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Discrete Conformal Geometry — Overview
• Overview:

• Part I: Uniformization

• Part II: Beyond Uniformization

• tomorrow: 2pm in 1106A Hylan

• Very rich field; barely enough time to scratch the surface (not even quads!)

• Focus on one specific problem: uniformization of simplicial surfaces

• illustrates “The Game” often played in Discrete Differential Geometry

• also illustrates a common theme: rigidity vs. flexibility

• bridge between discrete geometry and combinatorics, hyperbolic geometry



AMS Short Course Notes
• This lecture is based on (revised) course notes from DDG short course:

AMS Short Course Notes
This lecture is based on (revised) course notes from DDG short course:

http://keenan.is/here



Motivation: Mapmaking Problem
• How do you make a flat map of the round globe?

• Hard to do!  Like trying to flatten an orange peel…

Impossible without some kind of distortion and/or cutting.



Conformal Mapmaking
• Amazing fact: can always make a map that exactly preserves angles.

!
"
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(Very useful for navigation!)



Conformal Mapmaking
• However, areas may be badly distorted…

(Greenland is not bigger than Australia!)



Conformal Geometry
More broadly, conformal geometry is the study of shape 

when one can measure only angle (not length).when one can measure only 



Applications of Conformal Geometry Processing
Basic building block for many applications…

TEXTURE MAPPING

SHAPE ANALYSIS3D FABRICATION

CARTOGRAPHYCARTOGRAPHY REMESHINGREMESHING

SIMULATIONSIMULATION SENSOR NETWORKSSENSOR NETWORKS



Uniformization of Disks
• Given a simplicial disk with a discrete metric, how do 

we define a “conformal flattening,” i.e., a conformal 
map to the flat Euclidean plane?

• Many possible definitions…

• But will encounter issue of rigidity / flexibility

– some definitions have fewer degrees of freedom than 
in smooth setting (“too rigid”)

– others have more degrees of freedom (“too flexible”)

– one and only one theory is “just right” (conformal 
equivalence of discrete metrics)

• Other approaches still provide useful perspective—and 
algorithms!



Uniformization of Compact Surfaces
• More generally, Riemannian metric on any surface is conformally 

equivalent to one with constant curvature (spherical, flat, hyperbolic):



Discrete Surfaces
• A discrete surface (with boundary) is a simplicial 2-

complex K = (V,E,F) such that the link of every vertex is 
either a single cycle or path.

• A discrete metric on K is an assignment of positive edge 
lengths 𝓁ij > 0 to each edge ij in E such that the triangle 
inequality holds in each triangle, i.e.,

• Geometrically, can view (K,𝓁) as a piecewise Euclidean surface obtained 
by gluing together Euclidean triangles along edges

• Gaussian (scalar) curvature is a measure at vertices, given by angle defect:



• Need to discretize the whole theory; not just individual objects: definition of 
discrete metric, discrete conformal structure, discrete curvature, etc., must all fit 
together in the same way as in the smooth setting.

• Informally, the discrete theory should have the same flexibility/rigidity as the 
smooth theory (e.g., equivalence classes, solution spaces, etc., should have same 
dimension)

Problem Statement



Flexibility of Conformal Flattening
• In the smooth setting, how flexible are 

conformal flattenings of a disk?

• Theorem Every Riemannian disk (M,g) can 
be conformally mapped to the unit disk in 
the plane (unique up to Möbius transforms)

• Fact. The space of conformal disk flattenings 
can be parameterized by a real function 
along on the boundary specifying either

(i) the scale factor along the boundary, or

(ii) the target curvature of the boundary.



The Game of DDG
Basic approach to finding new definitions in discrete differential geometry:

1.  Write down several equivalent definitions in the smooth setting.

2. (Try to) apply each smooth definition to a given discrete object.

3. Check which properties of the smooth object are preserved.

The Game



(Some) Smooth Characterizations of Conformal Maps

angle preservation
metric rescaling

preservation of circlesconjugate harmonic
functions

critical points of
Dirichlet energy



(Some) Approaches to Discretization
CHARACTERIZATION DISCRETIZATION / ALGORITHM

Cauchy-Riemann least square conformal maps (LSCM)

Dirichlet energy discrete conformal parameterization (DCP)
genus zero surface conformal mapping (GZ)

angle preservation angle based flattening (ABF)

circle preservation circle packing
circle patterns (CP)

metric rescaling conformal prescription with metric scaling (CPMS)
conformal equivalence of triangle meshes (CETM)

conjugate harmonic boundary first flattening (BFF)



Aside: Why Do We Need to Discretize?
• Doesn’t uniformization already apply?  A 

“discrete” surface is after all still just a 
Riemannian manifold…

• This perspective on uniformization of cone metrics 
was indeed studied by Troyanov (and others)

• Wrong philosophical starting point: interprets 
polyhedral surface as a literal piecewise flat 
surface, rather than a discrete proxy or analogue 
for a smooth surface

• Cone metric uniformization map therefore looks 
nothing like a smooth uniformization map: 
unbounded scale distortion concentrated around 
isolated points (vertices)



Angle Preservation



Angle Preservation
Let’s start with an elementary definition…

“Conformal maps preserve angles”
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Angle Preservation
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“Conformal maps preserve angles”



Angle Preservation

Intuitively: f preserves angles & orientation.

It is conformal if it is also immersion, i.e., if



Discrete Angle Preservation
First attempt at a definition for discrete conformal maps:

similarity

Definition. A simplicial map between triangulated 
disks is conformal if it preserves interior angles.



Rigidity of Angle Preservation
Problem: one triangle determines the entire map! (Too “rigid”)

(…But what if the domain has curvature?)



Holomorphic Maps from a Surface to the Plane
Plane to plane:

Surface to plane:



Discrete Angle Preservation (Surface to Plane)
Fact. There is an angle-preserving map from a simplicial disk (K,𝓁) to 
the plane if and only if the angle sum around every interior vertex is 2!.

2!



Discrete Angle Preservation (Sphere)

Theorem (Uniformization). There exists 
a conformal map from any topological 
sphere (M,g) to the unit sphere.

Theorem (Cauchy). Convex polytopes 
with congruent faces are themselves 
congruent.

SMOOTH DISCRETE



Discrete Angle Preservation (Nonconvex)

deform without 
preserving angles optimize angles

angle 
distortiondistortion



Least Angle Distortion
• Conclusion: angle preservation is too rigid: in general, an angle-

preserving flattening of a given simplicial disk may not exist.

• Compromise: define discrete conformal flattening as simplicial 
map of least area distortion

• now we get at least one such map

• in general, only one map

• still too rigid!

• still starting point for practical algorithms*
*SHEFFER, DE STURLER, “Parameterization of Faceted Surfaces for Meshing using Angle Based Flattening” (2001)“Parameterization of Faceted Surfaces for Meshing using Angle Based Flattening”



Cauchy Riemann



Discretization via Cauchy Riemann
• Angle preservation was too rigid

• Why not start from analytic point of view: Cauchy-Riemann equation

• Very traditional way to characterize holomorphic maps:

• Idea: simply define discrete conformal maps as piecewise linear maps that are 
holomorphic when restricted to each simplex.



Discretization via Cauchy Riemann
• Put real coordinates ai, bi at each vertex i
• Linearly interpolate over triangles
• Require Cauchy-Riemann to be satisfied in each triangle:

• For most surfaces, will not find any map that satisfies this definition.
• Should not be a surprise!  Only affine holomorphic maps are similarities: i

j

k

(Same as angle preservation.)



Least Square Conformal Maps
• Compromise. As with angle preservation, can still seek “most holomorphic map.”
• Sum residual of Cauchy Riemann over triangles to get least squares conformal energy:

• Fix rigid motion (rotation + scaling in plane) by 
specifying map at two vertices

• Resulting energy is quadratic and strictly convex

• Hence, still too rigid: always get a unique minimizer

• Yet still most commonly-used technique used in practice*
• Why?  Requires only a single sparse linear solve (very fast)

*LÉVY, PETITJEAN, RAY, MAILLOT, “Least Squares Conformal Maps for Automatic Texture Atlas Generation” (2011)



Beyond the Basics
• So far, our two most basic approaches have 

failed:

• angle preservation! too rigid

• piecewise holomorphic! too rigid

• At this point, starts to become clear that one 
cannot be naïve about discretization

• Many other possibilities we could consider…

• Really need to think more deeply about 
relationship between smooth & discrete 
geometry



Circle Preservation



Circle Preservation
• Smooth: conformal maps preserve infinitesimal circles
• Discrete: try to preserve circles associated with mesh elements

• First perspective that “really starts to work” (& important early example in DDG)
• Still won't get us all the way there: no discrete uniformization theorem



Circle Packing
• A circle packing is a collection of 

closed circular disks in the plane 
(or other surface) with mutually 
disjoint interiors.

• To any such collection one can 
associate a graph G = (V,E) where

– each vertex corresponds to a disk

– two vertices are connected by an 
edge if and only if their 
associated disks are tangent



Circle Packing Theorem
• Which graphs admit a circle packing?

• Theorem (Circle Packing). Every planar graph G = (V,E) can be realized as a circle 
packing in the plane.

• Theorem (Koebe 1936). If G is a finite maximal planar graph, then a circle packing of 
G (including the “outer face”) is unique up to Möbius transformations and reflections.

Möbius



Circle Packing—Algorithm
• Nonlinear problem, but simple iterative algorithm*
• For each vertex i:

• Let 𝜃 be total angle currently covered by k neighbors

• Let r be radius such that k neighbors of radius r also cover 𝜃
• Set new radius of i such that k neighbors of radius r cover 2!

• (Repeat)

*COLLINS, STEPHENSON, “A Circle Packing Algorithm” (2003)



Circle Packing—Gallery



Thurston Circle Packing Conjecture
• W. Thurston (1985): circle packing of a regular hexagonal tiling of a region in the 

plane appears to approximate a smooth conformal map (Riemann map):

• Rodin & Sullivan (1987): for sufficiently small ", any point z in domain is covered 
by a circle c; map it to the center of the corresponding circle c’ in the target packing.  
This approximation mapping converges to a Riemann mapping as "⟶ 0.



Discretization via Circle Packing
• Circle packings start to look like strong candidate for 

discretization of conformal maps on simplicial disks:

• Koebe theorem provides discrete Riemann mapping 
theorem

• maps to disk have same symmetry group as in 
smooth setting (Möbius transformations)

• Major piece still missing: curvature!

• packing based purely on combinatorics ! geometry 
of domain (i.e., discrete metric) completely ignored

• disks w/ same combinatorics but very different 
geometry will be mapped (i.e., packed) in exactly the 
same way

• ⟹ Circle packings are in general too flexible



Circle Patterns
• A circle pattern is an arrangement of circles 

with prescribed intersection angles 0 " #ij # !/2 
associated with edge

• Each assignment of radii ri to vertices then 
determines a circle packing metric:

• These lengths in turn define angle defects $i

• Starts to provide discrete theory:

edge lengths ⟷ discrete metricedge lengths ⟷ discrete metric

angle defects ⟷ discrete curvatureangle defects ⟷ discrete curvature circle radii ⟷ scale factors

intersection angles ⟷ conformal structure



Uniformization of Circle Patterns
• Can easily translate uniformization into this setting: given initial metric (angles + radii) 

find new metric (new radii) that exhibits zero curvature (zero angle defect)

• One approach to discrete uniformization: Ricci flow

Smooth Ricci Flow Discrete Ricci Flow

• Intuition: smooth out bumps in curvature until metric is flat 
(or constant curvature)

• (Chow and Luo 2003) Discrete Ricci flow exists for all time, 
and converges to a constant curvature metric if one exists.



Circle Patterns: Existence & Uniqueness
Two key theorems (Thurston):

Note: much stronger than just Gauss-Bonnet!  (Depends on ω, not just Ω)



Inversive Distance Circle Packings
• Many variations/generalizations of circle packings to provide more flexibility
• E.g., inversive distance circle packings (Bowers and Stephenson 2004)

• Replace intersection angles 0 #%#ij #%!/2 with values -1 # Iij #%&
• Define inversive distance

• Geometrically:

• Iij < 1 ⟷ circles intersect at angle #ij = arccos( Iij )

• Iij = 1 ⟷ circles are tangent

• Iij > 1 ⟷ circles are disjoint

• Story about uniformization doesn’t really change:
• flat metric is unique if it exists; but doesn’t always exist!



• Still have intersection angles #ij associated with each edge

• At boundary, let
• If angles # add up to 2! around each vertex, and angles $ sum 

to 2! over boundary (“flat disk”), can find a Euclidean circle 
pattern w/ prescribed angles as long as there are interior angles 
% satisfying linear program (Rivin):

Facewise Circle Patterns
• Can also associate circles with faces rather than vertices (Bobenko & Springborn 2002)

– (positivity) %i
jk > 0 at each corner

– (triangle postulate) %i
jk + %j

ki + %k
ij = ! in each face

– (compatibility) ! - #ij = %k
ij + %l

ji for interior edges, %k
ij for boundary edges

• Effectively provides discrete Riemann mapping (2D), but not uniformization (curved)



Discretization via Circle Patterns
• Despite additional geometric information, 

circle patterns still do not provide a 
completely satsifactory discretization:

• on the one hand can now control angle 
along boundary

• however, most simplicial disks cannot be 
flattened (mapped to the plane) while 
preserving intersection angles (too rigid)

• numerical experiments suggest they may 
also be rigid for convex polyhedra in 3-
space (but not nonconvex?) original deformed optimizedoriginal deformed optimized

original deformed optimizedoriginaloriginal deformeddeformed optimizedoptimized



Circle Patterns
• Despite rigidity, circle patterns can still 

be used for practical algorithms

• As with angles, holomorphic functions, 
find flattening with minimal deviation 
of intersection angles (in L2 sense)

• Naturally allows incorporation of cone 
singularities

• Rather than flatten directly to plane, 
flatten to metric w/ isolated points of 
curvature; then cut & flatten

• Significantly reduce distortion of area
(with cones)

KHAREVYCH, SPRINGBORN, SCHRÖDER, “Discrete Conformal Mappings via Circle Patterns” (2006)

(without cones)



Metric Scaling



Conformally Equivalence of Riemannian Metrics
• Two Riemannian metrics g1, g2 on a manifold 

are conformally equivalent if they are related 
by a positive scaling at each point:

• Idea: define conformal flattening of a simplicial 
disk as conformally equivalent discrete metric 
of zero Gaussian curvature

• Need to define:

1. discrete Gaussian curvature (same as before)

2. conformal equivalence of discrete metrics



Discrete Metric
Recall that a discrete metric on an abstract simplicial surface 
K = (V,E,F) is simply an assignment of edge lengths

satisfying the triangle inequality in each face, i.e.,

• Naturally associated to a piecewise Euclidean metric obtained by gluing together 
Euclidean triangles (of prescribed length) along shared edges.

• Result is a or cone metric: Gaussian curvature is nonzero only at isolated cone points
(corresponding to vertices); in this sense, edges are superficial.



Cone Metric—Visualized



Cone Metric—Visualized



Discrete Gaussian Curvature
Discrete Gaussian curvature of a vertex i is equal to the 
angle defect, i.e., the deviation of interior angles around 
the vertex from the Euclidean angle sum 2!:

i

j
k

(Angles obtained from lengths via cosine formula.)

Intrinsic picture:



Conformal Equivalence of Discrete Metrics

• Initially looks like we are just “aping” the smooth definition

• This notion of discrete conformal equivalence will ultimately provide exactly 
the right amount of flexibility, i.e., it is neither “too rigid” nor “too flexible,” 
but rather “just right.”



Flexibility of Triangles
• For a single triangle, equivalence classes with respect to preservation of interior 

angles are just similarities (too rigid).  What about discrete conformal equivalence?

INTERIOR ANGLES DISCRETE METRICS



Flexibility of Triangles (Proof)



Length Cross Ratio
• Is discrete conformal equivalence too flexible?  All triangles are equivalent!

• However, scale factors are shared by multiple triangles…

• Consider the length cross ratio associated with any interior edge ij:



Length Cross Ratio (Proof)



Discrete Conformal Equivalence
• From here, can develop a rich theory of discrete conformal equivalence 

mirroring many properties found in the smooth setting*
• E.g., cross ratios are preserved by Möbius transformations
• Another characterization: two discrete metrics are discretely conformally 

equivalent if and only if they are related by a continuous, facewise 
projective map that preserves the circumcircle of each face.

• “Nicer” than piecewise affine mapping
• Also have discrete Teichmüller spaces:

• discrete metrics :|E|-dimensional
• conformal rescalings: |V|-dimensional
• discrete equivalence classes: |E|-|V| = 6g - 6 + 2|V|
• same as Teichmüller space of genus g w/ |V| punctures

*BOBENKO, PINKALL, SPRINGBORN, “Discrete conformal maps and ideal hyperbolic polyhedra” (2010)



Discrete Uniformization
• Still haven’t resolved main question (uniformization): can we always find a 

conformally equivalent discrete metric of constant curvature / constant angle 
defect?

• Key tool is again Ricci flow/Yamabe flow (2D)

• Can formulate a very simple discrete Yamabe flow*: at each vertex i ∈ V, change in 
log scale factor ui is proportional to difference between target angle sum Θi and 
current angle sum:

*LUO, “Combinatorial Yamabe Flow on Surfaces” (2004)

• Can show that this flow is gradient flow on a convex energy; if a solution exists, it is 
unique (up to global scale) and we will reach it in finite time.



Discrete Uniformization—Existence
• Critical question: does it always work?  I.e., is there always a discretely conformally 

equivalent metric w/ prescribed curvature?

• First answer: no—the metric may degenerate (e.g., violate triangle inequality) before we 
achieve the target curvature.  In general, there may be no solution (as with circle 
patterns).

However, that’s not the end of the story…



Delaunay Triangulation
• Delaunay triangulations arise naturally throughout discrete & computational geometry

• Many different characterizations—e.g., “empty circumcircle” property (2D)

• Equivalently: for each edge, sum of opposite angles is no greater than !

• Fact. Set of points in plane has unique Delaunay triangulation, up to cocircular triangles

• Easily obtained via greedy algorithm (Lawson): keep flipping non-Delaunay edges



Intrinsic Delaunay Triangulation
• Angle sum condition generalizes to any discrete metric
• Conceptually: edges are now geodesics between cone points
• Existence, uniqueness, flipping algorithm, etc., all still hold*

extrinsic triangulation intrinsic triangulation



Irregular Triangulations
• *Technical note: at this point we no longer consider just simplicial complexes, but must 

consider triangulations that are not necessarily “regular” ((-complexes)



• Can now define discrete conformal equivalence for different triangulations of the same 
polyhedral cone metric:

Conformal Equivalence—Variable Triangulations



Discrete Uniformization—Existence
For variable triangulations, we (finally) get a discrete uniformization theorem:



• More generally: can always find a conformally equivalent discrete metric with 
prescribed Gaussian curvature (angle defect), as long as target curvature satisfies 
Gauss-Bonnet

• Key insight: edge flips needed to ensure existence!

• Some key results:

• (Luo 2004) Conjecture: Discrete Yamabe flow will uniformize, w/ sufficient “surgery”

• (Springborn, Schröder, Pinkall 2008) Discrete Yamabe flow comes from convex 
variational principle; use to perform Newton descent (w/ cotan-Laplace as Hessian!)

• (Bobenko, Pinkall, Sprinborn 2010) Connection to variational principles for 
hyperbolic polyhedra

• (Gu, Guo, Luo, Sun, Wu 2013 & 2014) Existence in hyperbolic (g < 0), Euclidean case 
(g = 0)

• (Springborn 2017) Existence in spherical case; single variational principle that 
subsumes all previous results

Discrete Uniformization—Existence



Hyperbolic Polyhedra



Conformal Equivalence—Variable Triangulations
• Return to our definition of discrete conformal equivalence for variable triangulations:

• Second definition key to understanding, proving discrete uniformization



Prelude: Steiner’s Problem
• Jakob Steiner (19th c): “Which combinatorial 

triangulations of the 2-sphere can be realized as 
convex, sphere-inscribed polyhedra?”

• Rivin (1996): Solved Steiner’s problem via a 
variational principle for ideal convex polyhedra.

• Bobenko-Pinkall-Springborn (2010): Connect 
variational principles for ideal polyhedra to 
discrete uniformization (fixed triangulation)

• Luo et al, Springborn (2013-2017): prove discrete 
uniformization (variable triangulation)



Models of Hyperbolic Geometry



Ideal Hyperbolic Polyhedra
Each triangle of a Euclidean polyhedron can be viewed as an ideal triangle in Klein model…



Penner & Shear Coordinates
• How do we specify identifications of ideal triangles?

• Shear coordinates &ij: distance between altitudes

• Penner coordinates 'ij: distance between horocycles

⟺



Euclidean vs. Hyperbolic
smooth Euclidean Hyperbolic

metric edge lengths Penner coordinates
conformal structure length cross ratios shear coordinates

conformal scale factor vertex scale factors horocycles

conformal map length scaling hyperbolic isometry
Riemann surface d.c.e. Euclidean polyhedra ideal polyhedron

Delaunay flips Ptolemy flips

Delaunay triangulation Delaunay decomposition
empty circumcircles non-touching horocycles

… …



Variational Principles
• Why is bridge to hyperbolic picture useful?

• Can leverage variational principles for 
constructing hyperbolic polyhedra with 
prescribed data (metric, dihedral angles, etc.)

• In particular: constructing a discrete metric 
with prescribed length cross ratios is 
equivalent to constructing an ideal polyhedron 
with prescribed hyperbolic metric.

• Hyperbolic picture is in some sense easier to 
think about, because it has to do with concrete 
geometric quantities (volumes, angles, …)



Hyperbolic Volume & Lobachevsky’s Function
• Consider ideal tetrahedron w/ dihedral angles (ij   (only three distinct)

• Volume can be expressed as                                       , whereVolume can be expressed as                                       , where

is (Milnor’s) Lobachevsky function.
• One can then has a Schläfli formula for the volume variation:

where 'ij are any choice of Penner coordinates.

• Since dihedral angles can be identified with interior angles of a 
Euclidean triangle (see figure), Lobachevsky function can also be 
used to build variational principles for Euclidean triangulations…



Interior Angles from Convex Energy
• In particular, consider the function !

"
#

• Applying the Schläfli formula, we get

• Hence,

• In other words, we can express the interior angles of a triangle as 
derivatives of a convex energy (with respect to logarithmic edge lengths)

• This is extremely useful, since it allows us to build up a convex energy 
for obtaining edge lengths that exhibit a prescribed given angle defect.



Variational Principle for Discrete Uniformization
• Very easy from here to establish variational principle for discrete uniformization:

• Gradient of this energy w.r.t. u is our discrete Yamabe flow from before:

• Most importantly, this energy is convex, and piecewise C1 (in fact, even C2) over 
“Penner cells,” i.e., over regions of R|V| corresponding to scale factors u: V ⟶ R that 
induce the same Delaunay triangulation.  (Springborn 2017)

Discrete uniformization amounts to minimization of a convex energy.



Discrete Uniformization & Edge Flips
• Gradient flow on (strongly) convex, finite-dimensional energy 

reaches minimizer in finite time

• May have to perform edge flips during this flow

• What kind of flips:

• Wrong answer: Euclidean flip (distorts conformal structure!)

• Right answer: Ptolemy flip (doesn’t change hyperbolic metric)

• Computational issue: if number of flips is unbounded, still 
can’t compute solution in finite time

• Fortunately, number of flips is always finite (Wu, 2014)

!
"

#

$



Summary



Discrete Uniformization—Summary
• Considered several characterizations:

• angle preservation — too rigid
• piecewise holomorphic — too rigid
• circle preservation — no uniformization theorem
• metric scaling — just right

• Many approaches we didn’t cover (see course notes)
• harmonic maps
• Hodge star operator
• conjugate harmonic functions
• …

• Only metric scaling provides discrete uniformization theorem



Next up: Beyond Uniformization



Thanks!
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