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ON THE INTERPRETATION OF NON-FINITIST PROOFS—PART I
G. KREISEL

1. The purpose of the present paper is to formulate the problem of non-finitist
proofs, and to solve it for certain extensions of the predicate calculus, and for
analysis with the exclusion of the theory of sets of points.' The corresponding
problem for general formal systems is discussed in another publication [1].

To fix ideas we introduce the problem by examples from analysis. The general
formulation is given in the text. Also, we shall use in the introduction the con-
cepts decidable, verifiable, finitist without much formal explanation, because the
reader is probably familiar with them, and they are defined early on in the text.

The paper presupposes some knowledge of the methods and results in the
theory of proofs. These enable one to state the general problem rather more pre-
cisely.

Introduction. 2. To understand the difference between finitist and non-finitist
proofs, recall three types of formulae in arithmetic:

(i) Formulae without variables, e.g. 6 < 2, 5 = 3 4+ 2, which can be de-
cided systematically; they are made up of the predicate symbols =, <, and re-
cursive terms without variables. By the theory of the propositional calculus
any formula made up of such numerical formulae joined together by the opera-
tions of the propositional calculus, is also systematically decidable. The so called
elementary proofs of number theory without variables, [2], I, 295, are made up
of numerical formulae.

(ii) Formulae whose only variables are free variables for numbers and func-
tions; these are still decidable in the sense that when numerals 0, 1, 2, - -+ are
substituted for the individual variables, and computable functions for the
function variables, the resulting formula is one of (i), and therefore decidable.

It

Alay - - an; -+ flay -+ @n) -~ -] 21

is a free variable formula, 1; - - - 1, any set of numerals, and - - - fo(a; - - - a.)
computable functions, we call

A[nl...nn;...fo(nl...n”)...] 2.2

particular cases of 2.1. 2.1 is verifiable if any (= every) particular case is correct.
Note that this (informal) definition of the concept ‘verifiable’ makes no mention
of the system in which 2.1 is to be proved.

Received December 9, 1949. Passages added November 1950 are indicated in the text.
The paper will be published in two parts. )

1 (Added November 1950.) The part of analysis that we consider can be developed in
simple extensions of what is usually called pure number theory with induction, e.g. in [10].
While, as Gentzen points out on top of p. 533, ‘non-finitist’ arguments are hardly used in
pure number theory, they occur constantly in elementary analysis, already with the con-
vergence of sequences. Thus the results of the present paper derive their interest from ap-
plications to analysis rather than from the elementary theory of numbers.
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(iii) Formulae containing bound variables, e.g.,

@) (EY)@E@f(,y) = 0 v fx,2) # 0]

where f(a, b) is a function symbol. For convenience, we reduce these formulae
to their prenex form, that is

(xll) e (xlnl)(Eyll) cte (Eylml) M (xnl) ctt (xnn,,) (Eynl) 93
ot (Eynm,,)A (xll st Tan, Y1 0t ynm") ’

where A(ay -+ Qua, b - *bam,) is a (decidable) free variable formula; such
a reduction is always possible in formalisms containing the predicate calculus,
and only such formalisms will be considered.

3. We shall denote decidable formulae, 2(1) and 2(ii), by Italic capitals,
others by German capitals.

4. Typical cases of finitist arguments, [2], I, 20-31, establish verifiable free
variable formulae 2.1. Their application is that they are schemata for elementary
proofs of particular cases 2.2 of 2.1. Proofs in the usual free variable formalisms
with various forms of induction are finitist: that they really can be used as
schemata is shown by the relevant consistency proofs in [2], I, 208-299, which
describe in detail how proofs with variables of 2.1 are to be converted into an
elementary proof without variables of 2.2: numbers are substituted for the
variables, and an application of induction is replaced by a sequence of implica-
tions.

Our thesis is: we do not regard an argument as finitist if it contains formulae
with bound variables.?

5. Among non-finitist proofs one distinguishes conveniently those proving
free variable formulae where the proof contains bound variables, and those prov-
ing bound variable formulae 2.3. In the former case it is clear what is to be
meant by saying that the formula is correct, namely that it is verifiable, only
there is no general method at hand for converting the non-finitist proof into an
elementary proof of particular cases of the formula. In the latter case it is not
clear what is to be meant by saying that the formula is correct, and typical cases
of non-finitist proofs mentioned in the literature are of this second type.

The naive interpretation of a proof of 2.3 is this: the proof should ‘provide’ com-
putable® functions

2 This is of course no characterization of the concept of finitist proof since it is not said
what sequences of free variable formulae are to be called a finitist proof. By the familiar
diagonal argument there can be no question of a recursive enumeration of finitist proofs.

The condition given, which seems natural, is not satisfied by intuitionist formalisms
which contain universal formulae as premisses in implications. The reason for introducing
these formulae evidently is that it was thought that no free variable formula can ‘mean -
the same’ as a formula 2.3: this is true (when made precise, e.g., by the notion of inter-
pretation) if only free individual variables are used, but not if free function variables and
recursive functionals are introduced.

3 Trivially, there are functions f, e.g. those defined by the selection symbol e, or by the
least number symbol u, so that Alau «-- Guny - - tiij( -+~ @ps+-+) -+ ] can be proved.
Hence the requirement for computable functions. ‘Computable’ means quasi-recursive
throughout. '
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Bi(*+ @), 1Zi<n, 1<j<m;, 1<r<i 1<s<n
so that
A[an...a’mn "'Bij("‘ars"')"'] 5-1

is verifiable. Such a system of functions 8;; we call a computable Erfillung of
2.3.
The naive interpretation is tempting because of the ordinary reading of 2.3

as: whatever values of zy -+ #1», may be chosen, there are yi --- Yim, , SO
that whatever values of zy - - - 2., may be chosen, -+ A(@y *** ZTpn,yu - -
Ynm,) holds.

The paradox* of non-finitist proofs is that the naive interpretation is false
(for proofs in elementary classical analysis): in appendix I it is shown of a cer-
tain primitive recursive sequence of rationals that the naive interpretation of
the theorem, a bounded monotone sequence of rationals converges, is false. In other
words, the proof of 2.3 need not have the application which the ordinary reading
of 2.3 suggests.

Historical remarks on the problem. 6. The well known consistency formula-
tion of the problem of non-finitist proofs, given by Hilbert, is based on two con-
siderations:

(i) To make precise statements about non-finitist proofs of a branch of mathe-
matics, one has to describe the proofs to be considered; this is done by the
formalization of proofs (as initiated by Frege).

(ii) The objectionable feature of non-finitist proofs, according to [2], I, bot-
tom of p. 43, is that their application is obscure; consequently, the problem is to
make clear how they are applied, and this is to be done by finitist methods.?

4 This situation was recognized by Kronecker, Brouwer, and others long before it could
be stated in the precise form given below: with the modern theory of proofs the precise
formulation is easy.

5 This precept is not always followed, even in [2]. For consider w-consistency, as formu-
lated in [2], II, 272: a system = of number theory is w-consistent if 7] (z)(z) cannot be
proved in = when %(0), %(1), --- can all be proved in Z; in symbols, let a be the number
of the formula %A(b), e(a) the number of the formula 7] (z)A(x), s(n, m) Godel’s substitu-
tion function, and Provs (m, n) the recursive formula which holds if and only if m is the
number of a sequence of formulae which are a proof in = of the formula with number n.
Then w-consistency of Z means

(z)(Ey)Provg [y, s(z, a)] = (2) 71 Provslz, e(a)],
or, in prenex form,
(2) (Ez)(y){ 11 Provg [y, s(z, a)] v 71 Provslz, e(a)l} 6.1

which is of form 2.3, that is, of the very form whose interpretation is at the root of all the
trouble.

To avoid such situations we adopt the following standpoint: All logical (=metamathe-
matical) problems are to be so formulated that the solution is arithmetized by a free variable
formula.

Thus, instead of a proof of 6.1, we require, when U is a free variable formula, a function
g(z, a) so that if z is the number of a proof of 7] (z)4(z), 71 Alg(z, a)] holds (naive inter-
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These two considerations are used in [2], I, to motivate the consistency formu-
lation for a system Z: either, of two formulae ¥ and 71 at most one is provable
in =, or, not all formulae of = are provable in =.

Now, this formulation must be considered appropriate if one is interested in
the application of a mathematical system to a branch of science where with its
empirical propositions are associated formulae of the mathematical system; and
then true empirical propositions are to be picked out (those associated with
provable formulae of the system): thus a classification of empirical propositions
is given. Provided the mathematical system is consistent, the classification is
non-trivial, that is, some empirical propositions are not picked out. It is here
assumed that there is, e.g., a formula % so that both % and 719 are associated
with empirical propositions.

Further, the consistency formulation is appropriate if one only considers
proofs of free variable formulae, e.g. on the ground that for others the notion
of correctness has not been defined.® And then in the case of a consistent
system of number theory which includes elementary proofs of number theory,
a proved free variable formula is verifiable: here non-finitist proofs may be
considered short cuts; this is a perfectly practical application, no ‘mere parlour
game with symbols.’

7. In neither of these applications of the system of analysis is the absence
of an Erfiillung of proved formulae 2.3 paradoxical. If one wishes to discuss
this paradox (this unexpected feature of proofs in classical analysis), the con-
sistency formulation misses the mark. Whatever the interest of consistency
proofs may turn out to be in this connection, further work is required to make
clear in what way they help with the paradox.

8. (Added Nov. 1950.) What the critic of the non-constructive system is after
was probably stated for the first time explicitly—though not precisely—by
Gentzen in the last two paragraphs on p. 594 of [10]: a finitist sense is to be
given to proved formulae of the non-finitist system considered. Roughly speak-

pretation of 6.1). This replaces then the roundabout impossibility formulation and the use
of universal premisses.

It is shown in a forthcoming paper that number theory Z, is not w-consistent in this
strong sense when % may be a bound variable formula, and a weaker w-consistency is es-
tablished by applying the results of sections IV and V of the present paper.

¢ The consistency formulation is often put in the following way: one ignores bound
variable formulae except as methods of proof, and shows that their use is ‘harmless’ be-
cause the free variable formulae proved are verifiable.—It is perhaps worth while to con-
gider a consistency formulation of a logical problem which was solved over 100 years ago:
the use of complex numbers. The problem arose because the operation with the symbol 7
was added to the operations of ordinary algebra, but no application was given to formulae
containing 7. Now suppose proofs of algebra with and without the symbol 7 to be formal-
ized. Then a consistency proof of the former might show how a formula without ¢ which
has been proved by the use of 7, can also be proved in the algebra without <. But nothing is
said of formulae which contain <. The actual solution of the problem of complex numbers
did more: when these are replaced by pairs of numbers, or matrices, and suitable defini-
tions of addition and multiplication are introduced, all formulae containing ¢ get an inter-
pretation.
























































































































