SOFPUTIR e
T, el . TUe TR e Ty =i
| ) e NN ,.,.-'. [:: S : ;'»:4-‘, ﬂ%

CON GIRARD’S “CANDIDATS DE
REDUCTIBILTE”

Jean H. Gallier

MS-CI1S-89-31
URIVERSITY w:zf:m"‘s LOGIC & COMPUTATION 07

. CARFIEGIE-RIELLCR

Ars! C;‘
”‘;’b?)bl\\l!ﬂ Feklly

Department of Computer and Information Science
School of Engineering and Apglied Science
University of Pennsyivania
Philadelphis, PA 19104

—_— Revised
November 1989
To appear in Logic & Computation Science

ggMgl P. Odifreddi, editor, Academic Press, 1989
-
P}}BtNE—“ 5 ,, \‘% Fosmes P 3
""" f‘ﬁ" SINLED LTI Ry et o
-::ua:,, "i"*‘ — m ) > e i *C*,h;\«.& N
= - . . ) . R -"‘\\.
ACKNOWLEDGEMENTS:

This research was supported in part by ONR under Grant No. N00014-83-K- 0593, NSF

grants MCS-8219196-CER, IRI84-10413-A02 and Army grants Daa29-84-K-0061, DA A29-
84-9-0027.



ON GIRARD'’S “CANDIDATS DE REDUCTIBILITE”

Jean H. Gallier

Abstract: We attempt to elucidate the conditions required on Girard’s candi-
dates of reducibility (in French, “candidats de reductibilité”) in order to establish
certain properties of various typed lambda calculi, such as strong normalization
and Church-Rosser property. We present two generalizations of the candidates
of reducibility, an untyped version in the line of Tait and Mitchell, and a typed
version which is an adaptation of Girard’s original method. As an applica-
tion of this general result, we give two proofs of strong normalization for the
second-order polymorphic lambda calculus under Bn-reduction (and thus under
B-reduction). We present two sets of conditions for the typed version of the
candidates. The first set consists of conditions similar to those used by Stenlund
(basically the typed version of Tait’s conditions), and the second set consists of
Girard’s original conditions. We also compare these conditions, and prove that
Girard’s conditions are stronger than Tait’s conditions. We give a new proof
of the Church-Rosser theorem for both S-reduction and fn-reduction, using the
- modified version of Girard’s method. We also compare various proofs that have
appeared in the literature (see section 11). We conclude by sketching the exten-
sion of the above results to Girard’s higher-order polymorphic calculus F,, and
in appendix 1, to F,, with product types.
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1 Introduction

‘In this article, we attempt to elucidate the conditions required on Girard’s candidates of
reducibility (in French, “candidats de reductibilité”) in order to establish certain properties
of various typed lambda calculi, such as strong normalization and Church-Rosser property.
We present two generalizations of the candidates of reducibility, an untyped version in the
line of Tait and Mitchell [37, 24], and a typed version which is an adaptation of Girard’s
original method [9, 10]. As an application of this general result, we give two proofs of
strong normalization for the second-order polymorphic lambda calculus under #n-reduction
(and thus under B-reduction). We present two sets of conditions for the typed version
of the candidates: a set of conditions similar to those used by Stenlund [35], (basically
the typed version of Tait’s conditions, Tait 1973 [37]), and Girard’s original conditions
(Girard [10], [11]). We also compare these conditions, and prove that Girard’s conditions
are stronger than Tait’s conditions. We give a new proof of the Church-Rosser theorem for
both B-reduction and fBn-reduction, using the modified version of Girard’s method. We also
compare various proofs that have appeared in the literature (see section 11). We conclude by
sketching the extension of the above results to Girard’s higher-order polymorphic calculus
F.,,, and in appendix 1, to F,, with product types.

It is worth noting that the generalized method of candidates plays an important role in
Breazu-Tannen and Gallier [4], where conservation results conjectured in Breazu-Tannen (3]

are proved about the combination of algebraic rewriting with An-reduction in polymorphic
A-calculi.

Familiarity with the polymorphic typed lambda calculus is not assumed for reading
this article. This explains why we have included some rather lengthy introductory sections:
An expert should probably proceed directly to section 6. On the other hand, a certain
familiarity with the simply-typed lambda calculus will help. Good references on the lambda
calculus include Barendregt (1], Hindley and Seldin [15], Stenlund [35], Girard [11], and Huet
[16, 18]. An extensive discussion of the role and importance of type theory and an exposition

~of related results are given in Scedrov [32]. Another excellent introduction to type systems
and their relevance to programming language theory appears in Mitchell [25].

2 Syntax of the Second-Order Polymorphic Lambda Calculus

Our presentation of the Girard/Reynolds second-order lambda calculus [9, 30, 11] is heavily
inspired by Breazu-Tannen and Coquand [2]. Let V be a countably infinite set of type

variables, X' a countably infinite set of term variables (for short, variables), and B a set of
base types.
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2 ON GIRARD’S “CANDIDATS DE REDUCTIBILITE” -

Definition 2.1 The set T of second-order polymorphic type ezpressions (for short, types)
is defined inductively as follows:

t € T, whenevert € V,

o € T, whenever o € B,

(¢ = 7) € T, whenever 0,7 € T, and
Vt.oc € T, whenevert € Vand o € 7.

In omitting parentheses, we follow the usual convention that — associates to the right,
that is, 01 — 02 — ...0n-1 — 0, abbreviates (0 — (02 = ...(0n—1 — 0n)...)). The
subset of 7 consisting of the type expressions built up inductively from B using only the
type constructor — is called the set of simple types. Obviously, simple types cannot contain
type variables or quantifiers.

Next, we define polymorphic raw terms. Let ¥ be a set of constant symbols and
Type:X — T a function assigning a closed polymorphic type (i.e., a type expression con-
taining no free type variable) to every symbol in 3.

Definition 2.2 The sét PA of polymorphic lambda raw T-terms (for short, polymorphic
raw terms) is defined inductively as follows: :

c € PA, whenever c € I,

z € PA, whenever z € X,

(MN) € PA, whenever M, N € PA,

(Az:0. M) € PA, whenever r € X, 0 € T, and M € PA,
(Mo) € PA, whenever o0 € T and M € PA,

(At. M) € PA, whenever t € Y and M € PA.

The set of free variables in M will be denoted as FV (M), and the set of free type
variables in M as FV(M). The set of bound variables in M will be denoted as BV (M),
and the set of bound type variables in M as BV(M). The same notation is also used to
denote the sets of free and bound variables in a type.

In omitting parentheses, we follow the usual convention that application associates to
the left, that is, M1 M, ... M.y M,, is an abbreviation for ((... (M1 M,)... M,_, )M,). The
subset of PA consisting of all terms built up using only the first four clauses of definition
2.2 and only simple types is called the set of simply typed raw terms.

Every polymorphic raw term corresponds to an untyped lambda term obtained by
erasing the types. This technique will be useful in proving strong normalization for the
second-order polymorphic lambda calculus. Thus, we define untyped lambda terii~ and the
Erase function as follows.

Let X be a set of constant symbols.
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