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Abstract. In 1972 J.-Y. Girard showed that the Burali-Forti paradox
can be formalised in the type system U. In 1991 Th. Coquand formalised
another paradox in U™. The corresponding proof terms (that have no
normal form) are large. We present a shorter term of type L in the Pure
Type System AU~ and analyse its reduction behaviour. The idea is to
construct a universe U and two functions such that a certain equality
holds. Using this equality, we prove and disprove that a certain object in
U is well-founded.

1 Introduction

Jean-Yves Girard (1972) derived a contradiction in the type system U by for-
malising a paradox inspired by those of Burali-Forti and Russell. By formalising
another paradox, Thierry Coquand (1994) showed that the type system U~ is
also inconsistent. So there are large proof terms of type L in these type systems.

In Section 3 we present a relatively short term of type L in AU~. This Pure
Type System and some notation is described in Section 2. In the last section we
show that the B-reduction behaviour of the proof term is very simple.

In the other sections we will see that the proof has the same ingredients as
Burali-Forti’s paradox: a universe U, a relation < on U, an object {2 in U, and
the question whether {2 is well-founded or not.

In Section 4 we describe Burali-Forti’s paradox and some simplifications. We
analyse the connection between the universe of all ordinals at its power set. In
Section 5 we introduce paradozical universes. These are connected to their power
set in such a way that we can derive a Burali-Forti like contradiction. This
can be formalised in Pure Type Systems. The formalisation can be simplified
by considering powerful universes. In Section 6 we see how these universes are
connected to the power set of their power set.

2 Pure Type Systems

In this section, we describe some Pure Type Systems. For more details, see for
example (Barendregt 1992) or (Geuvers 1993).

2.1 The Pure Type Systems AHOL, AU, and AU

The typed A-calculus A\HOL (Higher Order Logic) is the Pure Type System (with
B-conversion) given by the sorts *, O, and A, the azioms * : O and O : A, and







































