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ABSTRACT
Charactersin real-timecomputergamesneedto move smoothly
andthusneedto searchin real time. In this paper, we describea
simplebut powerful wayof speedinguprepeatedA* searcheswith
thesamegoalstates,namelyby updatingtheheuristicsbetweenA*
searches.We thenusethis techniqueto developa novel real-time
heuristicsearchmethod,calledReal-Time Adaptive A*, which is
ableto chooseits local searchspacesin a �ne-grainedway. It up-
datesthevaluesof all statesin its localsearchspacesandcandoso
very quickly. Our experimentalresultsfor charactersin real-time
computergamesthat needto move to given goal coordinatesin
unknown terraindemonstratethat this propertyallows Real-Time
Adaptive A* to follow trajectoriesof smallercost for given time
limits persearchepisodethanarecentlyproposedreal-timeheuris-
tic searchmethod[5] thatis moredif�cult to implement.

Categoriesand SubjectDescriptors
I.2 [Arti�cial Intelligence]: ProblemSolving, Control Methods,
andSearch—GraphandTreeSearch Strategies

GeneralTerms
Algorithms

Keywords
A*; AgentPlanning;D* Lite; Games;HeuristicSearch;Incremen-
tal Search;Perception,Action andPlanningin Agents;Planning
with theFreespaceAssumption;Real-TimeDecisionMaking

1. INTRODUCTION
Agentsneedto usedifferentsearchmethodsthantheoff-line search
methodsoftenstudiedin arti�cial intelligence.Charactersin real-
time computergames,for example,needto move smoothlyand
thusneedto searchin real time. Real-timeheuristicsearchmeth-
ods �nd only the beginning of a trajectoryfrom the currentstate
of an agentto a goal state[9, 4]. They restrict the searchto a
small part of the statespacethat canbe reachedfrom the current
statewith asmallnumberof actionexecutions(localsearchspace).
The agentdeterminesthe local searchspace,searchesit, decides
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how to move within it, and executesone or more actionsalong
theresultingtrajectory. Theagentthenrepeatsthis processuntil it
reachesagoalstate.Real-timeheuristicsearchmethodsthusdonot
planall theway to a goalstatewhich oftenresultsin smallertotal
searchtimesbut largertrajectorycosts.Most importantly, real-time
heuristicsearchmethodscansatisfyhardreal-timerequirementsin
largestatespacessincethesizesof their localsearchspaces(= their
lookaheads)are independentof the sizesof the statespacesand
can thus remainsmall. To focus the searchandprevent cycling,
they associateheuristicswith the statesandupdatethembetween
searches,which accountsfor a largechunkof thesearchtime per
searchepisode.In thispaper, wedescribeReal-TimeAdaptiveA*,
a novel real-timeheuristicsearchmethod.It is a contractanytime
method[12] that is ableto chooseits local searchspacesin a very
�ne-grained way, updatesthe heuristicsof all statesin the local
searchspaceandis ableto dosoveryquickly. Ourexperimentalre-
sultsfor goal-directednavigationtasksin unknown terraindemon-
stratethat Real-Time Adaptive A* follows trajectoriesof smaller
cost for given time limits per searchepisodethana recentlypro-
posedreal-timeheuristicsearchmethod[5] becauseit updatesthe
heuristicsmorequickly, which allows it to uselarger local search
spacesandovercompensatefor its slightly lessinformedheuristics.
At thesametime,Real-TimeAdaptiveA* is easierto implement.

2. MAIN IDEA
Our main idea is simple but powerful. Assumethat one hasto
performseveralA* searcheswith consistentheuristicsin thesame
statespaceandwith thesamegoalstatesbut possiblydifferentstart
states.Adaptive A* makestheheuristicsmoreinformedaftereach
A* searchin orderto speedupfutureA* searches.Wenow explain
themainideabehindAdaptiveA*.

A* [3] is analgorithmfor �nding cost-minimalpathsin statespaces
(graphs).For every states, the usersuppliesa heuristich[s] that
estimatesthegoaldistanceof thestate(= thecostof acost-minimal
pathfrom thestateto a goalstate).Theheuristicsneedto becon-
sistent[10]. For every states encounteredduring the search,A*
maintainstwo values:thesmallestcostg[s] of any discoveredpath
from thestartstatescurr to states (which is initially in�nity), andan
estimatef [s] := g[s] + h[s] of thedistancefrom thestartstatescurr

via states to agoalstate.A* thenoperatesasfollows: It maintains
a priority queue,calledopenlist, which initially containsonly the
startstatescurr. A* removesa states with a smallestf-valuefrom
the priority queue. If states is a goal state,it terminates.Other-
wise, it expandsthe state,meaningthat it updatesthe g-valueof
eachsuccessorstateof the stateand then insertsthosesuccessor
statesinto the openlist whoseg-valuedecreased.It thenrepeats
theprocess.After termination,theg-valueof every expandedstate



s is equalto thedistancefrom thestartstatescurr to states.

We now explain how onecanmake the heuristicsmoreinformed
aftereachA* searchin orderto speedup futureA* searches.As-
sumethats is a statethatwasexpandedduringsuchanA* search.
Wecanobtainanadmissible(= non-overestimating)estimateof its
goaldistancegd[s] asfollows: Thedistancefrom thestartstatescurr

to any goal statevia states is equalto the distancefrom the start
statescurr to states plusthegoaldistancegd[s] of states. It clearly
cannot besmallerthanthegoaldistancegd[scurr] of thestartstate
scurr. Thus,thegoaldistancegd[s] of states is no smallerthanthe
goal distancegd[scurr] of the startstatescurr (= the f-value f [�s] of
thegoalstate�s thatwasaboutto beexpandedwhentheA* search
terminates)minusthedistancefrom thestartstatescurr to states (=
theg-valueg[s] of states whentheA* searchterminates).

g[s] + gd[s] � gd[scurr]

gd[s] � gd[scurr] � g[s]

gd[s] � f [�s] � g[s]

Consequently, f [�s] � g[s] providesan admissibleestimateof the
goaldistancegd[s] of states andcanbecalculatedquickly. More
informedheuristicscanbe obtainedby calculatingandassigning
this differenceto every state that was expandedduring the A*
searchandthusis in theclosedlist whentheA* searchterminates.
(Thestatesin theopenlist arenot updatedsincethedistancefrom
thestartstateto thesestatescanbesmallerthantheirg-valueswhen
the A* searchterminates.)We evaluatedthis ideaexperimentally
in [7]. We now useit to developa novel real-timeheuristicsearch
method,calledReal-Time Adaptive A* (RTAA*), which reduces
to thecasediscussedabove if its lookaheadis in�nity .

3. NOTATION
We usethefollowing notationto describesearchtasks:S denotes
the�nite setof states.scurr 2 S denotesthestartstateof thesearch,
andGOAL � S denotesthe setof goal states.A(s) denotesthe
�nite setof actionsthatcanbeexecutedin states 2 S. c[s; a] > �
(for a given constant� > 0) denotesthe costof executingaction
a 2 A(s) in states 2 S, whereassucc(s; a) 2 S denotesthe
resultingsuccessorstate. The actioncostsc can increaseduring
thesearchbut we requirethegoaldistancesof all statesto remain
boundedfrom aboveby someconstant.

4. REAL­TIME ADAPTIVE A*
Figure1 shows the pseudocodeof RTAA*. The legendexplains
the constants,variables,andfunctionsthat we will refer to in the
following. The variablesannotatedwith [USER] have to be ini-
tialized beforeRTAA* is called. scurr needsto be set to the start
stateof the agent,c to the initial action costs,and h to the ini-
tial heuristics,which needto be consistentfor the initial action
costs,that is, needto satisfy h[s] = 0 for all goal statess and
h[s] � h[succ(s; a)] + c[s; a] for all non-goalstatess andactions
a thatcanbeexecutedin them[10]. Variablesannotatedwith [A*]
areupdatedduring thecall to astar()f 03g (= line 3 in thepseudo
code),which performsa (forward) A* searchguidedby the cur-
rent heuristicsfrom the currentstateof the agenttoward the goal
statesuntil a goalstateis aboutto beexpandedor lookahead> 0
stateshave beenexpanded.After the A* search,we require�s to
bethestatethatwasaboutto beexpandedwhentheA* searchter-
minated. We denotethis statewith �s consistentlythroughoutthis
paper. We requirethat �s = FAILUREif theA* searchterminated

constantsand functions
S setof statesof thesearchtask,asetof states
GOAL setof goalstates,asetof states
A ( ) setsof actions,asetof actionsfor everystate
succ( ) successorfunction,astatefor everystate-actionpair

variables
lookahead numberof statesto expandatmost,anintegerlargerthanzero
movements numberof actionsto executeatmost,anintegerlargerthanzero
scurr currentstateof theagent,astate[USER]
c currentactioncosts,a �oat for everystate-actionpair [USER]
h current(consistent)heuristics,a �oat for everystate[USER]
g g-values,a �oat for everystate[A*]
CLOSED closedlist of A* (= all expandedstates),asetof states[A*]
�s statethatA* wasaboutto expandwhenit terminated,astate[A*]

procedurerealtimeadaptive astar():
f 01g while (scurr 62GOAL) do
f 02g lookahead:= any desiredintegergreaterthanzero;
f 03g astar() ;
f 04g if �s = FAILUREthen
f 05g returnFAILURE;
f 06g for all s 2 CLOSEDdo
f 07g h[s] := g[�s] + h[�s] � g[s];
f 08g movements:= any desiredintegergreaterthanzero;
f 09g while (scurr 6= �s AND movements> 0) do
f 10g a := theactionin A (scurr) on thecost-minimaltrajectoryfrom scurr to �s;
f 11g scurr := succ(scurr; a) ;
f 12g movements:= movements� 1;
f 13g for any desirednumberof times(includingzero)do
f 14g increaseany desiredc[s; a] wheres 2 S anda 2 A (s) ;
f 15g if any increasedc[s; a] is on thecost-minimaltrajectoryfrom scurr to �s then
f 16g break;
f 17g returnSUCCESS;

Figure1: Real-Time AdaptiveA*

dueto anemptyopenlist, in which casethereis no �nite-cost tra-
jectory from the currentstateto any goal stateand RTAA* thus
returnsfailuref 05g. We requireCLOSEDto containthestatesex-
pandedduringtheA* searchandtheg-valueg[s] to bede�ned for
all generatedstatess, includingall expandedstates.We de�ne the
f-valuesf [s] := g[s] + h[s] for thesestatess. Theexpandedstates
s form the local searchspace,and RTAA* updatestheir heuris-
tics by settingh[s] := f [�s] � g[s] = g[�s] + h[�s] � g[s] f 06-07g.
(The heuristicsof the otherstatesarenot changed.)RTAA* then
executesactionsalongthe trajectoryfound by the A* searchun-
til state�s is reached(or, equivalently, a stateis reachedthat was
not expandedor, alsoequivalently, the local searchspaceis left),
movements> 0 actionshave beenexecuted,or the costof an ac-
tion onthetrajectoryincreasesf 09-16g. It thenrepeatstheprocess
until it reachesagoalstate,in whichcaseit returnssuccessf 17g.

Thevaluesof lookaheadandmovementsdeterminethebehavior of
RTAA*. For example,RTAA* performsa singleA* searchfrom
thestartstateto agoalstateandthenmovestheagentalongthetra-
jectoryfoundby theA* searchto thegoalstateif it alwayschooses
in�nity for lookaheadandmovementsandnoactioncostsincrease.

We now prove severalimportantpropertiesof RTAA* thathold no
matterhow it choosesits valuesof lookaheadandmovements. We
make useof the following known propertiesof A* searcheswith
consistentheuristics:First, they expandevery stateat mostonce.
Second,theg-valuesof every expandedstateandstate�s areequal
to the distancefrom the start stateto states andstate�s, respec-
tively. Thus,oneknowscost-minimaltrajectoryfrom thestartstate
to all expandedstatesand state�s. Third, the f-valuesof the se-
riesof expandedstatesover timearemonotonicallynondecreasing.
Thus,f [s] � f [�s] for all expandedstatess andf [�s] � f [s] for all
generatedstatess thatremainedunexpanded.



THEOREM 1. The heuristicsof the samestateare monotoni-
cally nondecreasingover time and thus indeedbecomemore in-
formedover time.

Proof: Assumethattheheuristicof states is updatedon line f 07g.
Then, states was expandedand it thus holds that f [s] � f [�s].
Consequently, h[s] = f [s] � g[s] � f [�s] � g[s] = g[�s] + h[�s] �
g[s] andtheupdatecannotdecreasetheheuristicof states sinceit
changestheheuristicfrom h[s] to g[�s] + h[�s] � g[s].

THEOREM 2. Theheuristicsremainconsistent.

Proof: We prove this propertyby inductionon the numberof A*
searches.The initial heuristicsareprovided by the userandcon-
sistent.It thusholdsthath[s] = 0 for all goalstatess. This con-
tinuesto hold sincegoal statesarenot expandedandtheir heuris-
tics thus not updated. (Even if RTAA* updatedthe heuristicof
state�s, it would leave the h-value of that stateunchangedsince
f [�s] � g[�s] = g[�s] + h[�s] � g[�s] = h[�s]. Thus,theheuristicsof
goalstateswould remainzeroevenin thatcase.)It alsoholdsthat
h[s] � h[succ(s; a)] + c[s; a] for all non-goalstatess andactions
a thatcanbeexecutedin them.Assumethatsomeactioncostsin-
creaseon lines f 13-14g. Let c denotethe actioncostsbeforeall
increasesandc0 denotethe actioncostsafter all increases.Then,
h[s] � h[succ(s; a)] + c[s; a] � h[succ(s; a)] + c0[s; a] andthe
heuristicsthusremainconsistent.Now assumethat the heuristics
areupdatedonlinesf 06-07g. Let h denotetheheuristicsbeforeall
updatesandh0 denotethe heuristicsafter all updates.We distin-
guishthreecases:

� First, both s andsucc(s; a) wereexpanded,which implies
thath0[s] = g[�s] + h[�s] � g[s] andh0[succ(s; a)] = g[�s] +
h[�s] � g[succ(s; a)]. Also, g[succ(s; a)] � g[s] + c[s; a]
sincethe A* searchdiscoversa trajectoryfrom the current
statevia states to statesucc(s; a) of costg[s]+ c[s; a] during
theexpansionof states. Thus,h0[s] = g[�s] + h[�s] � g[s] �
g[�s]+ h[�s]� g[succ(s; a)]+ c[s; a] = h0[succ(s; a)]+ c[s; a].

� Second,s wasexpandedbut succ(s; a) wasnot, which im-
plies that h0[s] = g[�s] + h[�s] � g[s] andh0[succ(s; a)] =
h[succ(s; a)]. Also, g[succ(s; a)] � g[s] + c[s; a] for the
samereasonas in the �rst case,and f [�s] � f [succ(s; a)]
sincestatesucc(s; a) wasgeneratedbut notexpanded.Thus,
h0[s] = g[�s] + h[�s] � g[s] = f [�s] � g[s] � f [succ(s; a)] �
g[s] = g[succ(s; a)] + h[succ(s; a)] � g[s] = g[succ(s; a)] +
h0[succ(s; a)] � g[s] � g[succ(s; a)] + h0[succ(s; a)] �
g[succ(s; a)] + c[s; a] = h0[succ(s; a)] + c[s; a].

� Third, s was not expanded,which implies that h0[s] =
h[s]. Also, h[succ(s; a)] � h0[succ(s; a)] sincethe heuris-
tics of thesamestatearemonotonicallynondecreasingover
time. Thus, h0[s] = h[s] � h[succ(s; a)] + c[s; a] �
h0[succ(s; a)] + c[s; a].

Thus, h0[s] � h0[succ(s; a)] + c[s; a] in all threecasesand the
heuristicsthusremainconsistent.

THEOREM 3. Theagentreachesa goal state.

Proof: Assumethattheheuristicsareupdatedonlinesf 06-07g. Let
h denotetheheuristicsof RTAA* beforeall updatesandh0 denote
theheuristicsafterall updates.Theheuristicsof thesamestateare
monotonicallynondecreasingover time, accordingto Theorem1.
Assumethattheagentmovesfrom its currentstates to somestate
s0 (with s 6= s0) alonga cost-minimaltrajectoryfrom states to
state�s. It holdsthat h0[s] = f [�s] � g[s] = f [�s] sincestates is
thestartof thesearchandits g-valueis thuszeroandsinceit was
expandedandits heuristicwasthusupdated.Furthermore,it holds
that h0[s0] = f [�s] � g[s0] sinceeitherstates0 wasexpandedand
its heuristicwasthusupdatedor s0 = �s andthenh0[s0] = h0[�s] =
h[�s] = f [�s] � g[�s] = f [�s] � g[s0]. Thus,after the agentmoved
from states to states0 andits currentstatethuschangedfrom state
s to states0, theheuristicof thecurrentstatedecreasedby h0[s] �
h0[s0] = f [�s] � (f [�s] � g[s0]) = g[s0] andthesumof theheuristics
of all statesbut its currentstatethus increasedby g[s0], which is
boundedfrom below by a positive constantsinces 6= s0 andwe
assumedthatall actioncostsareboundedfrom below by apositive
constant.Thus,thesumof theheuristicsof all statesbut thecurrent
stateof theagentincreasesovertimebeyondany boundif theagent
doesnot reachagoalstate.At thesametime,theheuristicsremain
consistent,accordingto Theorem2 (sinceconsistentheuristicsare
admissible),andarethusno larger thanthe goal distanceswhich
we assumedto be boundedfrom above, which is a contradiction.
Thus,theagentis guaranteedto reachagoalstate.

THEOREM 4. If theagent is resetinto thestart statewhenever
it reachesa goalstatethenthenumberof timesthat it doesnot fol-
low a cost-minimaltrajectoryfromthestart stateto a goal stateis
boundedfromabovebya constantif thecostincreasesarebounded
frombelowbya positiveconstant.

Proof: Assumefor now that thecostincreasesleave thegoaldis-
tancesof all statesunchanged.Under this assumption,it is easy
to seethat the agentfollows a cost-minimaltrajectory from the
start stateto a goal stateif it follows a trajectoryfrom the start
stateto a goal statewherethe h-value of every stateis equalto
its goal distance. If the agentdoesnot follow sucha trajectory,
thenit transitionsat leastoncefrom a states whoseh-valueis not
equalto its goal distanceto a states0 whoseh-value is equalto
its goal distancesinceit reachesa goal stateaccordingto Theo-
rem 3 and the h-value of the goal stateis zero sincethe heuris-
tics remainconsistentaccordingto Theorem2. We now prove that
the h-value of states is then set to its goal distance. When the
agentexecutessomeaction a 2 A(s) in states and transitions
to states0, then states is a parentof states0 in the A* search
treeproducedduring the last call of astar()andit thusholdsthat
(1) states was expandedduring the last call of astar(), (2) ei-
ther states0 was also expandedduring the last call of astar()or
s0 = �s, (3) g[s0] = g[s] + c[s; a]. Let h denotetheheuristicsbe-
foreall updatesandh0 denotetheheuristicsafterall updates.Then,
h0[s] = f [�s] � g[s] andh0[s0] = f [�s] � g[s0] = gd[s0]. The last
equalityholdsbecausewe assumedthattheh-valueof states0 was
equalto its goal distanceand thuscanno longerchangesinceit
couldonly increaseaccordingto Theorem1 but would thenmake
theheuristicsinadmissibleandthusinconsistent,which is impossi-
ble accordingto Theorem2. Consequently, h0[s] = f [�s] � g[s] =
gd[s0] + g[s0] � g[s] = gd[s0] + c[s; a] � gd[s], proving that
h0[s] = gd[s] sincea largerh-valuewould make theheuristicsin-
admissibleandthusinconsistent,which is impossibleaccordingto
Theorem2. Thus, the h-valueof states is indeedset to its goal



distance.After theh-valueof states is setto its goaldistance,the
h-valuecanno longerchangesinceit couldonly increaseaccord-
ing to Theorem1 but would then make the heuristicsinadmissi-
ble and thus inconsistent,which is impossibleaccordingto The-
orem 2. Sincethe numberof statesis �nite, it can happenonly
a boundednumberof timesthat the h-valueof a stateis setto its
goal distance.Thus,the numberof timesthat the agentdoesnot
follow a cost-minimaltrajectoryfrom thestartstateto a goalstate
is bounded.The theoremthenfollows sincethe numberof times
that a cost increasedoesnot leave the goal distancesof all states
unchangedis boundedsinceweassumedthatthecostincreasesare
boundedfrom below by a positive constantbut the goaldistances
areboundedfrom above. After eachsuchchange,the numberof
timesthattheagentdoesnot follow acost-minimaltrajectoryfrom
thestartstateto agoalstateis bounded.

5. RELATIONSHIP TO LRTA*
RTAA* is similar to a versionof LearningReal-Time A* recently
proposedin [5], an extensionof the original LearningReal-Time
A* algorithm [9] to larger lookaheads.For simplicity, we refer
to this particularversionof LearningReal-Time A* as LRTA*.
RTAA* andLRTA* differ only in how they updatethe heuristics
afteranA* search.LRTA* replacestheheuristicof eachexpanded
statewith the sum of the distancefrom the stateto a generated
but unexpandedstates andtheheuristicof states, minimizedover
all generatedbut unexpandedstatess. (Theheuristicsof theother
statesarenot changed.)Let �h0 denotethe heuristicsafter all up-
dates.Then,theheuristicsof LRTA* after theupdatessatisfythe
following systemof equationsfor all expandedstatess:

�h0[s] = min
a2 A ( s)

(c[s; a] + �h0[succ(s; a)])

The propertiesof LRTA* aresimilar to the onesof RTAA*. For
example,its heuristicsfor thesamestatearemonotonicallynonde-
creasingover time andremainconsistent,andtheagentreachesa
goalstate.We now prove thatLRTA* andRTAA* behave exactly
thesameif their lookaheadis oneandthey breakties in thesame
way. They canbehave differently for larger lookaheads,andwe
give aninformal argumentwhy theheuristicsof LRTA* tendto be
moreinformedthantheonesof RTAA* with thesamelookaheads.
On theotherhand,it takesLRTA* moretime to updatetheheuris-
tics andit is moredif�cult to implement,for thefollowing reason:
LRTA* performsone searchto determinethe local searchspace
anda secondsearchto determinehow to updatethe heuristicsof
thestatesin the local searchspacesinceit is unableto usethere-
sultsof the�rst searchfor this purpose,asexplainedin [5]. Thus,
thereis a trade-off betweenthetotalsearchtimeandthecostof the
resultingtrajectory, andwe needto comparebothsearchmethods
experimentallyto understandthis trade-off better.

THEOREM 5. RTAA* with lookaheadonebehavesexactly like
LRTA* with thesamelookaheadif they breaktiesin thesameway.

Proof: We show the propertyby inductionon the numberof A*
searches.Theheuristicsof bothsearchmethodsareinitializedwith
theheuristicsprovidedby theuserandarethusidenticalbeforethe
�rst A* search. Now considerany A* search. The A* searches
of bothsearchmethodsareidenticalif they breakties in thesame
way. Let �s bethestatethatwasaboutto beexpandedwhentheirA*
searchesterminated.Let h denotetheheuristicsof RTAA* before

all updatesand h0 denotethe heuristicsafter all updates. Simi-
larly, let �h denotethe heuristicsof LRTA* beforeall updatesand
�h0 denotetheheuristicsafterall updates.Assumethath[s] = �h[s]
for all statess. We show that h0[s] = �h0[s] for all statess. Both
searchmethodsexpandonly the currentstates of the agentand
thusupdateonly the heuristicof this onestate. Sinces 6= �s, it
holdsthat h0[s] = g[�s] + h[�s] � g[s] = g[�s] + h[�s] and�h0[s] =
mina2 A ( s) (c[s; a] + �h0[succ(s; a)]) = mina2 A ( s) (g[succ(s; a)] +
�h0[succ(s; a)]) = mina2 A ( s) (g[succ(s; a)] + �h[succ(s; a)]) =
g[�s]+ �h[�s] = g[�s]+ h[�s]. Thus,bothsearchmethodssettheheuris-
tic of thecurrentstateto thesamevalueandthenmove to state�s.
Notice that lookahead= 1 implieswithout lossof generalitythat
movements= 1. Consequently, they behaveexactly thesame.

We now give an informal argumentwhy the heuristicsof LRTA*
with lookaheadslargerthanonetendto bemoreinformedthanthe
onesof RTAA* with thesamelookahead(if bothreal-timeheuris-
tic searchmethodsusethesamevalueof movements). This is not
a proof but givessomeinsight into thebehavior of the two search
methods.Assumethat both searchmethodsarein the samestate
and break ties in the sameway. Let h denotethe heuristicsof
RTAA* beforeall updatesandh0 denotetheheuristicsafterall up-
dates. Similarly, let �h denotethe heuristicsof LRTA* beforeall
updatesand�h0 denotetheheuristicsafterall updates.Assumethat
h[s] = �h[s] for all statess. Wenow prove thath0[s] � �h0[s] for all
statess. The A* searchesof both searchmethodsareidentical if
they breaktiesin thesameway. Thus,they expandthesamestates
and thus also updatethe heuristicsof the samestates. We now
show thattheheuristicsh0 cannotbeconsistentif h0[s] > �h0[s] for
at leastonestates. Assumethath0[s] > �h0[s] for at leastonestate
s. Pickastates with thesmallest�h0[s] for whichh0[s] > �h0[s] and
pick anactiona with a = arg min a2 A ( s) (c[s; a] + �h0[succ(s; a)].
States musthave beenexpandedsinceh[s] = �h[s] but h0[s] >
�h0[s]. Then, it holdsthat �h0[s] = c[s; a] + �h0[succ(s; a)]. Since
�h0[s] = c[s; a] + �h0[succ(s; a)] > �h0[succ(s; a)] andstates is a
statewith thesmallest�h0[s] for which h0[s] > �h0[s], it mustbethe
casethath0[succ(s; a)] � �h0[succ(s; a)]. Puttogether, it holdsthat
h0[s] > �h0[s] = c[s; a] + �h0[succ(s; a)] � c[s; a] + h0[succ(s; a)].
This meansthat theheuristicsh0 areinconsistentbut we have ear-
lier provedalreadythat they remainconsistent,which is a contra-
diction. Consequently, it holdsthat h0[s] � �h0[s] for all statess.
Noticethat this proof doesnot imply that theheuristicsof LRTA*
alwaysdominatetheonesof RTAA* sincethesearchmethodscan
move theagentto differentstatesandthenupdatetheheuristicsof
differentstates,but it suggeststhat the heuristicsof LRTA* with
lookaheadslargerthanonetendto bemoreinformedthantheones
of RTAA* with thesamelookaheadsandthusthat the trajectories
of LRTA* tendto beof smallercostthanthetrajectoriesof RTAA*
with thesamelookaheads(if bothreal-timeheuristicsearchmeth-
odsusethesamevalueof movements).

In the remainderof the paper, we assumethat the agentsalways
choosethe sameconstantfor lookahead, which is an externalpa-
rameter, andalwaysusein�nity for movements, both for LRTA*
andRTAA*.

6. APPLICATION
Real-timeheuristicsearchmethodsareoftenusedasalternative to
traditionalsearchmethodsfor solvingof¯ine searchtasks[9]. We,
however, applyRTAA* to goal-directednavigationin unknown ter-
rain, a searchtask that requiresagentsto executeactionsin real
time. Charactersin real-timecomputergames,for example,of-



Figure2: Total Annihilation

tendonotknow theterrainin advancebut automaticallyobserve it
within acertainrangearoundthemandthenrememberit for future
use. Figure2 shows an example. To make theseagentseasyto
control,theuserscanclick onsomepositionin known or unknown
terrainandtheagentsthenmove autonomouslyto this position. If
theagentsobserve duringexecutionthat their currenttrajectoryis
blocked, thenthey needto searchfor anotherplan. The searches
needto befastsincetheagentsneedto move smoothlyevenif the
processoris slow, theothergamecomponentsusemostof theavail-
ableprocessorcyclesandtherearealargenumberof agentsthatall
haveto searchrepeatedly. Thus,thereis atimelimit perA* search,
which suggeststhat real-timeheuristicsearchmethodsarea good
�t for ournavigationtasks.To applythem,wediscretizetheterrain
into cells thatareeitherblockedor unblocked,a commonpractice
in thecontext of real-timecomputergames[1]. Theagentsinitially
do not know which cells are blocked but usea navigation strat-
egy from robotics[8]: They assumethatcellsareunblockedunless
they have the cells alreadyobserved to be blocked (freespaceas-
sumption).They alwaysknow which (unblocked)cellsthey arein,
observe the blockagestatusof their four neighboringcells, raise
the actioncostsof actionsthat enterthe newly observed blocked
cells, if any, from oneto in�nity , andthenmove to any oneof the
unblocked neighboringcells with costone. We thereforeusethe
Manhattandistancesas consistentheuristicestimatesof the goal
distances.Thetaskof theagentsis to move to thegivengoalcell,
whichweassumeto bepossible.

7. ILLUSTRA TION
Figure3 shows a simplegoal-directednavigationtaskin unknown
terrain that we use to illustrate the behavior of RTAA*. Black
squaresare blocked. All cells have their initial heuristic in the
lower left corner. We�rst compareRTAA* with lookaheadin�nity
to LRTA* with thesamelookaheadandforwardA* searches.All
searchmethodsstarta new searchepisode(= run anothersearch)
whenthecostof anactionon their currenttrajectoryincreasesand
breakties betweencells with the samef-valuesin favor of cells
with largerg-valuesandremainingtiesin thefollowing order, from
highestto lowest priority: right, down, left and up. We do this
sincewe believe that systematicratherthan randomtie-breaking
helpsthereadersto understandthebehavior of thedifferentsearch
methodsbettersinceall searchmethodsthenfollow thesametra-
jectories.Figures4, 5, and6 show theagentasasmallblackcircle.
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Figure4: Forward A* Searches
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Figure6: LRTA* with lookahead= 1

The arrows show the plannedtrajectoriesfrom the currentcell of
theagentto thegoalcell, which is in the lower right corner. Cells
that the agenthasalreadyobserved to be blocked areblack. All
othercellshave their heuristicin the lower left corner. Generated
cellshave their g-valuein theupperleft cornerandtheir f-valuein
the upperright corner. Expandedcells aregrey and, for RTAA*
andLRTA*, have theirupdatedheuristicsin thelower right corner,
which makesit easyfor thereadersto comparethemto theheuris-
tics beforetheupdatein thelower left corner. Noticethat forward
A* searches,RTAA* with lookaheadin�nity andLRTA* with the
samelookaheadfollow the sametrajectoriesif they breakties in
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Figure7: RTAA* with lookahead= 4

thesameway. They differ only in thenumberof cell expansions,
which is larger for forwardA* searches(23) thanfor RTAA* (20)
andlargerfor RTAA* (20) thanfor LRTA* (19). The�rst property
is dueto RTAA* andLRTA* updatingtheheuristicswhile forward
A* searchesdonot. Thus,forwardA* searchesfall prey to thelocal
minimum in the heuristicvaluesurfaceandthusexpandthe three
leftmostcells in the lowestrow a secondtime, while RTAA* and
LRTA* avoid thesecell expansions.The secondpropertyis due
to someupdatedheuristicsof LRTA* beinglargerthantheonesof
RTAA*. Notice,however, thatmostupdatedheuristicsareidenti-
cal, althoughthis is not guaranteedin general. We alsocompare
RTAA* with lookaheadfour to RTAA* with lookaheadin�nity .
Figures5 and7 show thatdecreasingthelookaheadof RTAA* in-
creasesthetrajectorycost(from 10to 12)but decreasesthenumber
of cell expansions(from 20 to 17) becausesmallerlookaheadsim-
ply that lessinformationis usedduringeachsearchepisode.(No-
tice thatthelastsearchepisodeof RTAA* with lookaheadfour ex-
pandsonly one cell since the goal cell is about to be expanded
next.) Wenow performsystematicexperimentsto seewhetherthey
con�rm thetrendsshown in ourexamples.

8. EXPERIMENT AL RESULTS
We now run experimentsto compareRTAA* to forward A*
searchesandLRTA*, asin the previous section. All threesearch
methodssearchforward. We alsocompareRTAA* to two search
methodsthatsearchbackward,namelybackwardA* searchesand
D* Lite [6] (an incrementalversionof backwardA* searchesthat
is similar to but simplerthanD* [11]), which is possiblebecause

Figure8: TestTerrain: Mazes

thereis only onegoal cell.1 All searchmethodsusebinaryheaps
aspriority queuesandnow breaktiesbetweencellswith thesame
f-valuesin favor of cellswith largerg-values(whichis known to be
agoodtie-breakingstrategy) andremainingtiesrandomly.

We perform experimentson a SUN PC with a 2.4 GHz AMD
Opteron Processor150 in randomly generatedfour-connected
mazesof size151 � 151 that aresolvable. Their corridor struc-
ture is generatedwith depth-�rst search.The startandgoal cells
arechosenrandomly. Figure8 shows anexample(of smallersize
thanusedin theexperiments).We usetheManhattandistancesas
heuristics.Theperformancemeasuresin Table1 areaveragedover
thesame2500grids. We show thestandarddeviation of themean
for threekey performancemeasuresin squarebracketsto demon-
stratethe statisticalsigni�cance of our results,namely the total
numberof cell expansionsandthe total searchtime on onehand
andtheresultingtrajectorycoston theotherhand.We �rst verify
thepropertiessuggestedin theprevioussections:

� RTAA* with lookaheadin�nity , LRTA* with thesamelooka-
head,D* Lite andforwardandbackwardA* searchesfollow
thesametrajectoriesif they breakties in thesameway and
their trajectorycostsareindeedapproximatelyequal. (The
slightdifferencesaredueto remainingtiesbeingbrokenran-
domly.) The total numberof cell expansionsand the total
searchtime areindeedlarger for forward A* searchesthan
RTAA*, andlargerfor RTAA* thanLRTA*, assuggestedin
“Illustration.”

� Decreasingthe lookaheadof RTAA* indeedincreasesthe
trajectorycostbut initially decreasesthetotalnumberof cell
expansionsand the total searchtime, as suggestedin “Il-

1Notice that the total numberof cell expansionsandtotal search
timeof forwardA* searchesaresigni�cantly smallerthantheones
of backward A* searches.The big impactof the searchdirection
canbeexplainedasfollows: Theagentobservesblockedcellsclose
to itself. Thus,theblockedcellsarecloseto thestartof thesearch
in theearlyphasesof forwardA* searches,but closeto thegoalof
thesearchin theearlyphasesof backwardA* searches.Thecloser
theblockedcellsareto thestartof thesearch,themorecells there
arefor which the Manhattandistancesareperfectlyinformedand
thusthe fasterA* searchesarethat breakties betweencells with
the samef-valuesin favor of cells with larger g-valuessincethey
expandonly statesalonga cost-minimaltrajectoryfrom cells for
which the Manhattandistancesareperfectlyinformedto the goal
of thesearch.



Table1: Experiments in Mazes
(a) = lookahead(= boundon the numberof cell expansionsper searchepisode),(b) = total numberof cell expansions(until the agentreachesthe goal cell) [in squarebrackets:
standarddeviation of the mean],(c) = total numberof searchepisodes(until the agentreachesthe goal cell), (d) = trajectorycost(= total numberof actionexecutionsuntil the
agentreachesthe goal cell) [in squarebrackets: standarddeviation of the mean],(e) = numberof actionexecutionsper searchepisode,(f) = total searchtime (until the agent
reachesthe goal cell) in microseconds[in squarebrackets: standarddeviation of the mean],(g) = searchtime per searchepisodein microseconds,(h) = searchtime per ac-
tion executionin microseconds,(i) = increaseof heuristicspersearchepisodeandexpandedcell (= perupdate)= h 0[s] � h [s] averagedoverall searchepisodesandexpandedcellss

(a) (b) (c) (d) (e) (f) (g) (h) (i)
Real-Time Adaptive A* (RTAA*)

1 248537.79 [5454.11] 248537.79 248537.79[5454.11] 1.00 48692.17 [947.08] 0.20 0.20 1.00
9 104228.97 [2196.69] 11583.50 56707.84[1248.70] 4.90 23290.36 [360.77] 2.01 0.41 2.40

17 85866.45 [1701.83] 5061.92 33852.77 [774.35] 6.69 22100.20 [301.99] 4.37 0.65 3.10
25 89257.66 [1593.02] 3594.51 26338.21 [590.00] 7.33 24662.64 [310.42] 6.86 0.94 3.30
33 96839.84 [1675.46] 2975.65 22021.81 [521.77] 7.40 27994.45 [350.79] 9.41 1.27 3.28
41 105702.99 [1699.20] 2639.59 18628.66 [435.06] 7.06 31647.50 [382.30] 11.99 1.70 3.08
49 117035.65 [1806.59] 2473.55 16638.27 [390.09] 6.73 35757.69 [428.17] 14.46 2.15 2.90
57 128560.04 [1939.38] 2365.94 15366.63 [361.95] 6.49 39809.02 [477.72] 16.83 2.59 2.79
65 138640.02 [2019.98] 2270.38 14003.74 [314.38] 6.17 43472.99 [517.36] 19.15 3.10 2.63
73 150254.51 [2176.68] 2224.29 13399.01 [309.72] 6.02 47410.44 [567.88] 21.31 3.54 2.57
81 160087.23 [2269.20] 2172.94 12283.65 [270.03] 5.65 50932.60 [608.94] 23.44 4.15 2.39
89 172166.56 [2436.73] 2162.75 12078.40 [261.16] 5.58 54874.88 [663.96] 25.37 4.54 2.37
1 642823.02[20021.00] 1815.92 5731.20 [81.72] 3.16 226351.59 [7310.53] 124.65 39.49 4.22

Learning Real-Time A* (LRTA*)
1 248537.79 [5454.11] 248537.79 248537.79[5454.11] 1.00 67252.19 [1354.67] 0.27 0.27 1.00
9 87613.37 [1865.31] 9737.38 47290.61[1065.07] 4.86 27286.14 [437.09] 2.80 0.58 2.93

17 79312.59 [1540.44] 4676.76 30470.32 [698.08] 6.52 29230.15 [409.96] 6.25 0.96 3.61
25 82850.86 [1495.61] 3338.86 23270.38 [551.75] 6.97 34159.80 [450.49] 10.23 1.47 3.74
33 92907.75 [1548.37] 2858.19 20015.55 [472.86] 7.00 40900.68 [516.47] 14.31 2.04 3.71
41 102787.86 [1619.33] 2570.83 17274.12 [403.65] 6.72 47559.60 [587.96] 18.50 2.75 3.54
49 113139.63 [1716.88] 2396.66 15398.47 [360.45] 6.42 54324.06 [665.02] 22.67 3.53 3.38
57 125013.41 [1829.10] 2307.68 14285.14 [328.39] 6.19 61590.97 [744.33] 26.69 4.31 3.25
65 133863.67 [1956.49] 2201.60 13048.50 [300.69] 5.93 67482.95 [829.44] 30.65 5.17 3.12
73 146549.69 [2080.76] 2181.76 12457.92 [277.60] 5.71 74868.92 [909.31] 34.32 6.01 3.02
81 157475.45 [2209.65] 2150.04 11924.96 [262.61] 5.55 81469.32 [989.84] 37.89 6.83 2.95
89 166040.29 [2355.33] 2102.91 11324.72 [246.94] 5.39 86883.98 [1077.54] 41.32 7.67 2.88
1 348072.76 [7021.57] 1791.19 5611.09 [80.43] 3.13 203645.42 [3782.37] 113.69 36.29 8.20

D* Lite
– 47458.83 [581.03] 1776.24 5637.46 [77.03] 3.17 37291.83 [378.20] 20.99 6.62 –

Forward A* Search
– 1857468.48[68324.90] 1732.07 5354.26 [76.91] 3.09 544065.45[21565.61] 314.11 101.61 –

Backward A* Search
– 5245087.82[93697.15] 1795.72 5535.05 [77.09] 3.08 1698163.04[31051.10] 945.67 306.80 –
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Figure9: Performanceof Real-Time AdaptiveA*

lustration.” Increasingthe trajectorycost increasesthe to-
tal numberof searchepisodes.If the lookaheadis already
small andcontinuesto decrease,theneventually the speed
with which the total numberof searchepisodesincreases
is larger than the speedwith which the lookaheadand the
timepersearchepisodedecreases,sothatthenumberof cell
expansionsand the total searchtime increaseagain, as the
graphsin Figure9 show. (Thegraphalsoshows that theto-

tal numberof cell expansionsandthe total searchtime are
proportional,asexpected.)

� RTAA* with lookaheadslargerthanoneandsmallerthanin-
�nity indeedincreasesthe heuristicslessthanLRTA* with
thesamelookaheadsperupdate,assuggestedin “Relation-
ship to LRTA*.” Consequently, its trajectorycostsandtotal
numberof cell expansionsarelargerthantheonesof LRTA*
with thesamelookaheads.However, it updatestheheuristics
muchfasterthanLRTA* with thesamelookaheads,resulting
in smallertotal searchtimes.

� RTAA* with lookaheadoneandLRTA* with thesamelooka-
headfollow thesametrajectoriesandupdatethesamestates
if they breakties in the sameway andtheir trajectorycosts
and total number of cell expansionsare indeed approxi-
matelyequal,assuggestedin “Relationshipto LRTA*.”

Oneadvantageof RTAA* is thatits totalplanningtimewith acare-
fully chosenlookaheadis smallerthanthatof all othersearchmeth-
ods, althoughits trajectorycoststhen are not the smallestones.
This is importantfor applicationswhereplanningis slow but ac-
tionscanbeexecutedfast.However, theadvantageof RTAA* over
theothersearchmethodsfor ourparticularapplicationis adifferent
one:Rememberthatthereis a time limit persearchepisodesothat
thecharactersmovesmoothly. If this timelimit is largerthan20.99
microseconds,thenoneshoulduseD* Lite for thesearchbecause
the resultingtrajectorycostsaresmallerthantheonesof all other



searchmethodswhosesearchtime persearchepisodeis no larger
than20.99. (The tableshows that the trajectorycostsof forward
A* searcharesmallerbut, asarguedbefore,this differenceis due
to noise.)However, if thetimelimit is smallerthan20.99microsec-
onds,thenonehasto usea real-timeheuristicssearchmethod.In
this case,oneshoulduseRTAA* ratherthanLRTA*. Assume,for
example,that the time limit is 20.00microseconds.Thenonecan
useeitherRTAA* with a lookaheadof 67, resultingin a trajectory
costof 13657.31,or LRTA* with a lookaheadof 43, resultingin a
trajectorycostof 16814.49.Thus,the trajectorycostof LRTA* is
about23 percenthigherthantheoneof RTAA*, which meansthat
RTAA* improvesthe stateof the art in real-timeheuristicsearch.
A similar argumentholdsif the searchtime is amortizedover the
numberof actionexecutions,in whichcasethereis a time limit per
actionexecution.If thistimelimit is largerthan6.62microseconds,
thenoneshoulduseD* Lite for the searchbecausethe resulting
trajectorycostsaresmallerthantheonesof all othersearchmeth-
odswhosesearchtime peractionexecutionis no larger than6.62.
However, if thetime limit is smallerthan6.62microseconds,then
onehasto usea real-timeheuristicssearchmethod. In this case,
oneshoulduseRTAA* ratherthanLRTA*. Assume,for example,
that the time limit is 4.00microseconds.Thenonecanuseeither
RTAA* with a lookaheadof 79, resultingin a trajectorycost of
12699.99,or LRTA* with a lookaheadof 53, resultingin a trajec-
tory costof 14427.80.Thus,thetrajectorycostof LRTA* is about
13 percenthigherthantheoneof RTAA*, which again meansthat
RTAA* improvesthestateof theart in real-timeheuristicsearch.

9. CONCLUSIONS
In thispaper, wedevelopedReal-TimeAdaptiveA* (RTAA*). This
real-timeheuristicsearchmethodis ableto chooseits local search
spacesin a �ne-grainedway. It updatesthe valuesof all statesin
its local searchspacesand can do so very quickly. Our experi-
mentalresultsfor goal-directednavigation tasksin unknown ter-
rain demonstratedthat this propertyallows RTAA* to move to the
goal with smallertotal searchtimesthana variety of testedalter-
native searchmethods.Furthermore,we showed thatRTAA* fol-
lows trajectoriesof smallercost for given time limits per search
episodethanarecentlyproposedreal-timeheuristicsearchmethod
becauseit updatesthe heuristicsmorequickly, which allows it to
uselarger local searchspacesandovercompensatefor its slightly
lessinformedheuristics.It is futurework to extendRTAA* to in-
consistentheuristics,compareit to real-timeheuristicsearchmeth-
odsbesidesLRTA* andcombinetheideabehindRTAA* with other
ideasof enhancingreal-timeheuristicsearchmethods,for example,
theonesdescribedin [2] and[4]. In particular, it wouldbeinterest-
ing to studyahierarchicalversionof RTAA*.
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