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Abstract

We define the family ofi-gram embeddings from strings over a finite alphabet into the semimodule
NX . We classify alé € NX that are valid images of strings under such embeddings, as well@as all
whose inverse image consists of exactly 1 string (we call gushiquely decodable). We prove that
for a fixed alphabet, the set of all strings whose image is uniquely decodable is a regular language.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Consider the problem of learning string transformations from examples. We have two
alphabets21 and 2>, and a mappingf : 27 — 2%5. A teacher has provided us with
numerous examples of the form, v) wherex € 27 andv = f(u). The objective is to
learn the mapping
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Among the simplest types of string transformations are those realized by finite state
transducers (FSTSs). Yetlearning even these is computationally quite hard. There are hardness
results for learning finite state automations (FSAs) due to Anglijjmnd for approximately
learning FSAs due to Pitt and Warmigj. Since FSAs are degenerate cases of FSTSs, the
hardness carries over to learning FSTs.

We propose the following approach to this problem. Embed the stfingsn a vector
spaceX via gy : 27 — X and{v;} in a vector spac®’ via ¢y, : X3 — Y (or, more
generally, taket and)’ to be semimodules over semirings) and look for “nice” operators
T (for example linear ones) such tiate y (u;)) = @y (vi).

We point out two specific aspects of this problem. The first is that the mappirght
only make sense on a subgétof X7 and map it into a subsét, of 2%; if U1 andU> are
well-behaved, this could ease our search of good embeddiRgs, ¢ (-) and operators
T. The other aspect is that since the ultimate goal is to obtain a mapping on strings, the
embeddingp should have good invertibility properties.

In this work we study a particular kind of embeddipg ~* — NX namely the bigram
one, which generalizes immediately negrams. Besides their widespread use in natural
language processin@], n-gram embeddings have the interesting property that various
natural and simple string transformations correspond to linear operators on the embedded
vectors (see Sectiof). We characterize alf € NX which are in the image af* under
¢, as well as alé ¢ N¥ such thatp—1(¢) consists of a single string, using elementary
graph-theoretic techniques.

2. The embedding

Let X be a finite alphabet. We will use an additional special character $ nbt &amd
define

Y =2U{$={01=9% 02 03,...,0).

We are interested in embedding strings k$ (that is, arbitrary strings ia* padded on the
left and right with $) into a semimodule. We define tiigram embedding ¢ : $2*$ —
N*>*¥ (whereN = {0, 1, 2, ...}) by

[@(w)];; = [the number of times; occurs immediately before; in w] ()

and refer tof = ¢(w) as the(bigram) encoding of w.
For example, leE = —a,b” and considew = $abbbab $. Then

b

¢@($abbbab $) =

v
= OOl &

a

1(0

02|
b|1/1|2

Now suppose we are given a bigram encodirand wish to recover the original string
In other words, we are givenéae N*** and are asked to compuge 1(&). First there is
the question of whethep—1(¢) = ¢, that is, whethef is the encoding oanyw e $2*$;



L. Kontorovich / Theoretical Computer Science 329 (2004) 271-284 273

when the answer is affirmative we cdlla valid encoding. Then there is the question of
whetherp=1(¢p(w)) = {w}. Note that this is not the case in the above example, where
¢ L(p(w)) = {$abbbab $, $abbabb $, $ababbb $}. When the condition does hold, we
say thatw (and equivalently, its encoding= ¢(w)) is uniquely decodable

We will give necessary and sufficient conditions for resolving both of these questions,
and prove that the set of all uniquely decodablis a regular language c $2*$.

3. Some results
3.1. Basic definitions

Before we can state and prove the main theorems, we need to define some terms and
constructs. First we observe that there is a one-to-one correspondence bat\wéemd
the seig of directed graphs on up tonodes with positive integer weights on the edges. We
denote such graphs 8}(¢) (or sometimes, abusing notatidhw)), and setj(w) = G =
(V, E),withV = X" andE = {e(i, j)} wheree(i, j) = ¢ij is the weight of the edge from
g; to o; (see Fig.1). It will occasionally be convenient to interpré€t as an unweighted
directed multigraptG, where the number of multi-edges fram to ojise(i, j). We will
freely switch between the weighted-edge and multigraph interpretations, indicating the
latter by a tilde. When a graph consists of the single node $, we will call ttithal graph
Gs = G(%$9).

A traversal w of G is a chain of nodes = [vg = $, v1,...,vr = $);1 wis avalid
traversal ofG if each edge is traversed a number of times equal to its weight. Define the
self-flow of a nodev to bee(v, v). Theinflow of v is the sum of the weights of all the edges
pointing intov minusv’s self-flow:

inflow(v) = Z e(u, v);
Uu#v

the outflow of v is the sum of the weights of all the edges pointing oub ahinusv’s
self-flow:

outflom(v) = Z e(v, un).
UuFv

We denote the relation(u, v) = k > 0 byu LG (oru — v if we wish to leave the nonzero
k unspecified); it — v andu # v we say thatiis a parent ob andv is a child ofu.

If wis a valid traversal o6, we will call it a decodingof G. We will write ¢~1(G) to
denote the set of strings™1(p(w)); we will use #~1(-) to denote the cardinality of this
set. We say thaB is uniquely decodableif it has a single decoding, i.e.@#(G) = 1.
Call a transformatiof : G — G traversal preservingonG if #9~(G) = #¢ (T (G)).

1 As the notation suggests, we blur the distinction between chains of nodes and strings of letters.
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Fig. 1. The bigram graph fap = $abbbab $.

3.2. Valid encodings

We now state and prove a characterization of thoseN*** (and corresponding (¢))
that are valid encodings of strings. This result is similar in spirit to Euler's 1736 character-
ization of Eulerian graphs; see Notes and acknowledgements.

Theorem 1. Leté € N**¥ and letG = G(&). Then¢ is a valid encoding if and only if the
following conditions hold
(a) Gis aconnected graph
(b) forall v € G, inflow(v) = outflow(v),
(we call graphs with this propertffow-conserving,
(c) for nontrivial G, inflow($) = outflow($) = 1 andself-flow($) = 0.

Proof. Itis clear that for anyw € $2*$, G(w) satisfies (a)—(c). What remains to be shown
is that any¢ that satisfies (a)—(c) is a valid encoding.

First observe that is a valid encoding ifiG has a valid traversab (one simply reads
off the nodes inw to obtain aw € ¢~1(¢)). Call a chain of > 1 nodest = [v1, ..., v]
goodif the number of transitions from; to ¢; does not exceed(, ;); we denote this
relationship byv; —* v;.

We claim that for any node € G there is a good chain from $ ta We proceed by
induction. If $ is a parent of, there is nothing to prove. lf is a parent ob and $—* u
then clearly $—7 v (sincee(u, v) > 1). So if there is no good chain from $ t9 v must
have no parents, which violates (a) or (b).

ThusG must admit a good chaimstarting and ending with $. Let us transl@énto the
multigraphG. The only way that: is not a valid traversal is if it fails to traverse some multi-
edges ofG; define thedeficit of 7 to be the number of untraversed multi-edge§&ir_eté
be an untraversed multi-edge@fpointing out of a node;. We can assume without loss of
generality that all the self-flow multi-edges @f have been traversed (it is trivial to obtain
such a good chain from). Consider the subgraph ¢f induced by the nodes that have
untraversed multi-edges pointing to/from them; :@Etbe the connected component of this
subgraph that contains, with the traversed multi-edges deleted frim By construction,

G’ is connected; sincd is flow- conserving and, being a good chain from $to $, traverses
an incoming multi-edge of each node as many times as an outgoing multi-edge, when we
delete the traversed edges we still have a flow-conserving graph. Newpéy the role

of $in G and apply the argument above to obtain a good chaion G’, starting and
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Fig. 2. The bigram graph fap = $acab $.

ending witha;. The chaimr’ can now be “spliced” inta (by replacing the first occurrence

of ¢; in 7 by ) to obtain a new good chaitl’ on G of strictly lower deficit. This process

can be iterated until the deficit becomes zero, at which point we will have a valid traversal
of G. O

Corollary 2. A string w is uniquely decodable @f(w) has a single valid traversal

Let us henceforth call a graggh valid if it satisfies (a)—(c) in Theorerh.

3.3. Unique decodings

The task of characterizing the uniquely decoddidléw)} involves somewhat detailed
analysis? but the following simple intuition may be helpful. If every nodeof G has
only 1 child then clearlyG will only have 1 traversal (which will have to be valid since
G is connected and flow-conserving). Potential ambiguities in decddiogn only arise
when a node of5 branches into two or more children. Thus one might conjecture that
multiple children lead to multiple decodings. But that is not necessarily the case; consider
the example ofv = $acab $ in Fig. 2. Here, the node has 2 childrenlf andc), yetG(w)
admits only one decoding. The nodés “obligatory” in the sense that the valid traversal
must visit it immediately aftes, for if we go tob first, we have no way of ever visiting
The idea of the proof is rather simple: we prune such obligatory nodes; if eventually we are
left only with the $ node (which we never prun&js uniquely decodable, otherwise, it is
not.

In all subsequent discussion, the graphs are assumed to have a valid traversal (that is, to
satisfy (a)—(c) in Theorer).

In order to characterize the “obligatory” nodes described above, we will need some more
definitions.

Let us define theruning procedure for nodes i@ with only 1 child. Consider the multi-
graphG, draw a multi-edge from every parentxfo the child ofx, then deletec and all
the multi-edges pointing to/from it. Call the weighted-edge interpretation of the resulting
graphx-pruned. LetP, denote the operator that prunes the nedeefine the action oP,
on stringsw € $2*$ as deleting all occurrences of the lettdrom w.

2This problem can be solved in an entirely different way using classic techniques; see Notes and
acknowledgements.
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Lemma 3. Suppos& # x in G only hasl child and letG’ = P, (G). If G is a valid graph
in the sense of satisfyig)—(c)of Theoremni, then so isG’.

Proof. (a) ConnectednesSuppose there is a chain (directed pathisifrom y # x to

z # x, passing through. Then there is a chain (possibly of length 0) frgrto a parent
of x. Likewise, there is a chain from the child »to z. Since by construction, i’ every
former parent ok points to the former child of, there is a chain frorgto zin G'.

(b) Conservation of flonEvery parent ofk loses a multi-edge pointing to but gains
one pointing to the child af. Suppose there wetesuch multi-edges. This means that the
inflow and outflow ofx in G is k, so there ar& multi-edges pointing from to its only child
(sinceG is flow-conserving). The child ofloses thes& edges fronx but gains them from
the parents ox. It follows that forz # x, the inflow and outflow of do not change aftet
is pruned (the self-flow of will increase if it is both a parent and a childin G).

(c) Boundary conditions off. $ has exactly 1 pareat—1> $and 1 childb > $in G, and
no self-flow. It now follows from (b) that after # $ is pruned, a nontrivial;’ will also
satisfy these conditions.]

Definition 4. We call a noder # $ in G with child b removableif:
(a) x has a single childb,
(b) none of the parents afpoint tob,

(©) if x — x thenx 5 b
(if x points to itself, its outflow must be 1).
Let us call suckx type-l removableif out flow(x) = 1 andtype-Il removable otherwise.

Let us introduce another bit of notatioby = X'\ {x}; if L ¢ *, thenL = X*\ L; we
denote the empty string by We will blur the distinction between a regular language and a
(generalized) regular expression representing the language. Our first result is that pruning
a type-l removable node does not alter the unique decodability of a graph.

Theorem 5. Let x € G be typel removable with child b and le’ = P,(G). Then
#o~Y(G) = #9p~1(G) (i.e., P, is traversal-preserving on 5

Proof. Sincex has a outflow of 1, it can only have one parent, aay
Let w be a valid traversal o6. We vieww as a string in $*$. Note that since € G is
type-1 removablew is contained in the regular language
LY = (TraxthrH N T*abE™ N ($2*9). )

a,x,b —

Informally, Lﬁl’b is the set of strings in whicl occurs as a single contiguous stretch

betweera andb, and the substringb does not occur. So we can wriie= cax*bf. When
we x-pruneG we obtain a valid traversal’ = cabff on G'.

To prove the theorem we must show thigt : w — w’ is bijective. But this is clear:
P, consists of removing the single contiguous stretcksdfomw, while P! consists of
inserting the sequena¢ inside the single occurrence abin w’ (which is a well-defined
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operation sinc&’ encodes strings that do not contaiand contain exactly one occurrence
of ab).

We have established a one-to-one correspondence between the valid traversals on such
G and onG’; this proves the theorem.[

We now state a similar result for type-Il removable nodes:

Theorem 6. Let x € G be typell removable with child b and le¢’ = P,(G). Then
#pH(G) = #p~HG)).

Proof. As in the proof of Theorend, we use the existence of the type-1l removable node
xwith child b and parents\ = {a1, ay, ..., a,} to describe the set of all valid traversals
on graphgG containing suclx by the regular language

LY = (EAxbIHT N X% a1b* N T¥abI* N -+ N T%a,b3™ N ($279). (3)

Informally, L(Z) . Isthe set of strings whepeoccurs in stretches of 1, only when preceded
by a member oA and followed byb, and noaz € A can precedeé. If w is a valid traversal
onG, w’ = P,(w) is a valid traversal oi7’. The bijectivity of P, : w — w’ is easily seen:

P, replaces every occurrence @fch in w by a;b; P! replaces every occurrence @b

in w’ by a;xb. Thus type-ll pruning is a traversal-preserving operation, so the theorem is
proved. [

Remark 7. NotethatingeneraP, is notinvertible; e.g., we can compute($abcacb $) =
$abab $ but P‘1($abab $) is not unique (it is not clear where to insert the, and how
many). However, when restricted to the dom@ﬁ «., Of graphs where is type-I remov-
able with pareng, child b, and self-flowk, P, is invertible, both as an operator on graphs
Ge gé_l;)kqb and stringsy € @~1(G). A similar remark holds for type-Il removable nodes.
In the sequel, when we talk about the invertibilityf for removablex and writeP 1, we
shall always have in mind the appropriately restricted domain.

Lemma 8. Let G be a valid graph such that every # $ in G has2 children and
self-flow(x) = 0. Then G has multiple valid traversals

Proof. LetG be as stated and suppose (to get a contradictionixistiniquely decodable.
Let x be the child of $ inG. Let bg andc be the two children ok. Then the valid traversal
w of G must be of the form

(i) w = $xbofxcy$

3Here,A denotes both an unordered set and the regular expressieria; + ap + - - - + ap). Note that 8)
does not adequately handle the case wiisrehild b is a member oA. This is fixed by letting

LY, = CEAGH T I N TR arbT* 0 TR aghTF 0 0 2 a,bEF 0 ($279)

whenb € A.



278 L. Kontorovich / Theoretical Computer Science 329 (2004) 271-284

or

(i) w = SxcyxbofS,

wheref = b1b, ... bg andy are strings ovel. Now, both (i) and (ii) cannot be possible,

for thenG would have more than one decoding. So suppose (i) is the only type of decoding
possible forG. Since (ii) is not a possible decoding @f there must be no way to return

to x after thex — ¢ edge is traversed; this means thatannot contain any df;}X .. But

each node irG different from $ has two children, so each lettemirmust appear twice.
This means that there is a smallést 0 < ko< K such thatby, = bo, SO we can write

w = $xbob1bz . . . bry—1bobky+1 - - . b fxcy$.

Now we can apply the same argument to the two childré td conclude thatvmust be
ofthe formw = $xbob1 . . . by~ 1b1bky+1 - - - big—1b0brg+1 - - - bk Pxcy$. We can repeat this
procesd times, obtainingy = $xbob1bz...b; .. br—1bk, i 41 - - big—1bkgbikg+1 - - - DK
pxcy$ and noting that for eadhwe have
(@)t <k,

(b) ky < ks fort’ > 1,

() by = bk,-

This process assigns to eakhthat occurs inw for the first time a locatiork, where it
occurs for the second time, and distitistare assigned distinét’s. Suppose there are
distinct letters{p,; }. By (a), we cannot haver <T. Butkr > T is also impossible: since
there are onlyI distinctb,’s, we have thaby . 7 has already occurred &g fort’ < T, and
sok, = T’ is already “taken”.

We have reached a contradiction,Gonust have more than 1 decoding.]

Theorem 9. If a nontrivial graph G has a single valid traversal then there is a removable
x0 € G.

Proof. Suppose a nontrivig has no removable nodes. A nade: $in Gis not removable

if it violates any item of definitior:

(a) xhas multiple children,

(b) a parent ok points to a child ok,

(c) self-flom(x) > 0 and outflowx) > 1.

We observe immediately thatif— x — b anda — b then any decoding of G must contain

the substringaxbandab, but there are at least two orders in which the two substrings can
occur, saG is not uniquely decodable.

Likewise, outflowtx) > 1 means thak appears in at least two distinct locations
of a decodingw, and self-floix) > 0 means that at any of these locations two
or more consecutivexs may occur; this also precludeS from being uniquely
decodable.

We claim that ifx has 3 or more childrer; cannot be uniquely decodable. behave
childrena, b, andc. It may be that after the — a edge is traversed, there is no way
back tox, but this still leaves at least two decodings®f w = $oxbfixcyxad’$ and
w = Soxcyxbfxad'$.

The only scenario left to deal with is one where evers: $ in G has two children and
no self-loops, and this is handled by Lema
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This shows that if a nontrividb has no removable nodes, it cannot be uniquely decodable,
and proves the theorem[]

Corollary 10. If G is uniquely decodable then there is a sequence of nagles, ..., xr
and a sequence of graplis= G©@, GD, ..., GT*+D = G such thaty, is removable in
G andG'+Y = P (GY).

Proof. If G = G is uniquely decodable, then Theoreédrfurnishes a removableg

in G©. Theoremss and6 show that pruning a removable node is a traversal-preserving
operation, ensuring the unique decodability = P, (G@). This process may now be
continued untilz is pruned and; "+Y = Gg is what remains. [J

Theorem 11. If, for a graph G there is a sequence of nodes x1, ..., xp and a sequence
ofgraphsG = G©@,GD, ..., GT+D = Ggsuchthat, isremovableirG® andG+V =
P,,(G") then G has a single valid traversal

Proof. Letwri1 = $$ and letw, = P t(w;41) forr = 7.7 — 1,...,0 (with the
qualification made in RemarR. It is straightforward to verify that for &7 <7 + 1, w, is
a decoding olG". SinceG"*Y = G4 obviously only has 1 valid traversal and eael
is traversal-preservingyo is the unique decoding @ = G©@. O

The preceding results give a simple and efficient algorithm for determining whatiser
uniquely decodable: iteratively prune the removable nod€swoftil we are left withGg or
a non-trivial graph with no removable nodes. In the former case, the answer is affirmative;
in the latter, it is negative. Theorefirl suggests a simple way to construct the decoding
of G.*

3.4. Characterization as a regular language

The last section characterizes the uniquely decodabde$>*$: G = G(w) is uniquely
decodable iff there is a “pruning” sequence of nodgsxi, ..., xr and a sequence of
graphsG = G©@, G, ..., GT+D = Gg such thaty, is removable irG®” andG+V =
P, (G®). Let Luniq C $2*$ denote the set of uniquely decodable strings. The next result
shows thatlyniq is a rather well-behaved set:

Theorem 12. Lyniq is a regular language

Proof. It follows from (2) and @) in Theoremss and6 that L., the set of alw € $2*$
with a removable nodg, is a regular language:

— (Y] (3]
Lx - U La,x,b U U LA,x,b ’
a,bEZy ACZ},[?EZT

4 Efficient methods for decodin@ are known to exist; see Notes and acknowledgements.
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since it is a finite union of regular languages. Therefore there is a deterministic finite state
automatonV, that acceptd.,. Now M, is trivially converted into a finite state transducer
T., which deletes the lettarfrom w: every state transitioy, a # x) — ¢’ in M,, becomes
(g,a) = (¢’,a) in Ty, and(qg, x) — ¢’ in M, becomesq, x) — (¢, ¢) in Tk.

SupposeG = G(w) is uniquely decodable and let a gives x1, ..., xx be a pruning
sequence fo6, with w® as the unique decoding 6f®). Let T}, be the composition of
the transducerg,, :

T{xk}(w) = TX]( o Txl(—l O...0 TXO(UJ) = $$’

which is well defined orw since the application of each,, produces a string with a
removable nodey.1. It is now straightforward to conveff,,; into the FSAM{,,; which
accepts precisely the stringswith a pruning sequence, x1, ..., xg . Observe that since
the alphabet size = || is finite, so is the number of possible pruning sequences (it is
bounded byv = >";_, (Si—'l),) LettingM be the finite union over all th&f,,,,s, we obtain

an FSA which acceptbynig. U

3.5. Extension to higher n-grams

While all of our discussion up to now has dealt with the bigram embedding, our results
readily generalize to highergrams.
Define then-gram embedding,, : $"~12*$ — N*" by

(o, (W)]is,in,....in
= [the number of times the substriag o;,, ..., g;, Occurs inw]. 4

Let 2}, = (2')" be the set of all orderegttuples of letters ix’. It is clear that any string
w e $'~1¥*$ can be written as a string over (2/)*, by sliding a window of lengtm
left-to-right acrossv and letting the contents of the window at tinige thetth “character”
of Q. However, not every strin@ over (2’,)* can be interpreted as a stringe $'~12*$:
we need adjacent “characters” to overlap(by- 1) letters. Formally, if?2 = w1w> . .. o7,
adjacent charactets, = (g;, 6iy, ..., 0;,) andw;y1 = (¢j;, j,. ..., 0;,) Must satisfy

O'jk=0,'k+1f0rl<k<n—l (5)

(2 must also satisfy the obvious boundary conditians= ($, $, ..., $, o) and

or = (0iy, iy, - .., 0i,_1, $)). We call such2 valid strings over,)*. Now all questions
aboutn-gram embeddings ab € $"~12*$ have been reduced to questions about bigram
embeddings of valid2 € (2)*, and all of our previous results apply.

We state the main result as a theorem.

Theorem 13. LethJ’;)iq be the set of all uniquely decodable stringse $"~12*$ under

the n-gram embedding,,. TheanJ';,)iq is a regular language
Proof. Theorem12 shows thatynig, the set of all valid, uniquely decodalle e 2)*
is a regular language. Le¥ 4 be a deterministic finite state automaton which accepts
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Aunig- But now it is a simple matter to convei 4 into M’, an automaton which accepts

ij’}fiq. Let M’ be a deterministic FSA with the same state space agplus an extra state
to consume all the leading $s). For every deterministic transiiom) — ¢’ in M,
with o = (04,04,, ..., 0;,), let M’ have the deterministic transitialg, o;,) — ¢’. The
requirement tha€2 be valid, expressed b¥), ensures tha¥ , and M’ perform identical

tasks. O

4. Conclusion and extensions

We have characterized those strings that are uniquely decodable unclgrdme embed-
ding, showing in particular that for a fixedand alphabek, they form a regular language.
This may be viewed as a step in the direction of tackling the problems outlined in the
Introduction.

Several immediate questions are left unanswered:

1. Which FSTs leave,”) - invariant? That is, for which FSTd, doesM (ij’;)iq) C Lfﬁ])iq

hold? What aboud (L) c L for some general fixed regular langudgz

2. Let Myniq be the set of FSTM such thatM(ij';])iq) C Lfl’ﬁ])iq —i.e., the transducers that
(n)

leaveL ., invariant. Each sucM induces an operatdfy, on the embedden-gramsé =
o, (w), defined in 4). What interesting connections can we make between the transducer
M and the semimodule operatfy; ?°

Much of this work was motivated by the following observation: various simple finite
state transduction operations on stringgorrespond to linear operators on the bigram
encodingé = @,(w). This includes the insertion transduddlS, , ., (for x, y,z € X)
which replaces every occurrencexaiwith xyz the replacement transdudePL, ,, which
replaces every occurrenceolith y, and the swap transduc®WR ,,, which swaps every
occurrence ok with y, and vice vers&.

Explicitly, let us view the bigram encodindsas vectors iN** and fixx, y, andz. Then

there exist linear operators o’ (i.e., s2 x s2 matrices)I'S, TRPL andTS"Psuch that
for all w € $2*$, we have

@(INS (w)) = T"™ g (w),
@(RPL(w)) =T ¢ (w),
P(SWRw)) = T (w) (6)

5Inthe past, we conjectured that for a fixed alphaliet {c1 = $, . .., 0} and a given transducef ¢ Muniq
there exists am-gram embedding such that the transduction corresponds to a linear operator on the embedded
elements € N*". Thisis not true. LeE’ = {$, a}, and letM (w) = $$ if |w| is even and/ (w) = $a$ otherwise.
Itis easy to see thal is not realizable as a linear operator for angram embedding.

6 Deleting a character from a string does not correspond to a linear operation on the bigram encodings, but can
be made so by introducing a “blank” charadigrand realizing the deletion ofby the transduceRPL; (.
Incidentally, there are linear transformations on the bigram vectors that correspond to string transformations not
realizable by any finite state transducer; string reversal is one such example.
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(where the dependencexyty andzhas been suppressed since these are fixed). The operators
TS, TRPL andTS"Pare easy but tedious to construct formally; we defer the constructions
and examples to Appendix A.

This direction of connecting finite state transducers to linear operators on a semimodule
of string embeddings is fascinating and one hopes to see more results along these lines.
3. Given aregular languagen some description (regular expression, an automaton), what
doesp(L) = Z c NX look like? Can a result similar in spirit to Parikh’s Theorgbn p.
127]be obtained? In particular, what do@€Lunig) look like ” 2 If p(L) = Z ¢ N¥ then
which families of (linear) operators dWX leaveZ invariant?

4. Our construction in Theored® of an FSA that acceptbyniq is far from efficient. We
conjecture that there is an efficient constructionZggig.

We hope to see these questions investigated in the near future.
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Euler in 1736 characterized the undirected unweighted graphs that have a cycle visiting
every edge exactly once; the statement and proof of Thebrdraugh concerning weighted
digraphs, are analogous to this classic result. The problem of counting the number of Eulerian
cycles in unweighted digraphs was solved by de Bruijn, van Ardenne-Ehrenfest, Smith and
Tutte in 1951 (BEST theoreni3]) and extended to weighted digraphs by Hao, Xie and
Zhang[4]. (The problem of counting Eulerian circuits in andirectedgraph had been
open for some time and was recently shown #P-comfi2éteThus technically, Hao et al.’s
extension of the BEST theorem could be used to characterize the uniquely decodable graphs.
| took an entirely different approach in SectiBr8, which greatly facilitated the proof of
Theoreml2; it is not obvious how to prove this using only BEST and its extension. Another
advantage of the automaton-theoretic construction is that it enables one to scan a string and
determine exactly at which point it ceases to be uniquely decodable (assuming, of course,
that the conjecture in question 4 above is correct). Finally, the problem of reconstructing a
string from itsn-gram counts has been considered in computational bigijgit is termed
sequencing by hybridizaticand is known to be efficiently solvable.

Appendix A: Realizing transducers as linear operators
To recap, we havd’ = {61 = $,..., 0} and are considering three transducers—
INS, ., RPL ,, andSWR , (x, y, z € X)—each a mapping fromX'$ to itself.

The action ofINS, , . is to replace every occurrence xf with xyz e.g.,INS, ,
($abac$) = $ababc$. The action oRPL, , is to replace every occurrencexaivith y; e.g.,

7 It seems we have found a simple answer to this question and intend to address it in future work.
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RPLy, < ($ababc$) = $acacc$. The action oBWR , is to swap every occurrence 0fvith
y, and vice versa; e.gSWR . ($abac$) = $acab$.

It was claimed in §) that each of these transducers is realizable as a linear operator
on the bigram embedding&:Ns, TRPL andTSF, respectively. In order to provide formal
constructions for these operators we need to associate to each Ifigra¥hx X’ a vector
coordinate irNSZ; we will denote this by 5]. To construc?™® corresponding tiNS ;. ,, -
we define it to be the? x s2 identity matrix with the following exception§:

INS _
T[f.%%]’[“] =0,
T[m)é],[xz] =1 ()
Ty =1

To construct *P* corresponding tRPL, , (x # y) we define it to be the? x 52 identity
matrix with the following exceptions:

Tiijex) = Oforalle e Z:, Tivifex) = lforalle e Z: \ {x},
RPL RPL

T el xey = Oforalle € 27, TS xey = Lforalle € 27\ {x}, (8)
RPL -0 TRPL =1
[xx],[xx] ’ [yl [ex]

To construct$""corresponding tSWR ,, (x # y) we define it to be the? x 52 identity
matrix with the following exceptions:

T[ig]z[ex] = Oforalle € Z: \ {x, v}, T[ilw\’]:[ey] = 1foralle € Z: \ {x, y},
;[E%}F,,[ey] = 8:8; Z::Z i ; i g v, T[E%]Fz[”] - Lforalle € X'\ {x, y).
[ve].[xe] = v} T[xe]’[},e] = 1foralle € 2"\ {x, y},
T[?\Q’]'T[ye] = Oforalle € 2’ \ {x, y}, T[i\ég'?[xe] = 1foralle € 2’ \ {x, y}, ©)
T[Z%JZ[“J ’ T[zcg]z by = L
Ty = 0, S
;[éc\xl]ﬁ[xy] : 0’ ;[g\,)\'/]ﬁ[yx] i 1’
yxLlyx] — = [yx],[xy] — =

For a concrete example, It = {$, a, b, ¢} and associate bigrams to vector coordinates in
2
N*“ = N© as follows:

$$a$bP|cPH|$alaalbalca|$blab|bb|cb|$c|ac|bc|cc (10)
1/2|3/4|5/6|7(8(9/1011/12/13/141516

8 These equations should be interpreted as procedural rather than declarative. Thus, for exaraple, (f)

is not to be construed as the contradictios cr[{yzs] (2] = T["’j‘f] vz = 1, but rather as the sequential assignment
ofvaluesTNS = .=0; T/NS =1, TINS

[xzl,[xe] * Loyl el | Dl [xe] = 1-
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Then, following the constructions above, we have

10000000000000O0
01000000000000O0
00100000000000O0
00010000000000O0
000010000000000O0
000001000000000
000000100000000

INS 000000010000000O0
a,b,c — 000000001000000
000000000100010(
00000000001 000O0(
000000000001 000
000000000000 100
000000D0D0D0D0D000O0O
0000000000000 11
] 0000000000000 O0O |
[100000000000000T
010000000000000O0
0000000000000 O0O0(
001100000000000
000010000000000O0
00000100000000O0
000000D0D0D0D0D000O0O

TRPL  — 000000110000000

b,c 000000D0D0D00000O0O
000000000000 O0O0O0(
000000D0D000000O0O0
000000D00D00000O0O0
0000000010001 00
000000000100010(
000000D0D0D00000O0O
l]00000D0000011001 ]
[100000000000000T
010000000000000O0
0001000000000 O0O0(
001000000000000O0
000010000000000O0
0000010000000 O0O0(
0000000100000 0O0O0(

TSWP — 00000010000000O0

b,c 0000D00D0D0D0D000100
0000000000000 10
0000000000000 O0O ]
0000000000000 01
000000001000000
000000D000100000
000000000001 000
] 00000000001 0000O0(

As a consistency check, note tii@tNs )2 = 7'NS and(7RPH)2 = TRP while (TSVH2 = 1.
The validity of the constructions i}, (8), and Q) is straightforward to verify.
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