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Warning!

A We try to make everything easy to understand.
A We often do not mention crucial details.

A We use both 4- and 8-neighbor grids.

A We invite you to ask questions!



Warning!

A We use robotics to illustrate the planning techniques
because
Incomplete information and uncertainty are important in robotics
domains from robotics are easy to understand, and
the behavior of planning techniques is easy to visualize.

A However, the planning techniques also apply to a variety
of other domains, 1 ncluding
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Partially-known Domains
A Challenges

complexity/size (higkdim., expensive to compute costs, etc.)
severe time constraints (e.g., tens of msecs to few seconds)
robustness to uncertainties in execution, sensing, environme

planning in 4D (<x,y,orientation,velocity>) using Anytime D*

| A
part of efforts by Tartanracing team from CMU for the Urban Challenge 2007 race
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Real-time Planning in Dynamic and Maxim

Partially-known Domains
A Challenges

complexity/size (higkdim., expensive to compute costs, etc.)
severe time constraints (e.g., tens of msecs to few seconds)
robustness to uncertainties in execution, sensing, environme

generality of approacﬁes
theoretical guarantees |
simplicity

ability to improve the solution before and during executiol

ability to plan under uncertainty



Real-time Planning in Dynamic and Maxim
Partially-known Domains

Common theme In this talk:
Planning with a series of (efficient) graph searches
Planning with variants of A* searches
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Work vs Configuration Space
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Work vs Configuration Space

A Configuration spaces are often
continuous and
high-dimensional.
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Discretizing Configuration Space

A Skeletonization methods

visibility graph
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Discretizing Configuration Space

A Skeletonization methods:

randomized and_probabit ete

T
=2\
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roadmap using random points [Kavraki et al, 1994]

goal
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roadmaps using RRTs [LaValle, 1998] i
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Discretizing Configuration Space

A Cell decomposition methods:
systematic and resolution complete

[from Stuart Russell and Peter Norvig]

vertical strips grid
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Discretizing Configuration Space

8-neighbor grid 4-neighbor grid
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Discretizing Configuration Space

?

A Lattice-
methods:

(x,y,theta) { /

start

methods combine road-map and cefl fased
onf'|iurations are the centers .
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A*

>

A* [Hart, Nilsson and Raphael, 1968] uses user-supplied h-
values to focus its search.

The h-values approximate the goal distances.
We always assume that the h-values are consistent!

The h-values h(s) are consistent succ(s,a)

Iff they satisfy the triangle inequality: c(s,a *~..h(succ(s,a))
h(s)=0ifsisthegoaland (U T O
h(s) O c(s,a) + hCsucc (% a)
Consistent h-values are admissible.

The h-values h(s) are admissible
Iff they do not overestimate the goal distances.

> > >

> >
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A*

(Forward) A*
1. Create a search tree that contains only the start.

2. Pick a generated but not yet expanded state s
with the smallest f-value.

3. If state s is the goal then stop.
4. Expand state s.
5. Goto 2.



Sven
A*

A Search problem with uniform cost

4-neighbor grid



A*

A Possible consistent h-values

Sven

/716(5/413(2|[5|4/3|2(2|2(|]0{0]0(0]|0(0
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Manhattan Distance

<

Octile Distance

Zero h-values

4-neighbor grid

more informed (dominating)
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A First iteration of A*

Sven

order of expansions

i B
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g-values + h-values f-values

cost of the shortest path
In the search tree from the
start to the given state

4-neighbor grid

L] generated but not expanded state (OPEN list)
[[] expanded state (CLOSED list)
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A Second iteration of A*

Sven

order of expansions
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order of expansions

A*

A Third iteration of A* 3|1 E
2
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cost of the shortest path
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start to the given state

L] generated but not expanded state (OPEN list)
[[] expanded state (CLOSED list)

4-neighbor grid
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order of expansions

A*
4
A Fourth iteration of A* 3|1
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L] generated but not expanded state (OPEN list)
[[] expanded state (CLOSED list)
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order of expansions
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415
A Fifth iteration of A* 3|1
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4-neighbor grid

L] generated but not expanded state (OPEN list)
[[] expanded state (CLOSED list)
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order of expansions

A*
415|606
A Sixth iteration of A* 3|1
2
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cost of the shortest path
In the search tree from the
start to the given state

4-neighbor grid

L] generated but not expanded state (OPEN list)
[[] expanded state (CLOSED list)
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order of expansions

A*
4156
A Seventh and last iteration of A* 3|1 m(7)
2
2134 6/ 6|6
716|543 ]°2 °1%1 %
21112,3||6/5|4|3|2]|1 6| 4+4+4
7 P
2|1(0Om 4| 5/4[3]2|1]0 64 (4)
2| 1 6(5/4[3]2]|1 6+ 4
g-values + h-values = f-values

cost of the shortest path
In the search tree from the
start to the given state

L] generated but not expanded state (OPEN list)
[[] expanded state (CLOSED list)

4-neighbor grid
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Uniform-cost search

A* Breadth-first search
716/5(4(3[2||/5(4(3(|2|2|2|/0(0|0|0]|0]O0
6/5/4({3[2|1||/5(4(3|211|11|/0(0|0|0]|0O]O0
514(3(2|1/0||5(4(3(|2|1/0||0l0|0O0|0]|0O]O0
6/5/4(3[2|1||5(4(3|2/1|1|/0(0|0|0]|0]O0

Manhattan Distance Octile Distance Zero h-values
6 18113 8114119
4156 3147|1712 71419115
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2 2 1611015 (2
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4-neighbor grid

more informed (dominating)
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Weighted A*

A* Weighted A* [Pohl, 1970]
f(s) = g(s) + h(s) f(s) = g(s) +w h(s)

S S

(w=1.0) w=2.5
20 expansions 13 expansions
10 movements 11 movements

8-neighbor grid
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Skeletonization Methods (Roadmaps)
Cell Decomposition Methods

A Searching Graphs
A%
Weighted A*
A Nondeterministic Models i MDPs

A Searching MDPs
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Modeling Uncertainty

ASo far, we assumed no uncertainty in the model
- execution is perfect
- localization is perfect
- environment is fully known

S, 1S, |S
1|92 | 23 @ @ search the graph

| LSS
s, | s. convertlntoagrap=h @ @ for a least-cost
(S5

path
from Sstart o Sgoal

Se



Modeling Uncertainty

AUncertainty in execution
- execution is imperfect
- localization is still assumed to be perfect
- environment is still assumed to be fully known

Markov Decision Processes (MDP)

s, | s, | s, &) &)

nvert in n M
s, | s. convert into a [ZP @

Se

- at least one action in the graph has more than one outcome
- each outcome is associated with probability and cost

Maxim



Modeling Uncertainty

AUncertainty in execution

- execution is imperfect
- localization is still assumed to be perfect
- environment is still assumed to be fully known

Markov Decision Processes (MDP)

s, | s, | s, &) &)

convert into an MDP
FROREY

Se

- at least one action in the graph has more than one outcome

- each outcome is associated with probability and cost
example: s, Sy, S5 | SUCC(S,, agg),
P(35|ase'82) =0.9, C(SZ’ase'SS) =14
P(s;las,S,) = 0.05, ¢(S,,a4,S3) = 1.0
P(s4las,S,) = 0.05, c(S,,84,S,) = 1.0

Maxim
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Modeling Uncertainty

AUncertainty in execution
- execution is imperfect
- localization is still assumed to be perfect
- environment is still assumed to be fully known

Moving-target search example

- State: <R, T>
- Uncertainty in the target moves

R

I
—T >
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Modeling Uncertainty

- execution is perfect
- localization is still assumed to be perfect
- environment is partially-known

Incomplete Information State

Sy | Sz | Ss

into ?2??
S, | S convert into 27"

v

Se

- the costs and connectivity of the graph is not fully known
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Modeling Uncertainty

Information state (e.g., knowledge about the environment) is
not fully known

Robot navigation in a partially-known environment

StTagent 060s st ate
<X,y> position

H T a vector of hidden variables
status of cells B5 and E4
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Modeling Uncertainty

Information state (e.g., knowledge about the environment) is
not fully known

Robot navigation in a partially-known environment

STagent 060s state
<X,y> position

H_1 a vector of hidden variables

chlls B5 and F4
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Modeling Uncertainty

/X:LS(X);H &-belief state

current (observable) state of the robot current belief of the robot about
hidden variables (i.e., P(H))

Robot navigation in a partially-known environment

StTagent 060s st ate
<X,y> position

H T a vector of hidden variables
status of cells B5 and E4




Modeling Uncertainty: Incomplete Info St
ABelief StateSpace  X=[S(X);H(X)] - belief state

AAN action can affect both the observablestateof the robot (e.g.,
moveaction)aswell asits knowledgeaboutthe environmen{e.g.,
sensingaction)

@ a :@ X1=[S1(X);Ha(X)]
X=[S(X);H(X
[S(X);H(X)] @ X,=[S 5(X);Ho(X)]

(X XL SCOHX]



Modeling Uncertainty: Incomplete Info St
ABelief StateSpace  X=[S(X);H(X)] - belief state

Assumingperfectsensing

R=E4,
P(E4=free)=0.5 Ed=free
> B5=u
P(E4=0bstacte)=0.5
= A= erffe

6 X,=[S(X,);H(X,)] - belief state




Modeling Uncertainty: Incomplete Info St
ABelief StateSpace  X=[S(X);H(X)] - belief state

H(X,): P(E4=free) = 1; P(B5=free) = 0.5;

Assumingperfectsensing \
R=E4;
P(E4=free)=0.5 Ed=free
=@ B5=u

6 X,=[S(X,);H(X,)] - belief state

H(X): P(E4=free) = 0.5; P(B5=free) = 0.5;



Modeling Uncertainty: Incomplete Info St
ABelief StateSpace  X=[S(X);H(X)] - belief state

Assumingerfectsensing E4=u

B5=u
A B C D E F @
I R=C4; R=F4;
E4=u E4=free
% B5=u B5=u
East East
3 &
4 R=A4; R=B4; 4(% R=F4;
E4=u E4=u E4=0bs
5 B5=u B5=u B5=u
° R=B5;
E4=u R=F4;
B5=free E4=free
B5=free



Assumingperfectsensing

wnmn A W N =

Modeling Uncertainty: Incomplete Info St
ABelief StateSpace

start

F

goal

X=[S(X);H(X)] - belief state

MDP in which optimal polic
is a tree (acyclic)

R=C4;:

East
R=A4, R=B4;
E4=u E4=u
B5=u B5=u

East

E4=u
B5=u




Modeling Uncertainty Maxim

AUncertainty in localization/execution/environment
- execution is imperfect
- localization is imperfect
-environment is partially-known

Partially-Observable MDPs (POMDPS)



Modeling Uncertainty: POMDPs ~ Maxim

AMDP + robot Is uncertain about its state (and/or about
some of the action costs)

ACan always be converted into a belief state-space MDP
(where each state is a probability distribution over original states)

Aoptimal policy: mapping from a belief state onto action
Aoptimal policy can now be cyclic

Aoptimal policy can be found by solving belief MDP
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Probabilistic Planning

AWhatplanto compute?
- Planthatminimizestheworstcasescenarigminimaxplan)
- Planthatminimizesthe expectedost

2
> a P , =0.9
L C% SRS
1

SeasI=Z
oRNG

AWithout uncertaintyplanis a singlepath
asequencef stategasequencef actions)

Aln MDPs, planis apolicy " :
mappingfrom a stateontoanaction

Maxim



Minimax Formulation Maxim

@ 2 8 P(Sy0alS1,39)=0.9

1 C(S1,a,Sy0a) = 2

* A,
=
AOptimal policy * *:

minimizestheworstcostto-goal
T = argmin MaX, iomesf 1COSELO-goal}

Aworstcostto-goalfor * 1 =(Spar$:54:S3:Sy0a)) IS:
1+1+3+1=6

Aworstcostto-goalfor * ,=(try to gothroughs,) Is:
1+2+2+2+2+2+2+¢é =D



Minimax Formulation Maxim

2
1 @ > 8 P(Sy0alS1,39)=0.9

C(Sp, a1, Sy0a) = 2

ll B%:”;ﬁ'sl,aszo.l/
=
AOptimal policy * *:

minimizestheworstcostto-goal
T = argmin MaX, iomesf 1COSELO-goal}

AOptimalminimaxpolicy " * =" 1=(Ssat:S: 54,53 Sy0a)



Computing Minimax Plans Maxim

AMIinimax backwardA* :

9(Syoa) = O; all otherg-valuesareinfinite; OPEN= {sy,};
while(s,,« Notexpanded)
removes with thesmalles{f(s) = g(s)+h(s)]from OPEN

iInsertsinto CLOSED
for everys 6.ts| sucq s Ofgr soanga ands @ot inCLOSED
Tg (s X Q¢ s 6660 i+ 9u)

g (S QY Feq s 6C(S 0 + gu);
Inserts mto OPEN



Computing Minimax Plans Maxim

2
P ,8,)=0.9
e oy

AMinimax backwardA* :
9(Syoa) = O; all otherg-valuesareinfinite; OPEN= {sy,};
while(s,,« Notexpanded)
removes with thesmalles{f(s) = g(s)+h(s)]from OPEN

iInsertsinto CLOSED
for everys 6.ts| sucq s Ofgr soanga ands @ot inCLOSED
Tg (s X, Q¢ s 60 i+ 9U)

g (S 0| FGeg s 56C(S 0 i+ AU);

Inserts mto OPEN
reduces to usual backward A* if

No uncertainty in outcomes




Computlng Mlnlmax Plans Maxim

al P(Sy0alS1,8¢)= 0 9
C Sl a1 Sgoa =

S1 al) 0. 11
LOSED = {}
h=2 Q @ hea OPEN = {Syoat
AMinimax backwardA* - next state to expand;gg

9(Syoa) = O; all otherg-valuesareinfinite; OPEN= {sy,};
while(s,,« Notexpanded)
removes with thesmalles{f(s) = g(s)+h(s)]from OPEN

iInsertsinto CLOSED
for everys 6.ts| sucq s Ofgr soanga ands @ot inCLOSED
Tg (s X Q¢ s 6660 i+ 9u)

g (S QY Feq s 6C(S 0 + gu);
Inserts mto OPEN




Computlng Mlnlmax Plans Maxim

al P(Sy0alS1,8¢)= 0 9
C Sl a1 Sgoa =

Slal) 0. 11

Q @ _ CLOSED {Soat
h2 3 OPEN = {%}

next state to expand; s

AMIinimax backwardA* :

9(Syoa) = O; all otherg-valuesareinfinite; OPEN= {sy,};
while(s,,« Notexpanded)
removes with thesmalles{f(s) = g(s)+h(s)]from OPEN

iInsertsinto CLOSED
for everys 6.ts| sucq s Ofgr soanga ands @ot inCLOSED
Tg (s X Q¢ s 6660 i+ 9u)

g (S QY Feq s 6C(S 0 + gu);
Inserts mto OPEN



Computing Minimax Plans Maxim
P —

=3 OPEN = {g}
next state to expand; s

Q @%LOSED = {0a S}
h 2

AMIinimax backwardA* :

9(Syoa) = O; all otherg-valuesareinfinite; OPEN= {sy,};
while(s,,« Notexpanded)
removes with thesmalles{f(s) = g(s)+h(s)]from OPEN

iInsertsinto CLOSED
for everys 6.ts| sucq s Ofgr soanga ands @ot inCLOSED
Tg (s X Q¢ s 6660 i+ 9u)

g (S QY Feq s 6C(S 0 + gu);
Inserts mto OPEN



Computlng Mlnlmax Plans Maxim

=3 OPEN = {s}
next state to expand; s

Q @%LOSED = {SoanSs S
h 2

AMIinimax backwardA* :

9(Syoa) = O; all otherg-valuesareinfinite; OPEN= {sy,};
while(s,,« Notexpanded)
removes with thesmalles{f(s) = g(s)+h(s)]from OPEN

iInsertsinto CLOSED
for everys 6.ts| sucq s Ofgr soanga ands @ot inCLOSED
Tg (s X Q¢ s 6660 i+ 9u)

g (S QY Feq s 6C(S 0 + gu);
Inserts mto OPEN



Computlng Mlnlmax Plans Maxim

, \q@‘><(%oa.lsl )=0.9
C Sl a1 Sgoa =

Slal) 0. 11

Q @ — CLOSED {éoah% S4’SZ}
ho ns  OPEN = {85}

next state to expand;,,

AMIinimax backwardA* :

9(Syoa) = O; all otherg-valuesareinfinite; OPEN= {sy,};
while(s,,« Notexpanded)
removes with thesmalles{f(s) = g(s)+h(s)]from OPEN

iInsertsinto CLOSED
for everys 6.ts| sucq s Ofgr soanga ands @ot inCLOSED
Tg (s X Q¢ s 6660 i+ 9u)

g (S QY Feq s 6C(S 0 + gu);
Inserts mto OPEN



Computlng Mlnlmax Plans Maxim

; \q@‘><(%oa.lsl )=0.9
C Sl a1 Sgoa =

Slal) 0. 11

g=4 S4 CLOSED {ﬁoaI’SB STIY %tart}
h=2 OPEN = {s}
DONE!

AMIinimax backwardA* :

9(Syoa) = O; all otherg-valuesareinfinite; OPEN= {sy,};
while(s,,« Notexpanded)
removes with thesmalles{f(s) = g(s)+h(s)]from OPEN

iInsertsinto CLOSED
for everys 6.ts| sucq s Ofgr soanga ands @ot inCLOSED
Tg (s X Q¢ s 6660 i+ 9u)

g (S QY Feq s 6C(S 0 + gu);
Inserts mto OPEN



Computlng Mlnlmax Plans Maxim

| S
ll S35 20,1 g'o
=3 —@/SED {S0al 535452, Sstart)

OPEN {s}
DONE!

AMInimax backwardA* :

9(Syoa) = O; all otherg-valuesareinfinite; OPEN= {sy,};
while(s,,« Notexpanded)
removes with thesmalles{f(s) = g(s)+h(s)]from OPEN

iInsertsinto CLOSED
for everys 6.ts| sucq s Ofgr soanga ands @ot inCLOSED
Tg (s X, Q¢ s 60 i+ 9U)

g (S 0| FGeg s 56C(S 0 i+ AU);

Inserts mto OPEN
In this example, the computed policy is a pa

but in general it is a tree




Computing Minimax Plans Maxim

g=>5 g=7
@h 12 h=2 P( |
g= 6 oa ,a =
h=0 1 C(Sslgialligoa =

=2
(S ll S0 =)
—»@/SED {éoal’% STY Sstart}
h 2

OPEN = {s}

AMinimax backwardA* : DONE!

9(Syoa) = O; all otherg-valuesareinfinite; OPEN= {sy,};
while(s,,« Notexpanded)
removes with thesmalles{f(s) = g(s)+h(s)]from OPEN

iInsertsinto CLOSED
for everys 6.ts| sucq s Ofgr soanga ands @ot inCLOSED
g (s X Q¢ s 6660 i+ 9U)

g (S 0P| Feq s 6C(S Lo Minimax A* guarantees

inserts mto OPEN to find an optimal (minimax) policy,
and never expands a state more than once,

provided heuristics are consistent (just like AZ



Computing Minimax Plans Maxim

AMinimax backwardA*
-searches backwards which sometimes can Dbe
hard/computationallywery expensive(considermovingtarget
searchwhatis agoal?)



Computing Minimax Plans Maxim

APros/con®f minimaxplans

- robustto uncertainty

- overly pessimistic

- harderto computethannormalpaths
- especiallyf backwardsninimaxA* doesnotapply
-even if backwardsminimax A* does apply, still more
expensivedghancomputinga singlepathwith A* (heuristics
arenotguidingwell)



Expected Cost Formulation Maxim

2
@ g & P(%oal|511a )=0.9

‘/ C(S1,a,Sy0a) = 2
(S ll 81457 20.1,
3 /

(s)——(s)
AOptimalpolicy “*:

minimizesthe expecteaostto-goal

“* = argmin E{costto-goal}

™~
expectation over outcome
Aexpecteccostto-goalfor = ;=(Sqiar S S4:S3:Sy0a) 1S
1+1+3+1=6

Acostto-goalfor * ,=(try to gothroughs)) Is:
0.9%(1+2+2) + 0.9*0.1*(1+2+2+2+2) + 0.9*0.1*0.1*(1+2+2+2+2+2+2) + € =5.444




Expected Cost Formulation Maxim

2

& I:)(Sgoallslia )=0.9

‘/ > C(S1,8y,Sy0a) = 2
Sy ll Bi%gi?l’sl,asm-l/
Ot

AOptimalpolicy " *:
minimizesthe expecteaostto-goal
“* = argmin E{costto-goal}

AOptimalexpectedostpolicy " * = " ,=(go throughs,)



Computing Expected Cost Minimal Plan$™

2
@ g & P(Sgoallsba =0.9
1 C(Sp,a1,Sy0a) = 2

ll ﬁ%ﬁl’sl,al'):c).l/
DR

AOptimalexpectedtcostto-goalvaluesv* satisfy.

V*(S oal):O ,

v*(sg: mnE{ c (s, a, or@al st g5 (s 0)
(expectatioroveroutcomes @f actiona executedt states)

Bellman optimality equation



Computing Expected Cost Minimal Plan$™

2
@ g & P(Sgoallsba =0.9
1 C(Sp,a1,Sy0a) = 2

l 1 S%Liiﬂ’sl,al_):o.l/l.

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

1

Bellman update equation

(or backup)



Computing Expected Cost Minimal Plan$™

v=0

v=0 5
@ g & P(Sgoallsba =0.9
1 C(Sp,a1,Sy0a) = 2

v=0
ll Ig:)%()a?l%al—)zo1/1v v=0

a

@v:g =@V:O

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

1

Bellman update equation

(or backup)



Computing Expected Cost Minimal Plan$™

V:O2 v=2
1 @ > & P(Sy0alS1,8))=0.9

@/ C(%’a1’%oab =2
S l 1 ﬁ%;ail’sl,ai):o.l/ V=

a

3
@VZO =@v:0 after backing up s

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }




Computing Expected Cost Minimal Plan$™

v:12 v=2
1 @ > & P(Sy0alS1,8))=0.9

@/ C(%’a1’%oab =2
S l 1 ﬁ%;ail’sl,ai):o.l/ V=

a

3
@VZO =@v:0 after backing up s

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }




Computing Expected Cost Minimal Plan$™

v:12 v=2
1 @ > & P(Sy0alS1,8))=0.9

@/ C(%’a1’%oab =2
S l 1 ﬁ%;ail’sl,ai):o.l/ V=

a

3
@VZO =@v:1 after backing up s

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }




Computing Expected Cost Minimal Plan$™

v:12 v=2
1 @ > & P(Sy0alS1,8))=0.9

@/ C(%’a1’%oab =2
S l 1 ﬁ%;ail’sl,ai):o.l/ V=

a

3
@v:4 =@v:1 after backing up s

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }




Computing Expected Cost Minimal Plan$™

v=1 , v=2
1 @ > & P(Sgoallsbab):o-g

%/ C(Sy, 8, Sy0a) = 2
S ll ﬁ%;ail’sl,ai):o.l/ V=0

a

3 .
@v: 2 =@v:1 after backing U,

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(symin,E{ c (s, a, s0) +Vy{ys0) } | f



Computing Expected Cost Minimal Plan$™
v=2.1

v=1
2
1 @ > & P(Sgoallsrab)zo-g

%/ C(Sy, 8, Sy0a) = 2
S ll ﬁ%;ail’sl,ai):o.l/ V=0

a

3
@v:4 =@v:1 after backing up s

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(symin,E{ c (s, a, s0) +Vy{ys0) } | f



Computing Expected Cost Minimal Planf&*™
V=4.% v=2.1
, () (88 Palnay=09

%/ C(Sy, 8, Sy0a) =
G ll Bﬁ%;aﬂ’sl,aszo.l/ '

a

3
@v:4 =@v:1 after backing up s

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(symin,E{ c (s, a, s0) +Vy{ys0) } | f



Computing Expected Cost Minimal Plan$™
v=4.1 v=2.1

2
3/ S0 ey
= ll 8%;211’s1,a;>:o.1/ V=0

3
@v:4 =@v— backing up gsand § has no
effect since their Bellman

errors are zero

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(syminE{ c (s, a, sO0) +vyfygs0) } | fc



Computing Expected Cost Minimal Plan$™
v=4.1 v=2.1

2
_ S > & P(S0alS1,8)=0.9
=5.11 Q 1 C(Sslgiall’sgoab =2

\Y
[1 B%Oaflslal_)ﬂl/lv v=0

a

3 .
@v:4 ’@Vzl after backing up g,

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(symin,E{ c (s, a, s0) +Vy{ys0) } | f



Computing Expected Cost Minimal Plan$™

v:4.% v=2.41
_ S, . & P(Sy04lS1,81)=0.9
=511 Q C(Ssl%allisgoab =2

a

3
@v:4 =@v:1 after backing up s

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

\Y
[1 B%Oaflslal_)ﬂl/lv v=0

Usual convergence condition: Bellman error over all states <
Bellman error: [v(symin,E{ c (s, a, s0) +Vy{ys0) } | f



Computing Expected Cost Minimal Plan$™
v=4.41 v=2.41

2
_ S > & P(S0alS1,8)=0.9
=5.11 Q 1 C(Sslgiall’sgoab =2

\Y
[1 B%Oaflslal_)ﬂl/lv v=0

a

3
@v:4 =@v:1 after backing up s

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(symin,E{ c (s, a, s0) +Vy{ys0) } | f



Computing Expected Cost Minimal Plan$™
v=4.41 v=2.41

2
_ S > & P(S0alS1,8)=0.9
—5411 Q : C(Ssl%allisgoab =2

\Y
[1 B%Oaflslal_)ﬂl/lv v=0

a

3 .
@v:4 ’@Vzl after backing up g,

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(symin,E{ c (s, a, s0) +Vy{ys0) } | f



Computing Expected Cost Minimal Plan$™
v=4.41 v=2.441

2
_ S, (S8 PlS0ql81,8)=0.9
54z e

\Y
[1 B%Oaflslal_)ﬂl/lv v=0

a

3
@v:4 =@v:1 after backing up s

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(symin,E{ c (s, a, s0) +Vy{ys0) } | f



Computing Expected Cost Minimal Plan$™
v=4.441 v=2.441

2
_ S, (S8 PlS0ql81,8)=0.9
54z e

\Y
[1 B%Oaflslal_)ﬂl/lv v=0

a

3
@v:4 =@v:1 after backing up s

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(symin,E{ c (s, a, s0) +Vy{ys0) } | f



Computing Expected Cost Minimal Plan$™
v=4.441 v=2.441

2
% l 1 cgsl,ajl, v=0

P Soal sl,al_):O.ll

3 .
@v:4 ’@Vzl after backing up g,

AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(symin,E{ c (s, a, s0) +Vy{ys0) } | f



Computing Expected Cost Minimal Planf&*™
V=4 . 44v4=424.64 4 4 44 6

@ & E((S?El%g))zoég
% l e 01/1v v=0

3
@v: ] =@v:1 every iteration computes
one more decimal point

_ At converger
AValue Iteration(VI):

Initialize v-valuesof all statedo finite values
Iterateoverall sin MDP andre-computeuntil convergence

V( oal):O
v(s)=min,E{ c ( s, a,f@@nyst g s o) }

Usual convergence condition: Bellman error over all states <
Bellman error: [v(syminE{ c (s, a, sO0) +vyfygs0) } | fc



Computing Expected Cost Minimal Plan$™

V:él. 4 Av4=424.é4 4 4 4 4 é
P($0al$1,:8)=0.9

v=>5 C(S1,3y,Sy0a) = 2
e ll FC’%;aTISl,al)ﬂ)-l/lv V=0
@v—3 @ _ every iteration computes

one more decimal point

optimal policy is given by greedy policy: At convergge.il
AVa always select an action that minimizes
E{c(s,a, s0) +v

: psiedo finite values
Iterateoverall sin MDP andre-computeuntil convergence
4

\

expected cost of executing greedy policy is at nTYgs an" L A
V*(Ss_tart)cmiq/(cmin'%) iCH ys-l_ ggogl S O ) }
wherec,,, IS minimum edge cost

Usuare= pSellman error over all states <
Bellman error: [v(syminE{ c (s, a, sO0) +vyfygs0) } | fc



Computing Expected Cost Minimal Plan$™

V=él. 4 Av4=424.é4 4 4 4 4 é

P(Sy0alS1,3)=0.9
(Y=

ARTDP [Barto, Bradtke and Singh, 1993] (usually much much
moreefficient).

Initialize v-valuesof all stateso admissiblevalues
1. Follow greedypolicy pickingoutcomest randomuntil goalis reached
2. Backupall statesvisitedontheway,

3. Reseto s, and repeat1-3 until all stateson the currentgreedypolicy
haveBellmanerrors< &g



Computing Expected Cost Minimal Planf&*™
V=4 . 44v4=424.64 4 4 44 6

Vo 5 S (SR =2
% ll Bg%’oa?lsral)zo-ll v=0

RTDP focusses its backups on what is
relevant to the optimal plan rather than computin
ALL state values (like VI)

ARTDP [Barto, Bradtke and Singh, 1993] (USSR miuch
moreefficient).

Initialize v-valuesof all stateso admissiblevalues
1. Follow greedypolicy pickingoutcomest randomuntil goalis reached
2. Backupall statesvisitedontheway,

3. Reseto s, and repeat1-3 until all stateson the currentgreedypolicy
haveBellmanerrors< &g




Computing Expected Cost Minimal Planf&*™
V=4 . 44v4=424.64 4 4 44 6

Vo 5 S (SR =2
% ll Bg%’oa?lsral)zo-ll v=0

xpected cost of executing greedy policy is at n¥

V*(Ss_tart)cmiq/(cmin'%)
wherec,,,;, IS minimum edge cost

ARTDP [Barto, Bradtke and Singh, 1993] (USUICtrammmmsssss miuch
moreefficient).

Initialize v-valuesof all stateso admissiblevalues
1. Follow greedypolicy pickingoutcomest randomuntil goalis reached
2. Backupall statesvisitedontheway,

3. Reseto s, and repeat1-3 until all stateson the currentgreedypolicy
haveBellmanerrors< &g
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Greedy Agent-Centered Search

A Greedy agent-centered search starts at some state. It
marks the robot state (and perhaps other states as well)
as uninteresting and then moves to the closest
Interesting state. It repeats the process until all states
are marked uninteresting.
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Greedy Agent-Centered Search
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Greedy Agent-Centered Search
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Greedy Agent-Centered Search
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Greedy Agent-Centered Search
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number of movements =5
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Greedy Agent-Centered Search
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number of movements = 8
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Greedy Agent-Centered Search

number of movements = 8
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number of movements = 11
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number of movements = 13
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Greedy Agent-Centered Search
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Greedy Agent-Centered Search

Mo

number of movements = 14
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Greedy Agent-Centered Search

A Theorem [Tovey and Koenig, 2003]

The worst-case number of movements of greedy agent-
centered search is |V| + 2 |V| In |V| In known connected
graphs, where |V| is the number of vertices.
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Robot-Navigation Problems
12345678

TmMmOOm>

()
\ g/

the agent sees

4-neighbor grid

+---

~

A

>

> >

Perfect actuation in four
compass directions

Perfect sensing in four
compass directions with
sensor range one

Compass is available

Minimize the worst-case
number of movements for

A Grid of a given size
A Start cell
A Tie breaking
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A
A Three Robot-Navigation Problems and Approaches

Localization using Agent-Centered Search:
Greedy Localization

A Mapping using Agent-Centered Search:
Greedy Mapping

A Stationary Target Search in Unknown Terrain
using Assumption-Based Planning:
Planning with the Freespace Assumption

A Summary

A Agent-Centered Search

A Planning with the Freespace Assumption

A Real-Time Search

Greedy Agent-Centered Search
A
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| ocalization

A Localization determines the robot cell on a given map.
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| ocalization

12345678

H o B
\ g/

TmMmOOm>

the agent sees
+---

4-neighbor grid
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12345678

the agent could be In
{E2, E4, E6}

4-neighbor grid

Sven



| ocalization
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12345678

A EE
B e B

the agent could be In
{E2, E4, E6}

4-neighbor grid

Sven

{E4,E6)

- A -
NI +-+y | Si+-—

{D2,D4,D6}

| A
Ni+-+y | Si+—-
{D4,D6}

no+-+ '| |AS:+—+— n:+-+ '| Ts:+-+-

{C2,C4,C6} {C4,Ce6}
MA—++ n: —+;/ ;: =t
{B2} {B4,B6}
goal v e
W —k-;// e +++ _+>\+__
{B3,B5} {BS;(J {B7a}J
vy, go go
——-;|— /i\‘+++
R
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12345678

TmoOm>

4-neighbor grid

Sven

start
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{C2,C4,C6} {C4,Ce6}
%.:+ n: —+;—/ ;Z +-+-
{B2} {B4,B6}
goal v e
W —k-;// e +++ _+>\+__
{B3,B5} {BS;(J {B7a}J
W go go
——-;|— /i\‘+++
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| ocalization

start

12345678 {E2,E4,E6} {E4,E6}

L
e d

N I e | A
NI +-+y | Si+-- Ni+-+y | Si+—--
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{c4,C6}
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. (B2} {B4,B6}

al e
gOW: —k-;// g L+ _+>\+__

TmOO >

{B3,B5) {Bng {ng
w go go
——-;|— /i\‘+++
A tod

4-neighbor grid
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start
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al e
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| ocalization

start
12345678 {E2,E4,E6) {E4.E6)
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A v v
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4-neighbor grid
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Approx Optimal Localization

A Theorem [Tovey and Koenig, 2000]

It iIs iIn NP to determine whether there exists a

localization plan that executes no more movements than
a given value.

It is NP-hard to find a localization plan in grids whose
worst-case number of movements to localization is within
a factor O(log(|V|)) of optimum, where |V| is the number
of states (= unblocked cells), even in connected grids in

which localization is possible.
(Contrast this theorem with [Dudek, Romanik, Whitesides, 1995].)

A Thus, it is intractable to find optimal localization plans via
complete AND-OR searches.
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Approx Optimal Localization

Planning time Exponential
Plan-execution time Low-order polynomial
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Greedy Localization

A Agent-centered search:

Interleaving of deterministic
searches that result in a gain
In information with
action executions.

start

/@\
{E2 E4,E6)

n: +-—+ |S+

{E4,EG}
| A
Ni+-+y | Si+—--
{D2,D4, D6} {D4,D6}

n:+—+ '| Ts:+—+-

{C2,c4,C6} {C4,C6}
Mﬂ —++-¢ S ++
{B2} {B4,B6}

goal /e -+ _,_;

{B3,B5} B5} {B7}

W goal goal
-—t++ /i\‘+++
P

{gggl {gél}

N: +-+ | |‘S:+—+—
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Greedy Localization

A Greedy localization repeatedly makes the robot execute
a shortest movement sequence to a closest informative
unblocked cell, where an informative cell is one that
allows the robot to make an observation that is
guaranteed to reduce the number of possible robot cells
[Genesereth and Nourbakhsh, 1993] [Koenig and Simmons, 1998].
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Greedy Localization
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Greedy Localization
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Greedy Localization

A Greedy localization starts at some unblocked cell. It
marks the robot cell (and perhaps other cells as well) as
uninformative and then moves to the closest informative
unblocked cell. It repeats the process until all unblocked
cells are marked uninformative.

A Corollary [Tovey and Koenig, 2005]

The worst-case number of movements of greedy
localization is O(|V| log |V[), where |V| is the number of
states (= unblocked cells).
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Greedy Localization

Planning time Exponential

Plan-execution time Low-order polynomial
__|Greedy Localization

Planning time Low-order polynomial

Plan-execution time Low-order polynomial
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Greedy Localization

A DFS mazes

Acyclic mazes generated with DFS
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Greedy Localization

A DFS mazes

gridworld  obstacle av. number  av. number av. total
size density of subplans  of steps per  number of
subplan movements
to localization to localization to localization
11 x 11 41.3% 2.4 X 1.5 = 3.6
21 x 21 45.4% 3.3 X 1.7 = 5.4
31x 31 46.8% 3.8 X 1.7 = 6.6
41 x 41 47.6% 4.1 X 1.8 = 7.5
51x 51 48.1% 4.5 X 1.8 = 8.0
61 x 61 48.4% 4.7 X 1.8 = 8.6
71x71 48.6% 4.9 X 1.9 = 9.1 | (5041 cells
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Greedy Localization

A Example for room-like terrain [Tovey and Koenig, 2005]

The worst-case number of movements of greedy
localization can be a factor q (|V| / log |V|) worse than the
optimal worst-case number of movements to localization,
where |V| is the number of states (= unblocked cells),
even in connected grids in which localization is possible.
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Greedy Localization

A Our grids

start

4-neighbor grid



