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1 Introduction

Modular n-gram languages are a subclass of regular
languages. A factor w of a string u is a contigu-
ous string w present within the string . A modular
n-gram language is a set of strings which all con-
tain a certain factor w some n(mod k) times inside.
Boolean combinations of languages are the result of
combining languages with the boolean operations of
union, intersection, and complement: U, N, —.

The characterization of a class of languages entails
a computable decision procedure to determine the
membership of a language in said class. The proce-
dure could operate on some description of a language,
such as a finite-state automaton, a regular expression,
or a syntactic monoid.

I show how to construct deterministic finite-state
automata which accept modular n-gram languages.
Then I show how the syntactic monoid is obtained
from that, and discuss several properties of it. Fi-
nally, I explore boolean combinations of these lan-
guages and find that this subclass is not closed under
them.

1.1 Past Work

Schiitzenberger characterized the star-free languages
by showing a language is star-free if and only if its
syntactic monoid is aperiodic. Star-free languages are
those which can be represented by a regular expres-
sion containing no Kleene star.[3]

A discontiguous subsequence w of a string u is one
where the individual letters of w = wyws ... w,, may
be distributed in w possibly split up and separated by
pieces of u. A piecewise testable language L contains

strings with the property that, for some n, when-
ever u € L and v have the same discontiguous subse-
quences of length no larger than n, then v € L. Simon
showed that this class of languages is characterized
by syntactic monoids that are finite and J-trivial.[2]

Investigation of the modular n-gram languages is a
reasonable step to take in order to learn more about
different subclasses of regular languages.

1.2 Notation

Modular n-gram languages with contiguous factors
are notated: K(w,n,k) where w is the factor of
length [, n is an integer 0 < n < k, and k is the
modulus. More formally,

Kw,n,k)={u e |we X" Alul, =n mod k}

w

where |u[,, is the number of times the factor w ap-
pears in u, overlapping permitted. If no alphabet is
specified, it is presumed to be named X.

2 Modular n-gram languages

2.1 Construction

The deterministic finite-state automaton that accepts
a modular n-gram language K(w,n,k) can be con-
structed from |w| x k states. The easiest way to
go about it, which appeals to some intuitive notions
about the structure, is to place the states into a |w|xk
matrix. The elements of the matrix are denoted g; ;
for1<i<|w|and 1 <j<k.

The first step is to construct the basic backbone:
for each row in the matrix j, connect the columns



from 1 < i < |w| with a transition corresponding to
the i*" letter of w. Notably, the last letter in the word
will not be placed in this manner.

At this point it should be clear that the rows en-
code a certain piece of information about the input,
namely: the number of occurrences of w seen so far.
It is necessary to handle input which consists of other
factors than w. So-called “failure transitions” will
backtrack to near the beginning of the current row
when the input does not match w. For each row in
the matrix 7, add the following transitions:

e A transition labeled with ¥\ {w;} from ¢; ; to
itself.

e For cach column 4, a transition labeled with X\
{wi, w1} from ¢; ; to g1 ;.

e For each column 4, unless w; = wi, a tran-
sition labeled with w; from ¢;; to gz ; where
x =min{i | w; £ w;}.

The final, and perhaps most important, part is to
insert the transitions between rows. This will involve
placing a transition labeled with w; from row j to j+
1, unless j+1 > k. This is where the modulus comes
into play. The very last row will connect back up to
the very first row. The transition will go from the
last state in the current row to a specific state in the
next row. The precise state is selected by considering
properties of w, namely, how well it overlaps with
itself.

e Compute the “overlap index” of the string w
which is a non-negative integer, o, representing
the minimal index into w at which a new overlap-
ping w could begin after. If no overlap is pos-
sible, then the value is simply zero. Example:
the index for aba is 2 because an overlap such as
ababa begins after wy = b.

e For each row j, add a transition labeled with w;
from q;,j t0 G(—omod 1)4+1,(j mod k)+1- Lhe overlap
index is basically used to specify how far “back-
wards” to jump when making the cross-row con-
nection.

The start state is g1,1, the finish states are all the
states in the row n + 1.

Theorem 1. This construction gives a complete de-
terministic finite-state automaton.

Proof. All states have defined transitions for all in-
puts. The backbone w; is present, of course, and the
remaining transitions ¥ \ w; are categorized as “fail-
ure transitions” which jump backwards according to
the rules above.

O

Theorem 2. This construction correctly specifies a
modular n-gram language K (w,n, k).

Proof. First, if a string contains w some 7 times then
it will cause the machine to transition to the ith row.
There are k rows and if ¢ > k then it wraps around
to the start. Then the machine will halt once it has
reached the n =4 mod k row.

Second, if a string does not contain w some n
mod k times, then it will not reach the nth row.
The string occurs some j times where j = n mod k.
Since that is the case, the transitions cannot wrap
around and halt on row n.

O

Theorem 3. This construction gives a minimal de-
terministic finite-state automaton.

Proof. The construction indicates that k |w| is a suffi-
cient number of states to create a machine for a mod-
ular n-gram language. It is also a necessary number
of states. The machine needs to store at leas two
pieces of information: the current residue, and the
current position within the substring w. The num-
ber of different possible residues is k, and the length
of the word is |w|. The only way for a determinis-
tic finite-state automaton to store information is by
having a state to represent it. Therefore there must
be k |w]| states.

O

2.2 Examples

See figures 1, 2, and 3 for examples of deterministic
finite-state automaton recognizing modular n-gram
languages.



Figure 1: K(ab,0,2)

Figure 2: K(aba,0,2)

Figure 3: K(aab, 1,3)



2.3 Transition semigroup

Much of the following few sections owes a great deal
to the overview provided by Pin in Syntactic Semi-
groups[1]. T have attempted to elaborate from an op-
erational perspective the construction and relevance
of the syntactic semigroup, or monoid.

A transition semigroup or monoid for a determin-
istic finite-state automaton can be formed by a set
of matrices closed under matrix multiplication. The
matrices in question all have the following form:

mia
mi2

ma1
ma 2

where m; ; € {0,1} for 1 <i < |Q| and 1 < j < |Q;
the number of states in the automaton being |Q|.

Each matrix is labeled with a string of symbols, w,
from ¥*. The rows and columns represent states in
the automaton.

1 ifo(i,u)=j
mi,j:{ if 6(i,u) = j

0 otherwise

where § is the “extended transition” function for the
automaton: the value of which being the successive
application of the § transition function on consecutive
letters in the string wu.

The transition semigroup or monoid is necessar-
ily finite, no more than 21Q1” in size—the number of
possible matrices. Typical semigroups will be much
smaller.

Construction of the transition semigroup proceeds
by this algorithm:

INPUT A deterministic finite-state automaton
<Qa Ev q0, Fa 6>

OUTPUT A transition semigroup.

1. Create a matrix for each ¢ € 3, labeled with
o, and encoding the single-step transition from
each state in the matrix. Place these in a set
called T'.

2. Tteratively;

(a) Let 7" =T U{a xb|a,be T} Whenever
you multiply matrices, the resulting label is
the concatenation of two input labels.

(b) If 7/ \ T = ) then output T and halt.
(c) Otherwise set T'="T" and loop.

The given algorithm is bounded in time by the finite
number of possible matrices with |@Q| x |Q| size. On
average, the transition semigroup will be relatively
small. With the addition of the identity matrix la-
beled ¢, the semigroup is a monoid.

2.4 Syntactic semigroup

The syntactic semigroup, or monoid, is an alternative
view of the transition semigroup—in which the ele-
ments are strings and the binary operation is defined
by a table specific to the automaton.

Construction of the syntactic semigroup from a
transition semigroup is fairly simple. The elements
are {a, | a € T} and the table for the binary opera-
tion is defined by

{(au,by) w ey la,beT,c=axbeT}

where T is a transition semigroup and a,, is the label
of the matrix a € T. A transition monoid with an
identity matrix will result in a syntactic monoid with
an empty element €. Table 1 has an example of a
syntactic monoid constructed for K (ab,0,2).

2.5 Characterization

Properties of the regular language can be determined
by examining the syntactic monoid for patterns.

2.5.1 Idempotency

An element u is called idempotent if and only if u? =
u. In the case of figure 1, the element a is idempotent
because a? = a.

2.5.2 Aperiodicity

An element u is called aperiodic if and only if there
exists some integer n such that u™ = u™*!. Clearly,
idempotent elements are also aperiodic. There are



no examples of other aperiodic elements in figure 1
but there are several examples of periodic elements.
Let u = ab then u? = abab and u®> = ab. This se-
ries of powers alternates endlessly between those two
strings.

Some modular n-gram languages do, in fact, have
aperiodic generators.

Conjecture 1. Consider modular n-gram language
K(w,n, k) where w = wy...w;. If 1 > 2 then
|wow;—1| has non-zero length. The substrings of
wawi—1, and itself, will appear as aperiodic genera-
tors in the syntactic monoid of K(w,n, k).

3 Boolean combinations

Languages Ly and Lg are sets and can be operated
upon using set operations such as union (L; U L),
intersection (L3N Ls), and complement (—L1). These
are called the Boolean combinations of languages. As
it turns out, in general, the class of modular n-gram
languages is not closed under these operations.

Theorem 4. The class of modular n-gram languages
is not closed under intersection.

Proof. Consider K (ab,1,2) and K(cd,1,2). Taking
¥ = {a,b,c,d}, the strings abed and edab are both
contained in the intersection. The only contiguous
substrings shared in common are ab and cd, and they
cannot be combined into a single substring because
there is no constraint on the ordering. Therefore
there is no modular n-gram language containing these
strings and excluding improper strings. O

Even though theorem 4 shows that intersection is
not closed in general, there is an interesting sub-
set for which it is. When w is held constant over
a subclass of modular n-gram languages for which
the moduli are relatively prime, the problem regard-
ing substrings disappears and then it is possible to
construct a new modular n-gram language from the
intersection.

Theorem 5. The subclass of modular n-gram lan-
guages given by {K(w,n, k) | k€ N,0<n <k}, for
some w where k is relatively prime to the modulus of

the other languages in the subclass, can form inter-
sections which are modular n-gram languages.

Proof. K(w,n1,k1) N K(w,ns2, k) can be described
by the set of congruences

mod kl

mod kg

C="Nq

C = N2

which can be solved by the Chinese Remainder The-
orem for a unique 0 < ¢ < k1ko. Then, the resulting
language is K (w, ¢, k1ks). O

Theorem 6. ~K(w,n, k)= |J K(w,m,k)

m#n

Proof. If there is a string u € K(w,n, k) then it is
known that |u|, = n mod k. There is no other
residue m for which this is true: |u[, # m mod k
for all m # n. Therefore, u & U, ., K (w,m, k).
Similarly, if there is a string u € |J,,,,, K (w, m, k)
then |ul, #n mod k and u & K(w,n, k). O

Corollary 1. |J K(w,m,k)=X*

0<m<k

Proof. This follows from above. For all strings u €
¥* the |u|,, must be congruent to some residue mod-
ulo k. Therefore, the union of all the languages
K(w,m, k) contains all strings.

This can also be seen by noting that m mod k is
an equivalence class of natural numbers under con-
gruence, and all of the natural numbers are con-

tained in one of k such equivalence classes 0, ..., k—1
mod k. O

Theorem 7. The class of modular n-gram languages
is not closed under the operations of union or com-
plement.

Proof. Take K(ab,0,3) and K(ab,1,3). Call L the
union of these two. For all strings u € L, |ul,, is con-
gruent to either 0 or 1 modulo 3. There is no single
modular n-gram language equivalent to L because a
modular n-gram language can only accept one equiv-
alence class modulo k.

L can also be described as =K (ab, 2, 3) which shows
that the complement of K (ab,2,3) is not a modular
n-gram language. O



4 Conclusion

I spent the first half the semester getting very famil-
iar with the formalisms underlying the regular lan-
guages. I also spent a fair bit of time actually imple-
menting the algorithms for regular expression, non-
deterministic and deterministic automatons conver-
sions, minimization of the latter, and the construc-
tion of the syntactic monoid, boolean combinations,
as well as helpful visualizations. The programming
experience, while somewhat orthogonal to the aim of
the project, was incredibly helpful to developing a
good intuitive feel for the theory. For example, once
I had the software tools, it became trivial to test the
counter-examples I discovered for the above proofs.
I also found the operational understanding of tran-
sition matrices to be a great boon. And attempting
to formally prove the correctness of my algorithms
uncovered quite a few bugs and misconceptions.

So while the modular n-gram languages themselves
turn out to be a bit of a disappointment, I feel that
the process of exploring them had significant benefit
itself.
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€ a b ab ba aba bab abab baba

€ € a b ab ba aba  bab abab baba

a a a ab ab aba aba abab abab a

b b ba b bab ba baba  bab b baba
ab ab aba ab abab aba a abab ab a
ba ba ba bab bab baba baba b b ba
aba aba aba abab abab a a ab ab aba
bab bab baba  bab b baba ba b bab ba
abab | abab a abab ab a aba ab abab aba
baba | baba baba b b ba ba bab bab baba

Table 1: Syntactic monoid of K (ab,0,2)



