’th mediation session, and
Ω is the set of all such possible vectors that lead to a solution with ≤M sessions (note
that |Ω| ≤ n(M + 1)). Different chains of mediation sessions will result in different
ω vectors, and any chain which requires fewer than M sessions will have values of
zero for all entries beyond the number of necessary sessions. To clarify, the differences
between chains can result from the selection of different mediators, and differences in
solutions chosen by each mediator. Using these definitions and the assumptions above,
the function T (ω) can be defined as the a linear combination of the complexity of each
individual mediation session as follows:

T (ω) =
M
∑

i=1

f(ωi)(1)

The mediation procedure that minimizes computational complexity4 of the system,
is the one that produces a vector, ω, which minimizes the value of T in Equation 1.

However, determining the number and size of mediation sessions required for the
procedure to lead to a stable state often involves carrying out the entire problem solving
process. Instead it is useful to use probabilistic analysis and empirical investigation to
design mediation procedures that minimize the expected worst-case complexity of the
process.

To that end we can describe the expected worst-case complexity of our mediation
system by introducing a probability density function p(ω), which describes the proba-
bility that our mediation procedure involves the mediation sizes in the chain specified
by ω. Using the probability function, we can describe the expected complexity of our
system as O(E[T (ω)]), where E[T (ω)] is equal to the function τ(p). This function

4It is worth noting that other goals in mediator selection may be desirable, such as minimizing the amount
of communication involved in reaching a stable state, which require different analysis.
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involves summing the complexity over all possible values of ω ∈ Ω, multiplied by their
probability. We can derive τ as follows:

E [T (ω)] = E

[

M
∑

i=1

f(ωi)

]

τ(p) =
∑

ω∈Ω

(

M
∑

i=1

f(ωi)

)

p(ω)(2)

We can conclude our analysis and reach the desired intuition by introducing one
final set of assumptions.

• Let us assume that the probability function, p(ω), can be estimated with a func-
tion p′(j), which satisfies Markov and independence properties; such that the
probability of observing a mediation of size j depends only on the size of j and
not on its previous or future values. This assumption allows us to reason about
and measure the probability of producing sessions of a particular size, rather than
specific chains.

• We will also assume that the function g(p′) relates the probability distribution
over the size of mediation sessions to an estimate of the number of mediations
required to reach a stable state, or the state beyond which the values of ω would
be zero. This function can also be reasoned about and experimentally measured,
and we believe introducing it helps to make our discussion more insightful.

Using these final assumptions (also recall that n is the number of agents and variables
in the DCSP) we can re-write the expected worst-case complexity formula as:

τ(p′) =

n
∑

j=1





g(p′)
∑

i=1

f(j)



 p′(j)

τ(p′) = g(p′)
n
∑

j=1

f(j)p′(j)(3)

Notice that the function g describes the relationship between difficulty in overlaying
solutions and likely session size, because the number of mediations required to reach a
solution is related to how many conflicts are created by each session. The function f

describes the relationship between difficulty in finding a mediation solution and session
size. Thus, Equation 3 clearly illustrates the trade off between mediation procedures
which are likely to involve coordinating large parts of the problem space, and procedures
that are likely to coordinate smaller parts of the problem at the expense of involving
more sessions. In terms of designing mediation procedures, this model suggests that
during the execution of the procedure, optimal mediator selection strategies should be
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employed to adjust the probability distribution, p′, over the size of mediation sessions
and minimize the expected system complexity, τ .

Intuitively, because mediation sessions may involve full backtrack search, the com-
plexity of large mediation sessions will tend to dominate that of smaller sessions. Ac-
cordingly, focusing first on large sessions will lead to unnecessary computational efforts,
when smaller sessions are sufficient. In this study we explore the performance impact
of mediation session size by examining the following two mediation session selection
rules.

• R
APO
≺

: this mediation session selection rule was suggested in the original definition
of APO. Agents evaluate invitations based on the size of the mediation session
they would lead to, and pick the invitation corresponding to the largest one.

• R
IAPO
≺

: this mediation session selection rule is the inverse of the original selection
rule. It instructs agents to choose the smallest mediation session.

These two rules can be implemented by including the size of the inviting agent’s
neighborhood in each invitation. For all practical purposes the computational com-
plexity of evaluating mediation session invitations using these two rules can be ignored.
The evaluation can be performed by each agent in time linear in the number of invita-
tions, which does not exceed the size of the agent’s neighborhood. This computation is
typically dominated by the computation performed as part of the mediation procedure
itself.

4.2 Mediation Procedures

The mediation procedure originally proposed with APO involved a mediator (the agent
that sent the invitations) centralizing the sub-problem defined by the agents in the
session, and solving it locally. The mediator used a branch and bound search to find
a solution that minimized conflicts with agents outside of the session. In this Section
we describe the original APO branch and bound mediation procedure, and propose
two new mediation procedures (summarized in Figure 5). We introduce a backtrack
search mediation procedure to explore the performance tradeoffs involved in finding
a conflict minimizing solution. We also introduce a novel hybrid procedure where
mediation is performed in a distributed fashion using ABT. This hybrid algorithm
helps us explore the performance tradeoffs between concurrency and coordination. The
different mediation procedures we examine require different information to accompany
accept invitation messages. The requirements are summarized in Figure 4 and
described in detail along with the procedures below.

Branch and Bound (APO-BB): The branch and bound mediation strategy was
the method originally proposed with APO. When using this mediation strategy, a
mediator must gather all of the information about the local sub-problems of agents
involved in the session (the agents that accepted the invitation) including:
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when received accept invitationBB(j,Cj,Dj , Lj)

acceptedi ← acceptedi ∪ {〈j, Cj ,Dj , Lj〉};
. . .

when received accept invitationBT(j,Cj ,Dj)

acceptedi ← acceptedi ∪ {〈j, Cj ,Dj〉};
. . .

when received accept invitationABT(j)

acceptedi ← acceptedi ∪ {j};
. . .

Figure 4: Information Collected by Mediation Strategies

• the set of constraints, Cj , that apply to agent j’s variable,

• the entire domain of agent j’s variable, Dj ,

• and a label function defined on agent j’s domain that indicates all of the agents
known to be in conflict with each of j’s values,
Lj : dj → {k1, . . . , kn | agent ki will be conflicted with dj}

This information is used by the mediator to perform a branch and bound search.
This search finds a feasible solution, if one exists, to the sub-problem pertaining to
agents that are part of the mediation session. The solution minimizes the number of
constraints violated for agents outside of the session, which can be determined using
the label functions. In terms of measuring computation, the branch and bound pro-
cedure uses constraint checks as it proceeds to construct all solutions that cannot be
ruled out by bounding. However, it does not use constraint checks to determine how
many external violations a partial or full solution results in. The number of external
violations is simply the size of the set returned by the label function.

Backtracking (APO-BT): This mediation procedure proceeds exactly as the BB
variant, except that the mediator attempts to find any feasible solution. The solution
may not minimize conflicts with out-of-session agents. Using this mediation procedure,
agents need not send fully labeled domains to the mediator5. In terms of measuring
computation, the backtracking mediation process uses constraint checks in the same
fashion as the branch and bound process, except it short-circuits computation as soon
as a feasible solution is found.

Asynchronous Backtracking (APO-ABT): We introduce this mediation pro-
cedure as a novel hybrid between APO and ABT where mediations are performed
using the ABT protocol. This mediation strategy downplays the importance of the

5Agents may, however, need to inform the mediator of a conflict after assignments have been dictated.
This allows the mediator to add an out-of-session agent to its neighborhood to ensure completeness.
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procedure mediateBB(acceptedi)

for 〈j, Cj ,Dj , Lj〉 ∈ acceptedi do
C ← C ∪ {Cj};D ← D ∪ {Dj};L← L ∪ {Lj};

end for
〈P ∗, b∗〉 ← b&b(〈∅, 0〉 , 〈∅,∞〉 , 1, C,D,L)
broadcast-solution(P ∗)

procedure mediateBT(acceptedi)

for 〈j, Cj ,Dj〉 ∈ acceptedi do
C ← C ∪ {Cj};D ← D ∪ {Dj};

end for
P ∗ ← cbt(∅, 1, C,D);
broadcast-solution(P ∗)

procedure mediateABT(acceptedi)

let I be the sub-DCSP defined by agents in acceptedi

init() ABT on I (as described in Section 3.1);

procedure broadcast-solution(P)

if P 6= ∅ then
for 〈j, dj〉 ∈ P do

send accept value(dj) to agent j;
end for

else
No solution!

end if

when received accept value(d)

xi ← d;
check agent view();

procedure b&b(〈P, b〉 , 〈P ∗, b∗〉 , i, C,D,L)

if |P | = |D| then
return 〈P ∗, b∗〉

end if
for d ∈ Di do
〈Pd, bd〉 ← 〈∅,∞〉
P ′ ← P ∪ {〈i, d〉}; b′ ← b + |Li(d)|
if b′ < b∗ ∧ consistent(P ′, Ci) then
〈Pd, bd〉 ← b&b(〈P ′, b′〉 , 〈P ∗, b∗〉 , i + 1, C,D,L)

end if
if bd < b∗ then

b∗ ← bd;P
∗ ← Pd;

end if
end for
return 〈P ∗, b∗〉

procedure cbt(P, i, C,D)

if |P | = |D| then
return P

end if
for d ∈ Di do

P ′ ← P ∪ {〈i, d〉};
if consistent(P ′, Ci) then

P ∗ ← cbt(P ′, i + 1, C,D)

if P ∗ 6= ∅ then
return P ∗

end if
end if

end for
return ∅

Figure 5: Summary of Mediation Procedures
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mediator, who no longer needs to collect local constraint information from the other
agents involved. Because agents can be involved in one session at a time APO-ABT
synchronizes the overall problem solving process, while exploiting opportunities for
concurrency at the lower level. The ABT mediation process uses constraint checks as
described in 3.1.

Any of these three mediation strategies can be used with either of the mediation
session selection rules, making for a total of six proposed configurations. Also, each
of the mediation procedures uses the values of agents at the time of the mediation as
arbitrary starting values. This was suggested in the original specification of APO and
helps to respect work done during earlier sessions.

5 Empirical Evaluation

5.1 Empirical Setup

The experiments in this paper are intended to compare the performance of the six
mediation configurations outlined in the previous section (five of which represent novel
configurations), and ABT. We present results from two different sets of experiments,
one involving random solvable distributed 3-coloring (D3C) problems and another on
random binary DCSP instances. A D3C problem involves each agent choosing one of
three colors. The problem is satisfied if no two agents connected by a constraint share
the same color. A random binary DCSP problem involves arbitrary random constraints
between pairs of agents. In all of our experiments all of the algorithms were provided
with the same instances and initial random values for variables.

Random binary CSP instances are typically characterized by the number of vari-
ables, n, the number of values in each variable’s domain, k, the density of the constraint
graph, p1, and the tightness of the constraints, p2 [16]. Our random DCSP experi-
ments use n = 10, and k = 10. p1 specifies the probability that a constraint exists
between any two agents. In this paper we fix p1 = 0.7, a relatively high density value,
behaviors on problems with different values of p1 result in similar observations. We
vary p2 = 0.1 to p2 = 0.9, which specifies the probability that two values in constrained
agent’s domains are in conflict. We draw at least 100 instances for each value of p2,
and about 500 instances near the phase transition where p2 ∈ [0.4, 0.6]. The “phase
transition” refers to an area of the problem parameters where problems transition from
being under-constrained, and thus easy to solve, to over-constrained but still difficult
to prove infeasible [16].

The D3C instances are characterized by two parameters, the number of agents
involved, n, and the number of constraints per agent m. Since we are looking at
solvable D3C problems with no phase transition effects, we do not see a need to vary
problem density and instead fix m = 2.7 (typically considered high density). We
vary the number of agents from n = 15 to n = 60 in increments of 9 (these values
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must be multiples of 3 to properly guarantee solvable instances). With these instances
we examine how the algorithms scale to larger problems that are guaranteed to be
solvable. We draw at least 100 instances for each value of n (although some algorithms
are removed as they become incapable of scaling based on a 5 minute cpu-time cutoff
per instance) according to the method provided in [12], for some larger values of n we
draw up to 500 instances to ensure the statistical significance of our results.

The results presented indicate the mean number of messages and non-concurrent
constraint checks (NCCCs) used by each algorithm across the different simulations.
The NCCCs are measured using the techniques described in Sections 3 and 4, and [11].
We provide 95% confidence intervals when necessary, results missing intervals can be
assumed to be significant. The tables in Appendix Figures 8 and 9 provide a more
detailed view of the results for interesting areas.

5.2 Results on Random CSP Instances

The NCCC results on random CSP instances are shown in Figures 6(a) and 6(c). Ex-
amining these results, we can see that the phase transition is clearly accentuated when
p2 = 0.5 for all the algorithms. Before this point problems are relatively easy to solve
and there is little difference observed. When p2 = 0.5 we can see that ABT, with the
improvements described in Section 3.1, uses about 30,000 NCCCs on average, which
is consistent with results reported in [22]. In addition the APO-ABT and IAPO-ABT
hybrids both use about the same amount of NCCCs as ABT itself (see Figure 6(c)).
This is not surprising, since about half of the problems in this area require a mediation
of the entire network to prove infeasibility, and the hybrid algorithms reduce to running
ABT on the whole problem at that point. The branch and bound based algorithms,
APO-BB and IAPO-BB, perform poorly during the phase transition, requiring about
200 times more NCCCs than ABT. This is due to the fact that many of these problems
must be fully centralized with these procedures to prove infeasibility, and finding the
solution that minimizes external conflicts amounts to exploring nearly the entire search
tree during each mediation. The backtracking based mediation algorithms, APO-BT
and IAPO-BT, require nearly 100 times fewer NCCCs than the branch and bound al-
gorithms, showing that finding external conflict minimizing solutions costs a significant
number of NCCCs and provides far less less benefit on random problems. However,
the ABT based algorithms use significantly fewer NCCCs than the backtracking ones,
showing the cost of centralizing the problem solving effort.

The performance in terms of communication requirements on random instances is
shown in Figures 6(b) and 6(d). These results are basically a mirror image of the NCCC
results, with ABT and the ABT based mediation algorithms requiring on average
about 30 times more messages than the other algorithms (again this is consistent with
results reported for ABT in [22] and [10]). Additionally we can see from the results
in Figure 6(d) that the mediation techniques with the IAPO preference rule use about
twice as many messages as those with the APO preference rule. This is not surprising
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Figure 6: Performance on Random DCSP Instances, (n = 10, k = 10, p1 = 0.7)
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Figure 7: Performance on Solvable D3C Instances, (m = 2.7)

considering that the IAPO preference rule chooses smaller sessions and therefore needs
more of them.

5.3 Results on Solvable D3C Instances

The NCCC results for solvable D3C instances are shown in Figure 7(a). These results
provide some very interesting contrasts with the random CSP NCCC results. The
algorithm that performs best on the solvable D3C instances by a large margin is our
IAPO-BB algorithm. This algorithm was the only one capable of solving 60 agent
problems within an allotted 5 cpu-minutes per instance, and it was able to solve smaller
instances orders of magnitude faster than the other algorithms. Recall that on the
random CSP instances the branch and bound based algorithms performed nearly 200
times worse than the other algorithms, yet on the high density solvable instances our
IAPO-BB scales extremely well. What we are seeing is that on high-density solvable
instances the benefit of finding solutions that minimize conflicts outside of a mediation
session far outweighs the extra work necessary to do so.

Another interesting result on the solvable D3C instances is the benefit of the IAPO
selection rule over the APO selection rule. All of the variants with our IAPO selection
rule used significantly fewer NCCCs than their APO-based counterparts. Favoring
smaller mediation sessions over larger ones, as IAPO does, helps mediators avoid solv-
ing unnecessarily large problems until absolutely needed. Our results suggest that on
solvable D3C instances it is often not necessary to mediate over larger groups, and con-
sequently IAPO avoids some of the unnecessary computation of APO. These findings
are consistent with preliminary results we had reported in [1].

When we look at the handful of algorithms that were able to solve 51 agent instances
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we can see that only the ABT-based algorithms remain along with IAPO-BB. Among
the ABT-based algorithms it is interesting to note that both our APO-ABT and IAPO-
ABT hybrid algorithms require much fewer NCCCs than ABT itself on average (the
IAPO-ABT algorithm requiring significantly fewer). This begins to show the benefits of
partially synchronizing problem solving efforts on solvable D3C instances to cut back on
the amount of backtracking in ABT. The fact that all three of these algorithms perform
significantly better than the BT-based algorithms shows the benefit of distributing work
load on larger problem instances.

When we look at the performance in terms of communication requirements for solv-
able D3C instances in Figure 7(b), it is not surprising to find that all of the centralized
approaches use significantly fewer messages than the decentralized ones. What is in-
teresting is the fact that our APO-ABT and IAPO-ABT hybrid algorithms both used
fewer messages than ABT itself (recall these two used fewer NCCCs as well). Not only
that, but the IAPO variant, IAPO-ABT, used fewer messages than the APO variant,
whereas on the random instances the opposite was true. Both of these observations
are due to the fact that the mediation based techniques required less backtracking
than ABT and among the mediation based techniques, the IAPO variant required less
backtracking than the APO variant. On the solvable D3C instances the decrease in
backtracking during problem solving led to less communication as well.

6 Conclusions and Future Work

In this paper we have attempted to provide a more comprehensive framework for
evaluating mediation tradeoffs than had been proposed in the past. Using this new
framework, we have been able to identify gaps in existing frameworks, and proposed
new effective strategies to fill them. The new strategies include a mediation session
selection rule that favors smaller mediation sessions, a centralized mediation approach
that shortcuts a significant amount of excess computation on random instances, and a
decentralized asynchronous mediation strategy based on ABT.

Our empirical results represent the first truly comprehensive view of the trade-
offs between backtracking and mediation based approaches for DCSPs. We tested the
different algorithms on solvable 3-coloring and random binary DCSPs. Our results
confirmed that our newly proposed strategies in this paper dominate previous tech-
niques under some circumstances. Specifically, our mediator selection rule that favors
smaller sessions, IAPO, dominates the previously used rule that favors larger ones,
APO, in computational complexity across all instances. IAPO also dominates APO
in communication complexity on solvable D3C instances. Additionally, our hybrid de-
centralized mediation strategy based on ABT is as good as ABT in communication
and computation on random instances, and strictly better in both areas on solvable
D3C instances. This suggests that the benefits of synchronization for DCSPs reported
elsewhere [10, 22] may exist primarily on hard solvable instances.

Our focus in this paper has been on settings that are inherently decentralized,
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such as supply chain coordination or distributed meeting scheduling. However, with
additional work our results could ultimately help identify promising ways of solving
centralized CSPs through parallelism as well. Future work also includes generalizing
our results to problems with agents holding more than one variable. While these
problems are formally equivalent to single variable per agent problems, the performance
of the different algorithms we study may be affected differently depending on the
algorithm.
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8 Appendix

Algorithm Mean NCCCs Lower Bound Upper Bound Mean Messages Lower Bound Upper Bound

APO-BT 6692.4 5286.5 8617.8 680.25 624.38 753.97
IAPO-BT 7640.8 5570.8 11602 417.15 374.32 467.89

ABT 2847 2135.9 3938.3 727.16 596.41 910.32
APO-ABT 3017.8 2171.9 4121.4 1144.8 938.79 1497.9
IAPO-ABT 3080.5 2073.6 4313.4 1394.2 1192.5 1773.6
APO-BB 70120 46612 1.189e+05 270.33 264.51 277.17
IAPO-BB 22245 18344 28567 320.56 294.02 344.43

(a) Results with m = 0.4

Algorithm Mean NCCCs Lower Bound Upper Bound Mean Messages Lower Bound Upper Bound

APO-BT 60121 53849 66831 952.35 931.18 970.27
IAPO-BT 67112 59318 75554 411.17 398.34 423.25

ABT 33561 32530 34662 10587 10205 10957
APO-ABT 30126 29190 31165 10079 9694.9 10445
IAPO-ABT 31796 30740 33049 10959 10545 11309
APO-BB 5.5406e+05 5.1531e+05 5.9232e+05 394.35 374.01 422.35
IAPO-BB 5.5399e+05 4.9271e+05 6.5379e+05 855.23 826.05 884.76

(b) Results with m = 0.5

Algorithm Mean NCCCs Lower Bound Upper Bound Mean Messages Lower Bound Upper Bound

APO-BT 25518 21927 29661 497.38 467.69 529.56
IAPO-BT 25934 20266 34104 89.624 84.479 96.711

ABT 22173 20714 24436 9456.7 8751.9 10595
APO-ABT 16531 14228 20386 6856.8 5699.3 8168.1
IAPO-ABT 18510 15595 23457 7180.3 6445.2 8427.4
APO-BB 2.2388e+05 1.7446e+05 3.6517e+05 89.624 83.615 110.19
IAPO-BB 2.1177e+05 1.6679e+05 2.8908e+05 488.61 443.38 541.92

(c) Results with m = 0.6

Figure 8: Mean NCCCs and messages for random DCSPs with 95% confidence bounds.

Algorithm Mean NCCCs Lower Bound Upper Bound Mean Messages Lower Bound Upper Bound

APO-BT 4.1114e+05 3.175e+05 5.4682e+05 41702 39362 44495
IAPO-BT 1.0924e+06 8.4079e+05 1.4669e+06 9009.6 8675.1 9337.3

ABT 75626 66012 91020 1.0322e+05 90131 1.1869e+05
APO-ABT 61009 47396 81633 95821 70344 1.3208e+05
IAPO-ABT 36608 30738 45605 77631 69003 90865
APO-BB 2.2958e+05 1.7658e+05 3.1208e+05 3343.1 3200.4 3506.6
IAPO-BB 10445 7659.3 14766 4387.8 4080.4 4747

(a) Results with n = 42

Algorithm Mean NCCCs Lower Bound Upper Bound Mean Messages Lower Bound Upper Bound

ABT 9.3339e+05 6.2728e+05 1.335e+06 1.5998e+06 1.1697e+06 2.1662e+06
APO-ABT 4.1696e+05 3.0492e+05 6.3207e+05 6.7363e+05 4.7251e+05 1.0527e+06
IAPO-ABT 1.7687e+05 1.2458e+05 2.7441e+05 3.0182e+05 2.3129e+05 4.2611e+05
IAPO-BB 10192 7466.8 14531 5785.8 5440.5 6390.3

(b) Results with n = 51 (algorithms that timed out are omitted)

Algorithm Mean NCCCs Lower Bound Upper Bound Mean Messages Lower Bound Upper Bound

IAPO-BB 95533 44621 1.8398e+05 9384.4 8264 11219

(c) Results with n = 60 (algorithms that timed out are omitted)

Figure 9: Mean NCCCs and messages for solvable D3Cs with 95% confidence bounds.
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