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Abstract

Thereliabledetectionof anobjectof interestin aninput imagewith arbitrary
backgroundclutter andocclusionhasto a large extent remainedan elusive goal
in computervision. Traditionalmodel-basedapproachesareinappropriatefor a
multi-classobjectdetectiontaskprimarily dueto dif�culties in modelingarbitrary
objectclasses.Instead,wedevelopadetectionframework whosecorecomponent
is a nearestneighborsearchover objectparts. The performanceof the overall
systemis critically dependentonthedistancemeasureusedin thenearestneighbor
search.

A distancemeasurethatminimizesthemis-classi�cationrisk for the1-nearest
neighborsearchcanbeshown to be theprobability thata pair of input measure-
mentsbelongto differentclasses.This pair-wise probability is not in generala
metric distancemeasure.Furthermore,it canout-performany metric distance,
approachingeventheBayesoptimalperformance.

In practice,we seeka modelfor theoptimaldistancemeasurethatcombines
thediscriminativepowersof moreelementarydistancemeasuresassociatedwith
a collectionof simplefeaturespacesthatareeasyandef�cient to implement;in
our work, we usehistogramsof variousfeaturetypeslike color, textureandlocal
shapeproperties.We usea linear logistic modelcombiningsuchelementarydis-
tancemeasuresthatis supportedby observationsof actualdatafor arepresentative
discriminationtask. For performingef�cient nearestneighborsearchover large
trainingsets,thelinearmodelwasextendedto discretizeddistancemeasuresthat
combinesdistancemeasuresassociatedwith discriminatorsorganizedin a tree-
like structure. The discretemodelwascombinedwith the continuousmodel to
yield ahierarchicaldistancemodelthatis bothfastandaccurate.

Finally, the nearestneighborsearchover object partswas integratedinto a
wholeobjectdetectionsystemandevaluatedagainstbothanindoordetectiontask
aswell asa facerecognitiontaskyieldingpromisingresults.
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Chapter 1

Intr oduction

The reliable detectionof an object of interestin an input imagewith arbitrary
backgroundclutterandocclusionhasto a largeextentremainedanelusivegoalin
computervisionsincethebeginning.In themostcommonformulationof amulti-
classobjectdetectiontask,we would like to detectthepresenceor absenceof an
objectof interestin aninput image,givena prior trainingset(2D or 3D data)for
theobjectsof interest.Thefactorsthatconfoundreliabledetectionincludeback-
groundclutter, occlusionof the objectsof interestandthevariability in viewing
conditions.Figure1.1 shows examplesof thekind of objectsthatwe would like
to detectaswell asexamplesof clutterthatwewould like thedetectionschemeto
berobustagainst.

Previous approachesto objectdetectioncanbe groupedundervariouscrite-
ria. For our purposes,we shall make the distinction betweenmodel-basedor
generative-basedapproacheson the one hand(Roberts,1965; Chin and Dyer,
1986; Kane et al., 1991; Arman and Aggarwal, 1993b; Huttenlocherand Ull-
man, 1990) and exemplar-basedor appearance-basedapproacheson the other
hand(Mel, 1997;MuraseandNayar, 1997;Nayaretal.,1996;ShapiroandCosta,
1995; SelingerandNelson,2001; NelsonandSelinger, 1998; Worthingtonand
Hancock,2000;Schiele,1997;Huanget al., 1999).Broadlyspeaking,in thefor-
merclassof approaches,a modelfor eachobjectof interestis assumedthatcan
generatenew imagesof theobjectsby varying theparametersof themodel. An
extremeexampleis a 3D CAD modelfor eachobjectof interest(ArmanandAg-
garwal, 1993a)alongwith amodel-independentimagingprocessparametrizedby
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Figure1.1: Sampleobjectclasses(top row) alongwith samplescenes(middle
row) with oneof theobjectsof interestunderclutterandocclusion.Thebottom
row showsmoresamplescenesfor onetheobjects.

viewing andlighting conditions.New views of theobjectaregeneratedby spec-
ifying parametersfor the viewing andlighting conditions. As anotherexample,
theclassof facescanbemodeledquitewell by a low-dimensionallinearsubspace
in imagespace(Turk andPentland,1991).New views of a facearegeneratedby
linearly combiningthe basisvectorsspanningthe subspace.As a last example,
objectscanbe modeledusinga linear combinationof views (Ullman andBasri,
1991)wherethemodelis a setof prototypeimagesfor theobjectalongwith the
locationsfor asetof featuresin theprototypeviews. Thelocationsof thefeatures
in novel views of theobjectcanbeobtainedby linearly combiningthe locations
of thefeaturesin theprototypeviews.

Themaindif�culty in suchgenerativeapproachesis thedevelopmentof good
generative modelsand their estimationfrom training data. This is especiallya
problemfor ageneralobjectdetectiontaskin whichweareinterestedin detecting
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anarbitrarysetof objects.Eachobjectof interestmight requireadifferentgener-
ativemodel,eachof whichneedsto beestimated.For example,it is reasonableto
expectthat theclassof chairsmight requirea differenttypeof generative model
thantheclassof cars.Furthermore,it is notclearthatall objectsof interestcanbe
easilymodeledwith somegenerativemodel.

Exemplar-basedapproachesontheotherhandavoid theneedfor explicit mod-
elsof objects.Instead,a trainingsetof imagesundervariousviewing directions
andsceneillumination is acquiredfor eachobjectof interest. Perhapsthe sim-
plestexemplar-basedapproachis to usethetraining imagesastemplatesthatare
matchedagainsttheinput image.Theobjectclasslabelof thetrainingimagethat
bestmatchestheinput imageis reported.In otherwords,theinput imageis clas-
si�ed by anearestneighborsearchamongthetrainingimages,wherethedistance
betweenthe templateand the input imageis basedon somefeaturespacelike
color, textureor shape,or moregenerallya combinationof elementaryfeatures.
Unlike generative approacheswheredifferentobjectclassesmight in generalre-
quire different generative models,exemplar-basedapproachescan be typically
applieduniformly to all objectsof interest.

1.1 NearestNeighbor Framework

Nearestneighborsearchis oneof thesimplestformsof anexemplar-basedmethod
(Dasarathy, 1991). Formally, we aregivena trainingsetS = f (x1; y1); (x2; y2);
: : : ; (xn ; yn)g wherethe x i are training imagesandyi arecorrespondingclass
labels. We are also given a distancemeasured(x; x0) that is usedto �nd the
nearestneighborin S of an input image. The onenearestneighborrule reports
theclasslabelyi of thetrainingimagex i that is thenearestneighborof theinput
image.Thustheclassi�cationperformanceof thenearestneighborrule is solely
determinedby thetrainingsetS andthedistancemeasured. More generally, the
nearestneighborrulecandependon theK nearestneighbors.

Most work on nearestneighborsearchassumesa �x ed distancemeasure.
However, it is easyto show that the choicefor a distancemeasurecansigni�-
cantly affect the classi�cation performanceof the nearestneighborrule. More
recentwork (ShortandFukanaga,1981; FukanagaandFlick, 1984;Hastieand
Tibshirani,1996; Blanzieri andRicci, 1999; Friedman,1994)hasbegun to ex-
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ploit thegainin classi�cationperformancepossibleby usinggooddistancemea-
sures. The optimal distancemeasuredependson the taskat hand. In the case
of objectdetection,thesearchfor anoptimaldistancemeasureis confoundedby
the fact thatwe might want to usea combinationof featuresto discriminateob-
jects,sincein a multi-classobjectdetectiontask,no onefeaturetypewill likely
besuitablefor discriminatingall objectsfrom eachother. Instead,it is morelikely
thatdifferentfeaturetypesand/ortheircombinationsarerequiredfor discriminat-
ing differentpairsof objectclassesfrom eachother. For example,two different
objectclassesA andB may be distinguishedby color alone,while classA and
yet anotherobjectclassC maybeof the samecolor but canbe distinguishedby
shapeproperties.It is notclearapriori how to constructasingleoptimaldistance
measurebetweenimageswhentherepresentationusesa combinationof different
featureslike color andshape.Furthermore,differentfeaturesmayhave differing
discriminativepowersandagooddistancemeasureshouldtake into accountsuch
differences.

What should the optimal distancemeasure be ? Intuitively a distancemea-
surethat ignoresvariationswithin thesameclass(for example,variationsdueto
lighting andviewing conditions)while enhancingvariationsbetweenimagesfrom
differentclassesshouldbeidealfor usein anearestneighborsearch.Objectively,
theoptimaldistancemeasure shouldbetheonethat maximizestheclassi�cation
performanceof thenearestneighborrule. We will show in thenext chapterthat
a distancemeasurethat directly optimizesthe classi�cationperformancecanbe
expressedsimply in termsof theoddsratio thata pair of imagesx andx0 belong
to thesameclass:

d(x; x0) � log
p(y 6= y0 j x; x0)
p(y = y0 j x; x0)

(1.1)

wherey andy0 arethecorrespondingclasslabels.Clearly, this distancemeasure
satis�estheintuitive requirementthatpairsof imagesfrom thesameobjectclass
shouldbecloseto eachothercomparedwith pairsof imagesfrom differentobject
classes.

Thustheproblemof �nding theoptimaldistancemeasurereducesto theprob-
lem of modelingandestimatingtheprobabilitydistribution thata pair of images
belongto the sameclassor to differentclasses.This pair-wise “discriminative”
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distribution p(y 6= y0 j x; x0) can in principle be computedfrom a generative
modelp(xjy) for eachclass.Soin principle,theproblemcanfurtherbereduced
to �rst estimatingthe generative modelsfor eachclass. However, we are then
facedwith all thepitfallsof modelingandestimatinggenerativemodelsdiscussed
above.

In our work instead,we proposeto modeland estimatethe pair-wisedistri-
bution directly. Thebasicintuition for why this directapproachshouldbemore
feasiblein practiceis that thepair-wise likelihooddependsonly on thediscrimi-
native featureswhereasestimatinga generativemodel�rst requiresmodelingthe
roleof all featuresirrespectiveof theirdiscriminativevalue.

How do we model the pair-wisedistrib ution dir ectly ? In general,for anarbi-
trary multi-classdetectiontask,theoptimaldistancemeasurecannotbeexpected
to assumeany particularparametricmodel.Any choicefor modelingthedistance
measureshouldbe dictatedby what the datasuggestsfor a particulardetection
taskaswell asotherfactorslikeeaseof implementationandanalyzability.

Our basicapproachwill be to model the optimal distancemeasureby com-
bining more“elementary”distancemeasures.An elementarydistancemeasure
is de�ned on simplefeaturespaceslike color, local shapepropertiesor texture.
Our motivationfor basingour approachon combiningsuchelementarydistance
measuresis primarily theeaseof implementationfor suchanapproachsincethere
areplenty of choicesfor suchsimplefeaturespacesthathave beenwell-studied
in theliteraturethatareeasyandef�cient to implementin practice.For example,
we canconsidersimplehistogramsof features,for which onechoicefor theele-
mentarydistancemeasureis the� 2 distance.Othersimplefeaturespacesinclude
edgemapswith theHausdorff distancemeasure(Huttenlocheretal.,1993),shape
contexts (Belongieet al., 2002),or normalizedpixel intensitieswith the simple
euclideandistancemeasure(Nayaretal., 1996).

In general,eachof the simplefeaturespacesby itself cannotbe expectedto
be suf�cient at the discriminationtask at hand. Thus we seekto combinethe
discriminative powersof a setof suchsimplefeaturespacesin our model. The
ideal setof featurespacesto useis thatwhich complementseachotherwell for
thediscriminationtaskathand.
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How shouldtheelementarydistancemeasuresbecombined? Wecanmotivate
ouranswerto thisquestionby �rst takingalookatsomeactualdatafromanindoor
discriminationtaskthatweareinterestedin. In this thesis,wewill usehistograms
of variousfeatureslike color, local shapepropertiesand texture as the simple
featurespacesthat we would like to combinein our model. Histogramswere
chosensincethey canbeef�ciently computedfrom aninput imageandarestable
representationswith respectto a fair amountof distortionsin viewing conditions.
SeeChapter6 for details.

The distribution p(y 6= y0 j x; x0) that we wish to model is a function of
pairsof images.Figure1.2(a)shows thedistributionof distancesin a local shape
histogramfeaturespacebetweenimagesof objectpartssampledfrom acollection
of 15 objectsand randomlysampledimagepatchesof backgroundclutter (see
Chapter7 for a descriptionof theseobjects,andChapter6 for how objectsare
decomposedinto parts). The elementarydistancemeasurechosenis the simple
L1 distancemeasure.Seex 3.2for thedistributionof distancesin theotherfeature
spacesthatweuse,namelycolorandtexture.

As canbeseenfrom the�gure, thedistancescoresbetweenimagesfalls into
two distributionsdependingon whetherthe pair of imagescomefrom the same
objectpartclassor from differentclasses(includingclutter). Thedistancescore
in this featurespacecanberoughlydividedinto threeintervalsalongthex-axis.
It canbeclaimedwith highcon�dencethatif apairof imageshasadistancescore
thatfalls in eitherof thetwo extremeintervals,thentheimagescomefrom either
thesameclass(in thecaseof the left-mostinterval) or from differentclasses(in
the caseof the right-mostinterval). For the middle interval, the within-classor
out-of-classmembershipis moreuncertain.

Figure1.2(b) plots the empirically determinedlog oddsratio (1.1) which is
thetransformof thepair-wisedistributionp(y 6= y0 j x; x0) thatwewishto model.
As illustratedin Figure1.2(c), the uncertainmiddle interval of the log oddsra-
tio plot canbe well-modeledasa linear function of the distancescore. Similar
observationshold truefor eachof theotherfeaturespacesthatwe use(color and
texture),seex 3.2. Theseobservationsareusedto justify approximatingtheop-
timal distancemeasureby linearly combiningtheelementarydistancemeasures
associatedwith thesimplefeaturespacesthatweusein ourwork. SeeChapter3.

It will turn out that theoptimalcoef�cients in the linearcombinationof such
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Figure1.2: (a)Distributionof distancesin alocalshapehistogramfeaturespacebetween
imagesof objectpartsfrom acollectionof 15objectsdescribedin Chapter7 andrandomly
sampledimagepatchesof backgroundclutter. Thedistancescoresfall into two distribu-
tionslabeled“intra-class”and“extra-class”.Thedistancescorecanbesplit roughlyinto
threeintervals along the x-axis: the middle interval is whereuncertaintyis greatestas
to which distribution thedistancescorecomesfrom. (b) plot of the log oddsratio (1.1).
Note that theplot is quite linear in themiddle uncertaininterval. (c) a linearmodel�ts
themiddleinterval quitewell. (d) a discretizationof thedistancemeasurethatis induced
by a simplediscriminatorthatusesa threshold� on thedistancescore.
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elementarydistancemeasurescanbe interpretedasindicatingthediscriminative
powerof eachelementarydistancemeasure.SeeChapter4.

The needfor a hierarchical distancemeasure. We have thusfar describeda
continuouslinear modelfor theoptimaldistancemeasure.Althoughwe �nd that
in practicethiscontinuousmodelis accurateatretrieving thenearestneighbor, it is
expensiveto useat run-timewhensearchingovera largetrainingset.Any kind of
ef�cient nearestneighborsearchimplicitly requiresa discretedistancemeasure.
Consequentlywe will investigatethe constructionof discretedistancemeasures
thatareappropriatefor ef�ciently performingthenearestneighborsearchfor our
discriminationtasks.

Although we canshow that, in theory, the optimal distancemeasurecanbe
replacedby usingonly a discretedistancemeasurewithout sacri�cing the clas-
si�cation performance(seeChapter3), in practicewe �nd thatdiscretedistance
measuresareonly useful for coarsediscriminationamongobjectclasses.Thus
in practice,discretedistancemeasuresaremostuseful for reportinga small set
of candidateneighbors,oneof which is likely to betheoptimalnearestneighbor.
On theotherhand,weshow how thenearestneighborsearchcanbeimplemented
ef�ciently by usingadiscretedistancemeasurethatcombineselementarydiscrete
distancemeasuresassociatedwith discriminators in a tree-like structure,where
eachof thediscriminatorsis constructedin simplefeaturespaceslike color, tex-
tureor localshapeproperties.Theelementarydiscretedistancemeasureswill turn
out to be discretizationsof the sameelementarydistancemeasuresover simple
featurespacesusedin thecontinuouslinearmodel,andwherethediscretization
is inducedby discriminators.Returningto our one-dimensionalexamplefeature
spacein Figure1.2, we canconstructa simplediscriminatorthat thresholdsthe
distancebetweena pair of images.The optimal thresholdwill be suchthat im-
agepairswith distancescoresthat fall below the thresholdmostlikely belongto
the sameclass,otherwisethey most likely belongto differentclasses.The cor-
respondingdiscretizeddistancemeasureassociatedwith sucha discriminatoris
shown in Figure1.2(d). Again, just asin the casefor continuousdistancemea-
sures,we will considera linear modelfor combiningthe discretedistancemea-
sures.

Comparedwith the discretemodel,the continuousmodel is moreexpensive
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to useat run-timefor searchingover a large training setbut alsomoreaccurate
asnotedabove. Thusbothdistancemodelsareproblematicto usein anef�cient
aswell asaccuratenearestneighborsearchfor different reasons,wheneachis
usedin isolation. Instead,our strategy will be to combinethe complementary
aspectsof thetwo modelsto createa distancemeasure that is bothaccurateand
ef�cient to computeat run-time. The basicideawill be to �rst usethe discrete
modelto ef�ciently searchfor a small list of candidateneighbors,which is then
further prunedusing the �ner discriminative power of the continuousdistance
measure(seex 3.3).

How do we estimatethe distancemeasure fr om training data ? A linearcom-
binationmodelfor thedistancemeasure,eitherdiscreteor continuous,impliesan
exponentialfamily for thepair-wisediscriminative distribution p(y 6= y0 j x; x0)
in (1.1). Thuswe seekto estimatethe optimal model for the distribution from
the family of exponentialmodelsgiven the training data. We usethe maximum
likelihoodframework (seeChapter4) for estimatingtheparametersof theoptimal
exponentialmodel.

1.2 Sketchof our DetectionScheme

Wehavethusfardiscussedonly theissueof utilizing anoptimaldistancemeasure
for nearestneighborsearchfor objectdetection.In practice,thereareseveralother
issuesthatneedto beaddressedwhenusinganearestneighborsearchframework
in thecontext of anoverall schemefor objectdetection.Sincethemain focusof
this thesisis on developinganoptimaldistancemeasurefor objectdetection,for
therestof theobjectdetectionsystem,we will seekthesimplestimplementation
that we canget away with, but yet which is suf�cient and realisticenoughfor
evaluatingthedistancemeasuresthatwedevelop.

Figure1.3 outlinesour overall schemefor objectdetection. In general,we
might useattentionalmechanismsor interestoperators(Grimsonet al., 1994;
Burt, 1988; Abbott andZheng,1995; Westliuset al., 1996; Grove andFisher,
1996; StoughandBrodley, 2001; CulhaneandTsotsos,1992; Itti et al., 1998;
Baluja andPomerleau,1997; TomasiandShi, 1994; RuzonandTomasi,1999;
MikolajczykandSchmid,2002)to focuson only thelocationsin theinput image
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thatarelikely to correspondto anobjectof interest.However, suchtechniquesare
beyond thescopeof this thesiswhosemain focusis on usingthe nearestneigh-
bor framework for objectdetection.Instead,we usea simplestrategy wherewe
sub-samplelocationsin theimageat variouspositionsandscalesandclassifythe
sub-imageat eachlocation. Sucha “brute” forceapproachhasbeenusedin the
literaturewith reasonablerun-timeperformance(Rowley et al., 1998;Schneider-
man,2000;Viola andJones,2001). Clearly, any attentionalmechanismwill be
complementaryto sucha naive approachandcanonly improve run-timeperfor-
mance.

In practice,the objectsthat we are interestedin detectingcanbe of varying
sizesandshapes.The naive approachof performinga nearestneighborsearch
at eachlocationover a training setwith whole objectviews will result in poor
performancesinceno singlechoicefor thesizeandshapeof thesupportwindow
to be usedwhenperformingthe nearestneighborsearchcanbe expectedto be
optimal for all objects.A singlechoicefor thesupportwindow will typically be
eithertoo small for someobjects,in which casesomediscriminative information
will likely belost,or will betoo largein whichcasetheobjectcanbeconfounded
with backgroundclutter.

Thesolutionthatwe pursueis to �nd a decompositionof objecttraining im-
agesin termsof parts,eachof whichhasasupportwindow with thesamesizeand
shape.Thenearestneighborsearchis thenperformedoverpartsratherthanwhole
objectviews. A decompositioninto partsis alsousefulfor robustnessagainstpar-
tial occlusionwhich is expectedto affectonly somebut not all of theparts.Since
differentpartswill in generalhavedifferentdiscriminativepowers,andwewould
like to useasfew partsaspossiblefor run-timeef�ciency, animportantissuethat
weneedto dealwith is thatof �nding agooddecompositionof trainingviewsinto
a few parts.SeeChapter6 for details.

Our detectionschemeis composedof the following steps(detailedin Chap-
ter6):

� An inputimageis �rst pre-processedtoextractthevarioushistograms(color,
shape,texture)ateachlocation.

� Thesub-imageateverylocationis labeledby thenearestneighborpartclas-
si�er with a few numberof partsfrom the trainingdatathatarenearestto
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NN Part Search

Verify Object Presence

Extract Features

Input Image

Figure1.3: Outlineof ourapproach.Theinput imageis pre-processedto extractfeatures
at variouslocationssub-sampledacrossthe image. In our work, we extract color, local
shapeandtexturehistograms.Next thenearestneighborpartclassi�er is runateachloca-
tion. As outlinedin Figure3.3,theNN search�rst usestheef�cient but coarsediscretized
distancemeasureto returnasmalllist of candidateneighborsfor eachlocation.Thislist is
thenprunedby themoreaccuratecontinuousdistancemeasure.Notethat in theillustra-
tion, only a few partsdetectedareshown. Also notethatneighboringlocationscangive
multiple part detectionsthat overlap. Eachpart is usedto generatea hypothesisfor an
objectof interestat thatlocation.Thelocationsof theotherparts(shown by thetriangles)
in thehypothesizedobjectclassis searchedfor thecorrespondingpartexpectedat those
locations.Possibleocclusionsof partsarehandledby rejectingoutliers. Thescoresfor
all suchnon-outlierpartsareaccumulatedandthresholdedto give anobjectdetection.In
theillustration,parthypothesesthatcouldnotbeveri�ed areshown in red.
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thesub-image.Thedistancemeasureusedis thehierarchicaldistancemea-
surediscussedabove. Part labelscorrespondingto clutter trainingsamples
areignoredin subsequentprocessing.

� Eachpartlabelatalocationis usedto generateahypothesisfor thepresence
of anobjectviewedunderconditionsclosestto a trainingimagecontaining
the part. A “score” for the hypothesisis computedby �rst predictingthe
locationsof all otherpartsbelongingto thesametraining imageandaccu-
mulatingthescores(thenearestneighborsimilarity) of all theparts.

� Finally, thevariousobjecthypothesesateachlocationareprunedby thresh-
oldingtheirscores,afterwhichlocalnon-maximalsuppressionis performed
resultingin non-overlappinghypotheses.Theoperatingcharacteristic(char-
acterizedby the falsepositive anddetectionrates)of the whole detection
schemeis determinedby the thresholdusedfor the pruning. Thusthe �-
nal outputconsistsof oneor morenon-overlappinglocationsin the image
labeledwith anobjectof interest.

1.3 Outline of the Thesis

Weconcludethischapterwith anoutlineof therestof thethesis.
Chapter 2 discussesin detailthenearestneighborframework. We �rst derive

the optimal nearestneighbordistancemeasurethat maximizesthe classi�cation
performance,in termsof theprobabilitydistribution thata pair of imagesbelong
to the sameclass.We thenshow how preciselythe optimal distancemeasureis
differentfrom themorefamiliarmetricdistancemeasuresthatarecommonlyused
in the literature. We alsocomparethe classi�cationperformanceof the optimal
distancemeasurewith the Bayesoptimal risk as well as the bestperformance
possiblefor any metricdistance.Finally, we survey relatedwork in theliterature
on �nding optimaldistancemeasuresfor nearestneighborsearch.

Chapter 3 discusseshow wemodelandestimatetheoptimaldistancemeasure
in practice.We �rst arguefor theadvantagesof directly modelingthepair-wise
distribution ratherthan the alternative approachof �rst estimatinga generative
modelfor eachclassandthenderiving thepair-wisedistribution.Wethenconsider
alinearmodelfor theoptimaldistancemeasurethatcombineselementarydistance
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measuresactingon simplefeaturespaces.Discreteandcontinuouslinearmodels
arethenconsideredin detailaswell astheirusein ahierarchicaldistancemeasure
thatis bothef�cient andaccurate.

A linearmodelfor thedistancemeasureimpliesanexponentialmodelfor the
pair-wisedistribution, theestimationof which is consideredunderthemaximum
likelihoodframework in Chapter 4. We thennotetherelationshipwith themax-
imum entropy framework that givesusan alternative view of our approach.We
re-examinea naturalselectionschemeunderthe maximumentropy framework
that hasbeenproposedin the literaturein a differentcontext (Zhu et al., 1998)
and show that, althoughthey look very different, the maximumentropy selec-
tion procedureis thesameastheselectionprocedureunderthemaximumlikeli-
hoodframework. Wealsodiscusssimilaritiesbetweenourwork andtheboosting
framework.

In Chapter 5, wediscusstheconstructionof candidatediscriminatorsrequired
for the maximumlikelihoodselectionschemepresentedin Chapter 4 for dis-
cretedistancemeasures.We�rst presentaverygeneralapproachfor constructing
discriminatorsthat is simple to implementand applicableto any featurespace
equippedwith an arbitrarydistancemeasure: the nearestprototypediscrimina-
tor. To generatesuchdiscriminatorsef�ciently , we develop a simplesampling
strategy with provableperformanceguarantees.For linearfeaturespaces(for ex-
ample,normalizedpixel intensities),we proposeanotherapproachfor generating
gooddiscriminatorsthatcanbeposedasoptimizinganobjective functionencod-
ing variouscriteria for gooddiscrimination.Theoptimizationcanbeperformed
by iteratively solvingtwo associatedeigenproblems.

Chapter 6 dealswith thetrainingphasefor thenearestneighborclassi�er. We
�rst discussthechoiceof featuretypesthatwill beused.We discusstheef�cient
constructionof histogramsof variousfeaturetypes(color, contour, texture).Next,
we discussthe decompositionof eachtraining imageinto a few spatiallynon-
overlappingdiscriminative parts. The chapteralsodiscusseshow discriminators
thatareusedto form thediscretedistancemeasurecanbeorganizedin a tree-like
structurefor run-timeef�ciency. Thechapterconcludesby describingin detailthe
completeobjectdetectionsystemthatwe have implementedto testourapproach.

Chapter 7 reportsresultson two detectiontasks:an indoor taskanda face
recognitiontask. The chapterincludesa detailedempiricalanalysisof the vari-
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ousparametersandissuesthat affect classi�cationperformancewhenusingthe
proposedhierarchicaldistancemeasure.

Chapter 8 concludeswith a discussionon possibledirectionsfor future re-
search.
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Chapter 2

Optimal NN DistanceMeasure

In this chapterwe presentour approachfor �nding gooddistancemeasuresthat
maximizetheclassi�cationperformanceorequivalentlyminimizethemis-classi�cation
risk for thenearestneighborsearch.Theoptimaldistancemeasurethatminimizes
the risk is the pair-wise distribution that indicateshow likely two imagescome
from thesameor differentobjectclasses.In general,this distancemeasureis not
ametricdistancewhich is themostpopulardistancemeasureassumedin theliter-
ature.Wewill investigatepreciselywhereandhow themetricaxiomsareviolated.
Next, wewill studythenearestneighborclassi�cationperformanceundertheop-
timal distancemeasureandcompareit with theperformanceof metricdistancesas
well astheBayesoptimalclassi�cationperformance.Weconcludethechapterby
surveying prior work onoptimaldistancemeasuresfor nearestneighborsearch.

2.1 The Setting

We assumethatwe have a trainingsetSn = f (x1; y1); (x2; y2); : : : ; (xn ; yn )g of
sizen whereeachtuple (x i ; yi ) is choseni.i.d. from someunknown distribution
overX � Y whereX is thespaceof all imagemeasurementsandY is somedis-
crete�nite setof classlabels.A measurementis therepresentationof theimagein
termsof asetof featureslikecolor, shapeor texture.Wearealsogivenadistance
measured : X � X ! IR betweenany two imagemeasurements.Thedistance
measureis assumedto besymmetricandhasthefollowing qualitativeinterpreta-
tion: for threeimagesx; x0; x00, if d(x; x0) < d(x; x00), thenx0 is consideredto be
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“closer” to x thanx00. In a nearestneighborsearch,only suchrelative valuesof
thedistancemeasureareof interestandthuswedonot imposeany restrictionson
adistancemeasureotherthansymmetry. In particular, wedonotassumeametric
distance(for de�nition seediscussionbelow), in contrastwith mostwork in the
literature(Dasarathy, 1991).

Whengiven a new input imagex 2 X , the 1-nearestneighborrule reports
the classlabel y0 associatedwith the training imagex0 2 Sn that is closestto x
accordingto thedistancemeasured. Let L(y; y0) besomelossfunctionthatgives
thelossincurredby theNN rule if y is thetrueclasslabelof x ratherthany0. Let
p(x; y) bethejoint distributionover imagemeasurementsandclasslabels.Given
thatx0 2 Sn is thenearestneighborto input x, wecanthende�ne theconditional
risk r (x; x0) to betheconditionalexpectationover thelossfunctionL asfollows:

r (x; x0) � Ey;y0L(y; y0)

=
X

y;y0

L(y; y0)p(y; y0 j x; x0)

=
X

y;y0

L(y; y0)p(y j x)p(y0 j x0) (2.1)

wherethelastequationfollowsfrom thei.i.d. assumption.
Then-sampleNN risk R(n) is de�ned as:

R(n) � E(x;y );Sn [L(y; y0)] (2.2)

wheretheexpectationis takenover all inputsx aswell asall trainingsetsSn of
sizen. Notethatx0 is thenearestneighborof x in Sn andthereforex0 is a function
of x, howeverx0 doesvary with Sn . Dueto thei.i.d. assumption,givena nearest
neighborx0, thecorrespondingclasslabely0 is dependentonly onx0. Thuswecan
expresstheNN risk in termsof theconditionalrisk r (x; x0) asfollows:

R(n) = Ex;X n [r (x; x0)] (2.3)

whereX n is thesetof only thetrainingmeasurementsx i from Sn , excludingthe
correspondingclasslabelsyi . Thelargesampleor asymptoticrisk is de�ned as:

R � lim
n!1

R(n) (2.4)
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2.2 Optimal 1-NN DistanceMeasure

Considera 0-1 lossfunction given by L(y; y0) = 1 if y 6= y0 andL(y; y0) = 0
otherwise. Then the conditionalrisk r (x; x0) measuresthe probability of mis-
classifyingx if x0 is assignedasits nearestneighbor, while therisk R(n) measures
theaveragemis-classi�cationerrorof theNN rulefor atrainingsetof sizen. It can
beveri�ed thatfor the0-1 loss,theconditionalrisk (2.1)reducesto thefollowing:

r (x; x0) =
X

y6= y0

p(y j x)p(y0 j x0)

= p(y 6= y0jx; x0) (2.5)

The risk r (x; x0) = p(y 6= y0jx; x0) de�ned on any two measurementsx andx0

canbethoughtof asa “discriminative” measurebetweenthetwo imagemeasure-
ments,sinceit indicatesthe probability that the two measurementscomesfrom
thesameobjectclassor not.

For a giventrainingsetsizeof n, therisk R(n) dependsonly on thedistance
measured usedfor thenearestneighborsearch.Thus,it is naturalto askfor the
distancemeasurethatminimizesthe risk. Thediscriminative distribution p(y 6=
y0jx; x0) canitself bethoughtof asa distancemeasurefor which two imagesare
“closer” to eachotherif they areboth likely to comefrom thesameclassrather
thanfrom differentclasses.We canin fact easilyshow that this discriminative
distributionwhenconsideredasadistancemeasureminimizestheNN risk.

For a given input x and training set Sn , using d � p(� j �; �) as the dis-
tancemeasuregivesthe training examplex0 that minimizesthe conditionalrisk
r (x; x0) = p(y 6= y0jx; x0) over the trainingsetSn sinceby constructionthedis-
tancemeasureusedis also the conditionalrisk and thus �nding x0 2 Sn that
minimizesthe distancemeasurealsominimizesthe conditionalrisk. Sincethe
conditionalrisk r (x; x0) is minimizedfor any inputx by thechosendistancemea-
sure,the unconditionalrisk R(n) is also minimized. We have thus shown the
following:

Theorem 1 Thedistancemeasure d(x; x0) � p(y 6= y0jx; x0) minimizesthe risk
R(n) for anyn.

Note that the above resultremainstrue even if we transformthe discrimina-
tive distribution by any monotonicallystrictly increasingfunctionf . This is true
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becauseusingd � f (p(�j� ; �)) asthe distancemeasurereturnsthe samenearest
neighboraswhenusingd � p(�j� ; �). We will usethis fact laterwhenmodeling
theoptimaldistancemeasure(seex 3.2).

2.2.1 The Pair-WiseDistrib ution is not a Metric Distance

Most previouswork in the literature(Dasarathy, 1991)wasinterestedin �nding
anoptimalmetricdistance.A distancemeasured(x; x0) is a metricdistanceif it
satis�espositivity: d(x; x0) � 0 with equalityif f x = x0, symmetry:d(x; x0) =
d(x0; x) andthe triangleinequality: d(x; x0) + d(x0; x00) � d(x; x00). In general,
thereis no reasonto expect that the pair-wise distribution is a metric distance.
Nevertheless,it is instructiveto seewhichof theconditionsabovearenotsatis�ed
by thepair-wise likelihoodwhenconsideredasa distancemeasure.Typically, it
is assumedthatthemostcommonreasonthata distancemeasureis non-metricis
becauseit violatesthetriangleinequality. Surprisingly, this is not thecasefor the
pair-wisedistribution.

As before,let p(x; y) be the distribution over X � Y underwhich measure-
mentsx andcorrespondingclasslabelsy aredrawn i.i.d. An expressionfor the
pair-wisedistribution that is equivalentto theonein (2.5)but is moreconvenient
for thepresentdiscussionis givenby:

p(y 6= y0 j x; x0) =
X

y

p(yjx)(1 � p(yjx0)) (2.6)

Positivity. It caneasilybe shown that positivity is not satis�ed by the pair-wise
distribution in general.As a simplecounter-example,let p(yjx) = 1=jYj beuni-
formly distributedoverall classlabelsfor all x 2 X (jY j is thenumberof classes).
Thenp(y 6= y0jx; x0) = 1 � 1=jY j > 0 evenwhenx = x0.

More generally, whenx = x0, p(y 6= y0jx; x0) = 0 if f x belongsto oneof the
classeswith completecertainty, i.e. p(yjx) = 1 for somey andp(y0jx) = 0 for
y0 6= y. Theif partis immediatefrom ther.h.s.of (2.6).For theconverse,wehave
P

y p(yjx)(1 � p(yjx)) = 0, from whichp(yjx)(1 � p(yjx)) = 0 for eachy since
eachtermin thesumis non-negative. Thuseitherp(yjx) = 0 or p(yjx) = 1 for
eachy. Finally, since

P
y p(yjx) = 1, we have thedesiredresult.In otherwords,

lackof positivity for any measurementx is dueto lackof completecertaintyabout
its classmembershipwhichwill bethecasein mostrealtasks.
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Lackof positivity leadsto thethemostimportantdifferencebetweenthepair-
wisedistributionandany metricdistancemeasure:thenearestneighborof agiven
measurementx over thewholespaceX underthepair-wisedistribution distance
measureneednotbex itself. This propertywill turn out to bethereasonwhy the
optimaldistancemeasureout-performsany metricdistancemeasurein general,as
discussedin thenext subsection.
Symmetry. Next, symmetryis satis�edsincetheorderof thetwo measurementsx
andx0 in thepair-wisedistribution is immaterial.
Triangle Inequality. Lastly, it might seemthat the triangleinequalitywill not be
satis�edby thepair-wisedistributiondistancemeasurein generalfor anarbitrary
distributionp(x; y). Surprisingly, this is not thecaseasweshow next.

Sincep is a probability measureand thus takes valuesin [0; 1], p(yjx) �
p(yjx)(1 � p(yjx00)) as well as (1 � p(yjx00)) � p(yjx)(1 � p(yjx00)) . Using
thesetwo relations,

p(yjx)(1 � p(yjx0)) + p(yjx0)(1 � p(yjx00))

� p(yjx)(1 � p(yjx00))(1 � p(yjx0)) + p(yjx0)p(yjx)(1 � p(yjx00))

= p(yjx)(1 � p(yjx00))

Summingovery onbothsidesandusing(2.6)yieldsthedesiredtriangleinequality
for thepair-wiselikelihood.

Symmetryandthe triangleinequalityimplies that if x0 is closeto bothx and
x00, then x and x00 shouldalso be closeto eachother. This property is useful
for someapplicationslike ef�cient imageretrieval (BermanandShapiro,1997;
Barrosetal., 1996).

Finally, we notethat Jacobset al. (2000)have investigatedthepropertiesof
robust distancemeasuresusedin computervision. They show that mostrobust
distancemeasuresdo not satisfythemetricaxioms- in particularthetrianglein-
equality. Howeverthey werenotconcernedwith theissueof whetherthedistance
measureusedis optimalasis thecasein ourwork.

2.2.2 Classi�cation PerformanceComparison

As mentionedbefore,most of the work in the literaturehasassumeda metric
distance.An importantquestionis if thepair-wisedistribution distancemeasure
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can outperformany metric distancein the limit as the size of the training set
grows to in�nity . It wasshown in (CoverandHart,1967)thattheasymptoticrisk
for any metricdistanceis atmosttwice theBayesoptimalrisk. Givenaninput x,
theBayesoptimaldecisionassignsx to theclassy thatmaximizestheposterior
p(yjx). Of course,in generaltheposteriordistribution is not known in practice,
but theBayesrisk indicatestheoptimalperformancethatany classi�ercanhopeto
achieve. DenotingtheBayesoptimalrisk by RB , (CoverandHart,1967)showed
thefollowing whenthedistancemeasureusedis any metric:

RB � RM � 2RB

whereRM is theasymptoticrisk de�ned in (2.4) for thenearestneighborruleus-
ing any metric distance.Sincethe classof metric distancemeasuresis a subset
of theclassof all distancemeasures,andsincethepair-wisedistributiondistance
measurep(y 6= y0 j x; x0) minimizestherisk over all distancemeasures(seethe-
orem1 whereno restrictionson thedistancemeasuresweremade),we conclude
thatnometricdistancecanoutperformthepair-wisedistributiondistancemeasure.
On theotherhandwe give anexamplewherethepair-wisedistribution distance
measureoutperformsany metric,in factit achievestheBayesoptimalrisk for the
example.
Example. We usethe sameexamplepresentedin (Cover and Hart, 1967) for
which the NN asymptoticrisk as well as the Bayesoptimal risk can be easily
determined.The measurementsx arereal-valuedandcomefrom two classesy1

andy2 with triangulardensitiesp(xjy1) = 2x, p(xjy2) = 2(1 � x) respectively
with priorsp(y1) = p(y2) = 1=2. For thesedensitiesandpriors,thedensityon x
(p(x)) is uniformon [0; 1]. SeeFigure2.1.

Thepair-wisedistribution for two measurementsx; x0 is thengivenby:

p(y 6= y0 j x; x0) = x(1 � x0) + (1 � x)x0 (2.7)

Let Sn be a training setof sizen. For two measurements,x1 andx2 from the
training set, the conditionsunderwhich anothermeasurementx is closerto x1

thanit is to x2 whenusingthe pair-wise distribution asthe distancemeasureis
givenby:

x(1 � x1) + (1 � x)x1 < x(1 � x2) + (1 � x)x2

=) (x1 � x2)(1 � 2x) < 0
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PSfragreplacements

p(y1jx) = 2(1 � x) p(y2jx) = 2x

Figure2.1: A two classexamplefrom (Cover andHart, 1967),thatwe reusefor
illustratingtheclassi�cationperformanceof nearestneighborperformanceunder
variousdistancemeasures.Note that at x = 0 and1, the classmembershipis
completelycertain.
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Thuswhen0 � x < 1=2, the smallerof x1 andx2 is closerto x, whereasfor
1=2 < x � 1, thegreaterof x1 andx2 is closerto x. Thusgivena trainingsetof
sizen with measurementsX n = f x1; : : : ; xng, thenearestneighborx0

n in X n for
aquerypointx is givenby therule:

x0
n =

(
min

i
x i ; x i 2 X n if x < 1=2

max
i

x i ; x i 2 X n if x � 1=2

It canbeseenthatsincethedensityfor x is uniform on [0; 1], in thelimit asn !
1 min

i
x i ; x i 2 X n convergesto 0 with probabilityone.Similarly, max

i
x i ; x i 2

X n convergesto 1 with probabilityone.Thisexampleillustratesaclaimwemade
in the previous subsection,namelythe lack of positivity for the pair-wise dis-
tribution implies that in generalthe nearestneighborfor a measurementx over
the whole spaceX neednot be x itself. In this example,only 0 and1 aretheir
own nearestneighbors. Note that 0 and 1 have completecertaintyas to their
classmembership.More generally, for a discriminationtaskwith morethantwo
classes,the nearestneighborof an input measurementwill be the measurement
from thetrainingsetwhoseclassmembershipis mostcertain.

With theselimits, wehave from (2.7):

p(y 6= y0 j x; x0) =
�

x if x < 1=2
1 � x if x � 1=2

= minf x; 1 � xg

Theexpressionon the right handsideabove canalsobe shown to be thecondi-
tional Bayesrisk for a given input x. The Bayesdecisionassignsx to the class
that minimizesthe mis-classi�cationprobability. In otherwords,it assignsx to
theclassy thatminimizes1� p(yjx). It canbeveri�ed thattheBayesrisk incurred
is indeedtheright handsideof theequationabove.

Thetotal risk R usingthepair-wisedistributionasdistancemeasure(or equiv-
alentlytheBayesrisk for thisexample)is givenby:

RB = R =
Z 1

0
minf x; 1 � xgdx =

1
4

Ontheotherhand,usingany metricasadistancemeasure,thenearestneighborx0

canbeshown to convergeto x asn ! 1 underquitegeneralconditions(Cover

24



andHart,1967).Thusfrom (2.7),whichis alsotheexpressionfor therisk incurred
whenx0 is thenearestneighborof x, theconditionalrisk incurredfor agiveninput
x whenusingany distancemetric is 2x(1 � x) in the limit asn ! 1 . Thetotal
asymptoticrisk RM for any metricis thengivenby:

RM =
Z 1

0
2x(1 � x)dx =

1
3

ThusRB = R < RM for thisexample.
In summary, for thisexamplethepair-wisedistributiondistancemeasureout-

performsany metricdistancemeasurein the large samplelimit andfurthermore
attainstheleastpossiblerisk thatcanbeachievedby any classi�cationprocedure,
namelytheBayesoptimalrisk RB . Thereasonwhy thepair-wisedistributiondis-
tancewasableto outperformany metricdistancemeasurewaspreciselybecause
of its lackof positivity. In theexample,therewasat leastonemeasurement(0 and
1 in this example)for which therewascompletecertaintyasto which classit be-
longsto andthenearestneighborundertheoptimaldistancemeasureapproaches
oneof thesetwo measurementsin the largesamplelimit. As expressedin (2.6),
themis-classi�cationrisk canbeseento beproportionalto theclasslabeluncer-
taintyof thenearestneighborx0aswell astheuncertaintyof thequeryx. Sincethe
queryis given,theonly strategy for reducingtherisk is to choosethethenearest
neighborwith theleastclasslabeluncertainty, whichis preciselywhattheoptimal
distancemeasuredoes.Any metricdistancemeasureon theotherhandreturnsa
nearestneighborx0 thatapproachesthequeryx in the largesamplelimit, whose
classlabeluncertaintyis thusgivenandcannotbereduced.

In general,thereneednot beany measurementwith completeclasslabelcer-
tainty for a given task. Thus the asymptoticrisk attainedby using the optimal
distancemeasurecanbe anywherebetweenthe Bayesoptimal risk andthe risk
obtainedusingametricdistance,i.e.:

RB � R � RM

In practice,we will have to estimatetheoptimaldistancemeasurefrom train-
ing data. Beforetaking up this issue,we �rst survey previous work on �nding
gooddistancemeasuresfor thenearestneighborrule.
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2.3 Prior Work

Our survey can be consideredto be quite comprehensive sincelittle work has
beendoneon �nding gooddistancemeasurescomparedwith otheraspectsof the
nearestneighborrule. Most work to datehasfocusedon �nding good metric
distancemeasures.Typically, themetricdistanceassumedis euclideanfor which
a linear transformthatoptimizessomecriterion is found. In our case,we cannot
assumethatthemeasurementsareembeddedin any metricspace,especiallysince
an imagemay be representedusingmeasurementsfrom differentfeaturespaces
(color, shape,texture) thatcannotbecombinedusinga commonmetricdistance
measure.

ShortandFukunaga(1981) �nd a metric distancemeasurethat reducesthe
discrepancy betweenthe�nite sampleNN risk (2.2)andtheasymptoticrisk (2.4).
The distancemeasureis approximatedby a local metric that is estimatedfrom
the trainingdatafor every querypoint. Sinceestimatinga local metricanew for
every querypoint is expensive, in subsequentwork (FukanagaandFlick, 1984)
theauthorspresentedagloballyoptimalquadraticmetricthatminimizesthesame
errorcriteriaabove.

HastieandTibshirani(1996)also�nd a local metric for a givenquerypoint.
Theirapproachdraws inspirationfrom thetraditionalwork on lineardiscriminant
analysis(LDA) but appliedlocally. The local metric is derived from local esti-
matesof thewithin classandbetweenclassscattermatricesjustasfor LDA. The
local metricemphasizesbetweenclassvariationswhile suppressingwithin class
variations.

Friedman(1994)estimatesthe relevanceof eachcomponentof themeasure-
mentor linearcombinationsof thecomponentsfor any givenclassi�cationtask.
Therelevanceis estimatedlocally for eachquerypointusinga tree-structuredre-
cursive partitioningtechnique.The relevanceof a componentis proportionalto
how usefulthecomponentis for discriminatingclasses.Essentially, the method
�nds a locally adaptedmetricfor eachquerypoint.

Mel (1997)approachesthe objectdetectiontaskusing the nearestneighbor
framework just aswe do. Objectviews arerepresentedin termsof color, shape
andtexturehistograms,which is thesamebasicrepresentationthat we will also
usein our work (seeChapter6 for details). The authordeterminesa weighted
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L1 distancemeasureusingthe intuitive heuristicthat the optimal metric should
clusterobjectviews from the sameclasswhile separatingviews from different
classes.However, themetricis determinedusinganintuitivebut ad-hocobjective
function that encodesthe heuristicabove. The objective function is optimized
for theoptimalweightsfor theL 1 distancemeasureusinggradientdescent.The
weightedL 1 metricfoundis globalwith no local adaptationto aquerypoint.

BlanzieriandRicci (1999)proposeto usethesamepair-wisedistributiondis-
tancemeasureaswe do. However, they justify usingthe pair-wise distribution
asa simpleralternative comparedwith estimatingthedistancemeasurein Short
andFukunaga's (1981)work. The authorsdo not seemto have realizedthat the
pair-wisedistributionmeasureis in facttheoptimalmeasureto use.Furthermore
in their work, the pair-wise distribution distancemeasureis constructedby �rst
estimatinga generative modelp(xjy) for eachclassfrom the training dataand
thenusing(2.5)to expressthepair-wisedistributiondistancemeasurein termsof
theposteriorsp(yjx) (which canbe obtainedfrom thegenerative modelsp(xjy)
andthepriorsp(y) usingBayesrule).

Lastly, we survey work doneon the so-calledCanonicalDistanceMeasures
(CDM) (BaxterandBartlett,1998;Minka, 2000). Themotivationfor this work
is to �nd a distancemeasurefor usein a nearestneighborrule thatminimizesthe
mis-classi�cationrisk over a distribution of classi�cation tasksratherthanjust a
singletask.For example,themeasurementspacemight betheheightof aperson,
andtwo classi�cationtasksmight thenbethegenderandethnicityof theperson.

Similar in spirit to theargumentwemadefor theorem(1), theoptimaldistance
measure,called the CDM in (BaxterandBartlett, 1998), that �nds the nearest
neighborthatgivestheleastmis-classi�cationrisk whenusingthenearestneigh-
bor rulewasshown to betheexpectedrisk overall classi�cationtasks:

d(x; x0) = Ef [L(f (x); f (x0))]

whereeachf givestheclasslabelfor aninputmeasurementfor a giventask,and
L is a lossfunction.

We arenot wholly convincedof the needfor a distancemeasurethat is op-
timal over a distribution of classi�cation tasks. Certainly at run-time, we will
know which particularclassi�cationtaskthatwe needto tackle.Thus,at training
time,if wehadestimatedtheoptimaldistancemeasurefor eachclassi�cationtask

27



andusetheseindividually tailored distancemeasuresat run-time, the resulting
averageclassi�cationperformanceover all taskswill be betterthanthe average
classi�cationperformanceof theCDM. Nevertheless,for a singletask,theCDM
framework is relatedto ourwork asfollows.

In the original formulation, the classi�ers f areassumedto be perfect,that
is, they give the trueclasslabel for eachinput measurement.More recently, this
requirementhasbeenrelaxedandgeneralizedsuchthat theclassi�erscangive a
distributionoverclasslabelsfor eachinputmeasurement.

If we assumethat we have only one classi�cation task, then underthe 0-1
lossfunction, the above generalizationto the CDM framework canbe shown to
givethepair-wisedistribution(2.6)–which is theoptimaldistancemeasurein our
work– asalsotheoptimaldistancemeasurein theCDM framework, see(Baxter
andBartlett,1998;Minka, 2000).However, just asin (BlanzieriandRicci, 1999)
discussedabove, this pair-wise distribution is still determinedin (Minka, 2000)
by �rst estimatingagenerativemodelp(yjx) for eachclass.

We arguein the next chapterthat if the generative modelsp(yjx) canbe es-
timatedreliably, thenwe arebetteroff usingthe Bayesoptimal decisionrule to
assignan input measurementx to the classwith the highestposteriorp(yjx). If
the generative modelsare learnedusingan unbiasedestimator, thenasymptoti-
cally asthe numberof samplesin the trainingsetincreases,we will achieve the
Bayesoptimal risk. Thus,thereis no advantagein usinga 1-NN decisionrule.
In fact,non-parametricdecisionruleslike thenearestneighborrule areusedpre-
ciselywhenwecannothopeto reliablyestimategenerativemodelsfor eachclass.
This is certainlythecasefor objectdetectiontaskswhereit is not obviouswhata
goodgenerative modelwould befor anarbitraryobjectclass,muchlessobvious
whetherwewill beableto reliablyestimatethemodelfrom trainingdata.
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Chapter 3

Modeling the Optimal Distance
Measure

Unlikepreviousapproaches,wewill directlymodelandestimatethepair-wisedis-
tribution from trainingdata,usinga simpleadditive logistic model. The logistic
modellinearly combineselementarydistancemeasures,eachof which is de�ned
over simple featurespaceslike color, texture and local shapeproperties. Two
typesof distancemodelsareinvestigated:discreteandcontinuousmodels.Dis-
cretedistancemodelscombinediscretizedelementarydistancemeasuresthatare
associatedwith discriminatorsconstructedin simplefeaturespaces.Eventhough
we show the somewhat surprisingresult that thereexists discretedistancemea-
suresthatgive thesameperformanceastheoptimaldistancemeasure,in practice
the linear discretemodel will only be good enoughfor performingcoarsedis-
crimination.On theotherhand,they alsopermitanimplementationthat leadsto
ef�cient neareastneighborsearch.In comparison,continuousdistancemodelare
typically moreaccuratein practicebut moreexpensive whenusedfor searching
overalargetrainingset.Thusthetwo modelscomplementeachother. Weusethis
fact to developa hierarchicaldistancemeasurewhich combinesthe two models
to yield anearestneighborsearchthatis bothef�cient aswell asaccurate.
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3.1 Our Approach

As notedat theendof the lastchapter, oneapproachto estimatingthepair-wise
distributionp(y 6= y0jx; x0) is to �rst estimatea generative modelp(xjy) for each
classandthenuse(2.5). Instead,in our approachwe directly estimatethe pair-
wisedistributionp(y 6= y0jx; x0) from trainingdata.We will arguethatthis direct
approachis more appropriateand stablefor the object detectiontask than the
indirectapproachwherethegenerativemodelsp(xjy) are�rst estimated.

Specifyinga generative modelp(xjy) might requiremany moreparameters
thanis requiredfor specifyingthepair-wisedistributiondistancemeasurethatwe
areultimately after. The classicexampleis the two classcasey 2 f +1; � 1g,
wherethe generative model for eachclassis assumedto be Gaussianp(xjy) =
N (x; � y; �) parametrizedby a mean� y for eachclassanda covariancematrix
� that is the samefor both classes.Supposethe measurementsx lie in an n
dimensionalvectorspace,thenwe requireO(n2) parametersto specifythemean
andcovariance.However, it canbeshown thatonly O(n) parametersis suf�cient
to specifythepair-wisedistribution distancemeasure.For two classes,thepair-
wisedistributiondistancemeasureis givenby:

p(y 6= y0jx; x0) = p(y = +1jx)p(y0 = � 1jx0) + p(y = � 1jx)p(y0 = +1jx0)

(3.1)

againunderthei.i.d assumption.Theposteriorsp(yjx) areexpressedin termsof
thegenerativemodelsasfollows:

p(y = +1 j x) =
p(x j y = +1) p(y = +1)

p(x)

=
1

1 + aexp(� lT x + b)
l = � � 1(� +1 � � � 1)

b = � T
� 1�

� 1� � 1 � � T
+1 � � 1� +1

a =
p(y = � 1)
p(y = +1)

p(y = � 1 j x) = 1 � p(y = +1 j x)

In theabove, thehyper-planel, known astheFisherdiscriminant(Bishop,1995;
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Dudaetal.,2001),andthusalsothepair-wisedistributiondistancemeasure,needs
only O(n) parametersto specify.

In general,given a limited amountof training data,the estimationof model
parametersfrom the datais morewell-conditioned,the fewer the parametersin
themodel(Bishop,1995). For a morein-depthargumentfor directly estimating
parametersfor adiscriminativetaskratherthan�rst estimatinggenerativemodels
asanintermediatestep,see(Vapnik,1999).Below wecorroboratethisclaimwith
asimplesyntheticexperiment.

Weconsidertwo classeswith equalprior, eachof whichhaveGaussiandistri-
butionswith thesameunit covariancede�ned overavectorspace.Thedimension
n of thethevectorspacewasvariedfrom 5 to 100in stepsof 5 in theexperiments
below. In eachcase,themeansof thetwo Gaussianswereseparatedby two units.
A trial experimentconsistedof a trainingsetof 20 samplesfrom eachof thetwo
classesandatestingsetof 500samples.Theresultsreportedbelow wereaveraged
over20suchtrials.

For eachdimensionn of the measurementspace,the maximumlikelihood
estimatesfor the two meansandthe commoncovarianceof the Gaussiandistri-
butionsfor the two classeswereestimated.As mentionedbefore,this required
the estimationof O(n2) parameters.The resultingestimatedgenerative models
for the two classeswereusedto classifythetestingsetusingtheBayesdecision
rule. For comparison,we alsoestimatedthemaximumlikelihoodparametersfor
the optimal NN distancemeasure(3.1) directly from the training data. This re-
quiredtheestimationof only O(n2) parameters.Theresultingestimateddistance
measurewasthenusedto classifythetestingsetusingtheNN rule.

Figure3.1 comparestheperformancefor thegenerative versusthedirectap-
proachasthedimensionof themeasurementspaceis varied.As canbeseen,both
approachesperformquiteabit worsethanthegroundtruthperformancedueto the
very limited numberof trainingexamples.However, asthedimensionincreases
thedirectapproachquickly outperformsthegenerativeapproach.

In thecaseof anobjectdetectiontask,theaboveconsiderationsareevenmore
pertinent.Typically, for a generalobjectdetectiontaskwe caneasilythink of a
few featuresthatmight besuf�cient for discriminationwhile thesesamefeatures
maynot be suf�cient for specifyinga generative modelfor any classof objects.
For example,carsandhumansmaybesuf�ciently discriminatedfrom eachother
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Figure 3.1: Comparisonof the generative vs. discriminative approachin a synthetic
experiment.Seetext for details.
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by thepresenceor absenceof wheelsor legs.However, wheelsandlegsaloneare
not suf�cient for specifyingagenerativemodelfor carsandhumansrespectively.
More generally, we have the furtherdif�culty of beingunableto easilycomeup
with agenerativemodelfor anarbitraryobjectclassin the�rst place.In theworst
case,eachnew objectof interestmight requirea differentgenerative model. On
theotherhand,thesamefew features(saybasedoncolor, shapeandtexture)might
besuf�cient for discriminatingall objectclassesof interestfrom eachother.

3.2 Modeling the Optimal DistanceMeasure

Keepingin mind the argumentsin the previous section,we now discussour ap-
proachfor directly modelingthe pair-wise distribution p(y 6= y0jx; x0). A prob-
ability measureis constrainedto lie between0 and 1 on the real line. Instead
of working with the pair-wise distribution directly, we will instead�nd it more
convenientto work with a transformof the distribution that is unconstrainedon
the real line. Recall from theorem1 that we canuseany monotonicallystrictly
increasingtransformwithout changingthenearestneighborreturned.

Theparticulartransformof thedistancemeasurethatwe will useis the logit
transform(HastieandTibshirani,1990;McCullaghandNelder, 1989):

H (x; x0) � log
p(y 6= y0 j x; x0)
p(y = y0 j x; x0)

As desired,thelogit transformis unconstrainedontherealline �1 < H (x; x0) <
1 , andwill thusbe easierto work with. Inverting the transform,the pair-wise
distributionandits inversecanbeexpressedin termsof H as:

p(y 6= y0 j x; x0) =
eH (x;x 0)

1 + eH (x;x 0)
(3.2)

p(y = y0 j x; x0) =
1

1 + eH (x;x 0)
(3.3)

Wenow discusshow wemodelthedistancemeasureH (x; x0). Chapter4 will
discusstheestimationof themodelfrom trainingdata.

For a generalobjectdetectiontaskwith an arbitrarycollectionof objectsof
interest,thereis no prior expectationthat the optimal distancemeasurewill as-
sumeany particularform. Differentdiscriminationtasksmay requiredifferent
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models. On the otherhand,whatever modelwe considershouldbe feasibleto
implementin practice. One simple approachthat we adoptin this thesisis to
approximatetheoptimaldistancemeasureby combiningmore“elementary”dis-
tancemeasures,eachof which is de�ned over simple featurespaceslike color,
local shapeor texture. Oneadvantageof adoptingsuchan approachis the ease
with whichsuchsimplefeaturespacescanbeimplementedin practice,alongwith
the variety of simplefeaturespacesthat we canchoosefrom. For example,we
canconsidersimplehistogramsof featuresaswe do in this thesis,for which one
choicefor theelementarydistancemeasureis the� 2 distanceor wecouldusethe
simplerL1 distanceaswe do in this thesis.Othersimplefeaturespacesinclude
edgemapswith theHausdorff distancemeasure(Huttenlocheretal.,1993),shape
contexts (Belongieet al., 2002),or normalizedpixel intensitieswith the simple
euclideandistancemeasure(Nayaretal., 1996).

We seekto combinea setof simplefeaturespacessinceno onefeaturespace
canbeexpectedto besuf�cient for anarbitrarydiscriminationtask.Theidealset
of featurespaceswill complementeachotherfor thediscriminationtaskat hand.
Givena setof featurespaces,we next turn to the issueof what is anappropriate
modelfor combiningtheelementarydistancemeasuresassociatedwith thefeature
spaces.

In general,the appropriatemodelwill dependon the discriminationtaskat
handaswell asthechoicefor thefeaturespacesin which imagesarerepresented.
Thuswenext motivatetheappropriatemodelthatweuseby �rst lookingatactual
datafor thediscriminationtaskathand.

In our thesis,wewill usehistogramsof variousfeatureslikecolor, localshape
propertiesandtextureasthesimplefeaturespacesthatwewould like to combine
in our model. Histogramswerechosensincethey canbe ef�ciently computed
from an input imageandarestablerepresentationswith respectto a fair amount
of distortionsin viewing conditions.SeeChapter6 for details.

Wewishtomodelthelogit transformH (x; x0) (3.2)or thelog oddsratiowhich
is a functionof pairsof images.To getanideafor whatshouldbeanappropriate
modelfor combiningelementarydistancemeasuresassociatedwith simplefeature
spaces,we plot in Figure3.2 the distribution of distancescoresin suchfeature
spacesbetweenimagesof objectpartsfrom a collectionof 15 objectsof interest
fromanindoordetectiontaskdescribedin Chapter7 andrandomlysampledimage
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patchesfrom backgroundclutter. Thefeaturespacesconsideredarehistogramsof
color, textureandlocal shapeproperties.Theelementarydistancemeasureused
in thesefeaturespacesis theL 1 distance.

As canbeseenfrom theleft columnin the�gure, thedistancescoresbetween
imagesfall into oneof two overlappingdistributionsthatdependon whetherthe
pair of imagescamefrom thesameobjectpartclassor from differentclasses(in-
cluding clutter). The distancescorecanbe divided roughly into threeintervals
alongthex-axis.Themiddleinterval is wheredistancescoresarehardestto clas-
sify asto whetherthey comefrom imagesbelongingto thesameobjectpartclass
or to differentclasses.

Theright columnof the�gure plotstheempiricallydeterminedlog oddsratio
(H (x; x0)). As canbeseenfrom theplots,in theuncertainmiddleinterval for each
featurespace,the log oddsratio is closeto linear asa function of the distance
score. Thus at least for this interval, we are justi�ed in using a linear model.
Modelingthisregionis whatis mostimportantfor adiscriminationtaskcompared
with modelingthe other regions whereone can be sureof the within-classor
without-classmembershipof adistancescorewith highcon�dence.Thusa linear
modelcanafford to �t theseouterregionspoorlycomparedwith �tting themiddle
region. It remainsto beshown however thattheestimationprocedurethatwe use
for learningsucha linear model from training datadoesin fact �t the middle
regionat theexpenseof theouterregions.SeeChapter4.

Theaboveobservationshold for eachof thefeaturespacesthatwe usein our
work. We can thusbe justi�ed in approximatingthe optimal distancemeasure
with a multi-dimensionalmodelthat linearly combinesthe elementarydistance
measuresin all of thefeaturespacesthatis used.More formally, weareassuming
anadditive logistic modelfor thepair-wisedistribution p(y 6= y0 j x; x0). Before
proceedinghowever, it shouldbe emphasizedthat the observationsthat led to
theconsiderationof a linearmodelin our caseneednot bevalid moregenerally
whendifferentfeaturespacesandor their associateddistancemeasuresareused
or whenthediscriminationtaskis different.Theusefulnessof suchalinearmodel
for arbitrarychoicesof discriminationtasksandor featurespacesremainsto be
seen.

More generally, let C be a possiblylarge collection of elementarydistance
measuresassociatedwith simplefeaturespaces.We wish to selectK elementary
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Figure3.2: Theleft columnplotsthedistribution of distancesin varioushistogramfea-
ture spacesthat we usein our work, betweenpairs of imagesof object partsfrom 15
objectsdescribedin Chapter7 andrandomlysampledimagepatchesfrom background
clutter. Thedistancescoresfall into two distributionsdependingon whetherthe pair of
imagescomefrom thesamepartclassor not. Thedistancescorecanbesplit roughlyinto
threeintervalsalongthex-axis.Themiddleinterval is whereuncertaintyis greatestasto
which of the two distributionsthedistancescorecomes.Theright columnplots the log
oddsratio (3.2).Notethelinearityof themiddleinterval.
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distancemeasuresdk 2 C from thecollectionthatbestapproximatetheoptimal
distancemeasureusingthefollowing linearmodel:

H (x; x0) � ~H (x; x0) � � 0 +
KX

k

� kdk(x; x0) (3.4)

In practice,the choicefor K will be basedon run-timeperformanceconsidera-
tions.

For agivenchoiceof K elementarydistancemeasuresfrom Cthecorrespond-
ing linearmodelfor H impliesa conditionalexponentialmodelfor thepair-wise
distribution. To seethis moreclearly, we canrewrite theexpressionsin (3.3) as
follows:

p(y 6= y0 j x; x0) =
eH (x;x 0)

1 + eH (x;x 0)
(3.5)

=
1

Z(x; x0)
eH (x;x 0)=2 (3.6)

p(y = y0 j x; x0) =
1

1 + eH (x;x 0)
(3.7)

=
1

Z(x; x0)
e� H (x;x 0)=2 (3.8)

(3.9)

whereZ(x; x0) = e� H (x;x 0)=2 + eH (x;x 0)=2 is a normalizingconstantgiven a pair
of imagesx andx0. ThuswhenH is approximatedby a linearmodel ~H , we get
a conditionalexponentialmodel sincethe exponentis linear in the parameters
� 0; : : : ; � K .

3.3 Discreteand ContinuousDistanceModels

We now considerthe typesof elementarydistancemeasuresthatwill beconsid-
eredin our work. Examplesof elementarydistancemeasuresincludethesimple
Euclideandistancemeasurein a featurespacefor pixel intensitiesin an image,
the � 2 distance(Schiele,1997; Presset al., 1992) betweenhistogramsof fea-
turetypeslikecolor, shapeor texture,theHausdorff distance(Huttenlocheretal.,
1993)betweenedgemaps,etc. All of the above elementarydistancemeasures
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arecontinuous,theresultingmodelfor theoptimaldistancemeasureis thusalso
continuous.

We will seein Chapter7 that the useof the continuousdistancemodel in a
nearestneighborsearchleadsto gooddetectionperformance.However, continu-
ousdistancemeasurescanonly be usedto searchover a training set in a brute-
forcemanner. Sucha searchis prohibitive for large trainingsets.Thuswe seek
alternativedistancemodelsthatcanbeusedfor ef�cient NN search.

Thebasicideabehindmostpreviousattempts(BeisandLowe,1997;P. Indyk,
1998)atef�cient NN searchis to (possiblyrecursively)partition themeasurement
spaceX . For example, in Kd-trees(Beis and Lowe, 1997), eachnodeof the
treerecursively partitionsX basedon the componentof the measurementwith
maximumvarianceoverthetrainingset.However, Kd-treesarenotappropriatein
our casesincethe imagemeasurementwill becomposedof measurementsfrom
different featuretypeslike color, texture andshape. It doesnot make senseto
comparevariancesof measurementsfrom differentfeaturespacesasrequiredfor
theconstructionof Kd-trees.

In (P. Indyk,1998),thespaceof measurementsis partitionedby acollectionof
randomhashfunctions.Our strategy is similar in spirit, but insteadusesa collec-
tion of discriminatorseachof which is constructedin somesimplefeaturespace.
Furthermore,thechoiceof discriminatorsis not randombut is tunedto thepartic-
ulardiscriminationtaskathand.As weshallshow later, asetof discriminatorscan
beassociatedwith a hammingdistancemeasure.Thusa setof discrimintorsin-
ducesadiscretedistancemodelfor theoptimaldistancemeasure.Suchadiscrete
distancemodelcanbeusedto implementanef�cient nearestneighborsearchby
combiningtheassociateddiscriminatorsin atree-likestructureasdiscussedbelow
andin detail in Chapter6.

In practice,thediscretedistancemodel,thoughef�cient, will not beasaccu-
rateasthe continuousmodel. Thecontinuousdistancemodelon the otherhand
will beexpensive to usefor performinga nearestneighborsearchwhenthetrain-
ing setsize is large. We thusseeka distancemeasurethat is both accurateand
ef�cient to computeat run-time. Our strategy will be to combinethe bestof
bothmodelswhile overcomingtheshortcomingsof bothat thesametime asfol-
lows. We�rst usethediscretedistancemodelfor performingacoarsebut ef�cient
nearestneighborsearchto returna small list of candidateneighborsfor an input
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measurement,ratherthanjust the nearestneighbor. This small list of candidate
neighborsis thenfurtherprunedto �nd thenearestneighborby usingthemoreac-
curatebut expensiveto usecontinuousdistancemodel.Wewill call thiscombined
modelthehierarchical distancemodel. SeeFigure3.3.

3.3.1 DiscreteDistanceModel

In the restof the chapter, we discussin moredetail the discretelinear distance
model. We �rst make the somewhat surprisingobservation that thereexists a
discretedistancemeasurethat gives the sameclassi�cation performanceas the
optimaldistancemeasure.However, thefunctionalform of this discretedistance
measureneednot in generalbe linear. We thendiscussa practicallinear model
thatcombineselementarydiscretizeddistancemeasuresassociatedwith discrim-
inators,eachof whichactonsimplefeaturespaces.

Whatis the bestpossiblediscretedistancemeasure that maximizesthe clas-
si�cation performancefor a giventraining set? We caneasilyshow that for a
giventrainingset,theoptimaldistancemeasurecanbereplacedby a discretized
distancemeasurethathasthesameclassi�cationperformance.For any distance
measureH andtrainingsetSn , thediscretedistancemeasure— whichwedenote
asH d — that hasthe sameclassi�cationperformanceasH canbe constructed
from H asfollows. Givena distancemeasureH , the Voronoidiagramis a par-
tition of the imagespaceX suchthat the closesttraining measurementto each
x 2 X i underH is x i . Let X = X 1 [ X 2 [ : : : [ X n ; X i \ X j = ; ; i 6= j be
the Voronoi diagraminducedin measurementspaceX by the distancemeasure
H (x; x0) andthetrainingmeasurementsf x1; x2; : : : ; xng. Wenow de�ne thedis-
cretedistancemeasureH d thathasthesameclassi�cationperformanceasH by
discretizingH asfollows:

H d(x; x0) � H (x i ; x j ); if x 2 X i ; x0 2 X j

In words,thediscretedistancemeasureassignsto any given two measurements,
thedistancebetweenthetrainingmeasurementsassociatedwith theVoronoipar-
titions containingthe given two measurements.Thus it canbe veri�ed that by
construction,H d assignsthesamenearestneighborfrom thetrainingsetto anin-
putmeasurementasdoestheoriginaldistancemeasureH . Sincethesamenearest
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Coarse but Efficient NN search
using discrete distance model

Accurate but Expensive NN search
using continuous distance model

Input Image

Candidate Neighbours

Nearest Neighbour

Figure3.3: Our strategy for ef�cient andaccuratenearestneighborsearch.An
inputmeasurementis matchedagainsteachtrainingmeasurementusingthecoarse
but ef�cient discreteapproximationto the optimal distancemeasure,yielding a
small list of candidateneighbors.Thesecandidateneighborsare thensearched
for theclosestneighborusingthemoreaccuratebut expensive to usecontinuous
modelfor theoptimaldistancemeasure.On the left is shown anactualexample
from ourexperiments(seeChapter7). Weonly show thenearestneighborsfor the
sub-imagefrom theinput thatis circled.
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neighboris returnedwhenusingeitherof the distancemeasureH andH d, they
bothhave thesameclassi�cationperformancefor thegiventrainingset.

Theabove constructionis obviouslynot usefulin practicesincetheconstruc-
tion of H d requiresknowledgeof theoptimaldistancemeasureH . Thuswe seek
a practicalmodelfor discretedistancemeasures.Our approachapproximatesthe
optimal distancemeasureby linearly combininga setof elementarydiscretized
distancemeasuresassociatedwith discriminatorsactingonvariousfeaturespaces
(color, shape,texture)asdetailedbelow. Eventhoughtheabove constructionfor
H d wasonly of theoreticalinterest,we will reusethe ideabehindthe construc-
tion whenassociatingdistancemeasureswith discriminatorsasdetailedlater. We
chooseto useelementarydistancemeasuresassociatedwith discriminatorssothat
wecancomposesuchelementarydistancemeasuresin a tree-likestructurefor ef-
�cient run-timenearestneighborsearch,to be usedin our hierarchicaldistance
model(seex 3.3). In Chapter6, we discussthedetailsfor implementingsucha
tree-likestructure.

Any discriminatorcanbecharacterizedby thepartitionin measurementspace
that it induces.For example,a simplediscriminatormight testwhethertheaver-
ageintensityor someothersimplestatisticof theinput imagecrossesa threshold,
in which casethethemeasurementspaceis split into two parts.A decisiontree,
on theotherhand,partitionsthemeasurementspaceinto many parts,whereeach
partcorrespondsto a leafnodeof thedecisiontree.Anothertypeof discriminator
which we usein our work dueto its easeof implementationandwide applica-
bility is thenearestprototypediscriminator(seeChapter5). A nearestprototype
discriminatoris speci�ed by the numberand locationsof a setof prototypesin
somegiven featurespace.The partition inducedis the Voronoi diagramassoci-
atedwith thesetof prototypeswhereeachpartitioncontainsmeasurementsin the
given featurespacethat is closestto oneof the prototypes.SeeFigure3.4 for
examplesof nearestprototypediscriminators.

A “good” discriminatorinducesa partitionthat is alignedwell with theclass
boundaries,i.e. ideally two measurementsfrom thesameclasswill likely becon-
tainedwithin the samepartition while two measurementsfrom differentclasses
will likely bein differentpartitions(seeFigure3.4). It is easyto constructa dis-
tancemeasureassociatedwith a discriminatorthatsharesthesameproperty. The
distancemeasureis adiscretizationinducedby thediscriminatorof theunderlying
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Figure3.4: Discriminatorsarecharacterizedby thepartitionsinducedby themin
imagespace.Shown herearethreeclassesof objectsandtwo simplediscrimina-
tors, theoneon the left partitionsthe imagespaceinto threepartswhile theone
ontheright partitionstheimagespaceinto two parts.Theimagespaceis denoted
by anellipse.Thediscriminatorontheleft is goodwith respectto thethreeobject
classessincedifferentobjectclassesaremoreor lesscontainedin differentpar-
titions, while thediscriminatoron theright confusestwo of theobjectclassesin
thesamepartition. Eachdiscriminatorcanbeassociatedwith anelementarydis-
cretizeddistancemeasureindicatingwhethera pair of imagesbelongto thesame
partitionor not. Suchelementarydistancemeasurescorrespondingto asetof sim-
ple discriminatorsarecombinedto approximatetheoptimaldistancemeasurefor
thenearestneighborsearch.
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distancemeasureof the featurespacein which the discriminatoris constructed.
Suchadiscretedistancemeasurewill inherit the“goodness”of thediscriminator,
i.e. two measurementsfalling in thesamepartition inducedby thediscriminator
will havea lowerdistancescorethanif they fall in differentpartitions.

TheVoronoiconstructionusedabovefor �nding thediscretedistancemeasure
H d thathasthesameclassi�cationperformanceastheoptimaldistancemeasure
illustratedhow a distancemeasureH anda setof trainingmeasurementsinduces
a partition of imagespaceand an associateddiscretizeddistancemeasureH d.
Theideabehindthis constructioncanalsobeusedto �nd thediscretizeddistance
measureassociatedwith adiscriminatorasfollows.

Theideabehindtheconstructionfor H d from H is to designadiscretizeddis-
tancemeasurethat is smallestfor two measurementsin thesamepartition com-
paredwith two measurementsin differentpartitions.We canapplythesameidea
for associatinga distancemeasurewith a discriminator. The distancemeasure
thatweseekshouldbedesignedsuchthattwo measurementsin thesamepartition
inducedby thediscriminatoris givena lower distancescorecomparedwith two
measurementsthatfall in differentpartitions.A simpledistancemeasurethatsat-
is�es theabove requirementcanbedesignedasfollows. Let thediscriminatorh
inducethepartitionX = X 1 [ X 2 [ : : : [ X n ; X i \ X j = ; ; i 6= j . On inputx, let
h(x) denotethepartitionX i thatx falls under. Thediscretizeddistancemeasure
associatedwith discriminatorh, denotedby [h(x) = h(x0)], is de�ned by:

[h(x) = h(x0)] �
�

� 1 if h(x) = h(x0)
+1 otherwise

Notethat theabove distancemeasureis just oneof many suchdistancemea-
suresthat canbeused.All that is requiredis for thedistancemeasureto assign
a lower distancescorebetweentwo measurementsfrom thesamepartitioncom-
paredwith two measurementsfrom differentpartitions.Theabovefunctionis the
simplestsuchdistancemeasure.

We would alsolike to notethe relationshipbetweenthe elementarydistance
measuresusedin the discretedistancemodeland thoseusedin the continuous
distancemodel.Theelementarydistancemeasuresusedin thediscretemodelare
discretizationsinducedby discriminatorsof the sameelementarydistancemea-
suresusedfor the continuousdistancemodel. Dif ferent discriminatorsinduce
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differentdiscretizationsof thesameelementarydistancemeasure.Obviously, the
discretizationsinducedby gooddiscriminatorswill bebetterelementarydistance
measurescomparedwith poordiscriminators.

In general,wecanassumethatwehaveapossiblylargecollectionof discrim-
inatorsH = f h1; h2; : : : g, eachof which is constructedin somesimplefeature
spacelike color, shapeor texture. Correspondingto H, we have the collection
of elementarydistancemeasuresC = f [h(x) = h(x0)] j h 2 Hg. The K best
discriminatorshk 2 H; k = 1; : : : ; K arechosenwhosecorrespondingelemen-
tarydistancemeasuresin dk 2 Cgivethebestlineardiscretizedapproximationto
H (3.4):

H (x; x0) � � 0 +
KX

k=1

� kdk(x; x0) (3.10)

= � 0 +
KX

k=1

� k [h(x) = h(x0)] (3.11)

Onecanthink of thesetof partitionlabelsf hk(x)g outputby eachof thedis-
criminatorsonameasurementx asa“code” for x. Viewedin this light, theabove
linearapproximationcanbethoughtof asaweightedhammingdistancemeasure
betweenthe“codes”f hk(x)g andf hk(x0)g for two measurementsx andx0. Thus
we seektheK discriminatorsandcombiningcoef�cients thatgive thebestham-
ming distancemeasurein “code” space,i.e. separatesmeasurementsfrom differ-
ent classesasmuchaspossiblein codespacewhile clusteringmeasurementsin
thesameclass,seeFigure3.5.

In the next chapter, we discussthe selectionof the bestK elementarydis-
tancemeasuresfrom C aswell asestimatingthe bestcorrespondingcombining
coef�cients underthemaximumlikelihoodframework for exponentialmodels.
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Figure3.5: Illustrationof the “code” spaceinducedby a setof discriminators.At the
top is the encodingof an input imageby a setof discriminatorsf h1; h2; : : : ; hK g. As
explainedin Figure3.4,eachsuchdiscriminatoris characterizedby thepartitionin image
spacethatit induces,shown hereabove eachdiscriminatorwith theimagespacedenoted
by anellipse.Thepartitionin whichtheinput imagefallsunderis markedby a� for each
discriminator. Thepartitioncanalsobe thoughtof asthe labelgiven to the input image
by the discriminator. The resultingsetof partition labelsover all discriminatorscanbe
thoughtof asa codefor theinput image.Our goal is to �nd a setof gooddiscriminators
andcorrespondingweightssuchthat in thecorrespondingcodespace,thehammingdis-
tancemeasureclusterstogetherimagesfrom thesameobjectclasswhile separatingaway
asmuchaspossibleimagesfrom differentobjectclasses.Shown above is a codespace
with sucha “good” hammingdistancemeasure.
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Chapter 4

Estimating the Optimal Distance
Measure

In the last chapter, we presenteda linear model for the optimal distancemea-
surefor nearestneighborsearchthatcombineselementarydistancemeasures.As
noted,this modelimplies a conditionalexponentialmodelfor the pair-wise dis-
tribution (3.9). In this chapter, we �rst dealwith the issueof estimatingthe pa-
rametersin the linear modelfor a givensetof elementarydistancemeasuresby
employing themaximumlikelihoodestimationframework for exponentialmod-
els. We alsodiscussthe maximumlikelihoodselectioncriterion for the optimal
setof elementarydistancemeasuresthemselves,givena largecollectionof such
elementarydistancemeasures.Wethendiscussthemaximumentropy framework
thatis thedualof themaximumlikelihoodframework andshow thatanaturalse-
lectioncriterionunderthis framework thatwasproposedin theliteratureis equiv-
alentto themaximumlikelihoodcriterion.Finally, wedescribetherelationshipof
ourwork with boosting(FreundandShapire,1997;SchapireandSinger, 1999).

4.1 Maximum Lik elihoodEstimation

In the previous chapter, we hadpresentedtwo typesof linear models: discrete
andcontinuous.In bothcases,themodelcombinesa setof elementarydistance
measures.In thecaseof thecontinuousmodel,theelementarydistancemeasures
act uponsimplefeaturespacelike color, local shapeproperties,andtexture. In
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the caseof the discretemodel, the elementarydistancemeasuresareassociated
with discriminatorsconstructedin varioussimplefeaturespaces.Thesedistance
measuresarediscretizationsinducedby the discriminatorsof the sameelemen-
tary distancemeasuresusedfor the continuousdistancemodel. The estimation
framework that we presentbelow requiresasinput only a collectionof elemen-
tary distancemeasures,discreteor continuous.Eventhoughthebasicestimation
framework is the samefor both cases,for concretenessof presentation,we will
assumea collectionof discretizedelementarydistancemeasures.This will also
allow us to explore issuesthat are speci�c to the discretedistancemodel. We
will in any casepointoutat theappropriateplaces,how thepresentationbelow is
essentiallythesamefor acollectionof continuousdistancemeasuresaswell.

Thus for concreteness,we will assumethat we are given a collection C =
f [h(x) = h(x0)] j h 2 Hg of elementarydistancemeasuresassociatedwith a
large�nite setof candidatediscriminatorsH = f h1; h2; : : : hN g, eachof which is
constructedin somesimplefeaturespace.Recallfrom (3.3.1)that[h(x) = h(x0)]
denotesthedistancemeasureassociatedwith thediscriminatorh. Thenext chap-
ter will discusshow we cangeneratesucha collectionof simplediscriminators
basedon variousfeaturespaces.We wish to chooseK � N discriminatorsfrom
this collectionthatgivesthebestdiscreteapproximationto thedistancemeasure
H . In practice,K will belimited for exampleby run-timeperformanceconsider-
ations.

How goodis an approximationto the distancemeasure? Sincethe distance
measureH is relatedto thepair-wisedistributionp(y 6= y0jx; x0) throughthelogit
transform(3.2),thetaskof �nding thebestapproximationreducestomodelingthe
distributionusingthebestK discriminators.Wewill usethemaximumlikelihood
framework (Dudaetal., 2001;Bishop,1995)for �nding thebestdiscriminators.

Firstweintroducesomeusefulnotation.If yi andyj aretheclasslabelsof two
measurementsx i andx j respectively, thenlet yij bea binaryvariabletaking the
value� 1 if yi = yj and+1 otherwise.Using thebinaryvariableyij we canre-
write thetwo pair-wisedistributionsin equation(3.3)morecompactlyasfollows:

p(yij j x i ; x j ) =
1

1 + e� yij H (x i ;x j )
(4.1)

In thefollowing wewill denotethelinearapproximation(3.4)to H by Ĥ andthe
correspondingapproximationto thepair-wisedistributionby p̂.
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We seekthe bestapproximationp̂ to the pair-wise distribution from a setof
trainingdata.However, thetrainingdatathatwewill bepresentedwith in our task
isasetof measurementsandassociatedclasslabelsS = f (x1; y1); : : : ; (xN ; yN )g.
For estimatingp̂, we needa trainingsetwhich consistsof pairsof measurements
(x i ; x j ) associatedwith the label yij indicatingwhetherthepair comesfrom the
sameclass(yij = � 1) or not (yij = +1). We caneasilycreatesucha trainingset
from thegiventrainingsetS. Onesuchsetwhich we denoteby S2 considersall
possiblepairsof trainingmeasurementsfrom S:

S2 � f ((x i ; x j ); yij ) j yij = � 1 if yi = yj else + 1; i; j = 1; : : : ; N g (4.2)

However, this leadsto anew trainingsetof sizeN 2 whichcanbecomputationally
expensiveto usefor training. In practice,wesamplesomemanageablenumberof
pairsinsteadof all possiblepairsof trainingmeasurements(seeChapter6).

Let h = f h0; : : : ; hK g be our currentselectionof discriminatorsfrom the
collectionH, wherefor compactnessin thenotationbelow, h0 � � 1 is thetrivial
discriminatorthat correspondsto the biasand is alwaysassumedto be chosen.
As describedin the last chapter, eachsuchdiscriminatorhk is associatedwith a
discretizedelementarydistancemeasure[hk(x i ) = hk(x j )] that takesthe value
� 1 if a pair of imagesx i andx j falls underthe samepartition of measurement
spaceinducedby hk , andtakesthevalue+1 otherwise.Let � = f � 0; : : : ; � K g
be our currentchoicefor the combiningcoef�cients in the linear approximation
to H . Thecurrentchoicefor h and� determinesa particulardistribution p̂. The
log-likelihoodl(� ; hjS2) indicateshow well thecurrentchoicefor h and� model
thetrainingdataS2 andis de�ned as:

l(� ; h j S2) �
1

jSj2

NX

i;j

logp̂(yij j x i ; x j ) (4.3)

Substitutingthelinearapproximation(3.4),theaboveexpandsto:

l(� ; hjS2) = �
1

jSj2

NX

i;j

log(1 + e� yij Ĥ (x i ;x j ))

= �
1

jSj2

NX

i;j

log

 

1 + exp

 

�
KX

k=0

� kyij [hk(x i ) = hk(x j )]

!!

(4.4)
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4.1.1 Estimating the ContinuousModel

Theestimationfor a linearcontinuousdistancemodelis exactlythesameasabove
with [hk(x i ) = hk(x j )] replacedby dk(x i ; x j ) 2 CwhereCis now a collectionof
elementarycontinuousdistancemeasures:

l(� ; djS2) = �
1

jSj2

NX

i;j

log

 

1 + exp

 

�
KX

k=0

� kyij dk(x i ; x j )

!!

(4.5)

whered = f d0; : : : ; dK g is thecurrentchoiceof elementarydistancemeasures.
Eachchoicefor thesetof discriminatorsh canbeassociatedwith ascorethat

indicateshow well h modelsthe training data. Under the maximumlikelihood
estimationframework, thescorefor h is themaximumlikelihoodof thedataat-
tainedby h over all choicesof � . Overloadingthenotation,we denotethescore
for h by l(hjS2):

l(h j S2) � max
� 2 IRK

l (� ; h j S2) (4.6)

We cannow statethemaximumlikelihoodcriterionfor choosingthebestK dis-
criminators:
Criterion ML . ChoosetheK discriminatorsfromthecollectionH thatmaximize
l(h j S2):

hML = argmax
h �H ;jh j= K

l (h j S2)

= argmax
h �H ;jh j= K

max
� 2 IRK

l (� ; h j S2) (4.7)

where j � j denotesthesizeof a set.
In theremainderof thesection,we considervariousissuesthatareimportant

in practice:(a) optimization,(b) interpreting� k and(c) regularization.

4.1.2 Optimization

Notethattheaboveselectioncriterioninvolvestwo typesof optimization.Oneis
anoptimizationover a discretespaceH for thebestdiscriminators.Theotheris
anoptimizationoveracontinuousspaceIRK for thecombiningcoef�cients � for
eachchoiceof discriminatorsh in thediscreteoptimizationabove. Wediscussthe
practicalissuesinvolvedin thesetwo typesof optimization.
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Optimization over Discriminators

For thediscreteoptimization,searchingfor thebestK discriminatorsfromthecol-
lectionH in a brute-forcemannerwill in generalbecomputationallyprohibitive.
The brute-forceapproachin which every choiceof K discriminatorsis evalu-
atedtakesO(jH jK ) evaluations.Insteadwe proposea simplesequentialgreedy
schemethat takesO(K jH j). At thestartof eachiterationof thegreedyscheme,
we have a setof discriminatorshk = f h1; : : : ; hkg; k < K thatwereselectedin
the previous iterations. We choosethe discriminatorhk+1 2 H that alongwith
the previously chosendiscriminatorshk maximizesthe likelihood scoreof the
data. More precisely, letting hk + 1 = hk [ f hk+1 g, we choosethediscriminator
hk+1 2 H thatmaximizesthescorel(hk + 1 jS2) de�ned in (4.6).

Herefor simplicity, wehaveassumedthatthecollectionH of discriminatorsis
�x edover all iterations.In Chapter6 we discusshow to composediscriminators
in a tree-like structurefor ef�cient run-timeperformance.We will seethat this
will leadto choosingdiscriminatorsfrom a collectionH k thatcanvarywith each
iterationin thegreedyscheme.

Optimization over �

Thecontinuousoptimizationfor theoptimalcombiningcoef�cients � for agiven
selectionof discriminatorsh, on the otherhand,leadsto a convex optimization
problem. This fact is well-known in the literature (Della Pietra et al., 1997;
SchapireandSinger, 1999; LebanonandLafferty, 2001),but for completeness
andbetterinsightwe prove theconvexity resultfor our task.Usingtheexpanded
form (4.4) for the likelihoodl, maximizingthe likelihoodof thedatafor a �x ed
h amountsto minimizing the following costfunction (for convenience,we have
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droppedthenormalizingterm 1
jSj2 which is constantfor agiventrainingset):

Jh (� ) �
NX

i;j

log(1 + e� yij Ĥ (x i ;x j )) (4.8)

=
NX

i;j

log

 

1 + exp

 

�
X

k

� kyij [hk(x i ) = hk(x j )]

!!

(4.9)

=
NX

i;j

log

 

1 + exp

 

�
X

k

� kuk
ij

!!

(4.10)

(4.11)

wherewehaveusedthenotationuk
ij � yij [hk(x i ) = hk(x j )] for compactness.

The�rst derivativeof this costfunctionis givenby:

@J
@� k

= �
NX

i;j

uk
ij � (� yij Ĥ (x i ; x j ))

where� (x) = 1=(1 + e� x ) is thesigmoidfunction. It canbeveri�ed that� 0(x) =
� (x)(1 � � (x)) . Thus� 0(x) > 0 since� (x) hasrangein (0; 1) for �1 < x < 1 .
We thengetthefollowing for theHessian:

@2J
@� r @� s

=
NX

i;j

ur
ij us

ij � 0
ij (4.12)

wherewe haveusedthenotation� 0
ij � � 0(� yij Ĥ (x i ; x j )) . Sinceeach� 0

ij > 0 as
shown above, theHessianof J is seento bepositive de�nite asfollows: for any
� , wehave:

KX

r ;s

� r
@2J

@� r @� s
� s =

NX

i;j

� 0
ij

KX

r ;s

� r ur
ij � sus

ij

=
NX

i;j

� 0
ij (� � u ij )2 > 0

whereu ij � (u1
ij ; : : : ; uK

ij ). ThusJ is convex in � whoseminimumcanbefound
using well-establishediterative techniqueslike Newton's method(Presset al.,
1992).
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4.1.3 Inter preting � k

Givena choiceof K discriminators,we might expectthat if a discriminatorhr is
“better” thananotherdiscriminatorhs at thediscriminationtask,thentheoptimal
valuefor the correspondingcombiningcoef�cient � r shouldbe higherthan� s,
or in otherwords, � r indicatesthe relative utility of the discriminatorhr at the
discriminationtask. In this section,we give someanalyticaljusti�cation for this
intuition. We will seethat thebestchoicefor theK discriminatorsarethosethat
best“complement”eachotherin asensethatwill bemadeprecisebelow.

With respectto a givendiscriminatorhk anda �x edpair of trainingmeasure-
mentsx i andx j , weusethefollowing notationsin whatfollows:

z0
ij =

X

r 6= k

� �
r yij [hr (x i ) = hr (x j )]

� ij = � kyij [hk(x i ) = hk(x j )]

zij = z0
ij + � ij

gij (zij ) = log
�
1 + e� zij

�

J (� k) =
X

ij

gij (zij )

where� �
r ; r 6= k aretheoptimalvaluesminimizing thecostfunctionJ in (4.11)

andwheregij (zij ) correspondsto onetermin thecostfunctionJ with all of the
� r except� k setto its optimalvalue.Also, J hasbeenre-writtenasa functionof
only � k .

We would like to �nd a closedform expressionfor theoptimalvalueof each
� k . As it stands,this is notpossiblewith thecostfunctionJ . Instead,wewill �nd
aclosedform expressionto aquadraticapproximationto J .

Considerthequadraticapproximationto eachtermgij (z0
ij + � ij ) aboutz0

ij :

ĝij (zij ) = gij (z0
ij ) + � ij g0(z0

ij ) +
� 2

2
g00(z0

ij )

= gij (z0
ij ) � � ij � (� z0

ij ) +
� 2

2
� (� z0

ij )(1 � � (� z0
ij ))

whereasin x 4.1.2,� (�) is thesigmoidfunction. Theapproximationto thecost
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functionJ is then:

Ĵ (� k) =
X

ij

ĝij (zij )

Minimizing thequadraticapproximationĴ for theoptimalvaluefor � k by setting
thederivative to 0, weget:

(
X

ij

� yij [hk(x i ) = hk(x j )]� (� z0
ij )) (4.13)

+ � �
k(

X

ij

(yij [hk(x i ) = hk(x j )])2� (� z0
ij )(1 � � (� z0

ij )) = 0 (4.14)

=) (
X

ij

� uij � (� z0
ij )) + � �

k(
X

ij

� (� z0
ij )(1 � � (� z0

ij )) = 0 (4.15)

whereasin x 4.1.2,uij � yij [hk(x i ) = hk(x j )].
We introducesomefurthernotation:

W +
k =

X

u ij =+1

� (� z0
ij ) > 0

W �
k =

X

u ij = � 1

� (� z0
ij ) > 0

W 0
k =

X

ij

� (� z0
ij )(1 � � (� z0

ij )) > 0

Thetermz0
ij dependsonly ontheotherdiscriminatorshr ; r 6= k andcanberewrit-

tenasz0
ij = yij Ĥk(x i ; x j ) whereĤk(x i ; x j ) �

P
r 6= k � r [hr (x i ) = hr (x j )] is the

distancemeasureusingall discriminatorsexcepthk . With this rewrite, z0
ij can

beseenasmeasuringhow well theotherdiscriminatorshaveclassi�edthepairx i

andx j , largervaluesindicatingbetterclassi�cation.Theterm� (� z0
ij ) canthenbe

thoughtof asa weightassociatedwith thepair x i andx j that indicateshow well
the otherdiscriminatorshave classi�ed the pair. Pairs that are incorrectlyclas-
si�ed by the linear combinationof the otherdiscriminatorsareassociatedwith
a large weight. Note that sincethe sigmoidis boundedabove by 1, it doesnot
over-penalizeincorrectclassi�cations. Next, the term uij indicateswhetherthe
discriminatorhk classi�esa pair of measurementsx i andx j correctly(uij = +1)
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or incorrectly(uij = � 1). ThusW +
k denotesthetotal weightassociatedwith all

pairsthatarecorrectlyclassi�edby hk andsimilarly W �
k denotesthetotalweight

associatedwith all pairs that are incorrectlyclassi�ed by hk . W 0
k on the other

handis independentof hk andis thusaconstant.
Continuingwith theminimizationof � k in (4.15),weget:

W �
k � W +

k + � �
kW 0

k = 0

=) �̂ �
k =

(W +
k � W �

k )
W 0

k

wherewehavedenotedtheoptimumto thequadraticapproximationby �̂ �
k to dis-

tinguish it from the the true optimum� �
k obtainedby minimizing the true cost

functionJ (4.11). Substitutingthis optimumbackinto thequadraticapproxima-
tion Ĵ , weget:

Ĵ (� �
k) = Ĵ 0

k �
(W +

k � W �
k )2

2W 0
k

whereĴ 0
k is thecostdueto all thediscriminatorsexcepthk .

Thusunderthequadraticapproximation,intuitively speaking,Ĵ is minimized
by a choicefor thediscriminatorhk thatcorrectlyclassi�espairsassociatedwith
large weightswhile affording to incorrectly classify pairs associatedwith low
weights. In this sense,the bestchoicefor hk is that which “complements”the
otherdiscriminatorsthe most. Sincethe optimal valuefor � k is proportionalto
thedifferenceW +

k � W �
k in thetotalweightassociatedwith pairsthathk correctly

classi�esandthe total weightassociatedwith pairsthathk incorrectlyclassi�es,
we canthink of �̂ �

k asmeasuringhow well hk correctlyclassi�esthosepairsthat
werenotclassi�edwell enoughby theotherdiscriminators.

4.1.4 Regularization

Maximumlikelihoodestimationcansuffer from over-training(Dudaet al., 2001;
Bishop,1995;LebanonandLafferty, 2001;ChenandRosenfeld,2000).Asshown
in the lastsection,in our casethis meanstheoptimalestimatefor any of the � k

canbeoverly con�dent aboutthediscriminativepower of thecorrespondingdis-
criminatorhk if its valueis largein magnitude.Thestandardapproachto dealing

54



with over-trainingis to usepriorson thepossiblevaluesfor theparametersbeing
optimized.This leadsto themaximumaposterioriestimation(MAP) framework.
UnderMAP, thelikelihood(4.4) is replacedby:

l(� ; h j S2) �
1

jSj2

NX

i;j

logp̂(yij j x i ; x j ) +
KX

k

logqk(� k) (4.16)

whereqk is theprior distributionover theparameter� k .
Whatshouldbeanappropriatechoicefor theprior qk? Theprior shouldpe-

nalize large valuesof � k , sinceasdiscussedabove, large valueslikely indicate
over-con�denceaboutthediscriminativepower of thecorrespondingdiscrimina-
tor hk . Otherthanthat,we would like to preserve theconvexity of the resulting
optimizationproblemjust as was the casefor the ML framework (seex 4.1.2
above). A simpleprior thatsatis�esboththeseconstraintsis theGaussian:

qk(� ) � e
�

� 2
k

2� 2
k

wherethe choicefor the variance� k limits the effective rangeof the parameter
� k . It canbe seenthat the cost function that needsto be minimizedunderthe
MAP framework is simply thecostfunctionJ (4.11)for theML framework plus
aquadratictermdueto thepriorson � :

Jh (� ) �
NX

i;j

log(1 + e� yij Ĥ (x i ;x j )) +
KX

k

� 2
k

2� 2
k

(4.17)

Thisnew costfunctionis alsoconvex aswasthecasefor theML framework asthe
Hessianof J is still positivede�nite sincethecontributionof thequadratictermis
only anadditionalpositivequantity1=� 2

k alongthediagonalof theHessian(4.12)
undertheML framework.

4.2 Maximum Entr opy Formulation

In thissection,weconsideranalternativeformulationfor estimatingthepair-wise
distributionp(yij j x i ; x j ) that is dualto themaximumlikelihoodframework dis-
cussedin theprevioussection.Themainreasonwe considerthedualframework
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is to presentnew insightsinto theestimationproblem.Wealsoconsideranatural
criterionfor selectingthebestdiscriminatorsfor modelingthepair-wisedistribu-
tion underthis framework. This criterionhasbeenpreviously usedin thevision
literaturefor texture synthesis(Zhu et al., 1998). We areinterestedin knowing
therelationshipbetweenthis criterionandthemaximumlikelihoodcriterionpre-
sentedin theprevioussectionin thehopeof usingthesuperioronein practice.On
thesurface,thetwo criterialook quitedifferent.Nevertheless,we prove thatthey
arein factthesamecriterionseenfrom differentperspectives.

For a �x edpair of measurementsx i andx j , let yij bea samplefrom thepair-
wisedistribution p(yij j x i ; x j ). Recallthat yij = � 1 if x i andx j belongto the
sameclassandyij = +1 otherwise. For a given discriminatorh, the function
f (yij ; x i ; x j ) = yij [h(x i ) = h(x j )] canbeconsideredasa testasto whetherthe
discriminatorh “classi�es” the pair of measurementsx i andx j correctly. That
is, f (yij ; x i ; x j ) = +1 if either the pair belongsto the sameclass(i.e., yij =
� 1) while alsofalling in thesamepartition inducedby thediscriminatorh (i.e.,
[h(x i ) = h(x j )] = � 1) or if thepair belongsto differentclasses(i.e., yij = +1)
while alsofalling in differentpartitions(i.e.,[h(x i ) = h(x j )] = +1). Ontheother
hand,f (yij ; x i ; x j ) = � 1 indicatesthat the discriminatorh did not classifythe
pair of measurementscorrectly.

The averageclassi�cation performanceof a discriminatorh is the expected
valueof f . If the expectedvalueis +1, we have perfectclassi�cation, if it is 0
theperformanceis random,andif it is � 1, theclassi�cationis alwayswrong. In
practice,wedonotknow thetruepair-wisedistribution,but theexpectedvalueof
theclassi�cationperformancecanbeestimatedfrom a trainingset.Formally, we
de�ne theempiricalperformancehf i as:

hf i �
1

jS2j

X

(( x i ;x j );y ij )2 S2

f (yij ; x i ; x j )

We seekto estimatethe true pair-wise distribution p(yij j x i ; x j ) from the
spaceof all probabilitymeasures.Whatshouldtheconstraintsbe?

Supposewe aregivenK discriminatorshk ; k = 1; : : : ; K for eachof which
wecandeterminetheempiricalperformancehf i k from thetrainingdata.Clearly,
onesetof constraintson theestimateddistributionp̂(yij j x i ; x j ) is thattheclassi-
�cation performanceof theK discriminatorsundertheestimateis thesameasthe
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empiricalperformancehf i k determinedfrom thetrainingdata(ignoringnoisein
theestimates).However, we still only have a �nite numberK of suchconstraints
andthustheoptimalchoicefor theestimateof thedistributionfrom anin�nite set
of possibleprobabilitymeasuresis still ill-de�ned. Clearlywe needsomeother
criterion that is not datadriven. The maximumentropy (ME) principle (Jaynes,
1957;Della Pietraet al., 1997)statesthatwe shouldchoosethe probabilitydis-
tribution that satis�es the given constraints,but otherwiseshouldbe the “least
committed”probabilitydistribution.

Intuitively, theleastcommittedprobabilitydistributionwhentherearenocon-
straintsis theuniform probabilitydistribution. As we addconstraints,we would
like to keepthedistributionas“close” to uniform aspossiblewhile satisfyingthe
givenconstraints.Moregenerally, wemight like to beascloseto aprior distribu-
tion q0 thatmaynotbeuniformandwhichis taskdependentbut dataindependent.
For our task,the “closeness”or distancebetweentwo conditionalpair-wisedis-
tributions p(yij j x i ; x j ) and q(yij j x i ; x j ) can be measuredby the following
conditionalKullback-Leibler(KL) divergence(DellaPietraetal., 1997):

D(p;q) =
1

jS2j

X

(x i ;x j )2 S2

X

yij 2f� 1;+1 g

p(yij j x i ; x j ) log
p(yij j x i ; x j )
q(yij j x i ; x j )

which is non-negativeand0 if f p = q.
LetM bethespaceof all possibleconditionalpair-wisedistributionsp(yij j x i ; x j ).

De�ne thefeasiblesetF � M as:

F � f p 2 M j Ep[f k ] = hf k i for all kg (4.18)

whereEp[�] denotesexpectationunderthelikelihoodp. Then,theME framework
requiresthesolutionto thefollowing problem:minimizeD(p;q0) subjectto p 2
F anda �x edprior measureq0. In our task,we assumea uniform prior for q0. In
this caseit canbeshown (Della Pietraet al., 1997;LebanonandLafferty, 2001)
that by settingup an appropriateLagrangian,the optimal pair-wise distribution
whichwedenoteby pME takestheform of thelogistic function:

pME (yij j (x i ; x j )) =
1

1 + exp(�
P

k � k f k(x i ; x j ; yij ))
(4.19)

where� k is thesetof Lagrangemultipliers,onefor eachof theconstraintsEp[f k ] =
hf k i .
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The ME solutionpME (yij j (x i ; x j )) takesthe sameform asthe exponential
model(4.1) in theprevioussection.In fact it is known (Della Pietraet al., 1997)
thattheME solutionis dualto themaximumlikelihood(ML) exponentialmodel.
Wediscussthisduality in moredetailbelow.

Considerthefamily of conditionalexponentialprobabilitydistributions:

Q �
�

p 2 M j p(yij j (x i ; x j )) / q0(yij j (x i ; x j ))e
�

k � k f k (x i ;x j ;y ij ) ; � 2 IRK
	

(4.20)

where as before q0 is a prior measure. The exponentialmodel (4.1) consid-
eredin the previous sectionis a specialcasewherethe prior q0 is uniform. Let
~p(yij j x i ; x j ) be the empirical distribution determinedby the training set S2;
~p(yij j x i ; x j ) simply takesthevalue1 if ((x i ; x j ); yij ) 2 S2 and0 otherwise.The
log-likelihoodL of aprobabilitymeasurep with respectto theempiricaldistribu-
tion ~p is de�ned as:

L(~p;p) � � D(~p;p)

It canbeveri�ed thatwhenq0 is uniformandp 2 Q, theabovede�nition reduces
to thelikelihoodde�ned in (4.4). It hasbeenshown (DellaPietraetal.,1997)that
theprobabilitydistributionpML thatmaximizesthelikelihoodovertheexponential
family Q is thesameaspME . Thusthetwo optimizationproblemsaredualto each
other.

4.2.1 ME SelectionCriterion

We next considerthe problemof selectinggood discriminatorsunder the ME
framework just as we did for the ML framework in x 4.1. As in the casefor
the ML framework, we assumethat we aregivena large but �nite collectionH
of discriminators.Wewish to chooseK � N discriminatorsfrom thiscollection
that is in somesense“optimal” underthe ME framework. We will reexaminea
selectionschemeundertheME framework thathasbeenrecentlyproposed(Zhu
et al., 1998).We will thenshow thatdespitethevery differentappearanceof this
selectioncriterion from the ML selectioncriterion, they are in fact equivalent.
Thusfrom a practicalpointof view, thereis no gainin consideringtheME selec-
tion criterion,althoughit doesbring new perspective to theissueof selectingthe
bestdiscriminators.
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Zhu et al. (1998)proposedtheuseof what they calledthemini-maxentropy
criterion.Thecontext of their work wastheselectionof goodfeaturesfor texture
synthesis.In their formulation,thecriterionassumesauniformprior modelfor q0

andchoosestheK featuressuchthat theresultingmaximumentropy probability
distributionpME hasminimumentropy over all choicesof K features.This crite-
rion mightseemlessintuitiveat �rst thantheML criterionpresentedin theprevi-
oussection.It is basedonthenotionthattheentropy of theprobabilitydistribution
determinedby agivenchoiceof K discriminatorsindicateshow “informative” the
discriminatorsarein specifyingthepair-wisedistribution, thediscriminatorsbe-
ing moreinformative thelower theentropy. Thusthemini-maxentropy criterion
choosestheK mostinformativediscriminators.Sinceminimizing theentropy of
a distribution p is thesameasmaximizingtheKL divergenceD(p;q0) whereq0

is setto theuniform distribution, theoriginal mini-maxentropy criterioncanbe
generalizedfor arbitrarypriorsq0 andformally statedasfollows:
Criterion ME. For a �xed choiceof K discriminators h � f h0; : : : ; hK g � H ,
let p� (h) be the maximumentropy probability measure with constraints deter-
minedbythecorrespondingtestingfunctionsf 1; : : : ; f K , i.e. p� (h) = argmin

p2 F
D(p;q0).

ChoosetheK discriminatorsfor which D(p� (h); q0) is maximumoverall choices
of K discriminators fromH.

As before,we areassumingthat the trivial discriminatorh0 � � 1 is always
chosen.

At �rst reading,theME criterionlooksquitedifferentfrom theML criterionof
theprevioussection.Nevertheless,we show next thatdueto theduality between
theME andML framework, thesetwo seeminglydifferentcriteriaarein fact the
samewhen the ML criterion is appliedto the exponentialfamily Q. First, we
generalizeand restatethe ML criterion from the previous sectionfor arbitrary
priorsq0:
Criterion ML (restated).For a �xed choiceofK discriminatorsh � f h0; : : : ; hK g �
H , let p� (h) be the probability measure that maximizesthe likelihoodp� (h) =
argmax

p2 Q
L(~p; p). ChoosetheK discriminatorsfor which L(~p;p� (h)) is maximum

overall choicesof K discriminators fromH.
It canbeveri�ed thatthis reducesto thesamecriterionpresentedin theprevi-

oussectionif weassumetheprior q0 to beuniform.
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Theorem 2 A set of K discriminators optimizesthe ME criterion iff they also
optimizetheML criterion for theexponentialfamily.

Proof. We �rst statean analogueof the Pythagoreantheoremfor the KL diver-
gence(DellaPietraetal., 1997):

D(p;q) = D(p;p� ) + D(p� ; q); forall p 2 F ; q 2 �Q

where �Q is theclosureof Q andwhereby theduality theorem(DellaPietraetal.,
1997):

pML = argmin
p2 �Q

D(~p;p) = p� = argmin
p2 F

D(p;q0) = pME

Wesetp = ~p, theempiricaldistribution from thetrainingsetS2, andq = q0 a
prior measure,bothof which are�x edfor a givenlearningtaskandthusD(~p; q0)
is constant. Also sincethe log-likelihood is given by L(~p; p) = � D(~p;p), we
have:

L(~p;p� ) = D(p� ; q0) + const

Thuschoosingthe K discriminatorsthat maximizethe likelihoodL(~p; p� ) also
maximizethe KL distanceD(p� ; q0) andvice-versa. In otherwords,the K dis-
criminatorsthat optimize the ML criterion also optimize the ME criterion and
vice-versa�

Figure(4.1) is a cartoonillustrationof theproof. For clarity of presentation,
we assumea collectionof discriminatorsH = f h1; h2g containingjust two dis-
criminators. We seekthe bestlinear model to the optimal distancemeasureH
basedon just onediscriminator, eitherh1 or h2. Correspondingto eachdiscrim-
inatorhi , the �gure shows thefeasibleset(4.18)Fi inducedby hi undertheME
framework aswell astheone-dimensionalexponentialfamily (4.20)Qi underthe
ML framework. Notethatthetwo feasiblesetsintersectat theempiricaldistribu-
tion ~p, while thetwo exponentialfamiliesintersectat theprior modelq0.

The setsQi andFi intersectat the uniquedistribution p�
i asrequiredby the

duality theorem(Della Pietraet al., 1997). The threepoints ~p, p�
i andq0 form

the triangle in the analogueof the Pythagoreantheoremabove. ML likelihood
is relatedto the KL divergencebetweenp�

i and ~p, while the relative entropy is
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Figure4.1: Illustratingtheproofof theorem2. Seetext for details.
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relatedto the KL divergencebetweenp�
i andq0. Changingthe discriminatorhi

changesonly p�
i , thuskeepingtheoppositeleg of thetriangleconstant.Sincethe

sumof the othertwo legsequalsthe leg oppositep�
i , maximizingthe likelihood

is equivalentto minimizing therelativeentropy. Thusin the�gure, bothselection
criteriaunderthetwo frameworkswould choosethedistancemodelbasedon the
discriminatorh1.

In closingit shouldbeemphasizedthat theequivalencebetweenthe two cri-
teriais not solelycausedby thedualitybetweentheML andME frameworks.To
seethis,supposewemodi�ed ourselectioncriteriasuchthatwecouldalsochoose
thebestprior modelsq0 from somecollectionin additionto choosingthebestset
of discriminators.For suchselectioncriteria,all the legsof thetrianglecannow
vary andthusthereis no guaranteethatmaximizingthelikelihoodwill necessar-
ily minimizetheentropy simultaneously, eventhoughthedualitybetweenthetwo
frameworksof coursestill holds.

4.3 Connectionswith Boosting

The distancemeasureh(x i ; x j ) � [h(x i ) = h(x j )] correspondingto a discrim-
inator h canalsobe thoughtof asa binary classi�er on pairsof measurements
(for convenience,we have abusedthenotationh to indicatebotha discriminator
whichactsonameasurementandaclassi�er thatactsonapairof measurements,
the correctinterpretationshouldbe clearfrom the context). A pair of measure-
mentsis classi�ed with the labelh(x i ; x j ) = � 1 if bothbelongto thesamepar-
tition inducedby thediscriminatorh, otherwisethey areclassi�edwith the label
h(x i ; x j ) = +1. A goodclassi�er is onethatwill morelikely output� 1 for apair
of imagesthat belongto the sameclass,while +1 is morelikely to be outputif
they belongto differentclasses.

ConsiderK suchbinaryclassi�ershk ; k = 0; : : : ; K thatwewishto combine
usinga linearcombination:

F (x i ; x j ) =
KX

k=0

� kh(x i ; x j )

Usingthiscombination,apairof measurementsis classi�edwith sign(F (x i ; x j )) .
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Let S2 � f ((x i ; x j ); yij )g be a training set on pairs of measurementsas be-
fore (4.2). Theerrorof thecombinedclassi�er on thetrainingsetis givenby:

E �
X

(( x i ;x j );y ij )2 S2

[[sign(F (x i ; x j )) 6= yij ]]

wherefor apredicate� , [[� ]] is 1 if � is true,else0. Wewish to �nd theclassi�ers
hk andcorrespondingcombiningcoef�cients � k thatminimizethetrainingerror
E. However, E is a discretefunctionandthushardto work with. Theboosting
framework (FreundandShapire,1997;SchapireandSinger, 1999)usesinsteada
continuousupperboundthatis easierto work with. Theexponentialcostfunction
is commonlyusedto boundthediscretetrainingerrorabove. Usingtheexponen-
tial costfunction,it canbeeasilyveri�ed that:

[[sign(F (x i ; x j )) 6= yij ]] < e� yij F (x i ;x j )

Thus we can replacethe discretetraining error E with the continuousupper
bound:

E <
X

(( x i ;x j );y ij )2 S2

e� yij F (x i ;x j )

=
X

(( x i ;x j );y ij )2 S2

e�
�

k � k yij h(x i ;x j )

In boosting,thisupperboundis minimizedwith respectto thechoiceof classi�ers
hk andthecorresponding� k .

Comparingthe upperboundabove with the cost function J , we seethat the
only differenceis the cost function: the upperboundusesthe exponentialcost
functionwhereasthemaximumlikelihoodframework resultsin thelog costfunc-
tion. Thelog costfunctionis betterbehavedcomparedwith theexponentialcost
function as it doesnot over-penalizebad classi�cations. In fact, more recent
work (Masonet al., 2000) usesarbitrary cost functions including the log cost
function for the upperboundabove. The criterion for choosingonecost func-
tion over anotheris basedon which one gives a tighter upperbound. On the
otherhand,in our case,the ML framework givesrise to a particularcost func-
tion that alsohappensto be a goodchoiceunderthe boostingframework. Fur-
thermore,the ML framework can be generalizedto avoid over-�tting by regu-
larization(seex 4.1.4),whereasthereis no known regularizationframework in
boosting(however, see(LebanonandLafferty, 2001)).
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Ignoringthechoiceof costfunctionsandtheissueof regularizationhowever,
from a computationalpoint of view thereis no essentialdifferencebetweenthe
boostingframework andtheML framework. In fact, it hasbeenrecentlyshown
that the ML framework for exponentialmodelscan be preciselyrelatedto the
boostingframeworkbyspecifyingaparticularclassof constraintsin themaximum
entropy formulationthatis thedualof themaximumlikelihoodproblem(Lebanon
andLafferty, 2001).

However, from a conceptualviewpoint, for our taskwe arguethatthenearest
neighborframework is morenaturalthantheboostingframework. In theboosting
framework, the basicprimitivesare the simple (or “weak”) classi�ers that are
combined.In the developmentabove, the simpleor baseclassi�ersact on pairs
of measurementsoutputtinga label indicatingwhetherthey arein thesameclass
or not, while typically one thinks of a classi�er asactingon onemeasurement
andoutputtinga classlabel. Furthermore,we areable to interpretthe distance
measure[h(x i ) = h(x j )] for eachdiscriminatorh asa pair-wise classi�er only
becauseof ourchoiceof simpledistancemeasuresthatgivebinaryvalues+1 and
� 1 for a pair of inputmeasurements.It is not clearwhethermoregeneralclasses
of elementarydistancemeasuresthatneednotbebinarycanalsobeinterpretedas
pair-wiseclassi�ers.

On theotherhand,thenearestneighborframework naturallyleadsto thecon-
siderationof optimal distancemeasuresthat are obviously de�ned on pairs of
measurements.It wasonly afterwe assumeda particulardiscretemodelinduced
by discriminatorsfor theoptimaldistancemeasure,aswell asusingthemaximum
likelihoodframework for estimatingtheparametersof suchamodel,thatwewere
ableto draw theconnectionto boosting.Theconnectionwould not have resulted
hadwe eitherchosento modeldistancemeasuresdifferently(for examplewith a
continuousmodel)or useda differentparameterestimationframework. Viewed
in this light, for our tasktheconsiderationof distancemeasuresis motivatedfrom
�rst principlesin a nearestneighborframework, whereascastingthe task in a
boostingframework is only coincidentalandcontingentuponparticularchoices
madeduringmodelingandestimation.
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Chapter 5

GeneratingCandidate
Discriminators

Thelastchapterassumeda collectionof candidatediscriminatorsH from which
K � jH j discriminatorswerechosenin a greedymannerunderthe maximum
likelihoodestimationframework. In thischapter, wediscussthedetailsfor gener-
atingsucha collectionof discriminators.

We presenttwo approachesto generatingdiscriminators.The �rst onepre-
sentedin x 5.1 is a generalapproachthat cangeneratecandidatediscriminators
usingany featurespacelike color, shapeor texturein which somedistancemea-
surecanbede�ned. Theapproachis moreappropriatefor coarsediscrimination
tasksfor whichgrossfeaturedifferencesaresuf�cient for discriminatingdifferent
classesof objectsof interest.However, this approachis computationallyexpen-
sive primarily becausethe searchspaceis discrete. The secondapproachpre-
sentedin x 5.2generatesdiscriminatorsin linearfeaturespaces,for examplepixel
intensitiesin awindow for which thedistancemeasurebetweentwo pointsin this
featurespaceis givenby theEuclideandistance.Theapproachtakesadvantageof
the linearity of the featurespaceto generatediscriminatorsin a computationally
ef�cient manner. Both approacheshave beenimplementedandtestedin Chap-
ter7.
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5.1 NearestPrototypeDiscriminator

As discussedin x 3.3.1,discriminatorscanbecharacterizedby thepartitionthey
inducein imagespace.This relationshipbetweendiscriminatorsandpartitions
works both ways. Given a partition, we canassociatea discriminatorwith the
partition.Thediscriminatorclassi�estwo measurementsasbelongingto thesame
classif they fall in thesamepartition,otherwisethey areclassi�edasbelongingto
differentclasses.Thusoneapproachto generatingdiscriminatorsis to �nd ways
of partitioning the imagespace,whereeachsuchpartitioningcorrespondsto a
discriminator.

Perhapsthesimplestmeansof creatingpartitionsis to specifythelocationsof
somenumberof prototypesin somefeaturespacewith a distancemeasure.An
exampleof a distancemeasureis the � 2 distancefor histograms(Schiele,1997;
Presset al., 1992). TheVoronoidiagraminducedby theprototypesandthedis-
tancemeasurein thefeaturespaceis a partitionof imagespace.We call thedis-
criminatorassociatedwith theVoronoidiagramanearestprototypediscriminator,
which we �rst introducedin Chapter3. Theconstructionof thenearestprototype
discriminatoris similar in spirit to vectorquantizationin signalprocessing(Ger-
shoandGray, 1992).

Sinceanearestprototypediscriminatoris completelyspeci�edby thenumber
andlocationsof a setof prototypesin somefeaturespace,we next discusshow
theprototypesaregenerated.

Let usassumewe areinterestedin constructinga nearestprototypediscrimi-
natorwith r prototypesin somefeaturespace.For acontinuousfeaturespace,the
setof locationsfor any oneof theprototypesis in�nite, thusthesetof candidate
nearestprototypediscriminatorsH is alsoin�nite. Recall from x 4.1 that under
ourgreedyscheme,weseekthebestdiscriminatorfrom asetof candidatediscrim-
inatorsthatminimizesthecostfunctionJ (4.11).However, if thesetof candidate
discriminatorsis continuousthenef�ciently searchingfor the bestdiscriminator
from sucha setmay not be feasibleor maybedif�cult in generalsincethe pos-
sibility for performingan ef�cient searchin a continuousspacewill dependon
thedistancemeasureusedwhich maybe nonlinearandalsotheparametrization
usedfor measurementsin the featurespace.For example,if the featurespaceis
histogramsoversomefeature,thentheparametersarepositiverealvalues,onefor
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eachbin of thehistogramrepresentation,andwhichareconstrainedto sumto one.
A possibledistancemeasurewould be thenonlinear� 2 distance(Schiele,1997;
Pressetal., 1992).Searchingfor thebestdiscriminatorundersuchaparametriza-
tion is madedif�cult dueto thehugespaceof parameters,onefor eachbin, and
is furthercomplicatedby thenonlineardistancemeasure.For example,common
searchtechniquesthat utilize someform of gradientdescentover the parameter
spacearesusceptibleto gettingtrappedin local minima.

To overcomesuchissuesandachieve thewidestpossibleapplicabilityfor our
approach,wewill adoptasimple-mindedapproachin whichwesampleadiscrete
numberof possibleprototypelocationsfrom thefeaturespaceratherthansearch
throughall possiblelocationsin thecontinuousfeaturespace.Thisgivesriseto a
�nite setH of candidatenearestprototypediscriminators.

The simplestapproachis to sampletheparameterspaceof measurementsin
thefeaturespace(for example,realvaluesfor eachbin for histograms)uniformly.
Anotherapproachis to samplethe sametraining set S that is usedto estimate
the optimal distancemeasureunderthe maximumlikelihoodframework. For r
prototypes,thesetH of all possiblenearestprototypediscriminatorswhereeach
prototypeis chosenfrom thetrainingsetS hassizejH jr jSj. Exhaustively search-
ing sucha setfor thebestdiscriminator(thatwhich minimizesJ (4.11))will not
scalewell if thesizejSj of thetrainingsetis large.

Instead,we will usea simplesamplingtechniquethattradesoff thequalityof
thediscriminatorfoundfor a speed-upin thesearchprocess.Ratherthanexhaus-
tively searchingover all nearestprototypediscriminatorsthatarepossiblefrom a
trainingset,wewill insteadbesatis�edwith adiscriminatorthatis amongthetop
percentileof discriminatorsminimizing thecostfunctionJ . More precisely, say
wewantto �nd adiscriminatorthatis in thetops percentile,thatis if we rankall
thediscriminatorsaccordingto how muchthecostfunctionJ is minimized,then
we want to �nd a discriminatorsuchthat no morethans percentof all possible
discriminatorshave a lower costJ thantheselecteddiscriminator. We canshow
that with high con�dencewe can�nd a discriminatorin the top s percentileby
uniformly samplingthe�nite setof all possiblediscriminatorsH a �x ednumber
of timesn thatis independentof thesizeof thetrainingsetjSj andthenumberof
prototypesr required.Ourapproachis similar in spirit to theRANSAC algorithm
for therobustestimationof modelparameters(FischlerandBolles,1981).
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For 0 < � < 1, wewould like to �nd thenumberof samplesn suchthatthere
exists at leastone discriminatorthat is in the top s percentilewith probability
at least1 � � (in otherwords,with con�dence� ). Sinceeachsampleis drawn
uniformly from the setof all discriminators,the probability that a givensample
doesnot fall in any �x edfractions of thesetof all discriminatorsis 1 � s. This
is trueirrespectiveof which fractions is chosen.In particular, it is truewhenthe
top s percentileis chosen.Sinceeachsampleis chosenindependentlyfrom each
other, if n samplesaredrawn, the probability that noneof themfall in the top
s percentileis (1 � s)n < e� sn . Thusthe probability that at leastoneof the n
samplesdoesfall in thetops percentileis greaterthan1� e� sn . Thus,at leastone
of thesamplesis in thetops percentilewith probability1� � if 1� e� sn > 1� � .
Thus:

n >
log(1=� )

s

For example,for s = 0:1% we needn > 46 samplesto meeta con�dencelevel
of 99%, for s = 0:01%we needn > 460samplesto meeta con�dencelevel of
99%. Theabove analysisfor our samplingstrategy is similar in spirit to that for
theRANSAC algorithm(FischlerandBolles,1981).

Note thatasstatedbefore,we have shown that thenumberof samplesn that
meeta particularcon�dence� neitherdependson thesizeof the trainingsetjSj
nor the numberof prototypesr . However, the evaluationof the costfunction J
for eachdiscriminatorthatis sampleddoesdependonthetrainingsetsizeandthe
numberof prototypes.

5.2 Candidate Discriminators in a Linear Feature
Space

The lastsectionpresentedanapproachfor constructingcandidatediscriminators
in afeaturespacewith anarbitraryparametrizationanddistancemeasure.Evenif
thefeaturespaceis continuous,we notedthat it might bedif�cult to usecontinu-
ousoptimizationstrategiesto �nd thebestdiscriminatorthatminimizesthecost
functionJ .
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In this section,we will considerlinear featurespaces,for examplepixel in-
tensitiesin asub-window of theimage,wherethedistancebetweentwo measure-
mentsin thisfeaturespaceis theweightedeuclideandistance.Insteadof sampling
prototypesthatarerestrictedto thetrainingsetasin thelastsectionwhich results
in theconsiderationof only a discretesetof candidatediscriminators,we will in-
steadconstruct“good” candidatediscriminatorswherethe searchfor suchgood
discriminatorsis doneoverthewholecontinuousfeaturespace.Thisglobalsearch
is madepossibledueto thelinearityof thefeaturespace.

Therewill be one suchcandidatediscriminatorconstructedfor eachlinear
featurespace.Thesediscriminatorswill bethesetof candidatesH for thegreedy
selectionschemepresentedin x 4.1.2. A discriminatoris considered“good” if it
satis�esthefollowing criteriathatarerelevantto thetaskathand:

I. Assumethata setof discriminatorshasalreadybeenselectedby themax-
imum likelihoodgreedyschemedetailedin x 4.1.2. We want to choosea
new discriminatorthat we would like to addto this set. A gooddiscrimi-
natorshouldfocuson classifyingpairsof trainingmeasurementsthathave
beendif�cult to classifyusingthe previous discriminatorsselectedby the
greedyschemeso far. For a givensetof discriminatorsf h0; : : : ; hkg, the
probability thata pair of measurementsx i andx j is mis-classi�edis given
by:

wij � 1 � p(yij j x i ; x j ) = � (� yij

X

k

� k [hk(x i ) = hk(x j )]) (5.1)

Thusin termsof theprobabilityof mis-classi�cationwij , wewantto �nd a
discriminatorin thefeaturespacethatfocusesonclassifyingpairsfor which
wij is high.

II. As muchaspossible,pairsof trainingmeasurementsfrom thesameobject
class(i.e., yij = � 1) shouldbe put in the samepartition inducedby the
discriminator, while pairsof training measurementsfrom differentobject
classes(i.e.,yij = +1) shouldbeput in differentpartitions.

III. A good discriminatorinducesa partition suchthat the training measure-
mentsin thedifferentpartitionsareseparatedwell, while trainingmeasure-
mentsin the samepartition are tightly clustered. This shouldmake the
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discriminatormore robust at run-time in decidingwhich partition a mea-
surementfallsunderif thetrainingsetis representativeof datato beseenat
run-time.

The�rst two criteriadealonly with thetrainingset,while thelastoneis aheuristic
criterionfor �nding adiscriminatorthatgeneralizeswell to futureunseendata.

Our approachto �nding a discriminatorwhich satis�estheabovecriteriawill
beto encodethemin anobjective functionthatcanbethoughtof asanunsuper-
visedgeneralizationof the well known Fisherquotient(Fukunaga,1990). This
objective function is minimizedto �nd a linear discriminant,i.e. a hyper-plane
in thelinearfeaturespacefor which theprojectionsof trainingmeasurementson
the hyper-planearemaximally separatedinto two groups,while alsosatisfying
theothercriteriaabove. Thelineardiscriminantalongwith anoptimal threshold
will form the desiredcandidatediscriminatorfor the linear featurespaceunder
consideration.Unlike the traditionalformulationof the Fishercriterion,we use
a purelypair-wiseformulation,which allows usto easilybiastheoptimizationto
focuson thepairsof training imagesthatarecurrentlyhardto classifyusingthe
discriminantslearnedsofar (criterion(I) above).

Formulating the ObjectiveFunction

For concretenessbelow, weassumeanexamplefeaturespaceIRm2
of pixel inten-

sitiesin a sub-window of sizem � m in aninput image.We would like to �nd a
discriminantl in this featurespacethatsatis�esthethreecriteriadiscussedabove.
Oneof thecriteria (III) is to �nd a discriminantthatpartitionstrainingmeasure-
mentsinto two well-separatedgroups,eachof which is tightly clustered. The
rationalefor this criterion is thatsucha discriminantcanbeexpectedto reliably
determinethepartitionthatunseenimagesof objectsof interestbelongto, assum-
ing that the trainingdatais representative of all the imagesof objectsof interest
thatwill beencounteredat run-time.In otherwords,wewantto maximize:

F �
across-partitionseparation
within-partitionseparation

If we know the optimal partition that satis�es the above criteria, then the
optimal discriminantcan be found by optimizing the Fisherdiscriminantquo-
tient (Fukunaga,1990). Let v i be the representationof training imagex i in the
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continuousfeaturespace(i.e.,v i 2 IRm2
in theexampleabove). For agivenparti-

tion of thetrainingdata,theFisherquotientis usuallyformulatedin theliterature
in termsof the�rst andsecondorderstatisticsof thetrainingdataasfollows:

F (l) =
jjm+ � m� jj 2

� + 2 + � � 2

wherem+ ; m� arethemeansof theprojectionsontothediscriminantl of thev i 's
in thetwo partitions,andsimilarly � + ; � � arethecorrespondingvariances.In our
formulationhowever, we will insteadusea purelypair-wiseformulationthatwill
allow us to easilyincorporatetheothertwo criteriadiscussedabove. We denote
a partitionof the training imagesby indicatorvariabless = f s1; : : : ; sng where
eachsi 2 f� 1; +1g indicatesthepartitionthatv i belongsto in thefeaturespace.
Thepair-wiseformulationof theFisherquotientthatweuseis thengivenby:

F (s; l) =

P
i;j (1 � si sj )K (x i ; x j )

P
i;j (1 + si sj )K (x i ; x j )

(5.2)

whereK (x i ; x j ) � lT (v i � v j )T (v i � v j )l is theseparationalongthediscriminant
hyper-planel betweentrainingimagesx i andx j . Notethat,asrequired,theterm
(1 � si sj )=2 2 f 0; 1g is anindicatorfunctionthatdenoteswhenx i andx j arein
differentpartitions,while (1 + si sj )=2 2 f 0; 1g denoteswhenx i andx j arein the
samepartition.

In practice,wewill haveto determineboththeoptimalpartition(i.e.,asetting
for s that optimizeseq (5.2)) aswell asthe optimal discriminanthyper-planel.
Thisis anunsupervisedmixeddiscrete-continuousoptimizationproblem(discrete
in s andcontinuousin l). We derive an iterative solution for this optimization
problemin thenext subsection.Oncethehyper-planel is found,we canform a
linear discriminanth(x) = sgn(lT v � � ) where� is the optimal thresholdthat
separatesthetwo partitions.

With thepair-wiseformulation,it is now a simplematterto encodetheother
two criteria(I,II) into theoptimization.

We canconstrainthe optimizationof eq (5.2) suchthat training objectsthat
belongto thesameobjectclassareencouragedto bein thesamepartition(crite-
ria (II)). This is donesimply by usingthesameindicatorvariablefor all training
imagesbelongingto thesameobjectclass,i.e. all trainingexamplesxk i thathave
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thesameclasslabel yi will usethesameindicatorvariablesi . Thusany assign-
mentto the indicatorvariableswill put all training imagesfrom thesameobject
classin thesamepartition.

We can encodecriteria (I) by biasingthe optimizationto focuson pairs of
training imagesthat have beenhardto classifywith the currentsetof discrimi-
nantsthathavebeenlearnedsofar. Let usassumethatk discriminatorshavebeen
learnedso far andlet wij be the correspondingprobability of mis-classi�cation
of a pair of imagesx i andx j by the k discriminators,asde�ned in (5.1). The
pair-wise formulation of the Fisherquotienteq (5.2) can readily bias the opti-
mizationto focuson thehardto classifypairsof images,by weightingeachterm
in theFisherquotientby thecorrespondingprobabilityof mis-classi�cation.Thus
harderto classifypairsof trainingimageswill haveacorrespondinglylargerin�u-
enceontheoptimizationof thequotient.Themodi�ed expressionfor thequotient
is:

F (s; l) =

P
i;j (1 � si sj )wij K (x i ; x j )

P
i;j (1 + si sj )wij K (x i ; x j )

(5.3)

Iterati veOptimization

In practice,direct optimizationof F is hardsinceit is a discrete-continuousop-
timizationproblem.To make theoptimizationfeasible,we relaxthediscreteop-
timization over s to a continuousoptimizationproblem. This approximationis
similar in spirit to the normalized-cutapproachfor segmentation(Shi andMa-
lik, 2000). With this relaxation,we proposean iterative maximizationscheme,
by alternatingbetweenmaximizingF with respectto s keepingl �x edandmax-
imizing F with respectto l keepings �x ed. We show below that eachof these
sub-problemsleadsto acorrespondinggeneralizedeigenvalueproblem.

First,considermaximizingF keepingl �x ed.De�ne amatrixW with entries:

W(i; j ) �
X

i;j

X

k i ;k j

wk i k j K (xk i ; xk j )

whereki rangesover all the indicesof training imagesthatbelongto classi and
similarly for kj (the notationtakesinto accountthe fact that indicatorvariables
aresharedamongtraining imagesfrom the sameclass,i.e. criteria (II) above).
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Let 1 beavectorof 1'swith thesamenumberof componentsass. ThenF canbe
simpli�ed asfollows:

F (s) =
1T W1 � sT Ws
1T W1 + sT Ws

Let D be a diagonalmatrix with D = Diag(W1). Sinceeachcomponentof s
takesvaluesin f� 1; +1g, the following equivalencecanbe veri�ed: 1T W1 =
sT Ds. Substitutingabove,weget:

F (s) =
sT (D � W)s
sT (D + W)s

(5.4)

As mentionedbefore, insteadof solving for the hard discreteoptimization
problem,we solve for anapproximatecontinuousproblem. Speci�cally, instead
of assumingthattheindicatorvariablescantakeononly binaryvaluesf� 1; +1g,
we let themtake on valuesin the continuousinterval [� 1; +1] . In otherwords,
we make “soft” insteadof hardassignments.For continuousvaluesof s, F is
maximizedwhens is setto theeigenvectorcorrespondingto thelargesteigenvalue
of thegeneralizedeigenvalueproblem(D � W)s = � s(D + W)s.

Next, we maximizeF with respectto l while keepings �x ed. De�ne the
matrices:

A �
X

i;j

(1 � si sj )
X

k i ;k j

wk i k j (vk i � vk j )(vk i � vk j )
T

B �
X

i;j

(1 + si sj )
X

k i ;k j

wk i k j (vk i � vk j )(vk i � vk j )
T

with ki andkj de�ned asbefore.With thesede�nitions, F canbesimpli�ed to:

F (l) =
lT Al
lT Bl

(5.5)

Onceagain,F is maximizedwhenl is setto theeigenvectorcorrespondingto the
largesteigenvalueof thegeneralizedeigenvalueproblemAl = �B l.

Figure5.1summarizestheiterativescheme.Wealternatebetweenmaximizing
F w.r.t. s and l by solving for the correspondingeigenvector problems,until
convergence.Althoughtheiterationis guaranteedto increaseF monotonically, it
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cangetstuckin a local minimum. Hence,in our experiments,we �rst �nd thek
mostsigni�cant principalcomponentsof all thevectorsv i for somek thatis �x ed
apriori, theninitialize l to eachof theseprincipalcomponentsandoptimizeusing
theiterativeschemejust describedandchoosethehyper-planel amongthemthat
maximizesF . Note that theoptimalpartitions is not requiredfor therestof the
scheme.

Let u1; : : : ; uk bethe�rst k PCA componentsof thesetof featurevectorsv i

correspondingto trainingimagesx i .

do for i = 1; : : : ; k

I. Setl = u i .

II. Iterate between the two eigen-problems
(D � W)s = � s(D + W)s and Al = � lBl until convergenceto

si ; l i .

III. SetFi = F (si ; l i ).

Outputl i correspondingto maxFi .

Figure5.1: Pseudo-codefor �nding optimaldiscriminants

Figure 5.2 is an illustration of the above iterative algorithm on a synthetic
examplein a continuous2D featurespace.Therearetwo training examplesfor
everyclass(connectedby adashedline for eachclass).Both trainingexamplesin
eachclasssharethesameindicatorvariablein the iteration. Thealgorithmcon-
vergesto agooddiscriminant(approximatelyhorizontal)in a few iterations,even
thoughtheinitializationwasfarfrom theoptimalsolution.Also, the�nal partition
found(denotedby 
 and� ) is consistentwith whatonewouldexpecttheoptimal
partitionto be.Notethatthevariationwithin classes(approximatelyalongthever-
tical direction)is on averagemorethanvariationacrossclasses(mostlyalongthe
horizontaldirection).Thus,if wehadnotspeci�edtheclassmembershipof train-
ing examplesthroughsharedindicatorvariables,theoptimaldiscriminantfound
wouldbealmostorthogonalto theoneshown in the�gure sincethatwouldbethe
directionthatmaximizestheFisherquotient.
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2 3

Figure5.2: Syntheticexamplein a continuous2D featurespaceillustrating the itera-
tive algorithmfor �nding optimal discriminants.The numbersin the �gure refer to the
iterationnumber. The�nal partitionfoundis denotedby 
 and� .
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Choosing� . Findingtheoptimalthreshold� is a one-dimensionalproblemalong
thediscriminanthyper-planel, for whichweuseasimplebrute-forcesearch.The
optimalvaluefor � is thatwhich minimizesthetotal costfunctionJ (4.11). The
totalcostasafunctionof � changesonly when� crossesavectorv i projectedonto
l. Accordingly, we determine� asfollows: sort theprojectionsonto theoptimal
l of all thev i 's, �nd the total costJ for eachvalueof � thataremid-points(for
robustnessat run-time)betweensuccessive sortedprojections,andchoosethe �
thatgivestheminimum.
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Chapter 6

Implementation

In thischapterwewill discussseveralissuesthatareimportantfor apracticaland
ef�cient implementationof our approach.In x 6.1we discussthevariousfeature
spacesthatweusein ourwork. In x 6.2wedescribetheneedfor decomposingan
objectview in termsof a setof parts.We presentourapproachfor selectinga set
of suchpartsthataregoodfor thediscriminationtaskat hand.We notedin x 3.3
thateventhoughadiscretemodelto theoptimaldistancemeasurewill in practice
belessaccuratethana continuousmodel,thediscretedistancemodelcanstill be
useful in practiceif it permitsthe possibility of ef�ciently narrowing down the
setof possibleneighborsto an input measurement.This setcanthenfurther be
prunedby themoreaccuratecontinuousdistancemodel.In x 6.3we discusshow
to composethediscriminatorsthatareusedin formingthediscretedistancemodel
in a tree-like structurefor ef�cient run-timeperformance.Finally x 6.4describes
in detailtheoverallschemefor detectingobjectsof interestin aninput image.The
scheme�rst detectscandidatepartsat variouslocationsin the input imageusing
thenearestneighborclassi�er, thenaccumulatessupportfor eachcandidatepart
from otherpartsthatareconsistentwith thecandidatepart,and�nally performs
localnon-maximalsuppression.

6.1 FeatureSpaces

As discussedin x 3.2, in our work we approximatetheoptimaldistancemeasure
byalinearcombinationof elementarycontinuousordiscretizeddistancemeasures
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in simple featurespacesbasedon color, shapeand texture. In this section,we
describethedetailsof thetypesof featurespacesthatweusein ourexperiments.

Thehistogramof variousimagefeaturetypesis awidely usedfeaturespacein
computervision (Schiele,1997;Swain andBallard,1991;WorthingtonandHan-
cock,2000;Schneiderman,2000;deBonetet al., 1998;Comaniciuet al., 2000).
In our work, we considerthe histogramof continuousfeaturetypes. Eachsuch
featuretypecanbemulti-dimensional.For example,color is typically expressed
in termsof threebands(red,greenandblue,or equivalentlyhue,saturationand
value).Formally, ahistogramis adiscretizationof aprobabilitydensityp(f jx) for
afeaturetypef in animagex. In thesimplestsuchdiscretization,eachdimension
of thefeaturetypef is discretizedinto a�x ednumberof bins.For example,in our
work wechooseto discretizethecolorof apixel into 8 levelsfor eachof thethree
color bands- red,greenandblue. Thehistogramis thenconstructedby �nding
thefrequency countof thepixelsin theinput imagewith a featurevaluethatfalls
in eachbin. In our work, we usea 32 � 32 pixel window of support,centered
aroundthepointof interestin theinput imagefor constructingthehistogram.

Two observedhistogramsC1 andC2 of thesamefeaturetypecanbecompared
usingvariousdistancemeasures.For example,the� 2 distanceis de�ned by:

� 2(C1; C2) =
X

b2 bins

(C1(b) � C2(b))2

C1(b) + C2(b)

whereb runs over the set of bins in a histogramfor the particularfeaturetype
underconsideration.Anotherdistancemeasureis the simpleL 1 distance.Both
theabove distancemeasurescanberelatedto theKL distancemeasurebetween
two distributions.The� 2 is a quadraticapproximationto theKL distance,while
theL1 is anupperboundfor theKL distance(Cover, 1991).Yet anotherdistance
measurebetweentwo observedhistogramsis theintersectiondistance(Swainand
Ballard,1991):

\
(C1; C2) =

X

b2 bins

minf C1(b); C2(b)g

For a performancecomparisonof someof thesedistancemeasures,see(Schiele,
1997).In ourwork, weusethesimpleL 1 distancefor run-timeef�ciency.

Histogramsarepopularin the computervision literaturesincethey aretyp-
ically ef�cient to createfrom an input imageas well as being robust to a fair
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amountof geometrictransformations(Schiele,1997; Swain andBallard, 1991;
Comaniciuet al., 2000). On thedown side,histogramsbasedon a singlefeature
typecannotbeexpectedto bediscriminativeenoughfor all objectsof interest.Re-
cently, multi-dimensionalhistogramshavebeenshown to behighly discriminative
(Schiele,1997;RaoandBallard,1995). However, they typically requirea large
supportwindow for reliableestimation(the “curseof dimensionality”(Schiele,
1997; Dudaet al., 2001; Bishop,1995))andareexpensive to computeat run-
time.

In our work, for run-time ef�ciency considerations,we consideronly very
low-dimensional(1- or 2-dimensional)histograms.As notedabove, eachsuch
low-dimensionalhistogramwill in generalbe insuf�cient for the discrimination
taskat hand.Our approachgetsaroundthis short-comingby combiningthedis-
criminative power of several suchlow-dimensionalhistograms.More precisely,
underthe nearestneighborframework, we assumea linear combinationmodel
for the optimal distancemeasurein termsof a setof elementarydistancemea-
sures,eachof which is de�ned on histogramsconstructedin a particular low-
dimensionalfeaturespace.

In our work, we alsoutilize the spatiallocationof the featureto further im-
prove thediscriminativepower of low-dimensionalfeaturespaces.Typically, the
spatiallocationof thefeaturein thesupportwindow is ignoredwhenconstructing
ahistogram.Weencodecrudespatialinformationby discretizingthespatialloca-
tion. In otherwords,thehistogramthatweuseis adiscretizationof theprobability
densityp(f ; l jx) over the joint spaceof both the featuretype f andits locationl
(speci�edby thecoordinatesof thepixelsin thesupportwindow) with respectto
thecenterof thesupportwindow aroundthepointof interestin aninput imagex.
This is similar in spirit to thework onshapecontext (Belongieetal.,2002).In our
work, we choosea 2 � 2 discretizationof thespatiallocations,centeredaround
thepointof interestin theinput image.

Weconcludethissectionby listing all of thespeci�c featuretypesthatweuse
in ourwork. Thefeaturetypesbelongto thefollowing threecategories:

Color Threesingledimensionalfeaturespacesareconsideredcorrespondingto
thered,greenandbluebands.Eachbandis �rst normalizedby theaverage
valuein thesupportwindow. Eachbandis thendiscretizedinto 8 bins.
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Texture A simplecharacterizationof texture is in termsof theGaussianderiva-
tive �lter responses(Schiele,1997; Viola, 1995; Greenspanet al., 1994).
Speci�cally, we �rst convolve the imagewith theGaussianderivative ker-
nelsgx ; gy alongthetwo coordinateaxes.We usetheDericheimplementa-
tion for theconvolution (Deriche,1992)with thewidth of theGaussianset
to � = 2:0 pixels. EachGaussianderivative givesusa singledimensional
featurespace.Additionally, weusethemagnitudeof thederivativeg2

x + g2
y .

For characterizingtexturesin anef�cient aswell asrotation-invariantman-
ner, see(Greenspanetal., 1994).

Local Shape Lastly, weconsiderhistogramsof localshapeproperties.First,con-
toursaredetectedby usingthe Canny edgedetectorfollowed by contour
growing usinghysteresis(Canny, 1986). Two typesof local shapeproper-
tiesareconsidered.Thesimplestis theorientationof theedges(onthecon-
tours)that falls within the supportwindow. The orientationis discretized
into 6 directions,30� apart. We alsoestimatethe local curvatureat each
edgepoint that fall within the supportwindow. A simpleestimatecanbe
obtainedateachedgepoint thatis notat theboundaryof acontourfrom the
orientationsat theedgeandits two neighborsin thecontourcontainingthe
edge.Thisestimateis discretizedinto 6 levels.

6.2 Decompositioninto Parts

An importantissuein constructingthe featurespacesdescribedin the previous
sectionis theoptimalsizeandshapefor thesupportwindow. Ideally, thesupport
window shouldcover thewholeof theobject. Sinceat run-timetheobjectof in-
terestis not known, we will thenneedto chooseanoptimal sizefor the support
window thatcanbeusedfor all objectsof interest.Sincedifferentobjectswill in
generalhavedifferentshapesandthusdifferentoptimalsizesfor thesupportwin-
dows,choosingonesizeto �t all cannotbeexpectedto performwell in practice.
Any onechoicefor the sizewill likely be too small for someobjectsor too big
for otherobjectsfor whichsomeof thebackgroundwill beconsideredalongwith
theobjectof interest.Also differentobjectswill havedifferentshapesandthusno
oneshapefor thesupportwindow will beoptimal.
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One approachto overcomingthe above shortcomingis to decomposeeach
objectof interestinto a setof partssuchthateachparthasa supportwindow that
is entirelyor mostlycontainedwithin theobjectof interest.Thesupportwindow
for eachpart neednot beaslarge aswhenonly onesupportwindow is usedfor
thewholeobject. Furthermore,with suchanapproach,evennon-convex objects
can be reasonablycoveredwith a set of parts,seeFigure 6.2 for an example.
Decomposinganobjectinto partsandusingboththepartmatchingscoresaswell
astheirspatialcon�gurationfor objectdetectionhasbeenquitewell-studiedin the
literature(Weberetal.,2000;Burl etal.,1998;Leungetal.,1995;Schneiderman,
2000;Viola, 1995).

Another important reasonfor using a part decompositionis to enableob-
ject detectionthat is robust to detectionfailureor partial occlusion.A detection
schemethatdoesnot dependon thedetectionof all theparts,but insteadrequires
the detectionof only somefraction s of the partswill be robust if the detection
failureor partialocclusiononly affectsatmost1� s fractionof theparts.Wewill
describesuchaschemein moredetail in x 6.4.

In the restof thesectionwe discussseveral importantissuesthatarisewhen
decomposinganobjecttrainingimageinto parts.

6.2.1 Part Classes

Insteadof performinganearestneighborsearchoverwholeobjecttrainingviews,
we performa nearestneighborsearchover objectpart training views. We �rst
de�ne our notionof a part class. Conceptually, a partclasscorrespondsto image
measurementsof somesurfacepatchof anobjectof interest,takenunderdiffering
viewpointsandlighting conditions,justasin thecasefor wholeobjectclasses.

For our purposes,training imagesfor a part classare obtainedas follows.
First we assumea sampleview of thepartclassis given,which wereferto asthe
“center” view (seeFigure6.1). This view correspondsto somesurfacepatchof
anobjectof interestandis selectedfrom a trainingview of thewholeobject.The
next subsectionwill detailhow suchviews for eachpartclassareselected.

We sampleadditionaltrainingviews of this surfacepatchasfollows. We can
easilysamplenew training views undersmall translations,rotationsor scalings
from theoriginalwholeobjectview from whichthecenterview wasselected.For
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translations,we extract 4 new training views that are� 4 pixels from the center
view alongeithercoordinateaxis. For rotationsandscalings,we �rst createnew
imageviews by geometricallytransformingtheoriginal objectimageview under
a setof rotationsandscalingswith linear interpolationsof pixel valuesandthen
samplenew training imagesfor the part from the transformedlocationsof the
centerview. We considerrotationsof � 10� andscalevariationsof 0:9 and1:1.
SeeFigure6.1 for an exampleof a “center” training view of a part classalong
with correspondingtraining views obtainedunderthe transformationsdiscussed
above.

Ideally, wewouldalsoliketo sampletrainingimagesof apartunderviewpoint
changesin depth.In principle,wecouldextractthemfrom additionalobjectviews
aroundtheobjectview containingthe“center” view of thepart. However, unlike
the casefor rotations,translationsandscalings,we cannoteasilydeterminethe
expectedlocation of the part view underviewpoint changes.One way around
this dif�culty would to searchadditionalimagesfor partsthataremost“similar”
to thecenterview of thepart. This requiresa distancemeasureanda threshold.
Theoptimaldistancemeasureis of courseonethatignoreswithin partvariations.
However, we arethenfacedwith a chicken-and-egg problem. Furthermore,part
viewsmaynotbedetectabledueto self-occlusionandmodelingerrors.

We get aroundthesedif�culties by adoptingthe following simpleapproach.
Weselectasetof parts(theselectioncriteriais discussedin thenext section)and
modelvariationsin translation,rotationandscaleasdiscussedabove, indepen-
dentlyfor eachwholeobjecttrainingview. For neighboringwholeobjecttraining
views, it is possiblethat thesameunderlyingsurfacepatchis representedby dif-
ferentpartclassesselectedin eachof thewholeobjecttrainingviews. If wehada
reliablemeansof detectingsuchcorrespondingpartclasses,we would of course
wantto groupall theparttrainingviews in all thosepartclassesastrainingviews
for a singlepart class. Instead,we avoid this correspondenceproblemwhich is
dif�cult to perform in practice,by letting eachunderlyingsurfacepatchto be
representedby a redundantnumberof partclasses,onefor eachtrainingview in
which thesurfacepatchis visible. Thedown-sideto this simpleapproachis the
extrastoragespacerequiredfor theredundancy andthefactthatviewpoint varia-
tions in depthfor a surfacepatcharenot taken into accountwhenestimatingthe
optimaldistancemeasurefor thenearestneighborrule.
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6.2.2 Part Selection

For run-timeconsiderations,it is desirableto decomposeanobjectview into only
a few parts. Onecriterion for choosinga particularpart shouldbe its discrimi-
native power. Let Sz be the training set for somepart classz. The training set
is chosenasdescribedin theprevioussubsection.Let �Sz bea randomsampleof
training views of partsthat do not belongto the sameobjectclassasz. Thena
naturalmeasurefor thediscriminative power of a partview is the log-likelihood
l(Sz; �Sz) thata view from Sz and �Sz belongto differentclasses:

l(Sz; �Sz) �
1

jSz jj �Szj

X

zi 2 Sz ;zj 2 �Sz

logp(yij = � 1 j zi ; zj ) (6.1)

Wemodelthepair-wisedistributionp(yij j zi ; zj ) usingalinearcontinuousmodel
for its logit transform,i.e. weusethecontinuouslinearmodelfor theoptimaldis-
tancemeasureH (zi ; zj ) (seex 3.2).A globalcontinuouslinearmodelof H (zi ; zj )
is estimatedunderthemaximumlikelihoodframework (seex 4.1)from arandom
trainingsampleof partclassesfrom all wholeobjecttrainingviews.

Two part classesthat are very discriminative but whoseunderlyingsurface
patchesoverlapon theobjectwill beredundantfor thediscriminationtask.Thus
a secondcriterion thatwe usefor selectinggoodpartsis to choosepartsthatare
“non-overlapping”.In additionto thefactthatsuchpartswill havediscriminative
powersthatarenotredundant,suchapartselectionschemewill leadto adetection
schemethat is more robust to occlusion. In our work, we selectpartsat two
differentscales(see6.2), the original scaleof the training imagesand a lower
resolutionscalethat is 1=2 the original scale. The non-overlappingconditionis
imposedonly within eachscale,notacrossscales.This is becausetwo partsfrom
the samelocationbut at differentscalescanhave non-redundantdiscriminative
power.

Weuseagreedyschemefor selectingasetof partsfrom awholeobjecttrain-
ing view thatsatis�estheabovetwo criteriaat two differentscales.First, for each
scale,the setof all possiblepartsthat arevalid candidatesareconstructedfrom
theobjecttrainingview, sub-sampledevery 4 pixelsalongbothcoordinateaxes.
A partis avalid candidatefor theselectionschemeif morethan80%of its support
coverstheobjectview ratherthanthebackground.For thepurposeof determining
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thevalid candidateparts,thetrainingimagesaremanuallysegmentedinto object
andbackground.

Eachof thesecandidatepartsin both scalesarescoredby the log-likelihood
scorede�ned in (6.1). At eachiteration,we selectthe part that hasthe highest
scoreacrossbothscalesandwhichdo not “overlap”with thepartsselectedin the
previous iterations. We considertwo partsas “overlapping”eachother if their
supportsintersectby morethan50%. In our work, we selectup to 10 suchnon-
overlappingparts. SeeFigure6.2 for the �nal set of partsselectedfor sample
trainingimages.

6.3 Ef�cient Compositionof Discriminators

As discussedin x 3.3.1,wehavechosento discretizetheoptimaldistancemeasure
usinga linearcombinationof distancemeasuresassociatedwith thepartitionsin
imagespaceinducedby simplediscriminators.As mentionedin thatsection,this
choicepermitsthe possibilityof coarse,but ef�cient, nearestneighborsearchat
run-timethatyieldsa small list of candidateneighborsthatcanbefurtherpruned
by the moreaccurate,but computationallyexpensive, continuousmodel for the
optimaldistancemeasure.Ef�cient searchis possibleif we selectdiscriminators
suchthatthey canbeorganizedinto anef�cient tree-likestructure.In thissection,
wedetailourapproachfor composingdiscriminatorsin suchastructure.

6.3.1 Alter nating Trees

For composingthediscriminatorsinto anef�cient structure,weadaptthework on
“alternatingtrees”(FreundandMason,1999)whichis ageneralizationof decision
trees(seeFig. (6.3)).Thisis alsosimilarin spirit to “option trees”(Buntine,1993).
Thesalientfeaturethatdistinguishesalternatingtreesfrom regulardecisiontrees
is thata nodein analternatingtreecanhave multiple decisionnodesaschildren.
Theterm“alternating”refersto alternatinglevelsof two typesof nodes:

Partition Nodes: which indicatesthe subsetof the imagespaceU � X that
reachesthenodeafterpassingthroughthesequenceof discriminatornodes
from the root to the partition node. We canthink of the restof the image
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spaceX � U asthesubsetof imagespacethatthepartitionnode“abstains”
from.

In theoriginalpresentationof alternatingtreesin (FreundandMason,1999),
thesewerecalled“predictornodes”,but wepreferthemoreinstructiveterm
of “partition nodes”for our task.

Discriminator Nodes: arechildrenof partitionnodesandthatcorrespondto dis-
criminatorsthatpartitionthesubsetof imagespaceassociatedwith thepar-
entpartitionnode.

Theroot nodeof thewholealternatingtreeis a partitionnodeassociatedwith
theentireimagespaceX . A partitionnodecanhaveamultiplenumberof discrim-
inatorsaschildren. In turn, a discriminatornodehaspartitionnodesaschildren,
eachof whichcorrespondsto oneof thesubsetsof theimagespacein thepartition
inducedby theparentdiscriminatornode.

Thepossibilityof partitioningthesubsetof imagespaceassociatedwith each
partitionnodeby a possiblymultiple numberof discriminatorsgivesthealternat-
ing treemore�e xibility andredundancy comparedwith standarddecisiontrees.
The standarddecisiontree is recoveredif the alternatingtree is constrainedto
have at mostonediscriminatornodeasa child for eachpartitionnodein thetree
andcollapsingeachpartitionnodewith its solediscriminatorchild (if any). The
redundancy in thealternatingtreeleadsto morerobustnessat run-timecompared
with decisiontreessincean input leadsto multiple pathsfrom the root to leaf
nodesunlike in decisiontreeswhereonly onepathis possible.An error at any
point alongthe singlepathof a standarddecisiontreeleadsto thewrong result,
whereasan alternatingtreecanrecover from a few errorsdueto its relianceon
multiplepaths.

6.3.2 Treesand the Linear DistanceModel

In x 3.3.1wediscussedadiscretemodelfor theoptimaldistancemeasurein terms
of elementarydistancemeasurescorrespondingto simplediscriminators(3.11).
On �rst thought,it mightnotseemthatwecanincorporatethesimplediscrimina-
torscomposedin an alternatingtreeinto a linear modelsincethe discriminators
in a treehave dependencieson eachother. However, recall that theonly manner
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in which a discriminatorhk entersinto thelinearmodel(3.11)is throughtheele-
mentarydistancemeasure[hk(x) = hk(x0)] associatedwith thepartitionof image
spaceinducedby the discriminatorhk . The binary distancemeasureindicates
whethertwo imagex; x0belongto thesamepartitioninducedby hk (i.e. [hk(x) =
hk(x0)] = � 1) or belongto differentpartitions(i.e. [hk(x) = hk(x0)] = +1).

In analternatingtree,a discriminatorhk only partitionsthesubsetof images
U that reachesits parentpartitionnode. Clearly, thedistancemeasure[hk(x) =
hk(x0)] can be de�ned as before if its domain is restrictedto pairs of images
(x; x0) 2 U � U. Our approachto incorporatingdiscriminatorsin an alternat-
ing treeis to extendthedomainfor thedistancemeasure[hk(x) = hk(x0)] to all
of theimagespaceX � X .

Accordinglyconsiderthecasewheneitheror bothof x andx0belongtoX � U,
that is the imagesbelongto the subsetof imagespacethat the discriminatorhk

“abstains”from. First, let both x; x0 2 X � U. How should[hk(x) = hk(x0)]
be de�ned ? As far as the discriminatorhk is concerned,both x andx0 cannot
bediscriminatedby hk , thuswe shouldlet [hk(x) = hk(x0)] = � 1. On theother
hand,if oneof the imagemeasurementsbelongto U while theotherbelongsto
X � U, thenthe pair canbe consideredto be discriminatedby hk andthuswe
shouldlet [hk(x) = hk(x0)] = +1. Putanotherway let U = f U1; : : : ; Ulg bethe
partitioninducedby hk on U, thentheaboveextensionof [hk(x) = hk(x0)] to all
imagespaceis thesameasde�ning a distancemeasureon theextendedpartition
X = f X � U;U1; : : : ; Ulg over thewholemeasurementspace.

6.3.3 Building the Tree

We end this sectionby describinghow an alternatingtree of discriminatorsis
built at training time. Recallfrom x 4.1 thatwe want to selectK discriminators
in a greedymannerfrom a givencollectionof candidatediscriminatorsH under
the maximumlikelihoodframework, or morespeci�cally we want to selectthe
K discriminatorshk 2 C; k = 1; : : : ; K that minimize the costJ (4.11). Each
candidatediscriminatorin H is constructedin somefeaturespaceby either of
the procedures(the nearestprototypediscriminatoror �sher like discriminator)
outlinedin Chapter5 usinga trainingsetS.

Theabovegreedyselectionschemefor choosingdiscriminatorsremainslargely
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unchangedin thecontext of building analternatingtree,but with importantdiffer-
ences.At any iterationof thegreedyscheme,let usassumethatwehavebuilt some
alternatingtreethatcontainsthediscriminatorsselectedsofar in theprevious it-
erations.At thecurrentiteration,we havea choiceof addinganew discriminator
to anypartitionnodein thealternatingtree(recallthatin analternatingtree,apar-
tition nodecanhave multiple discriminatornodes).Thecandidatediscriminators
availablefor eachpartitionnodePi is constructedusingtheproceduresin Chap-
ter 5 in variousfeaturespacesasbeforebut trainedon only thesubsetof training
examplesSi � S reachingthepartitionnodePi .

Thegreedyschemefor building thealternatingtreeis outlinedin Figure6.4.
Thealternatingtreeis initialized to apartitionnodethatcorrespondsto thewhole
imagespaceX . At thestartof iterationk, let T bethealternatingtreeconstructed
sofar in thepreviousiterations.As before,let Si � S denotethesubsetof train-
ing examplesthat reachthe partitionnodePi in T, andlet H(Si ) denotethe set
of candidatediscriminatorsavailableto partitionnodePi usingtheproceduresfor
constructingdiscriminatorsin Chapter5 andthetrainingsetSi . At iterationk, we
choosethediscriminatorh� thatminimizestheobjective functionJ (4.11)from
amongthe setof all candidatediscriminatorsh 2

S
i H(Si ) over all choicesof

trainingsetsSi associatedwith eachpartitionnodePi in thetree. This discrimi-
natorh� is addedto thetreeasa child of thepartitionnodePi for which h� came
from thecorrespondingsetof candidatediscriminatorsH(Si ). Note thatsincea
partitionnodePi canhave multiple children,eachpartitionnodewill participate
in all iterations,unlikethecasefor astandarddecisiontreewhereonly thecurrent
leaf nodesareconsidered.At theendof a �x ednumberof iterations,we output
the�nal alternatingtreewith discriminatorshk alongwith theoptimalcombining
coef�cients � k .

6.4 Tying it all Together

In this �nal section,we will walk throughour schemefor detectingobjectsof
interestin aninput image.Figures6.5-6.6aretheaccompanying illustrationsfor
thefollowing discussion.

An objectof interestmight bepresentat any locationin theinput image.At-
tentionalmechanismsor interestoperatorshavebeenusedin theliterature(Grim-
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sonetal.,1994;Burt, 1988;AbbottandZheng,1995;Westliusetal.,1996;Grove
andFisher, 1996;StoughandBrodley, 2001;CulhaneandTsotsos,1992;Itti etal.,
1998; Baluja andPomerleau,1997; TomasiandShi, 1994; RuzonandTomasi,
1999;MikolajczykandSchmid,2002)for focusingonthoselocationsin theinput
imagethatmightcorrespondto anobjectof interest.Theselocationsarethenfur-
theranalyzedfor thepossiblepresenceor absenceof anobjectof interest.Such
techniquesfor narrowing down the setof all locationsto a manageablenumber
is necessarysincetypically the objectdetectionproceduresarecomputationally
expensive.

However, thestateof theart for suchattentionalmechanismsleavesmuchto
bedesiredandis beyondthescopeof thisthesiswhosemainfocusis ontheprinci-
pledformulationandthevariousissuesinvolvedin developinganef�cient nearest
neighborframework for objectdetection.Instead,for simplicity we adopta more
“brute-force” approachwherewe sub-sampleall possiblelocationsin the input
imageandclassifythesub-imageat eachlocation. Sucha bruteforce approach
hasbeensuccessfulin certainrestricteddomainslikefacedetection(Rowley etal.,
1998;Schneiderman,2000;Viola andJones,2001).Goodrun-timeperformance
with currentcomputepower usingsucha brute-forcestrategy is possiblewhen-
ever thedetectionprocessfor anobjectof interestat eachlocationis reasonably
cheap. In our case,the hierarchicalnearestneighborsearchschemepresented
in x 3.3 leadsto suchanef�cient objectdetectionscheme.Nevertheless,any re-
liable attentionalmechanismcancomplementsucha naive brute-forceapproach
andwill only improvetherun-timeperformance.

Accordingly, for ourexperimentsreportedin thenext chapterwechoseto sub-
samplelocationsin theinput imagealongbothcoordinateaxisevery4 pixels.We
could in principlealsochooseto samplerotationsin the imageplanealongwith
someamountof scaleateachsampledpositionbut insteadweemploy analternate
strategy, which is to expandthetrainingsetby addingrotatedandscaledversions
of eachtraining image. Thuswe trade-off training time for improved run-time
performance.

In the rest of the section,we describeeachstepin detail for detectingthe
presenceor absenceof anobjectof interest.

Pre-processing. The variousfeaturesmentionedin x 6.1 areextractedfrom the
input image.Histogramsateachof thesampledlocations(alongbothcoor-
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dinateaxesaswell asat two scales)areconstructedfor eachfeaturetype.
We have chosento usehistogramsof variousfeaturetypespreciselybe-
causethey canbeconstructedateachlocationof theinput imageef�ciently
by makingonepassfrom left to right andfrom top to bottomfor eachscale
that is sampled.Sucha schemeis applicablefor any desiredquantitylike
simplemomentsof featurevalues(averages,variances)whenever thequan-
tity is a function of only the featurevaluesbut not its position in a sup-
port window. See(Viola andJones,2001)for similar applicationsof such
a scheme.For completeness,we describethe schemefor ef�ciently con-
structinghistogramsin moredetailbelow.

Considera locationx in the input imageat which we assumethat thehis-
togramC(x) for somefeaturetypehasalreadybeenconstructed.Thehis-
togramC(x + dx) for thesamefeaturetypeat any of theneighboringpo-
sitions x + � x along either of the coordinateaxes can be computedby
updatingthe histogramat x with only featurevaluesfrom the appropriate
leadingandtrailing stripsat theborderof thesupportwindow for thehis-
togram,asillustratedin Figure6.5. Thuswith appropriateinitializations,
all thehistogramscanbeef�ciently constructedin asinglesweepfrom left
to right, andtop to bottom.

NN Part Detection. Oncethehistogramshavebeenconstructed,objectpartsare
detectedat eachlocation by the hierarchicalnearestneighborsearchde-
scribedin x 3.3. As describedthere,the hierarchicalscheme�rst utilizes
a discretedistancemodelbasedon discriminatorsorganizedin a treelike
structure(seex 6.3). This discretedistancemodel is not very accuratein
practicebut is ef�cient to compute,thusit is usedto searchfor a shortlist
of K d possibleneighborsthatis furtherre�ned in thenext stage.Obviously
the longer the list, the more likely the true nearestneighboris within the
list. SeeChapter7 on how classi�cationperformancedependson K d.

Thenext stagefurtherprunesthis list of K d neighborsusingthe moreac-
curatebut expensive to computecontinuousdistancemodel. Onceagain,
we do not �nd just thenearestneighborbut insteadreporta shorterlist of
K c < K d nearestneighborsfor the next stepwhich accumulatesscores
for wholeobjecthypothesisformedfrom eachof theK c parts.Figure6.6,
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step1 showsthe�rst 5 nearestneighborsfoundby thehierarchicaldistance
measureata few samplelocationsin aninput image.

Object Detection. Eachpartdetectedateachlocationis usedto form ahypothe-
sisfor anobjecttrainingview thatis closestto theview of theobjectin the
input image.A scoreis accumulatedfor thehypothesisfrom thescoresfor
all the partsfrom the sameobjecttraining view asdescribedlater. A part
detectionat a given locationgeneratesa hypothesisfor an object training
view asfollows. Recallfrom x 6.2thateachpartclassis formedfrom some
trainingview of anobjectof interest.Thusit is naturalto hypothesizethe
presenceof thesameobjectviewedunderconditionssimilar to thatof the
training view from which the part classwas formed. If the hypothesisis
true,thentheotherpartsfrom thesametrainingview canalsobeexpected
to befoundin theinput imagewhoselocationscanbepredictedfrom their
locationsin the training imageand the scaleand locationof the detected
partthatgeneratedthehypothesis,seeFigure6.6,steps2 and3.

Thesepredictedlocationsaresearchedfor theotherpartsfrom thetraining
view. For robustnessagainstsomeviewpointchangesaswell assomemod-
elingerrorin assumingrigid objectclasses,thepredictedpartsaresearched
in a smallwindow aroundthecorrespondingpredictedlocations.Thedis-
tancescoresfrom thenearestneighborsearchof thepredictedpartsthatare
found at the expectedlocationsareaccumulatedto form the scorefor the
hypothesis.Crucially, for robustnessagainstocclusionand/orfalsenega-
tiveswhile �nding thepredictedparts,we only accumulatethescoresof a
pre-determinednumberof thetopmostpartsrankedby their scores,includ-
ing thescoreof thepartsthatgeneratedthehypothesis.In our experiments
we have a total of up to 10 partsfor eachtrainingview of anobjectclass,
andwechooseto scoreeachhypothesiswith the5 topmostpartsdetectedin
the input image.Thusour schemeis robust to occlusionor falsenegatives
thataffectup to 5 parts.

Thresholding. Thescoresfor all thehypothesesarethresholded(seetheexperi-
mentsin theChapter7 for thedependenceof theclassi�cationperformance
on varying thresholds).Finally, non-maximalsuppressionis performedto
removeany hypothesesthathavelowerscoresthanany otherhypothesisthat
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is spatiallyoverlapping.Thespatialextentof anobjectclasshypothesisin
the input imageis estimatedfrom the extent of the object in the training
view correspondingto thehypothesisandthe locationandscaleof thehy-
pothesisin the input image. The �nal outputcontainsoneor moreobject
classdetectionswith correspondingscores.
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Figure6.1: Exampleof a part classformedfrom a training image. A “center” view of
thepartclassis selectedfrom thetrainingimageasdetailedin 6.2.1.Additional training
views of the part classaresampledfrom the training imageby translating,scalingand
in-planerotationof thepart.Viewpoint changesdueto rotationin deptharenot modeled
in a partclass.Instead,thesameunderlyingsurfacepatchis redundantlyrepresentedby
multiplepartclassesin differenttrainingimages.Seethetext for details.
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Figure6.2: Optimalselectedpartsfor sampletrainingimages.In our work, partscanbe
selectedat two differentscales.The left columnshows partsselectedfrom the original
scale,while the right column shows partsselectedfrom 1=2 the original scale,back-
projectedto theoriginal scalefor easeof illustration.
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Figure6.3: AlternatingTrees.Thetreealternatesbetweenpartitionnodes(ellipses)and
discriminatornodes(boxes). Eachpartition nodeis associatedwith a subsetU of the
imagespace(markedby � ) that reachesthenodethroughthesequenceof discriminator
nodesfrom the root to the node. Eachpartition nodecanhave multiple discriminator
nodesaschildren,eachof which partitionsthesubsetU of imagespaceassociatedwith
its parentpartitionnode.
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Initialize:

I. Initialize thealternatingtreeT with a rootpartitionnode.

II. Let H(Si ) denotethesetof candidatediscriminatorsconstructedfrom the
trainingsetSi � S thatreachesapartitionnodePi from theroot.

do for K iterations

I. Find the discriminatorh� 2
S

i H(Si ) that minimizes the cost function
J (4.11).

II. Add h� to the alternatingtreeT asa child of thepartitionnodefor which
h� 2 H(Si ).

Figure6.4: Pseudo-codefor building thealternatingtree.
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Figure6.5: Constructinghistogramsef�ciently . AssumethatthehistogramC(x)
for somefeaturetypehasalreadybeenconstructedat locationx. Thehistogram
for C(x + dx) ataneighboringlocationx + dx canbeef�ciently computedfrom
C(x) andthehistogramsin theleadingstripSleadingandtrailing stripStrailing.
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Figure 6.6: Illustration of our detectionschemeon an actual test input (seex 7.1).
Step(1): After pre-processingthe imageto extract histogramsof variousfeatures,the
nearestneighborpartsfrom the trainingsetaredeterminedat eachsampledlocationus-
ing the hierarchicaldistancemeasure(x 3.3). Shown herearethe top 5 partsfor a few
locations. Step(2): Eachpart forms an objecttraining view hypothesis.Step(3): The
locationsof theotherpartsin thetrainingview for eachhypothesisis determinedandthe
correspondingpartsaresearchedin the input image. The hypothesisis scoredby accu-
mulatingthe NN scoresof thesepartsalongwith NN scorefor the part that generated
thehypothesis.Shown hereare2 objectview hypothesesformedfrom partsdetectedat
two locations.In theactualsystem,eachpartdetectedat eachlocationformsa hypothe-
sis,eachof which is scored.Finally, objectdetectionsarereportedafterthresholdingthe
scoresfor thehypothesesandperformingnon-maximalsuppression.
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Chapter 7

Experiments

Most of this chapterwill bedevotedto theinvestigationof theclassi�cationper-
formanceof ourdetectionschemefor acollectionof everydayobjectsin anindoor
environment.In addition,we will alsopresentresultson a dif�cult facerecogni-
tion task.

Section7.1 introducesthe indoor detectiontaskwherewe have a collection
of 15 objectsof interest. Recall from x 6.4 that we usea hierarchicalnearest
neighborsearchfor detectingpartsat eachsampledlocationin an input image,
in which we �rst usea tree-basedef�cient but coarsediscretedistancemodelto
determinea short list of candidateneighborsthat is further prunedby the more
accuratebut expensive to computecontinuousdistancemodel. Beforepresent-
ing resultson this hierarchicalscheme,we �rst reportperformancewhenwe use
only thecontinuousdistancemodeldiscussedin x 3.3.Sinceusingthecontinuous
modelaloneis moreaccuratein practice,thisperformancewill beusedasabench-
markto gaugetheperformanceof thefull hierarchicalscheme.This sectionalso
presentsthe relative discriminative powersof the variousfeaturespaces(color,
textureandlocalshape)andshowshow thediscriminativeinformationfrom these
featurespaceswhenusedtogethercomplementeachotherto a substantialdegree
comparedwith just usingeachfeaturespacein isolation. In x 7.3,we reportthe
signi�cant increasein run-timeperformancethatis gainedwhenusingthehierar-
chicalscheme,while sacri�cing little in detectionperformance.We concludethe
chapterwith resultson a dif�cult facedetectiontaskwith varying facial expres-
sions. This detectiontaskwill illustratethe useof linear discriminatorsthat are
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generatedusingtheunsupervisedFisher-likecriterionthatwaspresentedin x 5.2.
We will alsoreporttheperformancewhenacontinuousdistancemeasurelearned
on onesetof training imagesis usedfor detectingfacesthatarenot represented
in thetrainingset.Such“transfer”of distancemeasuresis usefulin practicewhen
the set of facesthat needsto be detectedat run-timeneednot all be known at
trainingtime.

7.1 The Indoor DetectionTask

7.1.1 Training Set

Figure7.1 shows a collectionof 15 objectsthatwe areinterestedin detectingin
imagestakenunderanindoorof�ce setting.Trainingimagesfor eachobjectwere
takenat two elevationsthatwere10� apartandwhich werecloseto theheightof
a personat a distanceof approximately7 ft from the object. At eachelevation,
trainingimagesweretakenovera180� sweephorizontallyaroundtheobjectat in-
tervalsof 20� . Only half thehorizontalsweepwastakensincemostof theobjects
aresymmetricabouttheverticalaxis.Objectsweremanuallysegmentedfrom the
backgroundin eachtraining image. Figure7.2 shows someof the training im-
agesfor oneof theobjects.As describedin x 6.2.1,up to 10 discriminativeparts
are selectedin eachtraining image. Additional training views for the selected
partsaresampledsyntheticallyfrom theraw trainingimageatdifferentscalesand
rotations(seex 6.2.1).Furthermore,thetrainingimagesweretakenunderillumi-
nationconditionsthatwerenaturalandkeptconstantfor anindoorsetting.Rather
thancollectingmoretraining imagesundervarying illumination conditions,we
choseto usethe normalizationproceduresdescribedin x 6.1 thatwerefound to
be suf�cient in compensatingfor the moderateamountof illumination variation
encounteredin typical indoorsettings.

7.1.2 TestingSet

We wantedto collect a large setof testingimageswith a large numberof back-
groundsaswell aswith a large numberof viewpoint changesfor the objectsof
interest. Collecting testingdatasatisfyingboth criteria at the sametime would
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Figure7.1: The15objectsof interestfor theindoordetectiontask.
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Figure7.2: Sampletrainingviews for oneof theobjects.
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beprohibitively expensive. Instead,we collectedtwo setsof testingimages:one
setvariedtheviewpoint thattheobjectof interestwastakenundermorethanthe
background,while theothersetvariedthebackgroundmorethantheviewpointof
theobjectsof interest.

The�rst setwastakenusingatripodandcontainsimagesof objectsof interest
takenwith 3differentbackgrounds.For eachof the3backgrounds,imagesof each
objectof interestweretakenundervaryingviewpointsataroundthesamedistance
from thecameraaswasthe casewhenthe training imagesweretaken. This set
containeda total of 315imageswith 21imagesfor eachobjectof interest.

The secondtestsetwastaken with a hand-heldcameraandcontainsimages
with 15 differentbackgrounds,onefor eachobjectof interest.This setcontains
a total of 60 imageswith 4 imagesfor eachobjectof interest. Thuswe have a
combinedtotal over both setsof 375testimageswith 25 imagesfor eachobject
of interest.

Figure7.3: Sampletestimagesfor theindoordetectiontask.
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See7.3 for a sampleof thetestimages.As seenfrom thesample,thetestset
includesvariationsin scale,elevationandviewpoint for theobjectsof interest.

7.2 ContinuousDistanceModel Performance

Recall from x 6.4 that our scheme�rst �nds a small setof K c candidateobject
partsat eachsampledlocation in the input image througha nearestneighbor
searchover the training setusingsomedistancemeasure.Eachof thesecandi-
datepartsat agivenlocationgeneratesa hypothesisfor anobjectat thatlocation,
for whichscoresareaccumulatedfrom all thepartsbelongingto thatobjectfound
atthecorrespondinglocationsin theinput imagepredictedby thehypothesis.The
scoresfor eachhypothesisarethenthresholdedandthesurviving hypothesesare
reportedafterperforminglocal non-maximalsuppression,seex 6.4for details.

In this section,we investigatetheperformancefor our schemewhenonly the
continuouslinear model (x 3.3) for the optimal distancemeasureis usedin the
nearestneighborsearchfor partsat eachlocation.As discussedin x 3.3,we �nd
that the continuousmodel is moreaccuratethanthe discretemodel in practice,
albeitat moreexpenseto computeat run-timecomparedwith thediscretemodel.
For goodrun-timeperformanceaswell asgooddetectionperformance,we com-
binethetwo modelsin a hierarchicalschemeasdetailedin x 3.3. Sincethecon-
tinuousmodelis moreaccuratein practice,we will usetheperformancereported
in thissectionasabenchmarkagainstwhichthedetectionperformancefor thefull
hierarchicalschemewill be judgedin thenext section.We will alsoempirically
evaluatetherelativediscriminationpowersof thevariousfeaturetypes(color, tex-
tureandlocal shape)andshow that in practicethey complementeachotherto a
substantialdegreefor thedetectiontaskathand.

7.2.1 The ContinuousModel Benchmark

The performanceof our detectionschemeoutlinedabove anddetailedin x 6.4
dependson two parameters:(a)K c thenumberof nearestneighborpartsreported
at eachlocationand(b) thethreshold� that is usedafteraccumulatingscoresfor
eachhypothesisgeneratedby thedetectedparts.A givensettingfor theseparam-
eters(K c; � ) will giveriseto someperformancefor eachobjectof interest,which
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canbeempiricallycharacterizedby thecorrectdetectionratefor thatobjectalong
with thefalsepositive rateover thesetof 25 testimagesfor theobjectdescribed
in x 7.1.2. An objectis consideredto be detectedin a test imageif our scheme
reportsa detectionof an object with the correctobject label and falls within a
32� 32 pixel neighborhoodof theactuallocationof theobjectin thetestimage
that wasmanuallylabeledbeforehand.Plotting the detectionvs. falsepositive
ratewhile varyingthetwo parametersgivesusa receiver operatingcharacteristic
(ROC) plot (Egan,1975;GreenandSwets,1966).

Eachobjectwill give usa correspondingROC plot. Obviously, differentob-
jectswill in generalhave differentROC plots assomeobjectswill be harderto
detectthanothers. We summarizethe performanceof our detectionschemeby
plotting theaverageROC curve over all objectsin Figure7.4 aswell asplotting
theindividualROC plotsfor eachobjectin Figure7.5.

An objectiveunit for thefalsepositiverateis thetotalnumberof falsepositives
overall testimagesdividedby thetotalnumberof locationstestedby thedetection
schemeoverall testimages.Weplot thisunit alongthetopmargin in all theROC
plotsreportedhere.However, thisunit canmaketheROCplot seemtoooptimistic
(notethe scalefactorof 10� 3 for the unit in the plots). In contrast,we alsouse
theaveragenumberof falsepositivespertestimage.Thisunit is plottedalongthe
bottommargin in the ROC plots andis moresubjective sinceit dependson the
sizeof the �eld of view that the input imagecovers,unlike thecasefor the unit
describedabove. Nevertheless,we feel thatthesecondunit givesa moreintuitive
handleon thedetectionperformanceof ourscheme.

In Figure7.4,theROCplot is representedby asetof ROCcurves,onefor each
settingfor K c, the numberof candidatepartsreturnedby the nearestneighbor
searchusingthecontinuousdistancemodel. Eachcurve is generatedby varying
the threshold� . As a representative point, we get a detectionrateof 82%for a
falsepositiverateof 0:5 pertestimagecorrespondingto K c = 3.

Surprisingly, thedetectionperformancedoesnot vary muchwith thenumber
of neighborsK c. This insensitivity canbeexplainedasfollows. A givenwhole
object training view is decomposedinto a certainnumberof parts(up to 10 in
our experiments)as discussedin x 6.2. Considera test imagewhich contains
theobjectat somelocationunderviewing conditionscloseto that in thetraining
image. The locationof the objectwill determinethe locationswherethe parts
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Figure7.4: AverageROC plot for the indoor detectiontaskusingonly the continuous
distancemodel.Thex-axisis labeledusingtwounits,themoreobjectiveunit shown along
thetopmargin is thefalsepositive rateperlocationtested,while themoresubjective unit
shown along the bottom is the falsepositive rate per test image,whereboth units are
averagedover all test images.TheROC is representedby a setof ROC curves,onefor
eachsettingfor thenumberof candidatepartsK c thatis returnedby thenearestneighbor
searchusingthe continuousdistancemodel. The detectionperformanceis surprisingly
quite insensitive to K c. Seetext for discussion.The secondplot above detailsthe top
left handcornerof the �rst plot. TheROC curve correspondingto K c = 3 is usedasa
referencefor comparisonpurposesin subsequentplots.
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Figure7.5: The individual ROC plots for eachobject. For clarity, the setof plots is
brokeninto 3 graphswith 5 objectseach.Thenumberingfor theobjectsis thesameasin
Figure7.1.
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correspondingto thetrainingview will beexpected.Anyof theselocationsin the
testimagecantriggera hypothesisfor thegivenobjectunderconsiderationif the
correspondingpartis reportedamongthetopK c neighborsat thoselocations.Put
anotherway, for thehypothesisto betriggered,only oneof thesepartsneedto be
reportedin thetopK c neighborsat thecorrespondingexpectedlocationin thetest
image. Thusthe hypothesiswill likely be triggeredwith high probability since
theprobabilitythatall thepartsfail to bereportedin thetopK c neighborswill be
low.

To makethis intuition moreprecise,assumethefollowing verysimplemodel:
let theprobabilitythatapartfails to bereportedin thetopK c neighborsbep(K c)
which we assumeis the samefor all the parts. Obviously, this probability will
be somemonotonicallyincreasingfunctionof K c sincethe setof partsreported
for any valuefor K c = k is a subsetof thesetof partsfor all valuesof K c > k.
Furthermore,let the probability of failure for the differentpartsbe independent
of eachother. This assumptionis not unrealisticif we assumethat thepartsare
non-overlapping. Underthis assumption,the probability that the hypothesisfor
theobjectunderconsiderationwill not betriggeredexponentiallydecreaseswith
thenumberof parts.Thusfor a largeenoughnumberof parts,thehypothesiswill
likely betriggeredby at leastonepart. Notethat thesubsequentveri�cation step
wherescoresareaccumulatedfor thehypothesisdoesnotdependonK c.

In Figure 7.6 we comparethe detectionperformancewhen using the opti-
malestimatefor thecontinuousdistancemodelwith theperformancewhenusing
a “naive” distancemodel whereeachof the elementarydistancemeasuresare
equallyweighted.As a representative point, we geta detectionrateof 76%for a
falsepositiverateof 0:5 pertestimagecorrespondingto K c = 3 for thenaivedis-
tancemeasurecomparedwith adetectionrateof 82%for theoptimalestimatefor
thecontinuousdistancemodel. Note that thecomparisonis not anevaluationof
thedistancemeasuresin isolation,ratherit is anevaluationof thedistancemea-
suresin the context of the whole detectionscheme.Otherfactorslike the parts
selectedandpart integrationalsoin�uence performance.We reportthein�uence
of someof thesefactorson detectionperformancelateron.

Figure 7.7 shows someexamplesof correctdetectionat the representative
point mentionedabove, whereasFigure7.8 shows examplesof falsenegatives.
Bothsetsof examplesalsoshow somefalsepositives.
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Figure7.6: Comparisonof thedetectionperformancewhenusingtheoptimalestimate
for the continuousdistancemodelwith the performancewhenusinga “naive” distance
modelwhereeachof theelementarydistancemeasuresareequallyweighted.Seetext for
details.
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Figure7.7: Examplesof correctdetectionscorrespondingto a thresholdthat givesan
averagefalsepositive rateof 0:5 per testimage. Correctdetectionsareshown asempty
whiteboxeswhile falsepositivesareshown ascrossedboxes.

Finally, Figure7.9 shows anecdotalresultson a few test imageswith more
thanoneobjectof interest.

In the remainderof thechapterwe will usetheROC curve correspondingto
K c = 3 asa referencefor comparisonin subsequentsections.

7.2.2 The RelativeDiscriminati vePowersof the Features

The previous subsectionutilized all of the featuretypes(color, texture and lo-
cal shape)in the continuousdistancemodel. Here we systematicallycompare
therelativediscriminativepowersof thevariousfeaturetypesby determiningthe
empiricaldetectionperformancewhenonly oneor two featuretypesareused.

Figure7.10shows therelative performanceof thevariousfeaturetypeswhen
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usedin isolation. Note that eachfeaturetype is comprisedof more than one
featurespace(3 for color, 3 for textureand2 for localshape,seex 6.1).All of the
featurespacescomprisinga givenfeaturetypeareusedwhenthat featuretypeis
testedin isolation.

For reference,we alsoshow theperformancewhenall threefeaturetypesare
used(calledthe“reference”ROC curve correspondingto K c = 3 in Figure7.4).
As canbeseen,bothcolorandtexturearequitediscriminativeontheirown,while
localshapeis theleastdiscriminative.Thisneednotmeanthatlocalshapeis nota
usefulfeaturetypein generalsinceour implementationfor extractinglocal shape
properties(local orientationand curvature)is quite simple and not very robust
(seex 6.1for detailsof theimplementation).Morerobustimplementationsand/or
moreglobalshapepropertiesshouldresultin betterdetectionperformance.

As a representativepoint,correspondingto a falsepositive rateof 0:5 pertest
image,color givesa detectionrate of 5:7%, texture givesa rate of 12:1% and
shapegivesa rateof 4:08%. Thesedetectionratesarehowever far lower thanthe
82%detectionrateobtainedwhenusingall the featuretypestogether. Thuswe
seethat the variousfeaturetypescomplementeachotherto a substantialdegree
whenusedtogether, especiallyat operatingpointswith low falsepositive rates,
which is preciselytheregion thatis usefulin practice.

Figure7.11showstherelativeperformancewhenwechooseall combinations
of only two featuretypestogether. Onceagain,asshouldbe evident by study-
ing the ROC plot wherethe correspondingfeaturetype hasbeendropped,both
colorandtexturehavegooddiscriminativepowers,while localshapehastheleast
discriminativepower.

7.2.3 Importance of HypothesisVeri�cation

Oneinterestingquestionis how importantis theaccumulationof scoresfrom mul-
tiple partsfor detectinganobjectof interest,whichwewill call “part integration”
in thefollowing, comparedwith just usingthepartsdirectly for detectingtheob-
ject. Wecaneffectively testthisempiricallyby comparingtheperformancewhen
partintegrationis enabledvs whenit is disabled.By disabled,wemeanthateach
hypothesisgeneratedis scoredby only usingthescoreof thepart thatgenerated
the hypothesisandnot the scoresof the otherpartspredictedby the hypothesis.
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Figure7.12 shows the result of suchan experiment. As can be seen,partsby
themselvesarequite capableof predictingthe presenceof an object in an input
image. Nevertheless,part integrationprovidesquite a boostto the resultingde-
tectionperformance.As a representative point, without part integrationwe geta
detectionrateof only 60%correspondingto a falsepositive rateof 0:5 per test
image,comparedwith an82%detectionratefor thesamefalsepositiveratewhen
partintegrationis enabled.

7.3 Hierar chical DistanceMeasurePerformance

In this section,we reportthedetectionperformancefor the full hierarchicaldis-
tancemeasurescheme.Recallfrom x 3.3thatin thehierarchicalscheme,we �rst
useanef�cient but coarsetree-baseddiscretedistancemeasurefor thesearching
for the nearestneighborpartsat eachsampledlocationof the input image. We
searchfor theK d nearestneighborsthatarethenfurtherprunedby thecontinuous
distancemeasurethat is accuratebut expensive to compute,to yield K c < K d

nearestneighbors. The resultingK c partsare further processedby generating
objecthypothesisfrom theseparts,followed by accumulatingand thresholding
scoresfor eachhypothesis,asdetailedin x 6.4.

Thedetectionperformancewhenusingthehierarchicaldistancemeasurede-
pendsontwoparametersassociatedwith thediscretedistancemeasure,in addition
to theparametersK c (numberof nearestneighborsreportedby thecontinuousdis-
tance)andthethreshold� discussedin theprevioussection.Thetwo parameters
for the discretedistancemeasureare: (a) K d, the numberof nearestneighbors
reportedby thediscretedistancemeasureand(b) jTj, thesizeof thetreeT imple-
mentingthediscretedistancemeasure(seex 6.3).

Beforeexploring the detectionperformancefor the hierarchicalscheme,we
�rst reporttheperformancewhenusingonly thediscretedistancemodelandcom-
pareit with theperformancewhenusingonly thecontinuousdistancemodelthat
wasstudiedin x 7.2.Figure7.13showsthedetectionperformancefor thediscrete
distancemodelwith K d = 3 andjTj = 80. This performanceis comparedwith
thethereferenceROC curve from x 7.2.1for thecontinuousdistancemodelwith
K c = 3. As canbeseen,thediscretedistancemodelperformspoorly whenused
in isolation. This is our main motivation for combiningthe discretemodelwith
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thecontinuousmodelto yield a hierarchicalschemethat is bothef�cient aswell
asaccurate.

Wewill now explorethedetectionperformancefor thehierarchicalschemeas
wevarybothK d andjTj. In practice,wewill choosethesettingsfor theseparam-
etersthatwill satisfytheoperatingrequirement(characterizedby thefalsepositive
anddetectionrate)that is desiredfor the taskat hand. Figure7.14(a)shows the
ROCplot whenwevaryK d while �xing jTj = 80, whereasFigure7.14(b)shows
theROC plot whenwevary jTj while �xing K d = 3K c = 9.

Table7.15showsthetimeperformancecorrespondingto Figure7.14(b)asjTj
varies.For eachvalueof jTj, wequantifythetimeperformanceby takingtheratio
of theaveragetime takenby thehierarchicalschemeover all testimagesandthe
time takenwhenusingjust thecontinuousdistancemeasure.We alsoreportthe
absolutetimetakenperimageona1:5 GHzCPUx86machine.Theabsolutetime
taken whenusing just the continuousdistancemeasurewasaround13 minutes
and10 seconds.The ratio shouldbe consideredasthe moreusefulmeasureof
time performancesinceto a �rst orderapproximation,it doesnot dependon the
absolutespeedof themachine.

As canbeseen,we getanorderof magnitudespeed-upwhenusingthehier-
archicalschemewhile sacri�cing only a little bit in detectionperformance.As
a representative point, for K d = 9; jTj = 80, we get a speed-upby a factorof
about20 correspondingto a detectionperformancecharacterizedby a detection
rateof 77%andfalsepositive rateof 0:5 per testimage. On theotherhand,the
representativepointmentionedin x 7.2.1whenusingonly thecontinuousdistance
measureis characterizedby a detectionrateof 82%andfalsepositive rateof 0:5
pertestimage.

7.4 Experimentson Faces

In this lastsection,we reportresultson a challengingfacerecognitiontask. The
domainof facerecognitiongivesusanopportunityfor illustrating theuseof the
techniqueoutlinedin x 5.2 for generatingcandidatediscriminators,usedto form
thediscretedistancemeasure,basedon aFisher-likecriterion.

We chosea subsetof frontal faceimagesfrom the FERET (Phillips et al.,
1997)databasethathadvaryingexpressionsandsomeilluminationchanges.Specif-
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ically, wechoseasubsetcorrespondingto 200individuals,for eachof whichthere
were3 imageswith varyingexpressionandillumination, labeledas'f a', 'fb' and
'fc' in (Phillips etal., 1997).Figure7.16showsasampleof theselectedimages.

Theselectedimageswerepre-processedasfollows. Eachof theimageswere
alignedusinga similarity transform(rotation,translationandscale)suchthatthe
locationsof theeyes,whosepositionsin theoriginal imagewereprovidedin the
FERETdatabase,fell on pre-speci�edpixel locationsin the transformedimage.
Next, theimageswerecroppedwith a commonmaskto excludebackgroundand
hair. The non-masked pixels were then histogramequalizedand the resulting
pixelswerefurther processedto have zeromeanandunit variance.Figure7.17
showsanimagebeforeandafterpre-processing.

Two of the threeimagesfor eachindividual werechosenastraining images,
while theremainingimagewasusedasatestimage.Beforeweconstructthehier-
archicaldistancemeasure,we �rst developandbenchmarka continuousdistance
measurethat we canuseto gaugethe performanceof the hierarchicaldistance
measure,justaswedid for theindoordiscriminationtaskin theprevioussection.

7.4.1 Continuous DistanceModel

Thereareseveralpossiblecontinuousdistancemeasuresthatwecandevelop.Our
choicewill bedictatedby simplicityof theresultingimplementation.Thesimplest
is to just usetheeuclideandistancemeasurein the linear featurespaceof all the
non-maskedpixels. A morerobustversionwill beto �rst projectthis spaceonto
theprincipalcomponentsusingPCA thusignoringthedimensionsin thefeature
spacethatarelikely to correspondto noise(Turk andPentland,1991;Nayaretal.,
1996).

The above PCA approachgivesus only onedistancemeasurefor the whole
linear featurespace.All directionsin thePCA subspacechosenaregivenequal
weight in theeuclideandistancemeasurefor that subspace.We canhopeto get
morediscriminative distancemeasuresif we combinemoreelementarydistance
measures,all of which are de�ned in the samefeaturespace. The elementary
distancemeasureswe chooseto usearedistancesbetweenprojectionsof images
alongdifferentdirectionsin thefeaturespace.We thenlearna distancemeasure
thatlinearly combinessuchelementarydistancemeasures.Theresultingweights
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will indicatetherelativediscriminativepowersof eachdirectionof projection.
What aregooddirectionsto project? Sincewe areinterestedin discriminat-

ing amongfaces,we canthink of �nding directionswithin the subspaceof the
linear featurespacein which facesvary. This subspacecanbe expectedto be
mostimportantfor discriminationpurposes.Suchasubspacecanbeconveniently
obtainedby �nding thePCAof all thedifferencesbetweenfaceimages.Suchaso-
calledimagedifferencespacehasbeenusedpreviously in theliterature(Moghad-
damandPentland,1998; Phillips, 1999). Note that this PCA decompositionis
differentfrom thePCA decompositiondescribedabove which wasfor theorigi-
nal imagespace.

Let thePCAdecompositionof theimagedifferencespacebeanN -dimensional
subspace.Weuseeachof theN principalcomponentsof thethePCAdecomposi-
tion of imagedifferencespaceasdirectionsalongwhichwecreatetheelementary
distancemeasuresthatwecanusein ourlinearmodelfor adiscriminativedistance
measure.We thenusethemaximumlikelihoodgreedyschemedevelopedin 4.1
to selectthe K < N mostdiscriminative elementarydistancemeasuresfor our
linearmodel.

Figure7.18comparestheperformanceof ourcontinuousdistancemodelwith
the baselinePCA algorithm describedearlier as we vary the numberof com-
ponentsK for eachalgorithm. In the caseof the baselinePCA algorithm, K
correspondsto thenumberof themostsigni�cant principalcomponentschosen,
whereasfor thecontinuousdistancemeasure,K is thenumberof elementarydis-
tancemeasuresthatwe choosefrom amongtheN = 200availabledistancemea-
suresusingthegreedyselectionscheme.As canbeseen,thecontinuousdistance
modelperformsvery well in comparisonwith standardPCA while usingonly a
few components.

7.4.2 Hierar chical DistanceModel

Next, ahierarchicaldistancemeasurewaslearnedfor thefacediscriminationtask.
The discretecomponentfor the hierarchicaldistancemeasurewas constructed
from discriminatorslearnedusingtheapproachdetailedin x 5.2 for constructing
discriminatorsin thelinearfeaturespace.Herethelinearfeaturespaceis formed
by thesetof all non-maskedpixels.
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Recallthat in this approach,we �rst generatecandidatelineardiscriminators
that satisfythe threecriteriagiven in x 5.2. Note that in the �rst iteration,since
thereis only asinglefeaturespace,only asinglediscriminatoris generatedwhich
formstheroot of thealternatingtree(seex 6.3). However, in all subsequentiter-
ationsmorethanonecandidatediscriminatorsaregenerated,oneeachfor every
partition nodein the tree,even thoughall of themare constructedin the same
linearfeaturespace.

We learnedanalternatingtreewith 40 discriminatornodes.For thecontinu-
ouscomponentof thehierarchicaldistancemeasureweusedthedistancemeasure
developedin the previous sectionwith K = 30 components.The resultinghi-
erarchicaldistancemeasuregave a recognitionrateof 93%comparedwith a rate
of 94%whenusingjust thecontinuousdistancemeasure.On theotherhand,we
get arounda factorof 9 speed-upwhenusingthe hierarchicaldistancemeasure
comparedwith usingjust thecontinuousdistancemeasure.
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Figure7.8: Examplesof falsenegativescorrespondingto a thresholdthatgivesanaver-
agefalsepositive rateof 0:5 pertestimage.Falsepositivesareshown ascrossedboxes.

116



Figure7.9: Anecdotalresultswith morethanoneobjectof interestpertestimage.Cor-
rectdetectionsareshown asemptywhiteboxeswhile falsepositivesareshown ascrossed
boxes.
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Figure7.10:Detectionperformancewhenthefeaturespacesareusedin isolation.
For comparison,wealsoshow thereferencecurvefrom sectionx 7.2.1with K c =
3 thatutilizesall of thefeaturespaces.
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Figure7.11: Detectionperformancewhenonly two featurespacesareusedto-
gether. TheROC curvesarelabeledby thefeaturetypethathasbeendropped.
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Figure7.12:Detectionperformancewhenpartintegrationis enabledvswhenit is
disabled.Part integrationprovidesquiteaboostto thedetectionperformance.
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Figure7.13: Comparisonof the detectionperformancewhenusingthe the continuous
distancemodelwith theperformancewhenusingthediscretedistancemodel.Seetext for
details.
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(b)

Figure7.14:(a)DetectionperformanceagainstvaryingK d, thenumberof nearest
neighboursreturnedby thetree-baseddiscretedistancemeasure.Thesizeof the
treeis �x edto jTj = 80. (b) DetectionperformanceagainstvaryingtreesizejTj
while �xing K d = 3K c = 9.
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# of NodesjTj AbsoluteTime(sec) Speed-up
20 34.9 22.5
40 36.9 21.3
60 38.4 20.5
80 39.3 20.0

Figure7.15:Timeperformancecorrespondingto Figure7.14(b)asjTj varies.The
secondcolumnis theabsolutetimeon a1:5 GHzx86 machine.Thethird column
is thespeed-upover theaveragetime takenper imagewhenonly thecontinuous
distancemeasureis used.

Figure7.16:Sampleimagesfrom theFERETdatabasethatweusein ourdiscrimination
task.

Figure7.17:A faceimagebeforeandafterpre-processing.Seetext for details.
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Figure7.18: Recognitionperformanceof our continuousdistancemodelas the
numberK of elementarydistancemeasuresin the PCA differencespacethat is
chosenby the greedyselectionschemeis varied. For comparison,we alsoplot
theperformancewith abaselinePCAalgorithmin theoriginal facespace.For the
latterK is thenumberof themostsigni�cant PCA componentschosen.
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Chapter 8

Conclusion

In this thesis,we investigatedthe designand implementationof good distance
measuresfor a nearestneighborframework for objectdetection.We �rst derived
theoptimaldistancemeasurefor thenearestneighborsearch.Unlike mostprevi-
ousapproaches,wemodeledtheoptimaldistancemeasuredirectlyratherthan�rst
estimatingintermediategenerative models. We then investigatedmodelingthe
optimaldistancemeasureby combiningelementarydistancemeasuresassociated
with simple featurespaces.A simple linear combinationmodelwasmotivated
afterobservingactualdatafor a representativediscriminationtask.

For a givensetof elementarydistancemeasures,theparametersin the linear
distancemodelwereestimatedunderthemaximumlikelihoodframework. Also a
greedyschemewaspresentedunderthesameframework for selectingthebestset
of elementarydistancemeasureschosenfrom a largecollectionof suchdistance
measures.We investigateda selectionschemealreadyproposedin the literature
for the maximumentropy framework which is dual to the ML framework and
showedthatthetwo selectionschemesarein factthesame.

For performingef�cient nearestneighborsearchover large training sets,we
also developeda discretedistancemeasurethat combinedelementarydistance
measuresassociatedwith discriminatorsorganizedin a tree-likestructure.

Finally, thenearestneighborframework describedabove wasintegratedinto
anobjectdetectionsystemandevaluatedin anindoordetectiontaskaswell asa
facerecognitiontask.
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Futur eWork

Local DistanceModels. In thework reportedsofar, thevariousdistancemodels
that we consideredwereall global models,that is the distancescoreoutputby
thesemodelsdid not dependon wherein measurementspacethey were used.
Clearly, the optimal distancemeasurecanvary from placeto place. Thus it is
naturalto think of adaptinga distancemodellocally. Onecanthenthink of two
approachesfor estimatinglocaldistancemodels.

In the�rst approach,wecanestimatea local distancemeasurefor eachquery
measurement.Wecanadoptthesamemaximumlikelihoodestimationframework
that we developedfor global linear modelsto �nd local distancemodelswith
the addedrestrictionthat only the subsetof the training datathat is “near” the
querypoint is usedin theestimation.This raisesachicken-and-eggproblemsince
we do not know what is “near” andwhat is “f ar” from the querypoint until we
have estimatedthe local distancemodel. We can get aroundthis dif�culty by
�rst estimatinga globaldistancemodel,andthen�nding thetrainingdatathat is
closestto thequerypoint usingthis globalmodel.We caneventhink of iterating
this procedureby usingthe newly found local distancemodel to �nd againthe
nearesttrainingdatato thequerypointandusethisnew trainingsubsetto estimate
yet anotherlocal distancemodel that hopefully shouldbe betterthan the �rst.
Sucha procedurewill be iterateduntil convergence. Similar ideashave been
proposedin (HastieandTibshirani, 1996) for estimatinglocally optimal linear
discriminants.

Theobviousdrawbackof suchanapproachis thatof poorrun-timeef�ciency
sinceanew localdistancemeasurehasto beestimatedfor everynew querypoint.
Motivatedby the needto overcomesucha drawback, the secondapproachfor
estimatinglocal distancemodelswould be to adapta distancemodel for each
training point ratherthanthequerypoint. This canbedoneat training time and
the estimateddistancemodelscanbe storedfor useat run-time. Given a query
point, a nearestneighborsearchis performedover the training set,in which the
distancemeasureusedbetweenthequeryandatrainingpoint is thelocaldistance
measureestimatedattrainingtimefor thattrainingpoint. While obviouslysolving
therun-timeef�ciency issuefacedby the�rst approach,wearenow facedwith the
problemof how to comparethe differentdistancescoresbetweenthe queryand
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thetrainingpointssinceeachdistancescorewasdeterminedby usinga different
distancemeasure.Intuitively, it is likely to bethecasethatthe“further” thequery
is from a giventrainingpoint, thelessreliableis thecorrespondinglocal distance
measureassociatedwith thetrainingpoint. Thusweneedto know the“con�dence
region” for eachdistancemeasurefor suchan approachto work. Pursuingsuch
ideaswill bea futuregoalof ourwork.

BetterPart Integration. In our work, we have foundthataccumulatingscores
from variousparts to verify a whole object hypothesiswas useful in boosting
thedetectionperformance.However, we gave equalweight to all thepartscores
irrespective of their relative discriminative powers. Clearlywe shouldbeableto
dobetterby weightingapartscorein proportionto its discriminativepower.

We have only addresseda few issuesabove thatwe thoughtto be important.
Sincethemainfocusof thethesiswasonly ondevelopinggooddistancemeasures
for nearestneighborsearch,thereis clearlymoreroomfor improvementin almost
everyaspectof therestof theobjectdetectionschemepresentedin this thesis.
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