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Abstract

We propose to develop black-box techniques for improving the performance of algorithms
by adapting them to the sequence of problem instances on which they are run. In particular, we
propose to develop effective strategies for solving the following four problems:

1. Combining multiple heuristics online.Givenk (randomized) algorithms, we seek to learn
online a policy for interleaving and restarting them in order to solve a sequence of in-
stances as quickly as possible.

2. Online reduction from optimization to decision.Given a sequence of instances of an
optimization problem and an oracle for the corresponding decision problem, we seek to
find a provably (approximately) optimal solution to each instance while minimizing the
CPU time consumed by all oracle calls.

3. Online tuning of branch and bound algorithms.Given a branch and bound algorithm with
a number of parameters (e.g., choices of relaxations, constraint propagators), we seek to
determine near-optimal parameter settings online.

4. The maxk-armed bandit problem. In this variant of the classicalk-armed bandit problem
one seeks to maximize the highest payoff received on any single pull, rather than the total
payoff. A strategy for solving the maxk-armed bandit problem can be used to allocate
trials among multi-start optimization heuristics.

For each problem, we prove the existence of a no-regret strategy. We show experimentally
that our strategy for combining multiple heuristics online has the potential to improve the per-
formance of state-of-the-art SAT solvers and A.I. planners, and that our maxk-armed bandit
strategy effectively allocates trials among multi-start heuristics for the resource-constrained
project scheduling problem.

This proposal is based on part on joint work with Stephen Smith [36, 37] and Daniel Golovin.
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1 Introduction

In practice, a single piece of code is often run on a large sequence of problem instances, with no information
retained from one instance to the next. For example, an operating system’s sorting routine may be invoked
on thousands or millions of lists over the lifetime of a system. The total CPU time required to sort the lists
depends on (a) the compiled code (i.e., choice of sorting algorithm, pivoting rules, and various implementa-
tion and compilation details), (b) the sequence of lists, and (c) various details of the hardware and software
environment. Because (b) and (c) are unknown in advance, compiled code is judged according to available
theory (i.e., worst-case and average-case analysis) as well as performance on benchmark instances intended
to be representative of the real world.

The premise of this thesis is that the performance of algorithms can be improved by adapting them online
to the sequence of instances on which they are run, and furthermore that this can be accomplished usingblack
boxstrategies (i.e., strategies that observe an algorithm’s external behavior but not its internal state). These
strategies may select among algorithms, tune the parameters or components of an individual algorithm, or
compose multiple algorithms into a hybrid. We refer to the high-level problem such strategies solve asonline
algorithm adaptation.

Our goal is to identify and solve special cases of the online algorithm adaptation problem that aretractable
(i.e., we can prove the existence of a no-regret strategy) andpractical (i.e., we can demonstrate performance
gains on real-world sequences of problem instances). To focus our efforts, we formulate four problems:
combining multiple heuristics online, online reduction from optimization to decision, online tuning of branch
and bound algorithms, andthe maxk-armed bandit problem. For each problem, we seek to develop a strategy
with good theoretical guarantees (i.e., average regret approaching zero as the number of problem instances
approaches infinity) as well as good performance in practice on instance sequences of reasonable length. Each
of these problems is designed to have the property that an effective strategy could be used (or has already
been used) to improve state-of-the-art algorithms in some domain.

1.1 Problem catalog

1.1.1 Combining multiple heuristics online

Suppose we are given a setH of heuristics to use in solving a sequence of instances of some decision problem.
Each heuristic is able to compute a solution to any problem instance, but the heuristic’s running time varies
from instance to instance. We solve each instance by interleaving the execution of the heuristics according
to a task-switching schedule. A task-switching scheduleS : Z+ → H specifies, for each integert ≥ 0, the
heuristicS(t) to run from timet to timet + 1.

In the online version of the problem, we are fed problem instances one at a time and must (adaptively) se-
lect a task-switching schedule to use in solving each instance. Building on existing results in online learning,
we give a no-regret strategy for selecting task-switching schedules so as to minimize total CPU time.

As an extension, we allowH to contain randomized heuristics, and allow for schedules that periodically
restart each heuristic using a fresh random seed. In the special case when|H| = 1, our results give a no-regret
strategy for the widely-studied problem of selecting restart schedules for a single Las Vegas algorithm.
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1.1.2 Online reduction from optimization to decision

Suppose we wish to solve a sequence of optimization problems, each of which entails minimizing a cost
function with rangeB ≡ {1, 2, 3, . . . , B}. Each problem is to be solved by making a series of calls to an
oracle that answers queries of the form “Does there exist a solution with cost≤ q?”, and the goal is to
minimize the total CPU time consumed by all oracle calls.

A reduction policycan be represented as a binary search tree with key setB. Internal nodes of the tree
specify the next query point to submit to the oracle, and leaf nodes specify optimal values of the cost function.
We give a no-regret strategy for selecting reduction policies in an online setting.

An effective strategy for selecting reduction policies can potentially be used to boost the performance of
optimal planners such as SATPLAN, which find a minimum-length solution to a planning problem by solving
a sequence of boolean satisfiability problems (i.e., using a SAT solver as a decision oracle). Such a strategy
can also be used to discover deepening policies forA∗-style tree search.

1.1.3 Online tuning of branch and bound algorithms

Branch and bound algorithms are ubiquitous in operations research and constraint programming. The per-
formance a of branch and bound algorithm depends critically on the choice of a number of components of
the algorithm, including variable selection heuristics, value ordering heuristics, relaxations, and constraint
propagators. When running a branch and bound algorithm on a sequence of problem instances, we would
like to adaptively select choices of components that allow us to solve the sequence of instances as quickly as
possible. We allow for different components to be selected for use in different levels of the branch and bound
search tree.

We give a no-regret strategy for selecting relaxation (constraint propogation) policies in an online setting,
in which we are fed an arbitrary sequence of optimization problems and must adaptively select a policy for
deciding which relaxation(s) (constraint propagator(s)) to run at each level of the search tree.

1.1.4 The maxk-armed bandit problem

In the maxk-armed bandit problem, one is faced with a set ofk slot machines, each having an arm that, when
pulled, yields a payoff drawn from a fixed (but unknown) distribution. The goal is to allocate trials to the
arms so as to maximize the maximum payoff obtained over a series ofn trials.

Our motivation for studying the problem is to boost the performance ofmulti-startheuristics, which obtain
a solution to an optimization problem by performing a number of independent runs of a randomized heuristic
and returning the best solution obtained. Multi-start heuristics are widely used in practice, and represent the
state of the art in a number of domains [6, 10, 15]. A maxk-armed bandit strategy can be used to distribute
trials among multi-start heuristics or to tune the parameters of a single multi-start heuristic. Previous work
has demonstrated the effectiveness of such an approach on the RCPSP/max, a difficult real-world scheduling
problem [9, 11, 37].

1.2 Summary of results

Our results for the maxk-armed bandit problem are based on two conference papers [36, 37]. We first define
a natural notion of regret and show that a no-regret strategy does not exist in the case of arbitrary payoff
distributions over a bounded interval. We then define a strategy called Threshold Ascent which is designed
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to work well when the payoff distributions have certain characteristics which we expect to be present in
cases of practical interest. We demonstrate the effectiveness of Threshold Ascent by using it to select among
multi-start heuristics for a difficult real-world scheduling problem. Motivated by a result from extreme value
theory, we then prove the existence of a no-regret strategy for the special case in which payoffs are drawn
from generalized extreme valuedistributions.

For the remaining problems, our results are more preliminary. For the problems of selecting task-
switching schedules, restart schedules, relaxation policies, and constraint propagation policies, we prove the
existence of a no-regret strategy by reducing the problem toonline shortest paths[2, 19]. For the problem of
selecting reduction policies, we develop a no-regret strategy based on the widely-used multiplicative weight
update method.

1.3 Proposed work

We discuss specific extensions to our work on the maxk-armed bandit problem in§6.6. We are interested
in developing additional applications of the maxk-armed bandit problem, in integrating the parametric and
non-parametric approaches to the problem that we have developed, and in extending our results to an online
setting in which a sequence of maxk-armed bandit problems must be solved.

For the remaining online problems, our stated goal is to developeffectivestrategies. Thus, in addition to
having worst-case average regret that tends to zero as the number of problem instances approaches infinity,
we would like our strategies to show good performance in practice on real-world instance sequences of
reasonable size. In some cases we may be able to obtain improved regret bounds (and presumably improved
performance in practice) by exploiting the structure of the problem. In other cases we may be able to discover
ad-hoc techniques that improve performance on instance sequences encountered in practice without affecting
worst-case performance. In§7 we identify other potential extensions to this work.

2 Background and Terminology

This section introduces terminology and concepts that will be used in the discussion of the three problems
presented in§§3-5.

Suppose we are given a sequenceI = 〈I1, I2, . . . In〉 of problem instances (e.g., a sequence of lists to
sort, a sequence of integer programs to solve). To solve each instanceIj , we must choose apolicy π from
a setΠ of possible policies (e.g., a set of pivoting rules to use in a sorting algorithm, a set of branching
rules to use in an ILP solver). Running policyπ on instanceIj returns an observationo(π, Ij) and incurs a
costc(π, Ij). Our goal is to (adaptively) select a sequence of policiesπ1, π2, . . . , πT such that the total cost∑n

j=1 c(πj , Ij) incurred over all instances is as small as possible.

A strategyS is a function that takes as input (a) the history

hSj−1 = 〈(π1, o1), (π2, o2), . . . , (πj−1, oj−1)〉

of policies and observations resulting from using the strategyS on the firstj − 1 instances and (b) an infinite
sequence of random bits, and returns as output a policyS(hSj−1) ∈ Π to use to solve the next instanceIj .

Consider some fixed strategyS and sequenceI, and letcj denote the cost thatS incurs on thejth
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instance. Theregretof S on instance sequenceI is equal to

1
n

E

 n∑
j=1

cj

−min
π∈Π

n∑
j=1

c(π, Ij)

 (1)

where the expectation is over the random bits used byS. In other words, regret measures the difference
between the (expected) cost incurred by following strategyS and the cost incurred by the minimum-cost
policy for the instance sequenceI. The worst-case regret of a strategy is the maximum value of (1) over all
instance sequences of lengthn. A no-regretstrategy is one for the worst-case regret iso(1) as a function of
n. A no-regret strategy has the property that, asn gets large, the performance of the strategy will be almost
as good as that of the best fixed policy even if the instance sequence is chosen by an adversary who knows
the strategy.

2.1 Online shortest paths

Several of our no-regret strategies are based on reductions to the online shortest paths problem. The online
shortest paths problem can be described as the following adversarial game. Given is a graphG = 〈V,E〉,
and two distinguished verticess, t ∈ V . At the beginning of the game, an adversary selects edge weights
wj : E → [0, 1] for each roundj, 1 ≤ j ≤ n. At the beginning of roundj, the player selects a pathπj

from s to t and then incurs cost
∑

e∈πj
wj(e). In the variant of the problem we will consider, the player then

observes the value ofwj(e) for eache ∈ πj but does not observe the weights assigned to any other edges.

In terms of the framework just described, the problem instancesIj correspond to the weightswj ; the
policy spaceΠ is the set of paths froms to t; the costc(πj , Ij) is the weight assigned to the pathπj ; and the
observationoj is a list of weights for each of the edges inπj .

3 Combining Multiple Heuristics Online

In many cases of practical interest, different algorithms have complementary strengths and weaknesses. For
example, in the domain of boolean satisfiability, local search algorithms such as WalkSAT [35] are able to
quickly find solutions to satisfiable formulae but are ineffective on unsatisfiable formulae, while chronological
backtracking algorithms such as zChaff [26] are able to prove that a formula is unsatisfiable but are (often)
relatively slow at discovering solutions to satisfiable formulae. In such domains, good performance has been
achieved by usingalgorithm portfolios. An algorithm portfolio is a policy for parallelizing and restarting a
set ofk (randomized) algorithms, with the aim of solving problem instance(s) more quickly than would be
possible using any of thek algorithms in isolation [18, 20].

Let H = {h1, h2, . . . , hk be a set of available heuristics for use in solving a sequence of instances of
some decision problem. We first consider the case in which all heuristics inH are deterministic. In this case,
we solve each instance by interleaving the execution of the heuristics according to atask-switching schedule.
A task-switching scheduleS : Z+ → H specifies, for each integert ≥ 0, the heuristicS(t) to run from time
t to timet + 1.

As a generalization, we allow the heuristics inH to be randomized, and allow for schedules that periodi-
cally restart each heuristic with a fresh random seed. Arestart scheduleS : Z+ → H× {0, 1} specifies, for
each timet ≥ 0, a pairS(t) = (h, r); if r = 0 then the run ofh is continued for one additional time step (as
in a task-switching schedule), while ifr = 1, h is restarted with a fresh random seed and then run for one
time step.
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We propose to develop practical strategies for selecting task-switching (restart) schedules in an online
setting. As a first step, we prove the existence of a no-regret strategy by reducing each of the two problems
to online shortest paths(see 2.1).

3.1 Related work

The termalgorithm portfoliowas introduced by Huberman et al. [20], who found that performing two parallel
runs of a chronological backtracking algorithm for graph coloring yielded lower expected solution time than
performing a single run. The algorithm portfolios considered in previous work can be represented as tuples
of the form 〈P, t〉, whereP ⊆ H is the set of algorithms to run in parallel (each at equal strength), and
t : P → Z is a set ofrestart thresholds(i.e., each heuristichi ∈ P is to be restart everyt(hi) time steps).
Gomes et al. [18] have addressed the problem of constructing an optimal algorithm portfolio given knowledge
of the run length distribution of each algorithm, under the assumption that each algorithm has the same run
length distribution on all problem instances.

In the case where all heuristics inH are deterministic (so that restart thresholds play no role), task-
switching schedules generalize the algorithm portfolios considered in previous work in that they do not re-
quire each algorithm being run to receive an equal proportion of CPU time and do not require the proportion
of CPU time allocated to each algorithm to be constant over time. In the case whereH contains randomized
heuristics, restart schedules allow for a non-constant sequence of restart thresholds, which can be beneficial
in the case where different instances have different run length distributions. Thus, in addition to learning
policies in a more challenging setting (online vs. offline), we consider a richer policy space than has been
considered in previous work.

3.2 Selecting task-switching schedules online

We now introduce some additional notation. For any heuristich and instanceI, let τ(h, I) denote the time
that h must run before returning a solution toI. We assumeτ(h, I) ∈ {1, 2, . . . , B} for some knownB.
Abusing notation, for any task-switching scheduleS and instanceI we denote byτ(S, I) the time required
to solve instanceI using task-switching scheduleS (i.e.,τ(S, I) is the smallestt such that for someh, S has
runh for τ(h, I) time units during the interval[0, t]).

3.2.1 Solving the offline problem

We first consider the offline problem of computing an optimal task-switching schedule for the instance se-
quenceI1, I2, . . . , In (i.e., the scheduleS that minimizes

∑n
j=1 τ(S, Ij)), given knowledge ofτ(hi, Ij) for

all i andj. The key is to establish a one-to-one correspondence between task-switching schedules and paths
in a graphG = 〈V,E〉 such that the following property holds: for each instanceIj , we can define vertex
weightswj : V → {0, 1} such that for any task-switching scheduleS, τ(S, Ij) equals the weight assigned
by wj to the path corresponding toS.

The vertices our graph will be arranged in ak-dimensional grid with sides of lengthB + 1. The vertex
with grid coordinates〈t1, t2, . . . , tk〉 will correspond to the state of having run each heuristichi for ti time
units so far. There is a directed edge fromu to v if v can be reached fromu by advancing one unit along
some axis. A task-switching scheduleS corresponds to the path that starts at grid coordinates〈0, 0, . . . , 0〉
and, on stept of the path, advances along the axis corresponding to heuristicS(t − 1). The weightswj are
defined as follows:wj(v) = 1 if there is a path from vertexv to the vertex with grid coordinates〈τ(h1, Ij)−
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1, τ(h2, Ij)−1, . . . , τ(hk, Ij)−1〉; otherwisewj(v) = 0. In other words,wj assigns weight 1 to vertices that
correspond to states in which instanceIj has not yet been solved, and assigns weight 0 to all other vertices.
It is easy to check thatτ(S, Ij) is equal to the weight assigned bywj to the path corresponding toS.

It follows that the optimal task-switching schedule for instancesI1, I2, . . . , In is the schedule that corre-
sponds to the shortest path inG under the weight functionw =

∑n
j=1 wj . Figure 1 gives an example set of

completion times and the corresponding shortest paths problem.

4 4 2 0

2 2 1 0

2 2 1 0

0

0 0 0 0

2 2 1 0 0

0

0

0

B+1

h1

h2

43I4

42I3

13I2

12I1

h2h1

Completion times Shortest path problem

0 1 2 3 4

0

1

2

3

4

Figure 1: An example set of completion times and the corresponding shortest path problem.

The time required to find an optimal task-switching schedule using this algorithm isO(nBk). To obtain an
α-approximation to the optimal task-switching schedule, we may restrict our attention to schedules that only
suspend a heuristic when the time invested in that heuristic so far is a power ofα. An optimal schedule within
this restricted set can be found by solving a shortest path problem on anedge-weighted graph whose vertices
form ak-dimensional grid with sides of length(logα B) + 1, and the time complexity isO(n(logα B)k).

The time complexity of the algorithms discussed so far is exponential ink. In §3.3 we discuss a polynomial-
time approximation algorithm that can be used as an alternative whenk is large.

3.2.2 Solving the online problem

As shown in the previous section, the problem of selecting task-switching schedules online corresponds to
an online shortest paths problem in ak-dimensional grid with sides of lengthL (whereL = B + 1 if we are
looking for an exact solution andL = (logα B)+1 if we are looking for anα-approximation). The feedback
received in this particular online shortest path problem is somewhat unusual, however, due to the special
structure of the weight functions. To see this, suppose that after selecting some schedule (path) we solve the
instance int time units. Ifv is thetth vertex on the selected path then it must be that all predecessors ofv
have cost 1 while all successors ofv have cost 0. In particular, note that the weights assigned to the vertices
on our selected path are always revealed to us, and that the exact set of vertex weights that are revealed to us
depends on both the schedule we select and the completion times of each heuristic.

György et al. considered the variant of the online shortest path problem discussed in 2.1, in which at the
end of each round the player learns the weights assigned to each edge in the player’s selected path. Adapting

Theorem 1 of their paper to our setting gives anO

(
Bk
√

k(ln k)Lk

n

)
regret bound. This bound is exponential

in k. To improve the dependence onk, we exploit the fact that it is possible to reveal the weights assigned
to all vertices simply by solving each problem instance with each heuristich ∈ H (at a cost of at mostBk).
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Such a setting has been considered by Cesa-Bianchi et al. [8] under the heading of “label efficient” prediction.

Adapting Theorem 1 of their paper to our setting yields anO
(
Bk(Lk ln k

n )
1
3

)
regret bound. Givenn andk,

one may use whichever strategy has the lower regret bound. It is also possible to hybridize the two strategies
to obtain regret bounds that improve slightly over the minimum of the two bounds just stated.

3.2.3 Preliminary results

In this section, we present experiments designed to demonstrate the power of combining algorithms using
a task-switching schedule, as opposed to running them individually or in parallel. Toward this end, we will
solve theofflineproblem of determining an optimal task-switching schedule given knowledge of the amount
of time each algorithm requires on each instance. Of course, this offline solution is not of practical use by
itself. However, our hope is that a no-regret algorithm will perform almost as well as the best fixed offline
schedule for instance sequences of reasonable size.

Every year in the annual SAT competition, each submitted SAT solver is run a sequence of boolean for-
mulae. Each solver is allowed 20 minutes per formula, and the goal is to solve as many formulae as possible.
Prizes are awarded to the solvers that perform best on industrial, random, and hand-crafted formulae.

For each of the three instance categories, we computed an optimal task-switching schedules for solvers
that won first prize in the satisfiable and unsatisfiable subsets.1 Within each category, we filtered out instances
that neither of the solvers could solve. If one of the two solvers did not solve an instance, we artificially set
its completion time to the timeout value of 20 minutes.

Table 1 displays the CPU time and number of instances solved within the 20 minute time limit for the two
solvers in each category, a schedule that simply runs these solvers in parallel, and the optimal task-switching
schedule. In all three categories, the optimal task-switching schedule solves more instances within the 20
minute time limit than either of the original solvers or the naı̈ve parallel schedule. In the random and hand-
crafted instance categories, the optimal task-switching schedule outperforms either of the two individual
solvers by a substantial margin, while in the industrial category the optimal task-switching schedule offers a
slight improvement over the best single solver.

We performed similar experiments with prize-winning solvers in the random and industrial categories.
For the random formulae, the policy of running the solverskcnfs-2004andranov in parallel performed sub-
stantially better than any of the individual solvers in isolation both in terms of CPU time and number of
instances solved. For the industrial formulae, the optimal task-switching schedule performed only slightly
better than the best individual solver.

3.3 Handling a large number of heuristics

The strategies discussed so far require decision-making time exponential in the number of heuristicsk, and
it is natural to wonder if some other approach not based on shortest paths could perform substantially better
whenk is large.2

To answer this question, we first consider the complexity of the offline version of the problem. In the
special case where eachτ(hi, Ij) is either 0 or∞, we may think of each heuristichi as covering the set of
instances for whichτ(hi, Ij) = 0, and the offline problem is equivalent to set covering under the “min sum”

1In the industrial category the solverSatELiteGTI won the prize for both the satisfiable and unsatisfiable subsets, so we instead
combined it with one of the second-place solvers.

2The results presented in this section are based on unpublished joint work with Daniel Golovin.
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Table 1: Results of interleaving prize-winning solvers from the SAT 2005 competition.

Category (#Instances) Solver Avg. CPU time (s) Num. solved

Hand-crafted (384) Optimal schedule 115 367
Parallel schedule 173 352
Vallst 240 324
SatELiteGTI 300 318

Random (238) Optimal schedule 256 216
Parallel schedule 307 214
ranov 393 178
kcnfs-2004 611 140

Industrial (423) Optimal schedule 200 406
SatELiteGTI 215 402
MiniSAT 1.13 260 376
Parallel schedule 312 380

objective function. This variant of set cover was introduced by Feige & Tetali [14], who showed that a simple
greedy algorithm gives a 4-approximation and that obtaining a4− ε approximation is NP-hard for anyε > 0.
It can be shown that a generalization of this greedy algorithm also gives a 4-approximation for computing
task-switching and schedules. These observations are summarized in the following theorem.

Theorem 1. A greedy algorithm obtains a 4-approximation to the optimal task-switching schedule; and for
anyε > 0, obtaining a4− ε approximation to the optimal task-switching schedule is NP-hard.

The fact that the offline problem is hard to approximate can be used to show that any strategy that makes
decisions in time polynomial in the number of instances and heuristics cannot be a no-regret strategy (modulo
complexity-theoretic assumptions). In spite of this negative result, we have found that the greedy algorithm
performs very well in practice, and we suspect that it can be used as the basis of an online strategy that has
low regret in practice.

3.3.1 Preliminary results

We evaluate our greedy algorithm by using to find task-switching schedules for interleaving runs of optimal
planners entered in the 2006 International Planning Competition.

Briefly, STRIPS planning[32] is the task of finding a sequence of actions (a plan) that lead from an
initial state to a goal state. Each state is represented by a conjunction of literals. Each action has certain
preconditions (literals that must be present in the description of a state in order for it to be possible to apply
the action at that state) and effects (literals that become true or false as a result of executing the action).
Optimal planningis the task of finding a plan with a minimum number of actions.

Six optimal planners were entered in the 2006 International Planning Competition. Each planner was
run on 240 instances, with a time limit of 30 minutes per instance. On 110 of the instances, at least one
of the six planners was able to find a (provably) optimal plan. As in our experiments with SAT solvers, we
evaluated our algorithm by using it to solve the offline problem of constructing an approximately optimal
task-switching schedule, given as input the completion times of each of the six planners on each of 110
instances. Table 2 presents the results. As shown in the table, the greedy schedule outperforms the both the
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Table 2: Performance of eight solvers on 110 problem instances from the 2006 International Planning Com-
petition.

Solver Avg. CPU time (s) Num. solved

Greedy schedule 358 98
Satplan 507 83
Maxplan 641 88
Mips-BDD 946 54
CPT2 969 53
FDP 1079 46
Parallel schedule 1244 89
IPPLAN-1SC 1437 23

näıve parallel schedule and each of the six planners, both in terms of average CPU time and the number of
instances solved within the 30 minute time limit. Figure 2 shows the task-switching schedule constructed by
the greedy algorithm.

Satplan

Maxplan

Mips-BDD

CPT2

FDP

time

1 10 100 10000

Figure 2: Greedy task-switching schedule for interleaving solvers from the 2006 International Planning Com-
petition. The solver IPPLAN-1SC is not shown because it did not appear in the schedule.

3.4 Selecting restart schedules online

In this section we consider the problem of selecting restart schedules in the adversarial online setting dis-
cussed in§2. For simplicity of exposition, we will consider the case whenH consists of a single randomized
algorithm (call itA). In this case a restart schedule can be represented as a sequence of thresholds

〈t1, t2, . . .〉

whose meaning is “runA for t1 time steps; if it does not terminate then restart and run fort2 time steps, . . . ”.

Recall that in our worst-case model, the sequence of run length distributions we encounter is selected
adversarially, and the only feedback we receive after solving instanceIj using restart policyπj is the CPU
time that was required. In particular, we never learn the actual run length distributions of any instance that we
solve. It is perhaps surprising that despite this limited feedback, it is still possible to give a no-regret strategy.

10



It is worth noting that ifT = 1 (or if the run length distribution ofA is the same for all problem instances),
the optimal restart policy is auniform policy of the form〈t∗, t∗, . . . , t∗〉, for some appropriately chosent∗

[25], and thus we could restrict our search to policies of this form. If the run length distribution differs from
instance to instance, however, one can construct examples where the best uniform policy is suboptimal by an
arbitrarily large factor.

3.4.1 Related work

A 1998 paper by Gomes et al. [17] drew attention to a surprising attribute of popular chronological back-
tracking algorithms: when run on real-world problem instances, they often exhibit aheavy-tailedrun length
distribution, meaning that the probability that the run has failed to terminate aftert time steps exhibits only
a power-law decay. Simply restarting the algorithm after a fixed amount of CPU time has elapsed forces the
tail of the run length distribution to decay exponentially, and can dramatically reduce the mean run length.
Gomes et al. reported order-of-magnitude reductions in mean run length for a then state-of-the-art SAT solver
[16, 17]. Subsequently, restart policies have received much attention in the A.I. community. Today, state-of-
the-art SAT solvers such as MiniSat [13] make use of randomization and restart and perform poorly if restarts
are turned off.

Previous work on restart policies has either sought to obtain fixed restart policies that work well in a wide
variety of practical settings, or has assumed knowledge of the run length distribution(s) of the algorithm in
question on each problem instance [30, 33], or has attempted to predict the future behavior of a Las Vegas
algorithm based on observed variables that describe its execution state [22]. Our proposed work is novel in
that, despite the fact that we treat the Las Vegas algorithm as a black box whose only observable behavior is
its running time, we are able to guarantee good performance on a (sufficiently long) sequence of instances
even if the run length distributions are chosen adversarially.

3.4.2 Reduction to selecting task-switching schedules online

Our strategy for selecting restart schedules can be expressed in a straightforward way in terms of our strategy
for selecting task-switching schedules. Given some Las Vegas algorithmA, let ht be a heuristic that runs
A with restart thresholdt. It is easy to see that any restart schedule forA can be represented as a task
switching schedule for the set of heuristicsH = {h1, h2, . . . , hB}, whereB is a bound on the amount of
time the restart schedule is allowed to run. Furthermore, the optimal task-switching schedule for the set
Hα = {h1, hα, hα2 , hα3 , . . . , hB} is aα-approximation to the optimal restart schedule forA. Combining
this observation with our earlierα-approximation for computing task-switching schedules, we get that an
α2-approximation to the optimal task-switching schedule can be computed in timeO((logα B)logα B) =
O(Blogα logα B).3

An an alternative to the approach based on online shortest paths, a generalization of the greedy algorithm
discussed in Theorem 1 provides a 4-approximation to the optimum restart schedule, and could be used as
the basis of an online strategy. We expect the approximation ratio of the greedy algorithm to be much better
than 4 in practice.

3We do not expect this time complexity to be prohibitive for the values ofB that will arise in our applications. Also, as shown in
previous work (e.g., [19, 21]), we do not necessarily need to solve the shortest path problem on every trial.
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4 Online Reduction from Optimization to Decision

Suppose we desire to solve a sequenceI = 〈I1, I2, . . . , In〉 of problem instances, where each instance
I = (f,F) is the minimization problem

OPT (I) = min
x∈F

f(x)

wheref is the cost function to be minimized andF is the feasible set. We assume that eachf has range
B ≡ {1, 2, . . . , B}. Each instance is to be solved by making a sequence of calls to a decision oracleO, where
O(I, q) returns “yes” if there exists anx ∈ F such thatf(x) ≤ q and returns “no” otherwise. Our goal is to
find aprovablyoptimal solution to each problem instance while minimizing the total CPU time consumed by
all oracle calls.

A reduction policycan be represented as a binary search tree with key setB. Internal nodes of the tree
specify the next query point to submit to the oracle, and leaf nodes specify optimal values of the cost function.
Figure 3 illustrates theramp-up, ramp-down, andbinary searchpolicies forB = 4.
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Figure 3: The ramp-up, binary search, and ramp-down policies (forB = 4).

Each oracle queryO(I, q) requires CPU timeτ(I, q). The costc(π, I) of solving instanceI using policy
π is the sum of the CPU times for each query. Note that, depending on the cost structure, an apparently naı̈ve
strategy such as ramp-up may outperform binary search. The problem of selecting reduction policies online
generalizes thetree update problem[21], which corresponds to the special case whenτ(I, q) = 1 ∀I, q.

4.1 A no-regret strategy

To obtain a no-regret strategy for the problem of learning reduction policies, we first express the CPU time
required by any tree on any particular instance as a linear function of an appropriate set of variables. Specifi-
cally, we represent each treeT by an indicator vectorx(T ) of lengthB2 with components

x(T )q,o =
{

1 if non-leaf nodeq lies along the path from the root to leafo in T
0 otherwise

for all q, o ∈ {1, 2, . . . , B}. The cost vectorcj corresponding to thejth instance has components

cj
q,o =

{
τ(Ij , q) if OPT (Ij) = o
0 otherwise.
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It is easy to check that the CPU time required by treeT to solve instanceIj is preciselycj ·x(T ). The cost of
any tree over the sequence ofn instances is therefore a function of theB2 components of the vector

∑n
j=1 cj .

Given the values of theseB2 components, the optimal tree can be computed inO(B3) time using dynamic
programming.

To obtain a no-regret strategy, we use themultiplicative weight update method. Briefly, the idea of the
multiplicative weight update method is that on roundj, we select treeT with probability proportional to

exp

(
−αx(T ) ·

j−1∑
i=1

ĉi

)

where ĉi is an unbiased estimate ofci for 1 ≤ i ≤ j − 1, andα is a parameter. To obtain an intuition
for why this method should quickly converge to the optimal tree, note that the quantityx(T ) ·

∑j−1
i=1 ĉi is

an unbiased estimate of the CPU time that treeT would have consumedif run on the firstj − 1 instances,
and that the probability assigned toT is decreasing exponentially as a function of this quantity. For a more
detailed discussion of the multiplicative weight update method, see [1] and references therein.

Using dynamic programming, it is possible to sample from this distributionO(B3) time, and to compute
the marginal probabilities required to maintain unbiased estimates. A analysis along the lines of the proof of

Theorem 1 of [19] then shows that the regret is at mostB
√

2B ln B
n .

4.2 Finding approximately optimal solutions

To minimize the time required to find anapproximatelyoptimal solution, we simply work with appropriately
pruned trees. For example if we require a 2-approximation, a subtree covering the leaves{3, 4, 5, 6} can be
replaced with a single leaf node labeled with the range “[3, 6]”, and all of our results still hold. Both additive
and multiplicative approximations can be obtained in this way.

4.3 Applications

4.3.1 Improving the performance of optimal planners

As mentioned in§3.3.1, STRIPS planning is the task of finding a sequence of actions (a plan) that lead from
an initial state to a goal state, and optimal planning is the task of finding a plan with provably minimum
length.

The current state-of-the-art optimal STRIPS planners find a minimum-length plan by constructing a se-
quence of boolean formulae and determining whether each of the formulae is satisfiable using a SAT solver.
We denote the sequence of formulae by〈σk1 , σk2 , . . .〉. Formulaσki

is satisfiable if and only if a plan with
ki or fewer actions exists.

SATPLAN [23] finds a minimum-length plan using the ramp-up policy. That is, it solves the sequence of
formulae〈σ1, σ2, . . .〉, stopping when it first encounters a satisfiable formula. In 2004, SATPLAN won first
place for optimal deterministic planning at the International Planning Competition. In 2006, SATPLAN tied
for first place with MaxPlan [38], another SAT-based planner. One of the key differences between MaxPlan
and SATPLAN is that MaxPlan uses the ramp-down policy in place of ramp-up. It is our hope that by learning
a reduction policy online, we can boost the performance of these planners.
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4.3.2 Learning deepening policies for tree search

In tree search, one seeks to find a minimum-weight path from the root node of an edge-weighted tree to one
of a set of “goal” nodes.Iterative deepeningis a popular strategy for solving such problems. In the simplest
case when each edge has a cost of 1, iterative deepening simply performs a series of depth-first searches with
a depth limit ofd for d = 0, 1, 2, . . . until a goal node is first discovered. In other words, iterative deepening
employs the ramp-up policy. Given a sequence of tree search problems, one may be able to learn better
deepening policies online.

5 Online Tuning of Branch and Bound Algorithms

Branch and bound algorithms are ubiquitous in operations research and constraint programming. The per-
formance of a branch and bound algorithm is strongly influenced by the choice of each of a number of
subroutines (e.g., variable selection heuristics, value ordering heuristics, relaxation(s), constraint propaga-
tor(s)). In general it is difficult to determine in advance which choices of subroutines will work well on a
particular problem instance.

Given a setR of available relaxations, arelaxation policyπ : Z+ → 2R specifies, for each leveld of
the search tree, the subsetπ(d) ⊆ R of relaxations that are to be run on tree nodes at leveld. A constraint
propagation policyis defined analogously. In this section we consider the problem of selecting relaxation
(constraint propagation) policies in the online setting described in§2.

5.1 Background: branch and bound

Branch and bound algorithms are used to solve minimization problems of the form

z = min
x∈F

f(x)

whereF ⊆ D = ×d
i=1Di is thefeasible setandf : F → R is thecost function. We denote theith component

of x by xi (sox = 〈x1, x2, . . . , xd〉, wherexi ∈ Di ∀i).
A branch and bound algorithm solves an optimization problem recursively by breaking the problem into

subproblems (branching) and solving relaxed versions of each subproblem to quickly identify subproblems
that can be ignored (bounding). More formally,branchingbreaks a problem with feasible setF into subprob-
lems with feasible setsF ∩ P1,F ∩ P2, . . . ,F ∩ Pb, whereP1,P2, . . . ,Pb are disjoint subsets ofD called
partial assignments. Given a subproblem with feasible setF ∩P, boundingsolves the minimization problem
minx∈Frelax∩P f(x), whereFrelax ⊇ F . Lettingx∗ denote the optimal solution to the relaxed subproblem,
if it happens thatx∗ ∈ F thenf(x∗) provides an upper bound onz. If f(x∗) is greater than or equal to a
known upper bound onz, the subproblem can be ignored orpruned.

Pseudocode for a generic branch and bound algorithm is given below (the code does not include constraint
propagation, which we discuss later). To determinez we initializez̄ ←∞ and then call BranchAndBound(∅).
When the procedure terminates,z = z̄.
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ProcedureBranchAndBound(P):

1. x∗ ← relax(P). If f(x∗) ≥ z̄ then return; otherwise ifx∗ ∈ F ,
setz̄ ← min{z̄, f(x∗)} and return.

2. i← variable select(P)

3. 〈v1, v2, . . . , v|Di|〉 ← value order(i,P)

4. Forj from 1 to|Di|:

• Call BranchAndBound(P ∩ {x ∈ D : xi = vj})

Example. An 0/1 integer linear programis an optimization problem of the form

min
x∈F

c · x

whereF = {x ∈ {0, 1}d | Ax ≤ b} is the subset of{0, 1}d that satisfies the system of linear inequalities
Ax ≤ b. Branch and bound algorithms for this problem use linear programming relaxations (i.e.,Frelax =
{x ∈ [0, 1]d | Ax ≤ b}).

5.2 Selecting relaxation policies online

It is not necessary to solve the relaxation at every node of the branch and bound search tree. In fact, line 1
in the pseudocode above could be replaced with the line “IfP is a singleton, letx∗ be the one element inP
and, ifx∗ ∈ F , setz̄ ← min{z̄, f(x∗)}”. This approach could be called “solving the problem by branching”.
Although solving the problem by branching is extremely inefficient in general, it may be effective at highly-
constrained nodes of the tree where solving the relaxation consumes more time than solving the problem by
brute force.

In some cases, we may have more than one relaxation at our disposal. For example, both linear program-
ming and semidefinite programming relaxations have been developed for the Max-SAT problem. Semidef-
inite relaxations provide a tighter bound, but are more expensive to compute. It may be best to run the the
semidefinite relaxation near the root of the search tree, and switch to the linear programming relaxation closer
to the leaves.

In this section we give a no-regret strategy for selecting relaxation policies online. We note that in many
branch and bound algorithms, the variable selection heuristic makes use of information obtained by solving
the relaxation (e.g., this is true of branch and bound algorithms for integer linear programming). Our results
will apply to the more restricted setting in which the relaxation is used only to determine whether or not to
abandon a given partial assignment.

We now introduce some additional terminology. First, we think of the partial assignments as nodes in a
tree being searched by the branch and bound algorithm. For any tree nodeP, let z̄(P) be the value of the
upper bound when nodeP is encountered. Note thatz̄(P) is independent of the relaxation policy; otherwise
the relaxation would be invalid! Call a nodeprunableif relax(P) ≥ z̄(P).

As an example, consider the branch and bound search tree depicted in Figure 4, where prunable nodes
are indicated by an X. Call this problem instanceI. Suppose thatR contains a single relaxation, solving this
relaxation always requires 1 time step, and that the other steps required to process a search tree node (e.g.,
variable selection, value ordering) require a total of 1 time step. The relaxation policyπalways(d) = {R},
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which applies the relaxation at every internal node in the search tree, has costc(πalways, I) = 12, because it
must spend 2 time steps on each of 5 internal nodes and 1 time step on each of 2 leaf nodes. The relaxation
policy πnever(d) = ∅ has costc(πnever, I) = 15 because it must spend 1 time step on each of the 15 nodes
in the search tree.

y=0 y=1

z=0 z=1 z=0 z=1

y=0 y=1

z=0 z=1 z=0 z=1

x=0 x=1

Figure 4: A branch and bound search tree. Prunable nodes are indicated by an X.

5.2.1 Reduction to online shortest paths

In this section we show that the problem of learning relaxation policies can be reduced to an online shortest
paths problem (see§2.1). For simplicity we will assume|R| = 1; the generalization to|R| > 1 will be
straightforward.

Each vertex will have coordinates〈d, i〉, whered represents the current depth in the search tree andi
represents the largest depth< d at which the relaxation was applied (i.e.,i is the largest value< d such
that R ∈ π(d), whereR is the single element ofR). Each vertex〈d, i〉 has outgoing edges to vertices at
coordinates〈d + 1, d〉 and〈d + 1, i〉.

To assign costs to the edges in this graph, letnodes(d, i) denote the set of nodes that would be encountered
at leveld given that the relaxation was last applied at leveli (i.e., nodes(d, i) is the set of nodes at leveld
whose leveli ancestor is not prunable). The cost assigned to the edge from〈d, i〉 to 〈d + 1, i〉 is equal to the
sum of the processing costs of each node innodes(d, i), whereas the cost assigned to the edge from〈d, i〉 to
〈d + 1, d〉 is equal to the sum of the processing costs of each node innodes(d, i) plus the cost of solving the
relaxation at each node innodes(d, i).

A relaxation policyπ corresponds to a path froms to t which, at each vertex〈d, i〉, takes the edge to
〈d + 1, d〉 if π(d) = {R} and takes the edge to〈d + 1, i〉 if π(d) = ∅. By construction, the cost of this path
is equal toc(π, I).

Figure 5 illustrates the graph that corresponds to the search tree depicted in Figure 4. The policy
πalways(d) = {R} corresponds to diagonally upward path froms to t, with cost 12, while the policy
πnever(d) = ∅ corresponds to the horizontal path froms to t, with cost 15. The shortest path froms to
t has cost 11, and corresponds to the policy of only solving the relaxation at level 1 of the search tree.

If k = |R| > 1, each vertex will have a label of the form〈d, d1, d2, . . . , dk〉, whered is the current depth
in the search tree, anddi is the last depth at which relaxationi has been applied. The number of vertices is of
course exponential ink, and we expect our approach to be effective whenk is relatively small.
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Figure 5: Shortest path problem corresponding to the tree in Figure 4.

5.3 Selecting constraint propagation policies online

Constraint propagation is a key component of branch and bound algorithms. Briefly, a constraint propagator
pi is a function that takes as input a partial assignmentP and upper bound̄z, and returns a setCi = p(P, z̄)
such that{x ∈ F ∩ P : f(x) < z̄} ⊆ Ci (we assume the propagator has access to the feasible setF
through a global variable). If{p1, p2, . . . , pk} is the set of propagators being used, the relaxation is solved
onFrelax ∩ P ∩ C1 ∩ C2 ∩ . . . ∩ Ck, rather thanFrelax ∩ P. An as example, branch and bound algorithms
for integer linear programming generate linear inequalities called cutting planes that must be satisfied by any
optimal solution (eachCi is the set of points that satisfy one or more of these linear inequalities).

In many domains in which branch and bound algorithms are used, a variety of constraint propagators are
available. The propagators differ in the amount of CPU time they require as well as the number and quality
of constraints they are able to infer. The time required by a branch and bound algorithm to solve an instance
can be dramatically affected by the choice of constraint propagator(s) to run at each search tree node, but in
general there is no systematic way to make this choice.

Under suitable assumptions, our results on selecting relaxation policies carry over to the case of selecting
constraint propagation policies. As in the problem of learning relaxation policies, our results will hold only
when the constraint propagation policy has no effect on the variable selection or value ordering heuristics.
The other assumption we require is that the time required to compute the set returned by each propagatorp
at some node at leveld in the search tree is a function of the vector〈d1, d2, . . . , dk〉, wheredi is the largest
depth< d at which propagatorpi was last run. Under this assumption (which does not seem too restrictive),
the reduction described in the previous section gives a no-regret strategy for selecting constraint propagation
policies online.

6 The Max k-Armed Bandit Problem

In the classicalk-armed bandit problem [3] one is faced with a set ofk slot machines, each having an arm
that, when pulled, yields a payoff drawn from a fixed (but unknown) distribution. The goal is to allocate trials

17



to the arms so as to maximize the cumulative payoff obtained over a series ofn trials. Solving the problem
entails striking a balance between exploration (determining which arm yields the highest mean payoff) and
exploitation (repeatedly pulling this arm).

In the maxvariant of thek-armed bandit problem, the goal is to maximize themaximum(rather than
cumulative) payoff. This version of the problem is designed to model tradeoffs between exploration and
exploitation that are faced when using randomized algorithms to solve optimization problems. The problem
was introduced by Cicirello & Smith [9, 11], who showed that a strategy for the maxk-armed bandit was
effective at selecting among randomized heuristics for solving a set of benchmark scheduling problems.

6.1 Applications

6.1.1 Selecting among heuristics

Suppose we are givenk randomized heuristics to use in solving an optimization problem. Each heuristic,
when run, produces a solution with a certain numerical quality (higher quality being better). Given a budget
of n runs, we would like to allocate computation time to thek heuristics so as to maximize the quality of
the best solution obtained from any of then runs (e.g., the maximum number of clauses satisfied by any
sampled variable assignment, the minimum makespan of any sampled schedule). Cicirello and Smith [9, 11]
obtain good performance on the resource-constrained project scheduling problem with maximal time lags
(RCPSP/max) by using an algorithm for the maxk-armed bandit problem to select among five randomized
priority dispatching rules.

6.1.2 Tuning the parameters of multi-start heuristics

A multi-start heuristicsolves an optimization problem by repeatedly sampling solutions from a fixed proba-
bility distribution, and returning the best solution obtained. Typically, the probability distribution is governed
by a large number of numeric parameters which are set to instance-specific values according to a heuris-
tic rule. Examples of multi-start heuristics includeheuristic-biased stochastic sampling[6], value-biased
stochastic sampling[10], and the widely-usedgreedy randomized adaptive search procedure(GRASP) fam-
ily of heuristics [4, 7, 15, 29].

In adaptive multi-start, the parameters of the probability distribution are modified based on feedback from
earlier samples [5, 28, 31]. A strategy for solving the maxk-armed bandit problem can be used in a natural
way to convert a multi-start heuristic into an adaptive multi-start heuristic. Given an initial vector of param-
eters controlling the distribution from which solutions are sampled, we definek “neighboring” probability
distributions with slightly altered parameter vectors, and use a maxk-armed bandit strategy to select among
them. This process can be applied iteratively until a locally optimal parameter vector is obtained.

6.2 Definitions and notation

An instanceI = 〈G1, G2, . . . , Gk〉 of the maxk-armed bandit problem isk-tuple of probability distributions,
each thought of as an arm on a slot machine. Theith arm, when pulled, returns a payoff drawn independently
at random from distributionGi. The goal is to maximize the highest single payoff received over a sequence
of n pulls.

A strategyS for solving the maxk-armed bandit problem is a function that takes as input the history

hSj−1 = 〈(i1, r1), (i2, r2), . . . , (ij−1, rj−1)〉
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of arms pulled and payoffs received by usingS for the firstj − 1 pulls, and produces as output the index
S(hSj−1) ∈ {1, 2, . . . , k} of the arm to pull next.

Theregretof strategyS on instanceI aftern pulls is defined by

regret(I,S, n) = max
1≤i≤k

E[M i
n(I)]− E[Sn(I)] (2)

where the random variableM i
n(I) is the maximum payoff obtained by pulling theith armn times, andSn(I)

is the maximum payoff obtained by runningS on I for n pulls. Equivalently, regret is equal to the expected
difference between the maximum payoff obtained usingS and the maximum payoff that would have been
obtained using the bestpurestrategy (where a pure strategy is one that pull the same arm for alln pulls). Note
that in contrast to the classicalk-armed bandit problem (where the goal is to maximize cumulative payoff),
the strategy that maximizesSn(I) may not be a pure strategy, and it is possible to haveregret(I,S, n) < 0.

The worst-case regret of strategyS is the maximum value of (2) as a function ofk andn. We say that
S is a no-regret strategy if, for any fixedk, the worst-case regret iso(1) as a function ofn. Note that this is
stronger than simply requiring the regret to beo(1) as a function ofn for any fixedk-tuple of distributions.
Indeed, as long as payoffs are bounded then simply sampling the arms in round-robin order meets the latter
requirement, but (as discussed in the next section) round-robin sampling is not a no-regret strategy in general.

6.3 Payoffs drawn from arbitrary distributions

Ideally, we would like to come up with a no-regret strategy for the maxk-armed bandit problem that requires
as few distributional assumptions as possible. As a first step, it seems reasonable to require that all payoffs
come from a bounded interval (this will be true in all the applications we intend to consider). In fact, a
no-regret strategy does not exist even under the stronger assumption that all payoffs are either 0 or 1. To
see this, imagine that we randomly select one of thek arms to be “good”; this arm returns a payoff of 1
with probability 1

n and returns 0 otherwise. All other arms always return payoff 0. It can be shown that on
instances drawn from this distribution, any strategy has expected regret at least1− 1

k −
1
e .

6.4 Threshold Ascent

In this section we present a strategy for the maxk-armed bandit problem calledThreshold Ascentthat is
designed to work well on the type of payoff distributions we expect to encounter in practice, although (as just
discussed) it cannot be expected to perform well if the payoff distributions are chosen adversarially. Roughly
speaking, Threshold Ascent should perform well when the following two criteria are satisfied.

1. There is a (relatively low) thresholdtcritical such that, for allt > tcritical, the arm that is most likely
to yield a payoff> t is the same as the arm most likely to yield a payoff> tcritical. Call this armi∗.

2. As t increases beyondtcritical, there is a growing gap between the probability that armi∗ yields a
payoff > t and the corresponding probability for other arms. Specifically, if we letpi(t) denote the
probability that theith arm returns a payoff> t, the ratiopi∗ (t)

pi(t)
should increase as a function oft for

t > tcritical, for anyi 6= i∗.

Figure 6 illustrates a set of two payoff distributions that satisfy these assumptions.

Threshold Ascent takes as input a strategyS for the classicalk-armed bandit problem and an integerm.
It maintains a variable thresholdT , initially set to 0.S is used as a heuristic to obtain payoffs> T . Oncem
above-threshold payoffs have been obtained,T is incremented and the process continues.
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Figure 6: A maxk-armed bandit instance on which Threshold Ascent should perform well.

The code for Threshold Ascent is given below. For simplicity, we assume that all payoffs are non-negative
integers.

ProcedureThresholdAscent(S, m):
1. InitializeT ← 0, h← 〈〉.

2. Do:

(a) While|{(i, r) ∈ h : r > T}| ≥ m do:

T ← T + 1

(b) î← S(h′), where the historyh′ is obtained by first copying
h and then replacing each pair(i, r) with (i, r′), wherer′ =
0 if r ≤ T andr′ = 1 otherwise.

(c) Pull armî, receive payoffr, and append(̂i, r) ontoh.

The parameterm controls the tradeoff between exploration and exploitation. To understand this tradeoff,
it is helpful to consider two extreme cases.

Casem = 1. Whenm = 1, Threshold Ascent passes as an argument toS a history in which all arm pulls
have returned a payoff of 0. For reasonableS, this results in the arms being sampled in a round-robin fashion.

Casem = ∞. Whenm = ∞, Threshold Ascent is equivalent to runningS on ak-armed bandit instance
where payoffs> T are mapped to 1 and payoffs≤ T are mapped to 0.

6.4.1 Experimental evaluation

Following Cicirello and Smith [9, 11], we evaluate our strategy for the maxk-armed bandit problem by
using it to select among randomized priority dispatching rules for the resource-constrained project scheduling
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Table 3: Performance of eight maxk-armed bandit strategies on 169 RCPSP/max instances.

Strategy Σ Regret P[Regret= 0]

Threshold Ascent 188 0.722
Round-robin sampling 345 0.556
LPF 355 0.675
MTS 402 0.657
QD-BEACON 609 0.538
RSM 2130 0.166
LST 3199 0.095
MST 4509 0.107

problem with maximal time lags (RCPSP/max). We consider the five randomized priority dispatching rules in
the setH = {LPF, LST,MST,MTS,RSM}. See Cicirello and Smith [9, 11] for a complete description
of these heuristics.

Briefly, in the RCPSP/max one must assign start times to each of a number of activities in such a way that
certain temporal and resource constraints are satisfied. Such an assignment of start times is called afeasible
schedule. The goal is to find a feasible schedule whose makespan is as small as possible, where makespan is
defined as the maximum completion time of any activity. For a more complete description, see [27].

We evaluate our approach on a setI of 169 RCPSP/max instances from the ProGen/max library [34]. For
each instanceI ∈ I, we ran each dispatching ruleh ∈ H 10,000 times, storing the results in a file. Using
this data, we created a setK of 169 five-armed bandit problems (each of the five heuristicsh ∈ H represents
an arm). After the data were collected, makespans were converted to payoffs by multiplying each makespan
by−1 and scaling them to lie in the interval[0, 1].

For each instanceK ∈ K, we ran three maxk-armed bandit algorithms, each with a budget ofn = 10, 000
pulls: Threshold Ascent, the QD-BEACON algorithm of Cicirello and Smith [11], and an algorithm that
simply sampled the arms in a round-robin fashion. When running Threshold Ascent we setm = 100 and
for the subroutineS we used an interval estimation strategy based on Chernoff bounds. For each instance
K ∈ K, the regret of a strategy is the difference between the minimum makespan (which corresponds to the
maximum payoff) sampled by the algorithm and the minimum makespan sampled by any of the five heuristics
(on any of the10, 000 stored runs of each of the five heuristics).

Table 3 summarizes our results. Of the eight maxk-armed bandit strategies we evaluated (Threshold
Ascent, QD-BEACON, round-robin sampling, and the five pure strategies), Threshold Ascent has the least
regret (summed over all instances) and achieves zero regret on the largest number of instances.

6.5 Payoffs drawn from generalized extreme value distributions

In the previous section we presented a strategy that was designed to work well when the payoff distributions
have the loosely-defined property illustrated in Figure 6. In this section we will make a stronger assumption
motivated by a result inextreme value theory: we will assume each payoff distribution is ageneralized extreme
value(GEV) distribution. This assumption will be sufficient to allow us to develop a no-regret strategy.
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Definition (GEV distribution). A random variableZ has ageneralized extreme value(GEV) distribution if

P[Z ≤ z] = exp

(
−
(

1 +
ξ(z − µ)

σ

)− 1
ξ

)
for some constantsµ, σ > 0, andξ.

The assumption that payoffs are drawn from a GEV is justified by the Extremal Types Theorem [12],
which singles out the GEV as the limiting distribution of the maximum of a large number of independent
identically distributed (i.i.d.) random variables. Roughly speaking, one can think of the Extremal Types
Theorem as an analogue of the Central Limit Theorem. Just as the Central Limit Theorem states that the
sum of a large number of i.i.d. random variables converges in distribution to a Gaussian, the Extremal Types
Theorem states that the maximum of a large number of i.i.d. random variables converges in distribution to a
GEV. A formal statement of the Extremal Types Theorem is given below.

Definition (convergence in shape).A sequence〈f1, f2, . . .〉 of functions with common domainX and
codomainY converges in shapeto f : X → Y if, for some sequences of constants〈a1, a2, . . .〉 and
〈b1, b2, . . .〉,

lim
n→∞

max
x∈X

∣∣∣∣fn(x)− an

bn
− f(x)

∣∣∣∣ = 0 .

The Extremal Types Theorem. Let Z be a random variable with cumulative distribution functionG. Let
M i = max(Z1, Z2, . . . Zi) be the maximum ofi independent realizations ofZ, and letGi be its cumulative
distribution function (i.e.,Gi(z) = P[Mi ≤ z]). If the sequence〈G1, G2 . . .〉 converges in shape toG∗ and
G∗ is non-degenerate (i.e., not a point mass) thenG∗ is a GEV distribution.

There are two arguments for studying the case where each payoff distribution is a GEV. First, in practice
the distribution of payoffs returned by a strong heuristic may be approximately GEV even if the conditions
of the Extremal Type Theorem are not formally satisfied [9]. Second, a maxk-armed bandit instance with
non-GEV payoff distributions starts to look like an instance with GEV payoff distributions if we take a
coarse-grained view of the problem. In particular, if we sample a non-GEV payoff distribution in blocks of
sizeb (i.e., a single arm pull samples the distributionb times and returns the maximum), the distribution of
the block maxima converges in shape to a GEV asb→∞.

In previous work [36], we developed a no-regret strategy whose performance is summarized by the fol-
lowing theorem.

Theorem 2. Fix an integerk, and letIGEV
k be the set of maxk-armed bandit instances whose arms all

return payoffs drawn from GEV distributions. There exists a strategyS such that for any integern,

max
I∈IGEV

k

regret(I,S, n) = O

(
ln(nk) ln(n)2 3

√
k

n

)
= o(1) .

6.6 Proposed extensions

6.6.1 Heuristics based on block maxima

Threshold Ascent applies a classicalk-armed bandit strategyS to a transformed history of payoffs, where
payoffs> T are mapped to 1 and payoffs≤ T are mapped to zero. It may also be effective to applyS to
a transformed history of payoffs where the maximum ofb consecutive payoffs is mapped to a single “block
maximum” payoff. By ramping upb over time, we ensure convergence to the desired arm.
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6.6.2 Integrating parametric and non-parametric approaches

The advantage of Threshold Ascent is that it is designed to work well given only very weak distributional
assumptions. The price for this generality is that it is unable to notice and exploit trends in the tails of the
payoff distributions. In contrast, a strategy that assumes payoffs are drawn from GEV distributions is able to
quickly make predictions about portions of the upper tail for which there is no observed data. We would like
to develop a strategy that combines the advantages of a parametric fit (which makes more rapid extrapolation
possible) with the robustness of Threshold Ascent.

6.6.3 Solving a sequence of maxk-armed bandit instances

A drawback of selecting among heuristics using a maxk-armed bandit approach is that it can only be done
when a large number of runs ofk multi-start heuristics are to be performed on a single problem instance. A
more common situation would be for a smaller number of runs (e.g., 10-100 runs) to be performed on each
instance in a sequence of instances.

To model this scenario, suppose that we are allowedn pulls on each of a sequenceI = 〈I1, I2, . . . , IT 〉 of
instances of the maxk-armed bandit problem, and our goal is to maximize the sum of the maximum payoffs
received on each instance. Note that while we assume that payoffs are drawn independently at random from
fixed distributions within each instance, the sequence of instances may be determined adversarially. Ifn = 1,
this is simply the “nonstochastic multiarmed bandit problem” studied by Auer et al. [1]. Ifn is very large
relative toT , the problem effectively reduces to the maxk-armed bandit problem. Whenn andT are of the
same order of magnitude, however, strategies that combine attributes of maxk-armed bandit strategies with
attributes of strategies for the nonstochastic multiarmed bandit problem may be effective.

7 Extensions

7.1 Exploiting instance-specific features and expert advice

We have considered the setting in which a strategyS must solve a sequence of instancesI = 〈I1, I2, . . . , In〉
by selecting a policyS(hSj−1) ∈ Π to use to solve each instanceIj based only on the history vector
hSj−1 = 〈(π1, o1), (π2, o2), . . . , (πj−1, oj−1)〉 of policies and observations on the firstj − 1 instances.
In practice, there are often a number of quickly-computable features that differentiate one problem in-
stance from another. Instances with certain features may be solved more quickly by one policy, while
instances with different features may be solved more quickly be another. We can imagine a setting in
which S is supplied a vectorfj of one or more features along with an augmented history vectorhSj−1 =
〈(π1, f1, c1), (π1, f2, c2), . . . , (πj−1, fj−1, cj−1)〉. On a related note, we may have access to one moreex-
perts that make predictions about the behavior of policies on particular instances, perhaps changing their
predictions while the policy is running. For example, in the problem ofselecting restart schedules, we may
have access to a number of experts that predict how long a particular run of a Las Vegas algorithm will con-
tinue, given a description of its execution state (e.g., [22]). Adaptive game playing with expert advice has
been well-studied from a theoretical point of view (e.g., [1]), and we expect that adapting these results to our
setting should give significant performance improvements.
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7.2 Learning how to solve subproblems in divide-and-conquer

It is natural to consider using our results on solving sequences of problems to try to solve thesubproblems
created by divide-and-conquer algorithms more efficiently as well. For example, given access to a setH of
divide-and-conquer sorting algorithms we can define a space of policiesπ : Z→ H, whereπ(d) specifies the
algorithm to run on subproblems at depthd in the recursion tree (or perhaps subproblems of sized). Work
by Lagoudakis and Littman [24] using a reinforcement learning approach to this task demonstrated good
performance on sorting tasks.

We have seen examples of such policy spaces in the problem ofselecting relaxation policiesdiscussed
in §5.2. There, we were able to take advantage of the fact that relaxations are well-behaved (i.e., the state
of the search tree at depthd is completely described by the greatest depthi < d at which the relaxation was
applied) in order to guarantee low regret with respect to a globally optimal policy. In general, if the decisions
made by a policy at one level of the recursion tree are allowed have an arbitrary effect on the result of later
computations we do not expect to be able to provide such strong guarantees. However, even a naı̈ve approach
(e.g., running a no-regret algorithm at each level of the recursion tree) may prove of practical value in this
setting.
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