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Abstract

This paper discusses symmetries in stochas-
tic games. In the past, people have discussed
symmetric bimatrix games. However, we ex-
tend this concept so that players can have in-
ternal symmetries between their own states,
as well as have states which are symmetric
with the states of other players in the game.
We prove that if a stochastic game possesses
a symmetry, then the best response function
is symmetric and there exists a symmetric
Nash equilibrium.

1 Introduction and Background

Zinkevich and Balch (2001) establish that if a Markov
Decision Process(MDP) is symmetric, then it pos-
sesses a symmetric optimal policy. This means that
a learning agent can exploit symmetries when using
Watkin’s @-learning (Watkins, 1989), or value itera-
tion (Samuel, 1959). However, what if there are other
agents in the system? Can the agents still exploit sym-
metry? The answer is yes, if the other agents are play-
ing symmetrically as well.

First, let us describe what type of symmetry we are
discussing. Symmetry between agents has been dis-
cussed before (Rappaport, 1973; Schelling, 1960; Thie,
1979). Here we unify this type of symmetry with sym-
metries within agents: actions with symmetric out-
comes, states with symmetric actions, and so forth.
The actual definition of symmetry becomes quite com-
plex, but can be summarized simply. If in state s
player pis in the “same” situation as player p’ in state
s, then these two situations are symmetric. If all the
players playing the joint action a in state s is the same
for p as all the players players playing the joint action
a’ in state s’ is for p’, then the two joint actions are
symmetric. Finally, if player p plays an action a in
state s, then if regardless of the actions of the other

players, player p’ playing an action a’ in state s’ has
the same effect. This is a very intricate definition, and
very hard to actually apply. Therefore, it is more rec-
ommended that it be utilized at an intuitive level, in
order to guide programming decisions or the develop-
ment of learning models. However, the formalization is
important in that it allows one to recognize situations
where the theorem does not apply.

Suppose that there are two agents playing a guessing
game. Player A chooses a number between 1 and 10,
and player B must guess the number A chose. If player
B guesses correctly, then B wins a dollar from A, and
if B guesses incorrectly, B loses a dollar. If A chooses a
number uniformly at random, then B can do no better
than guess a number uniformly at random. In fact, this
is a Nash equilibrium, because A can also not improve
over choosing at random if B is guessing at random.

However, suppose A always chooses 4. Then B can do
far better by always choosing 4. Hence, if any agent
plays according to an asymmetric strategy, some or
all of the other agents may have no symmetric best
responses. But there are times when we can guar-
antee that our opponent is going to use a symmetric
strategy. Suppose there are two teams of robots. In
team A, each robot is identical in its appearance as
well as its abilities and goals. The robots in team B
cannot discriminate between these robots. Therefore,
team B must use the same strategy regardless of the
permutation of the robots on team A. In such circum-
stances, where a player knows the other players will
act symmetrically, the player can act symmetrically as
well. Also, for any symmetric stochastic game, there
is a guarantee that there exists some symmetric Nash
equilibrium.

!Throughout the paper, we assume that each player
prefers a situation where its expected monetary gain is
higher over a situation where its expected monetary gain
is lower



2 Related Work

The study of the existence of Nash equilibria is funda-
mental to game theory and economics. A large body
of work exists establishing the conditions of the exis-
tence of Nash equilibria under various circumstances.
Nash (1950) proved that there was a Nash equilibrium
in N-person games in strategic form. Fink (1964) es-
tablished for any stochastic game the existence of a
Nash equilibria. Filar & Vrieze (1997) gave another
proof of the existence of Nash equilbria in an arbi-
trary stochastic game, and the structure of the proof
of the main theorem of this paper follows the structure
of their proof.

Unfortunately, there has been little work done in at-
tempting to establish the structure of the Nash equi-
libria in stochastic games Filar & Vrieze (1997). It is
well known that in games in strategic form symmetry
between two players results in symmetric Nash equi-
libria. This type of symmetry is included in the results
here, but our definition of symmetry is far more gen-
eral.

3 Stochastic Games

Here we present the traditional definitions relating to
stochastic games, in order to clarify the notation that
will be needed for the definition of symmetry intro-
duced in section 4.

Definition 1 A two-player stochastic game is a tu-
ple (n, 8, A, T, R), S is the finite set of states, A(s) =
A1 (8) x Az(s) x ... x Ay(s) is the finite set of joint
actions for a state s, A;(s) is the set of actions for
player i in a state s, T is a transition function from
U,es({s} x A(s)) x S to [0, 1] such that for all s € S,
for all a € A(s), D uesT(s,a,8") = 1, and R is
a vector of functions such that for all i € {1...n},
Ri i Uses({s} x A(s)) = R is a reward function for
player 1.

A stochastic game is a very general type of system
with discrete time steps. If the system is in a state
s € 8§, and for all i € {1...n} the player i executes
action a; € Ay, T(s,(a1,...,an),s’) is the probabil-
ity that the system will be in state s’ € S at the
next time step. If the system is in a state s € &,
and for all i € {1...n} the player i executes action
a; € A;, for all p € {1...n}, player p receives a re-
ward of Ry (s, (a1,...,axs))

Definition 2 For a stochastic game (S, A,T,R), a
strategy for a player i € {1...n}, is a function o; :
S x Ai —[0,1], where for all s €8, 37, c 4. 0ils,a) =
1. The set of all strategies for player i s X;. A strat-

eqy profile is a tuple o € ¥y X Y9 X ... X Xy, For all
s€S, forall a € A, define o(s,a) =[[}_, o(s,as).

A strategy profile defines how the agents will act in a
game. For all p € P, for all s € 8, a € A;, 0i(s,qa) is
the probability that agent ¢ will execute action a from
state s. Given the system is in a state s € §, for all
a € A, o(s,a) is the probability that the players will
execute the joint action a. Therefore, if the agents
are using a strategy tuple o, given the system is in
state s € §, the probability that the system will be in
state s’ at the next time step is Ps ;v = T'(s,0,s') =
Y aca0(s,a)T(s,a,s'), and the expected reward for
agent i is R;(0,a) = ) . 4 0(s,a)Ri(s,a). The ma-
trix formulation is convenient for the purposes of easily
representing multiple transitions as an exponentiated
matrix.

Definition 3 Given a stochastic game (n,S, A, T,R),
and a strategy tuple o, the expected value of a state
s €8, for a playeri € {1...n} is:

Voi(s) = Z 'Yt(Pt)s's E o(s,a)Ri(s, a)

S'ES acA
Observe that

Voils) = Ri(s,0) +7 Y T(s,0,5)V ()

Suppose that for every player plays according to a
strategy profile o but player p. We can represent this
situation by ol,0;,, which means “replace the strat-
egy of p in o with 0'1’)” Also, it 1s possible to write
o|p(op|sa), which indicates that all one should change
the strategy of p so that it plays action a in state s
with probability 1. We can simplify this by writing
olp,sa.

Definition 4 Given a stochastic game (n,S, A, T,R),
and strategies 0 = o1, ... ,0,, a best response of player
J is a strategy o’ such that for all o7/ € %j, for all
s €S,

Viol;01,i(8) 2 Viol,0),5(8)

Define BR;(o) to be the set of best responses in
Y;. Define BR(c) = BR:(0) x ... x BR,(0). A
Nash equilibrium is a strateqy tuple o such that
o € BR(0).

The existence of Nash equilibria is one of the principal
studies in Game Theory. It is known that for any
stochastic game there exists a Nash equilibrium.

4 Symmetry

What is symmetry in a stochastic game? In order
for it to be useful, it should have certain properties.



For instance, symmetric players should be able to use
the same strategies in some sense. Also, symmetric
states should have the same Equilibrium values. Zinke-
vich and Balch (2001) studied symmetry in MDPs. In
that paper, we considered sets of symmetric states and
symmetric actions in symmetric states. Now, because
there are multiple players, we will consider symmet-
ric states for players, and symmetric joint actions in
symmetric states for players. We argued that two ac-
tions in MDPs should be considered symmetric if the
results were themselves symmetric. This is still the
foundation of our discussion for stochastic games.

It is also possible to consider symmetric players. Two
players A and B are symmetric if for every state of
player A, there exists a symmetric state of player B,
and for every state of player B, there exists a sym-
metric state of player A. If A knows a good strategy
for B, and he is some state s, then A can look at the
symmetric state s’ of B and then translate the action
of B in state s’ back into an action for A in state s.

However, it is interesting to consider that there may
be meaningful symmetries where two players are not
wholly symmetric but have meaningful symmetric
states. For instance, consider a game where player
A has a choice between playing rock, paper, scissors
with player B, or playing matching pennies with player
C. Obviously, A is not initially in a symmetric state
with B or C. However, if A decided to play rock, paper,
scissors with player B, A is now symmetric with player
B. If A decided to play matching pennies with player
C, then A is now in a state symmetric with the state
of player C. This is a result of the Markov Property,
that future events are only dependent on the current
state of the game.

Also, consider another game where player A decides
first to play game I or II. If A decides to play game I,
then A chooses an integer between 1 and 10, and then
B attempts to guess the number A chose. If B guesses
the number correctly, then A gives B a dollar, and the
game is over. If B guesses incorrectly, then B gives A
a dollar, and the game is over. If A decides to play
game II; A can now choose an integer between 1 and

20.

Now for every joint action that A and B play in game
I, there exists a joint action in game Il with the same
consequences. However, these games are not sym-
metric in the sense that A should play game II if
A wants a greater chance of winning a dollar. If A
chooses uniformly at random over all integers between
1 and 20, then A will receive an expected reward of
(+1)(19/20) + (—1)(1/20) = 9/10. If A plays game I
and chooses uniformly at random over all integers be-
tween 1 and 10, then A will receive an expected reward

of 8/10. This violates the intuition that symmetric
states should have symmetric values.

Therefore, it is important that not only symmetric
states have symmetric joint actions, but that these
symmetric joint actions be configured in a similar fash-
ion.

Definition 5 A symmetry is an ordered tuple
(Es,Ea,E4+), Es is an equivalence relation over
S x {l...n}, E4 is an equivalence relation over
Uses({s} x {1...n} x A(s)), Ea~ is an equivalence

relation over (J;es({s} X Upeq1 ny({p} X Ap(s))) and
the following properties hold:

1. If ((s,p), (s",p")) € Es, then there exists a bijec-
tion g : A(s) = A(s") such that for all a € A(s),
((s,p,a),(s",p',9(a))) € Ea

2. If ((s,p), (s',p")) € Es, then there exists a bi-
jection g Ay(s) — Api(s') such that for all
a” € Ay(s),((s,p,a"), (s, p', g(a"))) € Ea- .

3. If ((s,p,a),(s',p',d")) € E4, then there exists a
bijection h : {1...n} — {1...n} such that for all
§' € {1}, (50" apo), (5 h(p"), ) €
EA*.

4. If ((s,p,a),(s',p',a’)) € E4+ and
((s,p,a"), (s",p',a")) € E4, then
((5,]7, alllpa): (Slapla a”l|,'0'al)) E EA'

5. If ((s,p,a), (s, p',a’)) € Ean, then
((s,p), (s",P)) € Es

6. ]f((s,p, Cl), (Sl;p/,al)) € E_A, then
((8,])), (Slapl)) € Es.

If ((s,p),(s',p')) € Es, then player p in state s is in
situation equivalent to player p’ in state s’. It is crucial
to understand that situations as opposed to states in
games are symmetric. For instance, being in jail is one
thing for a criminal and quite another for a jailer.

If ((s,p,a),(s',p',a')) € E4, then player p in state s
when the joint action a is played is in a symmetric
situation to p’ in state s’ when the joint action a’ is
played. Note that the transitions and rewards of the
system are based on thes joint actions. In order for
two states to be symmetrical, symmetric joint actions
must be present.

However, no individual player can select the joint ac-
tion on its own, it only has control over its own action.
Therefore, for two players to be in the same situation,
they must have the same actions in those situations.
If ((s,p,a),(s',p',a’)) € E4-, then player p in state s
playing action a is the same as player p’ in state s’
playing action a’. Here is the truly confusing aspect



of the symmetry: what does it mean for two players’
actions to be symmetrical? The outcome of a single
player’s action is not well defined: one must know the
actions of all the players in order to determine the out-
come. Suppose that player p in state s plays action a,
and player p’ in state s’ plays action @’. Suppose that
everyone else in state s plays according to joint ac-
tion a”, and everyone in state s’ plays joint action a’”’.
Then the outcomes should be the same: if two players
play symmetric actions in situations where everyone
is playing symmetrically, then the outcomes should be
symmetric.

So, let us consider what it means for a stochastic game
to have a symmetry. First of all, if an agent turns eight
degrees right on the right side of the soccer field, then
it should have the same effect if the agent turns eight
degrees left on the left side of the soccer field. This
does not mean that the agent ends in exactly the same
position in both cases, only that the new positions
where it arrives are symmetrical to each other.

Definition 6 Given a stochastic game (n,S, A, T, R)
and a symmetry (Es, Ea, Ea+):

1. A reward function is symmetric if for all
((p"S:a)a (p/’5l¢a/)) € EA? Rp(s’a) = RP’(5I¢a/)'

2. A transition function is symmetric if for all
((p,s,a),(p',s',a")) € Eq, forall s € 8:

Z T(s,a,s")

(s"".p)€Es(s".p)

- =

(s"',p")EEs(s",p)

T(SI, al’ S”l)

3. A stochastic game is symmetric if the reward
function and the transition function are
symmelric.

4. A strategy profile is symmetric if for all
((p’ S a)’ (p/’ 5l¢ a/)) € EA*: UP(S’ a) = 0-17’(5/’ al)'

5. A best response function is symmetric if for all
symmetric strateqy profiles o there exists a
symmetric strateqy profile o' such that

o' € BR(0).
Theorem 1 Given a stochastic game (n,S, A, T, R)

which is symmetric with respect to a symmetry (p, s, a)
then:

1. The best response function is symmetric.

2. There exists a symmetric Nash equilibrium.

In order to prove the first part, we first discuss how
the problem of discovering a best response function can
be reduced to discovering the set of optimal actions in
an MDP. Then, we show how when we begin with a
symmetric stochastic game and a symmetric strategy
profile is being used, the resulting MDP is symmetric.
Then we refer to the fact that a symmetric MDP has a
set of symmetric optimal actions (Zinkevich & Balch,
2001). Finally, we establish that a symmetric set of
optimal actions implies the existence of at least one
symmetric best response strategy profile.

In order to prove the second part, we use Kakutani’s
Fixed-Point Theorem and some properties of symmet-
ric correspondences. The proof will be in Sections 6-8.
Before we give this, we will establish some examples
of symmetry.

5 Examples of Symmetry

Consider the following situation from (Zinkevich &
Balch, 2001): Wacko Foods has two stores in Fruity-
town. Each day, each store can sell either apples or
oranges, but not both. If one store sells apples and the
other sells oranges, they sell them all and Wacko Foods
makes ten dollars. If both stores sell apples or both
stores sell oranges, they sell half and Wacko Foods
makes five dollars. If we defines this as a stochas-
tic game with one state, the players are symmetric.
Therefore, there exists a symmetric Nash equilibrium
in which the two players do the same thing: specif-
ically, they each sell apples and oranges with equal
probability. However, there are Nash equilibria which
are significantly better.

Another more drastic example is this: suppose that
one has a set of symmetric robots that are playing
soccer. Then it is simple to find the symmetric equi-
librium - they forfeit! If all but one player decides
not to play, then that player gains nothing by play-
ing. However, suppose we consider the players as be-
ing controlled by a single agent. Then a forfeit is no
longer part of a Nash equilibrium, because the agent
can order that the players all take the field. Thus, we
are guaranteed a symmetric Nash equilibrium in this
case. However, if we consider the players to be all con-
trolled by the same agent, then they must have some
shared source of randomness. Another concern is that
they must be able to read from this shared source. For
instance, if they are all in the same state, and the ran-
dom action chosen requires them to do different things,
how are the actions delegated? However, if they are
always in distinct states, then they can easily know
which action applies to them.

Thus, we state as a corollary to the above theorem:



Corollary 1 Given a homogeneous set of agents in
distinct states with a common source of randomness,
there exists a homogeneous Nash equilibrium for their
controller.

I state this without formalism or proof, because I be-
lieve that the intuitive meaning is clear, and the proof
follows directly from the proof of symmetry in stochas-
tic games. For a formalism of homogeneity, see (Zinke-

vich & Balch, 2001).

6 Symmetric Joint Strategies

Understanding the nature of symmetric joint strategies
is crucial to the proof of the main theorem.

Lemma 1 Suppose that o € X is symmet-
ric with respect to (Es,Ea,Ea+), then for all
((s,p,a),(s',p',a")) € Ea, o(s,a) = o(s',a').

The proof follows directly from the definition of sym-
metry.

o(s,a) = H oi(s, a;)

Since ((s,p,a),(s',p',a’)) € E4, there exists a bijec-
tion A : {1...n} = {1...n} such that for all p” €
{L...n}, ((s,p", apn), (s', h(p"), a;_b(p,,))) € E4+. Since
o is symmetric, for all p” € {1...n}, opu(s,apn) =
Thipmy (s, a;L(p,,)). Therefore:

o(s,a) = H OICE a;l(i))
i=1
Since h is a bijection:
o(s,a) = H oi(s', a}) =o(s,a)
j=1
|

7 A Related Markov Decision Process

For this section let us fix a stochastic game
(n,S8, A, T, R) which is symmetric with respect to
(Es,Ea, E4+). If one specifies the strategies for all
but one player, a stochastic game reduces to an MDP?2.
Suppose that for every player plays according to a
strategy o but player p. First, the set of states for the
MDP is § and the set of actions is A,. The transition

function is T'(s,a,s’) = T'(s,0|psa,s’). The reward

20bserve that these MDPs differ from those in Zinke-
vich & Balch (2001), in that the action is dependent on the
state. However, it is trivial to extend the definitions and
proof in that paper to such games

function is R'(s,a) = Rp(s, 0|, sa). Observe that for
the above equations, it is only really important that
we are taking the action a at state s.

The optimal value function of a MDP is the ex-
pected discounted reward if the agent begins in that
state and acts optimally. So, the set of all opti-
mal actions for a state s is those that maximize
R'(s,a) +~vT"(s,a,s")V*(s'). Observe that this equals
Ri(s,olpa) + 4T '(s,0lpa,s’)V*(s"). In other words, a
strategy which places a probability of 1 on the set of
optimal actions in all states is a best response in the
stochastic game. Observe that this set of strategies is
convex: 1.e., the mixture of two best response strate-
gies results in a best response strategy.

We can make such a MDP for every player. We can
also combine these into a single MDP. Let the set
of states in the MDP be § x {1...n}, and the set
of actions for state (s,p) be A,(s). The transition
function is 7"((s, p), a, (s',p')) = T(s,0|p sa,s’) when
p = p' and zero otherwise. The reward function is
R'((s,p),a) = Ry(s,0lp sa). So, if we discover the op-
timal actions in this MDP, we can find the best re-
sponses for all of the players. We will now correlate
the symmetry in the stochastic game to a symmetry
in the MDP.

Lemma 2 Consider the MDP symmetry (Eg, E')
such that By = Es and for all p,p’ € {l...n},
for all s, € S, for all a € A,(s), for all a' €
Ay ("), (((5,9),0), (5, ), @) € Ely if and only if
((s,p,a),(s',p',a")) € Eq«. R is symmetric with re-
spect to (Eg, E'y) if o is symmetric with respect to
(ES,EA,EA*).

For all (((s,p),a), ((s',p'),d’)) € E/4:

R/((S,p), a) = RP(S’ U|P,Sa)
Y (olpsa)(s,a”)Ry(s,a")

al’€A(s)
= Z o(s,a")Rp(s,a"|pa)
a’’€Ap(s)
Now, ((s,p,a),(s' p',a')) € FEu-. Therefore,
/

( € FEs. There exists a mapping
g @ A(s) — A(s") such that for all ¢’ € A(s),
1
g

((s,p,a"), (s",p',9(a"))) € E4. Therefore:

R((s,p)a)= Y ol(s',g(a")Ry(s,a"|a)

a"eA(s)

Also, because ((s,p, a"|pa), (s',p', g(a")|pa’)) € E4+:

Rl((sa p): a) = Z U(3I¢ g(a”))RP(SI: g(a”) |P'al)

a’€A(s)



Because g is a bijection:

= Camears 7l
= R((s,9'), o

R/((S,p), a) al“)Rp(S/, al“|pla/)

Before we prove that the transition function is sym-
metric, we present a function W: this function does
not have a very intuitive meaning: however, it has
a structural place in the proof. Given a stochas-
tic game and a strategy o, define a function W :

(Usespeqinpist x {p} x A(s) x & x {l...n} x
Ay (s)) = R:
W(Sapaaasuap”aa”)
= Z o'(s,a)T(s,a|pa",5w)

(s*v,p)EBs(s",p")

Lemma 3 If ¢ is symmetric then for all s € 8,
W(S:p:aasl/7p”:a”):W( :p Cl 8 p a”/)

By definition:

" 1! "
W(Sapaaas D ,a )

=o(s,a) Z

(stv,p)EEs(s" p")

T(s,alpa”, 5'Y)

Observe that ((s,p,alpa”),(s',p',d |pra"))
Therefore:

€ FEu.

W(Sapa a, Sllapa Cl”)

=o(s,a) E

(S“',P’)EEs(S”,p”)

T(SI, a/|pla///’ Siv)

Because ((s,p,a),(s',p',a’)) € E4:

W(Sapa a, Sllap: Cl”)

=o(s,d) Z

(S’”,p’)EEs(s”,p”)

T(S", a’|p/a“', Siv)

1 nmy __ ! / ! 1" 1" 1"
W(S;paaas D, a )—W(Sapaaas b, a )

Lemma 4 Consider the MDP symmetry (Eg, E'))
such that E5 = Es and for all p,p’ € {1...n},
for all s, € S, for all a € A,(s), for all a’ €
AP'(SI): (((S’Z)):a)a((sl’pl)aal)) € E.IA if and only if
((s,p),a),((s',p),a")) € Eq. T is symmetric with
respect to (E, E'y) if o is symmetric with respect to
(Es, Ea,E4-).

(((s,p), @), (s, P), @) € By,

For  any

((s,p,a), (s',p',a')) € E4+. Observe that
a, (S/,p)) = Z (U|p,sa)(8, CLH)T(S, a//’ 8’)
a’€A(s)

= Z o(s,a")T(s,a"|pa,s")

a’€A(s)

T'((s,p),

It follows directly:

Z T'(s,a,s")

(s",p)EEs(s" ,p")
// 1!
= Y Wi(s,pa"s"p' a)
a'’ € A(s)

Observe that ((s,p), (s',p')) € Es. Therefore, there
exists a function g : A(s) = A(s’) such that for all
a’ € A(s), ((s,p,a"),(s",p',9(a"))) € E4. Thus, by
the previous lemma:

Z T'(s,a,s")
(s",p)EEs(s",p")
Z W(s',p’,g(a”),5”,p”,a')
a'"€A(s)

Because ¢ is a bijection:

Z T'(s,a,s")

(s",p)eEs(s" p")

= Y. W(spa" ")
/IEA /)
= Z T'(s',d',s")
(5” p )EES( I/ //)
So 7" is symmetric. |

Lemma 5 Consider the MDP symmetry (Eg, E'4)
such that E = Es and for all p,p’ € {1...n},
for all s, € S, for all a € A,(s), for all a’ €
Ay (o), (((5,9),0), (5,9, @) € Bl i and only if
((s,p),a),((s',p"),a")) € Ea. The MDP constructed
above is symmetric with respect to (Eg, E'y) if o is
symmetric with respect to (Es, E4, Ea+).

This follows directly from Lemma 2 and Lemma 41

Finally, we shall establish that the best response func-
tion is symmetric. Since we have established that the
MDP is symmetric, we can use Theorem 2 from Zinke-
vich and Balch (2001) to establish that the sets of op-
timal actions are symmetric. Now we wish to mix
these optimal actions in order to construct a symmet-
ric strategy profile. The technique we will use is to
choose an action from the set of optimal actions uni-
formly at random.



Will this result in a symmetric joint strategy? Con-
sider an element in ((s,p, a), (s',p’,a’)) € E4+. Since
the set of optimal actions is symmetric, if a is op-
timal in (s,p), then o' is optimal in (s',p'). If
the cardinality of the set of optimal actions in (s, p)
equals the cardinality of the set of optimal actions
in (s',p'), then o,(s,a) = op(s’,a’). Observe that
((s,p), (s',7')) € Es. Therefore, there exists a bijec-
tion g : Ap(s) — Api(s’) such that for all a” € A(s),
((s,p,a"”),(s",p',9(a"))) € Ea-. Since every optimal
action in A, (s) maps to an optimal action in Ay (s'),
and every action which is optimal in A, (s) is mapped
by g~! to an optimal action in A, (s), then the cardi-
nality of the set of optimal actions in (s, p) is equal to
the cardinality of the set of optimal actions in (s', p’).
Thus, if o is symmetric, we can construct a symmetric
best response. This concludes the proof of the first
portion of Theorem 1.

8 Symmetric Correspondences

The best response function is a correspondence: it
maps elements to sets. A fixed point of the best re-
sponse function, a strategy which is a best response
to itself, is a Nash equilibrium. In this section, we
will discuss what a symmetric correspondence is, and
show how Kakutani’s fixed point theorem can be ex-
tended to prove that symmetric correspondences have
symmetric fixed points. For more information on fixed
point theory and its applications to game theory, see
(Border, 1985).

Definition 7 Giwven S C R™ and T' C R"™, a corre-
spondence v : S —— T is upper semi-continuous if for
all sequences * — z in S and y* — y in T, y € f(z).

The double arrow(——) indicates a correspondence.
This is similar to the concept of continuity of con-
tinuous functions. Observe that if f : S — T is a
continuous function, then y(z) = {f(x)} is an upper
semi-continuous correspondence.

Lemma 6 Let SCR™ T CR" S CS, and T' C
T. Then A : S'=—=T' defined as A(z) = v(x) NT" is
an upper semi-continuous correspondence.

Suppose that {z*} — 2 isin S’ and {y*} — yisin 1",
and for all k, y* € A(z*). Then they are in S and T
respectively, so y € y(z). Since y € T, then y € A(z).
|

Theorem 2 Kakutani’s Fixed Point Theorem Let
K C R™ be compact and convex and v : K——K
be closed or upper semi-continuous with nonempty,
convex, compact values. Then v has a fixed point.

For a proof, see (Border, 1985).

In (Filar & Vrieze, 1997), when they prove that a
stochastic game has a Nash equilibrium, they estab-
lish that the best response function is upper semi-
continuous and has nonempty, convex, compact val-
ues.

Definition 8 Consider an equivalence relation E over

{1...m}.

1. a vector ¥ € R™ is symmetric if for all (i,j) € E,
Vi = V5.

2. a set S C R™ is symmetric if there exists a sym-
metric vector U € S.

3. if S C R”™ and T C R™, a correspondence 7 :
S —— T is symmetric if for all symmetric ¥ € S,
there exists a symmetric § € y(Z).

Later, we will show how symmetric strategies and a
symmetric best response functions correlate to the def-
initions of symmetry presented here.

Theorem 3 Let E be an equivalence relation over
{1...m}. The set of all symmetric vectors in R™ is
closed and convex.

See (Zinkevich & Balch, 2001) for a proof.

Theorem 4 Let E be an equivalence relation over
{1...m}, K C R™ be a symmetric, convezr, compact
set, and v : K —— K be a upper semi-continuous,
symmetric correspondence with convex, compact val-
ues. Then v has a symmetric fized point.

Proof: We will restrict v to a version defined only on
symmetric vectors, and prove that this function has a
fixed point.

Define S to be the set of all symmetric vectors in E.
This is closed and convex according to Theorem 3. De-
fine S’ = KNS. K is closed and bounded, by the def-
inition of compactness. Because S and K are closed,
S’ is closed. Because K is bounded, S’ is bounded.
Hence, S’ is compact. S’ is nonempty, because K is
symmetric. Because S and K are convex, S’ is convex.
Now define A : S'—5—5" as A(z) = v(z) N S’. Thus,
A is upper semi-continuous. For every x € S, A(z) is
nonempty by the definition of the symmetry of y. A(x)
is convex because S’ and () are convex. A(z) is also
compact, because S’ and () are compact. Therefore,
A has a fixed point, which is a symmetric fixed point

of ~. |

So, we can use this proof in order to prove that
a symmetric stochastic game has a symmetric Nash



equilibrium. Consider a strategy o € X as exist-
ing in Euclidean space. First, consider the set X =
Uses ({5} ¥ Upeqi ny({p} x Ap(s))). This set is fi-
nite, and assuming it is nonempty there exists a bi-
jection g : X — {1...|X|}. We can also construct
a relation E' over {l...|X|} where (z,2') € E' if
and only if (¢7'(z),97'(2')) € E4-. Finally, we
can construct a function h : ¥ — RIXI defined as
hi(o) = Uggl(i)(gl_l(i),g;l(i)). Therefore, symmet-
ric strategies become symmetric vectors in RIX and
the best response function becomes a symmetric cor-
respondence in RIXI.

Finally, we must show that the image of ¥ in RIXI
is a symmetric set. Therefore, we need to prove
that there exists a symmetric strategy. Suppose ev-
ery player in every state selects an action uniformly
at random. Suppose ((s,p,a), (s',p',a’')) € E 4+, then
((s,p), (s',7')) € E4. Therefore, there exists a bi-
jection g @ Ap(s) = Api(s'), so |A(s)] = [Ap(s')].
Therefore, in these symmetric states the probability
of these symmetric actions is identical, so there exists
a symmetric strategy which proves that the image of
¥ in RIX!is symmetric. The image of X is also clearly
closed and convex, as it is the cartesian product of
standard closed simplexes.

This establishes the fact that there exists a symmetric
Nash equilibrium, and concludes the proof of the main
theorem. |

9 Conclusion

Symmetric stochastic games have symmetric Nash
equilibria. There exists homogeneous strategies for
homogeneous agents in distinct states with a common
source of randomness. Symmetry can be used as a
refinement to the Nash equilibrium concept. These
results can guide future studies both in terms of de-
veloping programs for multiagent systems, as well as
developing learning algorithms for agents in multia-
gent systems. The examples presented in sections 4
and 5 are in some ways more valuable than the proof
itself. In them is contained the intuitive meaning of
the proof, which is far more useful than the actual
application of the formal mechanism.
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