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Abstract

We develop a normative theory of interactionN negotiation in particularNa mong sdf-interested
compuationaly limited agens where compugtionalacionsare gametheoetcally treaedaspatt of
an agen@ strategy. We focus on a 2-agert setting where eachagert has an intractatte individual
problem, and there is a potenia gain from pooling the problems, giving rise to an intraciable
joint problem. At any time, an agent can compute to improve its sdution to its own problem, its
opponen® problem, or thejoint problem.At adeadine theagens thendecdewhetherto implement
the joint solution, andif so, how to divide its value (or cos). We presenta fully nomaive model
for controlling anytime agorithms where eachagert has statisticalperformarce probles which are
optimally condiionedon the probleminstanceaswell ason the path of resuts of the algorithm run
sofar. Using this model we introducea solution concept which we call deliberation equilib rium.
It is the perfect Bayesian equilibrium of the game where deliberation actions are part of each
agent® strategy. The equilibria differ based on whether the performance probles are deterministic
or stochasitc, whether the deadine is known or not, and whetherthe proposetis known in advenceor
not. We present algorithmsfor bPnding the equilibria. Finally, we show that there exist instances of the
deliberationbbggining problemwhereno purestrategy equilibria exist andalsoinstancesvherethe
unique equilib rium outcomeis not Pareto efPdent. © 2001Elsevier ScienceB.V. All rightsreseved.
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1. Introduction

Systens, esgecially on the Intemet, are increasirgly being used by multiple partiesb
or software agentsthat repregnt thembwiththeir own preferencesThis invalidates
the traditional assumption that a certral designer controls the behavior of al system
componerg The system desgnercanonly control the mechanism (rules of the game),
while eachagentchoossits own strategy. The econome ef® ciency thata systemyields
depend®nthe agent strategies So, to develop asystemthatleadso dedrable outcomes
the desgner hasto make sure that eachagentis motivatedto behae in the desred way.
This canbe achieved by analyzingthe gameusing the Nash equilib rium sdution concept
from gametheory(or its re®nement¥ no agentis motivatedto deviate from its strategy
given thatthe othersdo notdeviate [19,20].

However, the equilib rium for rational agents does not generally remain an equilib rium
for computitionaly limited agens. ! This leavesa potentiallyhazardougapin gamethe-
ory aswell as automatechegotiation(see,for example,[15,24,31])becaus computation-
ally limited agent are not motivated to behave in the desred way. This paperpreents a
framework and ® rst steps toward ®llin g that gap.

In this paper we begin to develop a theary of interactionbnegotiation in particula®
wherecomputationactionsare treatedas part of an agens strategy. We study a 2-agent
bargaining settirg where at ary time, the agent cancompute to improve its sdution to its
own problem, its solution to the opponens problem, or its solution to thejoint problem
wherethe tasks and reourcesof the two agens are pooled. The bargaining occursover
whether or not to use a solution to the joint problem, and how to divide the associated
value or cost.

Early on, it was recognizedhathumanshave boundedationality, for example,dueto
cogntive limitations so they do not actrationaly aseconomé theory would predict [7,
35]. Since then, condderabk work hasfocusd on developing normative models that
presribe how a compugtionaly limited agent should behae (see, for exampk, [5,9,
26]). This is a highly nontivial underaking, encompasng numerousfundameral and
technicaldif® culties As areault mog of those methodsresort to simplifying asumptions
such as myopic deliberationcontrol [3,28,29],conditioning the deliberationcontrol on
hand-pcked features[28,29], assuming that an algorithm's future performancecan be
deteministically predctedusing a pefformance pro® le [10,11], assuming thatananytime
algorithm's future performanceloesnot dependn the run on thatinstanceso far [4,9,38,
39] or that performanceis conditioned on quality sofar but not the path[8], or resating to
ag/mptoticnotionsof boundedptimality [27].

While such simgi®cations can be accepale in single-agen settings as long as the
agentperformsrea®wnabl well, any deviation from full normatvity canbe catagrophic
in multiagent settings If the desgner cannot guaranteethat the strategy (including
deliberationactiong is the beg strategy that an agentcan use, thereis a risk that an

1n the relatively rare settingswhere the incentives can be desgnedso that eachagentis motivatedto use
the desred strategy independenif what others do (dominant strategy equilibrium), a rational agentis beg
off maintainingits strategy even if some otheragentsdo not act rationally, for example, dueto computational
limitations



K. Larson, T. Sandholn Artibcial Intelligence132(2001)183b217 185

agentis motivated to use someother strategy. Even if thatstrategy happengo be OcbseO
to the desred one, the social outcomemay be far from desrable. Therefore,a fully
normatize deliberationcontrol methodis requiredas a bass for analyzingeachagens
beg strategy. This paperintroducessuch a fully normatve deliberaton control method. It
takes into accountthateachagentmay use al the informationit hasavailableto control
its compuation,including condtioning on the probleminstanceandthe path of solutions
foundontherunso far. Thispapemwill discuss how thisdeliberaton control methodcanbe
usedasabassfor decidingon anagens beg-repons strategy: what deliberaton acions
and negotiation actions(offers acceptancesnd rejection$ the agentshould executeat
ary pointin thegame.

Garre theaists have aso realizedthe signi®cance of computational limitations (see,
for exampk, [25]), but the modek that addres this issue have mogly analyzed how
complex it isto computetherationa strategies[14] (ratherthanthe computation impacting
the strategies) memory limitations in keepng track of histay in repeatedgames via
deteministic ®nite auomata or Turing machnes (see, for example, [1,6,22]), limited
uniform-depthlookaheadcapability in repeatedgames[12], or showing that allowing
the choice betweentaking one compuation acton or not undoesthe dominant strategy
property in a Vickrey auction [32]. On the other hard, in this paper, the limited rationality
stems from the compleity of eachagens optimization problem (each agenthas a
compuer of ® nite speed,someanytime agorithm which might not be perfect and ® nite
time), a settirg which is ubiquitousin practice 2

In this paper we investigatean ultimatum game where agents must ® rst usetheir limited
computtionalreourcesn orderto determinewhetherany bargaining should occur, andif
so, whattheagentsareactuallybamainingover, thatis, whatis thevaluethey aretrying to
agreeto split. While bagaininghasbeenwell studiedin the economicsand gametheory
literature(see, for example,[21]), mog modelsof bounded-rationadgentsassume that
the agens know what they are bagaining over a priori but mug learnwhich strategies
work well [30]. Ingead,in ourmodel| agens have to usetheir limited resourcesn orderto
detemine exactly what they are bargaining over.

2. An example application

To make the presentation more concree, we now discuss an exampk doman where
our mehodsare needed.Consder a distributed vehicle routing problem [33] with two
geographicallyispersd dispatchcenterghatareself-interesed companiegFig. 1). Each
cenkr is reponsble for cerin tasks (deliverieg and has a cerain set of resurces
(vehicley to take careof them.So eachagentbrepresitinga dispatch centeEhasits
own vehclesand delivery tasks.

Eachagens individual problemis to minimize transportation costs (driven mileage)
while still makingall of its deliverieswhile honoringthefollowing congraints[33]:

2 The same sourceof conplexity hasbeenaddresed [33], but thatpaperonly studiedoutcones, nottheproces
or the agents strategies It was also asumed that the algoiithm's performanceis deteministically known in
adwnce. Finally, the agentshad cogly but unlimited computation,while in this paperthe agentshave free but
limited computation.
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Fig. 1. Small exanple probleminstanceof thedistributedvehicle routing problem Thisingancehastwo dispatch
centes repreentedin the ® gure by computeropestors. They receve the delivery orders and routethe vehicles
The light dispatch centerhaslight tasks and trucks while the dark dispatchcenterhas darker taks and trucks

The dispatchcentes receve all of their delivery orders at once,andthen have some time to compute a routing
solution beforethe trucks needto be dispatched.For exanple, in some practical settings the delivery tasks are
known by Friday evening and the route plan for the next week hasto be readyby Mondaymorning whenthe
trucksneedto bedispatched[33].

e Eachvehicle hasto begin and endits tour at the depotof its center(but neitherthe
pickupnorthe drop-off locatonsof the ordersneedto beatthe depo).
e Each vehicle has a maximum load weight congraint. These may differ among
vehicles
e Each vehicle has a maximum load volume congraint. Thee may differ among
vehicles
e Eachvehicle hasamaximumroutelength(presribedby law).
e Eachdelivery hasto beincludedin theroute of somevehicle.
An agensindividualproblemis NP-hardsince ATSP? canbetrivially reducedto it. The
problemisin NP becausthecod andfeasbility of asolutioncanbechecledin polynomial
time. Thereforethe problemis NP-complete
The geographicabperationareasof the centersoverlap. This createsthe potentialfor
either cener to handk a delivery. Thereis a potenial for savingsin driven mileageby
pooling theagens taks andresourcessinceoneagentmay be able to hande someof the
others taks with less driving thanthe otherdueto adjaceng. The objective in this joint
problemis to again minimize driven mileage. This problemis again NP-complete

3 The ATSPisaTraveling Salesnan Problemwhere the distancesbetweencities satify thetriangleinequality
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Whetherthe agentsactually decideto coordinatetheir deliveriesis determinecby the
cods associated with the differentsolutions Theagens mug negotiate, or bargain, about
whether to independety deliver their own packagesor wheter to sharetheir delivery
tasks and reurcesin orderto reducecods. They mus also negotiate asto how they
will spit the costs and bere®ts of the joint sdution, if they agee to cary out a joint
solution. However, beforeagens can decide whether to carry out a joint solution or the
two individualsolutions they mug have solutions(possible routeg for the threeproblems

3. The general setting

Thedistributedvehiclerouting problemisonly oneexampke problemwherethemehods
of this paper are needed In gereral, they are neecedin ary setting with two self-interested
agentswhereeachagenthas an intractableindividual problem and thereis a potenial
savingsfrom pooling the problems giving rise to an intractble joint problem We also
assume that the value of any solution to an agents individual problemis not affected by
what solution the otheragentusesfor itsindividualproblem.

Applicaions with thes characeristics are ubiquitous including trangortation as
discussed above, manufcuring (wheretwo compangs that potenially subcontactwith
eachother needto congruct their manufcturing plans and schedule}, electric power
negotation betweena cusom providerand anindugrial consumer(wherethe participants
needto congruct their producton and consumpion scheduks, clasroom scheduing,
scheduling of scierti®c equipment among multiple users, and bandwidth allocation and
routing in multi- provider multi- consumer computer networks to name justa few.

In orderto determinethe gain generatedby pooling ingead of eachagentoperating
individualy, agent needto compue solutionsto both agens individualproblemsas well
asto the joint problem. We assume that the agents have anytime algorithmsthat canbe
usedto solve problemsso thatsomefeashble solution is available whenerer the algorithm
is teminated and the solution improves as more computation time is allocatedto the
algorithm.

By computng on the joint problem, an agentreducesthe amountof time it has for
computing on its individual problem. This may increa the joint value to the agens
(reduce the sun of the agents' costs), but makes this agert's fallback position worse
whenit comesto bargaining over how the joint value should be divided betweenthe two
agens. Also, if oneagentis compuing on the joint problem, would it not be beter for
the other agentto comput on somehing differentso as notto waste compugtion?In this
papemwe present amodelwhereeachagentstrategically decideson how to useits limited
compugtionin orderto maximizeits own expectdpayof in suchsettings

4. The model

In this secfon we introducethe compugationalbargaining model Thereare two distinct
parts to the model: the deliberation control part and the bargaining part. However, the
actonsthat an agenttakesin onepart affect the acionsthat the agentshould take in the



188 K. Larson, T. Sandholn Artibcial Intelligence132(2001)183b217

otherpart, aswell asthe acionsthat the other agens will take in both parts. So, although
the deliberationprecededarmaining, thes two stagesare deeplyinterrelatedas we will
show.

Let therebetwo agens, « and 8, eachwith its own individual problem They also have
the possibility to pool, giving rise to a joint problem We assume that time is discretized
into time unitsandeachcomputationastep takesonetime unit. However, time s limited,
so agentscandeliberatefor at mod 7' time steps. Agens mug decide how and whento
compue on the three problems(the two individual problemsand the joint problem),and
which offersto make and which to acceptEachagentmakesthes decisonsonlinebased
on the reaults of its computtionsup to that point (which canchangethe agents payof
expectatonsandits expectedgain from differentfuture compugtions.

In this secion we introducea normatve deliberaton control method that capures
the possililities that agents have in controlling their computation and how it affectsthe
bargainingproces.

4.1. Normative control of deliberation

Eachagent hasan anytime algorithm that has a feasille sdution available whenever
it is terminated and improves the sdution as more computation time is allocatedto the
problem. Let v3(¢) be the value of the solution to agentc's individual problem after

computng on it for ¢ time steps. Similarly, vg (1) isthe value of the solution to agent8's
individualproblemafter agente hascompuedonit for 7 time steps. Finally, vl2™ (¢) is the
value of the sdution to the joint problemafter computing on it for ¢ time steps.

The agents have statistical performarnce pro®les that descibe how their anytime
algorithmsimprovethe solutionsasafunction of the allocatedcomputationtime. As will be
discussed later eachagentuses this informationto decidehow to alocateits computation
at every step of the game,optimally striking a tradeof betweencompuation time and
sdution quality.

A commonrepregntation of performancepro®les is a table of discreke values[8,39].
This approachrequires discretizing time into a ®nite number of time steps and solution
quality into a® nite number of solution levels.For eachtime stepand eachlevel of solution
quality, the table contains the probability that the solution will be of that quality. The
reslution of thediscretizationdetermines tradeof betweeraccuray of the performance
pro®le andthe amountof daia neededandthe spaceneededo storeit) to popukte the
spaceof performancero®le.

Instead of using a table of discrete valuesto repregnt the performancepro®le, we
propo® storing the valuesin a tree structure. While this doesnot changethe tradeof
betweeraccuray andrequireddata,using atreestructureallows for optimalconditioning
onreallts of executon so far which the earier methodsdo not support

We index the problem (agenta's, agent 8's, and the joint) by z, z € {«, 8, joint}. For
eachz thereis a performancepro®le tree7;*, repregnting the fact that an agenti can
condition its algorithm's perfformance pro® le on the probleminstarce. Fig. 2 exempli®es
onesuchtree.Eachdeph of thetreecorrepondsto thetime ¢ of the run thatthe algorithm
hasexecutd on thatprobleminstance Eachnodeatdept s of thetreerepregntsapossible
sdution quality (value), v7, thatis obtainedby running the algorithm for ¢ time steps on
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Fig. 2. A performancepro®le tree.

thatproblem.Theremaybe severalnodesat adepthsincethealgorithmmayreachdifferent
solution qualitiesfor a givenamountof computatiordependingon the probleminstance.
At ary dept there may be more than one nodewith a given value as the pah taken to
reacha certainvalue may be differentdependingon the probleminstance We asumethat
the solution quality in the performancepro®le tree7, of agenta's individualproblemis

discretizedinto a® nite number of levels.Similarly, the solution quality in’Z}ﬁ is discretized

into a® nite number of levels,asis the solution quality inZ*"™.

Eachedge in the treeis assaiatedwith the probability that the child is reactedin the
next computatiorstep giventhatthe parenthasbeenreachedThis allows oneto compute
the probability of reachingany particularfuture nodein the tree giventhe nodethat has
beenreacted so far. This is accanplished by multiplying the probabilities on the path
betweerthes two nodes|f thereis no path,the probabilityis 0.

The tree is constructed by collecting statistical data from previous runs of the
algorithm on different problem instarces.The more ®nely solution quality and time are
discretized themoreaccurataleliberationcontrolis possible. However, with morere®ned
discretizaion, the numberof possible runsincreags(it is O(m”) wherem isthe number
of levels of sdution quality arnd D is deph of thetree),so morerunsneedto be seento
populatethe space.A tighter boundcan be obtainedoncethe observation is madethat
the valuesof the solutionsareawaysincreaing and canberepregnid as step funcions
The boundis O(Nd) where N is the numberof leaves in the treeandd is the average
depth[3]. Furthermore the space should be populatedden®ly to get good probability
edimateson the edgesof the performancero®le trees' Eachrunis repregntedasa path
in thetree.As arun proceedslong a pathin the tree,the frequeny of eachedgeof that
pah isincremengd, andthefrequences at the nodeson the pah arenormalzedto obtain
probabilities If the run leadsto a value for which thereis no nodein thetree,the nodeis
generatd and anedgeis insertedfrom the previousnodeto it.

41f the algorithm is stochasic, variability canoccureven acioss multiple runson the same ingtance.
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We denotby time(n) the depth of noden inthe performancero®letree.ln otherwords
time(n) is the numberof computationstepsusedto reachnoden. We denot by V (n) the
value of noden.

Definition 1. Thestate of deliberation of agentx attime stepz is

O (1) = (n%, nf , nlP™),

ot 't
ioint . .
where n%, nf, and ni?™ are the nodeswhere agente is currently in eachof the

threeperformancepro®le treesandtimény,) + time(ng ) + time(njo? int) =t. The state of

deliberatiorfor agentg is de®nedanabgousy.

In practiceit is unlikely that an agent knows the solution quality for every time
allocaion withoutactualy doing the computton. Rather, thereis uncertinty abouthow
the solution value improves over time. Our performance pro® le treeallows us to cagure
this uncettainty. For example, with adepth ¢ searchin thetreeonecandetermineP (v*|t),
denotingthe probabilitythatrunningthe algorithmfor ¢ time steps producesa solution of
value v*.

Thedeliberation set is the set of deliberationstatesthatan agentcanreachin exactly ¢
deliberation actions.

Definition 2. Thedeliberation setof agentx attimez is
O (1) = {0a (1) | time(n) + time(nf) + time(njfim) =1}.
The deliberation setfor agent 8 is de®nedanabgousy.

We shall someimes use the notation ©,(z5, tf , tffim) to repreent the redricted

deliberation set
O (18,18, 109™) = {60 (1 +1£ + 7™ | time(n%) = &, time(nf) =1£,
time(nl"™) = 42}

Unlike previous methods for performancepro®le basd deliberaton control, our
performancepro®le tree directly supportsconditioningon thepath of sdution quality
so far.® The performancepro®le tree that appliesgiven a path of computationso far is
simply the subtreerooted at the currentnoden. We denot this subtreeby 7% (n). If an
agentis at anoden with value v, then when estimating how much additional deliberation
would increas the solution value, the agentneedonly condder paths thatemanaé from
noden. The probability, P, (n’), of reachinga particularfuturenoden’ in 7% (n) given that
the currentnodeis n is simply the productof the probabilitieson the pathfrom » to »’'.

5 Our reallts apply directly to the cas wherethe conditioning on the pathis based on other solution features
in additionto solution quality. For exanmple, in a schedulingproblem the distribution of slack cansigni® cantly
predicthow well aniterative re® nementalgorithm canfurtherimprove the solution.



K. Larson, T. Sandholn Artibcial Intelligence132(2001)183b217 191

Similarly, given thatthe currentnodeis n, the expectedsdution quality after allocating ¢
moretime steps to this problemis

Z P,(n)- V().

{n’|n’ is anodein Z(n) with depthr}

This canbe easilycomputedusing depth-® rst-seach with adeph limitz in 7% (n).

Computation plays several strategic rolesin the game. First, it improvesthe sdution that
isavailableBor any oneof the threeproblems Secondt resolvessomeof the uncertinty
aboutwhat future compuation steps will yield. Third, it gives informaton about what
solution qualitiesthe opponenhasencounteredandcanexpect. This helpsin egimating
what sdution quality the other agent hasavailable on any of the threeproblens. It also
helps in estimating what computiionsthe other agentmight have doneand might do.
Therefore, in equilibrium, an agent may wart to allocate computation on its individual
problem, the joint problem, and even on the opponeris problem. Agens may not share
algorithmsfor theproblems andso may obtain differentreaults for the solution of thejoint
problem.However, if oneagenthascomputeda high valuefor the joint, thenit is likely
that the other agentwill also be able to obtain a high value. The agent know this, and,
whereapplicabk, canuse this knowledgeto specubte asto how the otheragentis usng
its deliberation resairces.We will show how agents usethe performance pro® le treesto
optimally handethes consderatons

4.1.1. Specal case: Deterministic performanceprobkes

In a determinigic performancepro®le, the algorithms performancecan be projected
with certinty. In this setting, the treethatrepreents the performancero®le hasonly one
pah. Beforeusing ary computtion, an agentcandetrmine whatthe value will be after
any numberof computtion steps devoted to any problem z, that is, v*(¢) € R is known
for al ¢. So, compuation doesnot provide any informaion about the expeced reallts
of future compuatons Also, compuation doesnot provide any addedinformaion about
the performancero®les, which could be used to estimate the otheragents compuational
acions

As will be preented later, in someof our settingswherethe performancero®les are
not deerministic, we assume that the agens have the same performancero®le treeg @,
T#, and 719 |n someof our settingswe addtionaly asume that 7¢, 77, and 7Nt
arecommonknowledge.Onescenariowheretheagentshave the sameperformancero®le
treesis wheretheagentaise thesamealgorithmand have seenthe sametrainingingances
This is arguabl roughly the cas in pracice if the paries have beensolving the same
typeof instancesver time, andthe algorithmshave evolved throughexperimenation and
publicaion. In settingswherethe performancero®Iles are deerministic, all of ourresults
gothroughevenif the agens have differentperformancero®letrees®, 77, 73°™, T4,

7}3’3 , and 7}§°im. Yetin some of thesesettings we assmme that 72, 727, 73°™, 74, 7;3'3 , and
Téo'm arecommonknowledge.



192 K. Larson, T. Sandholn Arti®cial Intelligencel32(2001)183b217
4.2. Bargaining

Thetermbargainingis usedto refer to a situation in which:

(1) Agents have the possiblity of concluding a mutually bene®cial agreenert.

(2) Thereisaconfict of interess aboutwhich agreemento conclude.

(3) No agreemenmay beimposdonary individualwithoutits approval.

In our settirg agents bargain over how to divide the surplus (or cost) assaiatedwith
implementingthe joint solution. Eachagentprefersto receive moreratherthanless and
eachhas the possilility to opt out of the bargaining procedure and to implemert its
individualsolution with the associatedvalue v.

At some point in time, T, thereis a deadlne at which time both agens mug stop
deliberating and decde how they will execuke the solutions basd on the outcome of
a bargaining round. The agens perform their computtonal acionsin paralel with no
communicatiorbetweenthemuntil the deadlineis reachedCall the value of the solution
compued by the deadine by agenti € {«, 8} to agenta's problem v¥, to agent g's

problemv” , andto thejoint problem*™. Throughbamgaining, the agens decidewhether
to pool or not, and in the former cas they aso decide how to divide the value of the
sdutionto the joint problem If the value of the sdution to the joint problemis higher than
the sum of the valuesof the solutionsto the individual problems thenthereis a potenial
gain from agreeing to implementthejoint solution.

We restrict the bargaining so that only one agert is allowedto make an offer, while the
other agent has the alility to either accep or rejectthe offer mace (that is, the agents are
involvedin anultimatumgame)lIf aproposlis acceptedthejoint solutionisimplemented
andthe surplus is divided asdeermined by the agreeduponproposl. If no agreements
reachedhentheagentsimplementheirindividual solutionswith no furtherinteraction.

The valuesthat have beencomputedby the agentsaffect the bargaining proces and
outcome.For exampk, if both agens decideto devote no compugttion on the solution for
thejoint problem,thenit is unlikely thatany agreementvill bereachedn the bargaining
proces on whether to execue the joint solution. Instead, both agens would likely act
independety, implemening their own individualsolutions If, onthe other extreme,both
agens hadcompuedonly on the solution for the joint problem,thenit is morelikely that
agreementvill be reachedThe bamaining strategiesof the agentsare determinecdy the
valuesthey have computedon all problems The offer thatan agentmakesis determined
by the value of the joint solution thatit hascompuedaswell asthe valueit hasobtained
for itsindividualsolution and on the valueit believes the otheragenthascompugedfor its
own individual solution. Similarly, the offerthatanagentwill accepis determinedoy the
value that it hascomputedfor its individual problem sincethat s its fallback value (that
is, theagentis guaranteedb receve atlead thatamountif theagreements notreached.

Say thatagent« is the proposer. It makes a take-it-or-leave-it offer, x¢, to the other
agent,8, abouthow muchagentg's payof will beif they pool. ® Agert g canthenaccept
or reject If agentps acceptghe offer, the agentspool and use agenta's sdution to the
joint problem.Agentg's payof is xJ aspropodandagenta gets the restof the value

6 We allow an agentto make a negative Qunacceptable6ffer which signalsthatit doesnotwant to coordinate
or implementthe joint solution.
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Table1
If agente mekes an offer, xJ, to agentg, thenagentp hasthe choiceof eitheracceptingor
rejectingit. The payofs for theagentsin eithersituationare listedin thetableabove

Agent Payof if theoffer isaccepted Payof if theoffer isrejected
o vLoint B xg vg
B x§ vg
of the solution: vff'm — xJ. If agentg rejecs, both agens implementtheir own compued

solutionsto their own individualproblems in which cas agenta's payof is v andagent

B'spayof is vg. Thepayofs arepresentedin Table 1.

Beforethe deadine, the agens may or maynotknow which oneof themisthe propor.
In ary cas, if the agens agreeto implementthejoint solution, the joint solution compued
by the propor is used. In our modelthe probability that agenta will be the proposer
iS Pprop, and this is commonknowledge.When agentsreachthe bargaining stage,each
agens stratgyy is capturecby an offer-acceptvector. An offer-acceptvectorfor agenta
is OA, = (x2,x%) € R?, where x¢ is the anountthat agente would offer if it were the
propo®r, and x¢ is theminimum value it would acceptf agentp madethe proposal. The
offer-acceptvectorfor agentg is de®nedsimilarly.

4.3. De®nition of strategies

The agent strategies incorporae acions from both the deliberaton part and the
bargaining part of the game.For the deliberaion part of the game,an agents strategy
is amapping from the stateof deliberation to the next deliberation action (thatis, selectirg
which solution z, z € {«a, 8, joint} to compute anothertime step ontn words, whetherto
compue on theagens own problem,the otheragents problem,or thejoint problem).

Defi nition 3.A deliberation strategy for agenta with deadine T is
T-1

SaD = (SotD’t)z:O ’
where

Sa?” 1O (1) — {a“, a?, ajoint}
is amapping from a deliberation stateattime ¢, 6, (1) = (n$, nﬁ, n{f,’im), to a deliberation
action a* wherea® is the action of computing one time step on the sdution for problem
z € {a, B, joint}. The deliberation strategy of agent 8, Sé), is de®nedanalogousy.

In a deteministic settirg, taking a deliberation action cawsesthe agert to move into a
speci®c stateof deliberation. However, in the stochasticsettirg, if anagert isin a cetain
stateof deliberation at time ¢, thenthe acion of computng on a problemwill cau® the
agert to be in any one of several statesof deliberation at time ¢ + 1. The probability
with which an agent will ernter into a speci®c stateof deliberation is detemined by the
performancero®les.
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At the deadine, T, eachagenthasto decideon its offer-acceptvector Therefore the
strategy attime T is a mapping from the stateof deliberation at time T to an offer-accept
vector

Defi nition 4.A bargaining strategy for agenta with deadine 7',
SB:0,(T) — R?

is amapping from a stateof deliberation at time T, to an offer-acceptector (xJ, x5). The
bargaining strategy of agents, Sg , isde®nedanalogoudy.

An agert's strategy consistsof adeliberation strategy and a bargaining strategy.

Defi nition 5.A strategy for agenta with deadine T is
Se = (52, S2).

A gtrategy foragentg, Sg is de®nedanabgoudy.

Our analysis will also allow mixed strategies A mixed strategy for agenta is
Se = (8P, SB) where SP is a mapping from a deliberation state 6, (¢) to a probability
distribution over the setof deliberation actions {a®, a?, al®"}. Welet p® be the probability
that an agenttakes actiona®, p? be the probability that an agent takes action «#, and
therefore,1 — p® — p# is the probability that an agert takes action ¢°™. The mixed
baigaining strategy, §§, is a mapping from a deliberation state 6, (T) to a probability
distribution over offeracceptvectors

5. Equilibria and algorithms

We want to malke sure thatthe strategy thatwe propos for eachagentbandccording
to which we study the outcomebisndeedthe bed strategy that the agenthasfrom its
self-interesed pergecive. This makes the systembehae in the desredway even though
every agentis desgnedby and repreent a differentself-interesed realworld party. One
approachwould be to jug requre that the analysis shows that no agentis motivated to
deviate to anotherstrategy giventhat the other agentdoesnot deviate. This would be the
Nash equilibrium solution conceptfrom noncooperave gametheory [20]. We acualy
placea strongerrequrementon our method. We requre that at ary point in the game,
anagens strategy preribesoptimal acionsfrom that point on, given the other agents
strategy and the agent beliefs aboutwhat has happenedso far in the game.We also
require that the agent's beliefs are consistert with the strategies. This type of equilibrium
is calleda perfect Bayesian equilibrium (PBE) [19]. We introducea new equilibrium for
computationally limited agents:

Defi nition 6.A (Nash, perfect Bayesan) deliberation equilibrium for compugtionaly
limited agents is a (Nash perfect Bayesiar) equilibrium where the agents' deliberation
strategiesform a(Nash perfectBayesian equilib rium and the agerts' bargaining strategies
arein (Nash perfectBayesian equilib rium.
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An agens offeracceptectoris affectedby the solutionsthatit computesandalso what
it believestheotheragenthascompuedfor solutions Thefallback value of an agent is the
valueit obtainedfor the solution to its own problem.Clearly, an agentwill notaccepiany
offer lessthan its fallback

In making a proposl, agenta must try to estimate agent 8's fallback value and then
decidewhether by makinganacceptablg@roposl to agentg, agenta's payof would be
greatetthanor less thanits own fallback.”

The gamesdiffer signi® canty basd on whether the propor is known in advanceor
not, as will bediscussed in thenext secions

6. Known proposer

For an agentthatis never going to make an offer, we canpresribe a dominantstrategy
independentf the statistical performancero®les:

Proposition 1. If an agent, 8, knows that it cannotmake a proposal at the deadine T,
thenit hasa dominantstrategy of computingonly on its own problem,and acceptingany
offer x2 suchthatx?  V(n) wheren isthe nodein the performancepro®| e7# that agent
B hasreachedat time T. If the performancepro®I| e doesnot Raten before the deadine
(V(n') < V(n) for every noden’ on the path to n), thenthis is the unique domnant
strategy.

Proof. In the event that an agreements not reachedagent 8 could not have achieved
higherpayof thanby computng on its individual problem (even if it knows that further
computatiorwill notimproveits solution). In theeventthatan agreementsreachedagent
B wouldhavebeenbeg off by computingso asto maximizetheminimalofferit will accept,
V(ng). Sincesolution qualityis nondecredagin computatiortime, if agents deviatesand

computes stepson a differentproblem,thenthe value of its fallback is V(n;f) V(n/’z)

Wheretime(ng) = time(n;f) +t.If V(n') < V(n) for every noden’ onthe path to n, then
this inequality is strict.

Corollary 1. In the gameswhere the propor is known, there exists a pure strategy PBE.

Proof. By Propogtion 1, therecever of theofferhasadominanttrategy. Saythepropo®r
were to use a mixed strategy. In gereral, every pure strategy that hasnonzero probability
in a bed-repons mixed strategy hasequal expectd payof [19]. Since mixing by the
propo®r will not affectthe recever's strategy, the proposer might aswell use oneof the
pure strategiesin its mix.

The equilib rium differs basedon whether or not the deadine is known, as discussedin
the next subsecions

7 Sincesolution valuesare discretized,thebeg-repons offer-acceptvectorswill also befrom adiscretespace.
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6.1. Known propogr, known deadine

In the simpled setting, both the deadine and propograrecommonknowledge Without
lossof generality we assune that agert « is the propo®r andthe deadineis at time 7.
Therefore from Propostion 1, agentg hasa dominantstrategy, Sg, whichisto compue
onthe solutionfor it's own problemandacceptany offer thatis greaterthan(or equalto)
the value of its compued solution. Knowing this, agente candetemine a strategy which
isabed-reponse.

Assume that by following a deliberation strategy S2, the proposng agenta reaches
deliberation state 6, (T) = (n%, nfs, !®™) attime 7. It is possible to compue agenta's
expecteddtility of following a bargaining strategy S2 whereit makes an offer x2 to
agentp. The expectedutility is

E[ma((S2.S2). Sp)] = Pa(x2)[V (™) = 2] + (1= Pu(x2))V (n). (1)

where P, (x2) is the probability thatagert g will acceptan offer xJ. These probabilities
aredeterminedby agenta's beliefs aboutwhat value agent 8 hascomputdfor its own
individual problem In asetting where agert § hasadominantstrategy (thatis, it compues
only on thesolution for its own problem),agentx cancomputeits beliefsthatagentg will
acceptan offer of x with probability P,(x), smply by noting thevaluesof the nodesthat
canbereachedattime T in the performancero®le for agenp's individual problem,and
computingthe probabilityof reachingeachnode 8

In astochasticsettirg, there is uncettainty asto whether following a cettain deliberation
strategy will reault in being in aspeci® c deliberaton state. We candeerminethepropo®rs
expected utility from following a particular strategy as follows. Assune agent « is
execuing strategy S, = (S2, S2). At time T, whenthe agentmusg make a proposl, it
is in some deliberation state

0u(T) = (na n nJOInt>,

o tar ta
wheretime(n) = 12, time(nf) = £, and time(n!®™) = 7™  If its bagaining strategy, S5
dictatesthatit make anoffer of x¢, thenagenta's expectedutility from following S, is

E[7a(Su. Sp)] = > P(6a(1)157) (Pu (xg) [V (™) — 7]

O (T) €O (12 15 1™

+ (1= Pu(x3)V(n3)),

wherep(eo,(T)|S£) is the probability of being in deliberation state6,, (') after following
deliberation strategy S2.

The game differs based on whether the performance pro®les are deteministic or
stochasic.

8 |f the performancepro®les are shared by the agents agent's beliefsarebasdon thenode ng it hasreached

in the performancepro®le tree, #, giventhatagento hasreached"lodeng in thetree, ,f.
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6.1.1. Deterministic performancepro®l es
In an ervironmert where the performance pro® les are deteministic, the equilibria can
be analytically determined

Proposition 2. Assume that the agentsOperformance pro®l esT?, 7, 72°™, 78, 773’3 ,

and7:°™ are deterministic and agent o knows agent 8@ performancepro®| es Thenthere
existsa PBEwhere agent 8 will only conpute on its own problem andagent « will never
spit its computation. It will either compute solely on its own problemor sdely on the
joint problem The PBE payofs to the agents are unique andthe PBE is uniqueunless
the performancepro®I e that an agent is conputing on Ratens, after which time it does
not matter where the agent conputessincethat doesnot change its payof or bargaining
strategy. The PBEsare also the only Nashequilibria.

Proof. Let 712™ be the nodein 732%™ that agenta reachesafter alocating al of its
compuation on the joint problem. Let 5 bethe nodein 7 thatagenta reachesafter

allocating al of its computation on its own problem Let ng bethe nodein 7}3’3 thatagent
B reachesafterallocatingall of its computatioron its own problem.

By Propogtion 1, agent 8 hasa dominant strategy to comput on its own solution
(unlessits performancero®Ile Rattens after whichtime it doesnot mater wherethe agent
compuessincethat doesnot changeits payof). Agenta's strategies are more complex

sincethey dependon agent g's ®nal fallback vaIue,V(ng), and also on what potenial
valuesthe joint sdution and «'s individualsolution may have.
(1) Casel: V(™) — V(ng) > V(1%). Agentg will acceptany offer greaterthanor

equalto V(ng) sincethatisitsfalback.If agenta makes an offerthatis acceptable
to agents, thenthe highes payof thatagenta canreceveis V(n{f"m) — V(ng).
If this value is greaterthan V (n$)Ethatis, the highes fallback value agent « can
haveEthenagent « will make anacceptableffer. To maximizethe amountit will
getfrom making the offer, agentoe mug comput only on the joint problem. Any
deviation from this strategy will resut in agent o receving a lesser payoff (and
stiictly lessif its performance pro® le has not Rattered).

(2) Case2: V(™) — V(ng) < V(n%). Any acceptablefferthatagenix makesrestts
in agenta receving a leser payoff thanif it had computedon its own solution
solely, and madean unacceptableffer (andstrictly less if its performancero®le
hasnot Rattened). Thereforeagenta will comput only on its own problem until
that performance pro® le Ratters, after which it does not matter where it allocates
the restof its computation.

(3) Case 3: V(™) — V(n/’;’) = V(n%). By compuing only on its own problem,
agenta's payof is V(nS). By computng only on the joint problem,the payof is
V™) — v ?). Thes payofs areequal However, by dividing the compugtion
acros the proglems both payoffs decreas (unles at leas one of the two
performancepro®les has 3attened,after which it doesnot mater wherethe agent
allocateghereg of its computation).

The above argumerts alsohold for Nashequilib rium.
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6.1.2. Sochadic perfformancepro®l es

If the performancepro® lesare sharedbut stochastic,detemining the equilib riumis more
dif® cult. By Propogtion 1, agenp hasa dominantstrategy, Sg, and only compuesonits
individualproblem.?

However, based on the reallts it hasobtained so far, agente may decidce to switch
betwveen problemson which it is computngtbossibly several times The problem is
similar to compuing valuesand policies for a sequenital decision problemwith stochasic
actions exceptthatthe deadlinesneanthatthe gamehasa ® nite horizon.The payoffs can
be seerasstate-ependent reward valuesand the accessiblity functions canbe modeledas
the probability of trarsferring into a deliberation state,giventhe action taken

There are two different caes that affect agenta's camhbilities when it comes to
speculatingas to what value agentg hasobtained from deliberaion. If the two agens
sharealgorithmsand,therefore performancegro®les, thenagen&# cancandeliberateon
agents's problem, and be sure that the reaults obtainedare related to those thatagent g
hasobtained.Agenta mightthen®nd it useful to deliberateon ageng's problemin order
to re®neits beliefs asto what value agentg hasobtained.On the other hand.,if the agens
have differentalgorithmsand, therefore differentperformancepro®les, ary deliberation
thatagento doeson agentg's problem,usingits own algorithm, maynotcorrecty re” ect
the solutionsthat agents has acheved. It gets no utility from computing on agent g's
problemsinceits beliefs cannotbe updated.

In this sectiacn we do not assume that the performance pro® les are common knowledge.
However, it isrequredthatat leas agenta canobserve the performancero®lesfor agent
B. Agent 8 doesnot needto know that agenta canview its performancero®les. This
knowledgedoesnotchangeagents's behaior asit hasa dominantstrategy.

We use adynamt programmigalgorithm to determineagentu's bed repons to agent
B's strategy. Thebas cag involveslooping throughall possible deliberaton states 6, (T)
for agenta atthe deadlineT . Each6, (T) determinesa probability distribution over the
set of nodesagentB reachedy computingT time steps. For ary offer x thatagente may
make, the probability thatagert g will accepis

Py(x) = > P(n?). (3)
{nf|nf in subtee A (nf) a depth T —time(nf) st. V(nf)<x}
The bed offer, xJ, thatagenta canmake to agentp, giventhata is in the state of

deliberation 6, (T) = (n%, nf, nl®™ is
o _ j0int _ _ o
x5 (0 (T)) = argmax[ P (x)(V (no ) = x) + (1= Pa(0)V (n) ] (4)
We denot the optimal bamgaining strategy, giventhe deliberaton state 6, (T") by
SE(60]) = (¥ (0a(T). V (n2). (5)

The expectedutility to agernt « from following such a bargaining strategy while in
deliberation stated, (T) is

Ema((82. S2" Ca(T)). S5)] = Paw) (V (15™) = x) + (L= Pa(x))V (n). (6)

9 If thatperformancepro®le has~ attenedand agentt hascomputedon agentx's or thejoint problemthereafter
this doesnot changeagentg's falback, and this is the only aspectof agent 8 thatagentwe caresabout.
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It ispossibleto work backwardsandto compuewhichdeliberatonacion,a?, isoptimal
if agentx ®ndsitself in deliberation stateé,, (r) attime ¢ oncetheoptmal offershave been
computedfor each®nal deliberationstate.Letno?((az,ea(t)), Sg) denote the utility to
agente of computng on problemz attime ¢ + 1, given thatat time ¢ it is in deliberation
stae 6, (r) andagentp is following strategy Sg. Theexpectedvalueis

E[n’ (@, 6a(T = D), Sp)]

= Y P(lu(DN0u(T — 1), %) E[ma((SL, SE*(6.(T))))], (7)
0 (T)EOL(T)

and

E[ry (@, 0u (1)), Sp)]

= Y Pal DI, @) maxE[r (@ 6t + D). 55)]  (®)
Oo (1+1) €O (1+1) -

fort < T — 1 where P(6,(t)|0,(t — 1), a®) is the probability of reacling deliberation state
0 (1) given thatuponreachingdeliberationstated, (+ — 1) the agentcompugsonestepon

problemz.
The optimal action in deliberation stated, (¢) is
a*(6.(1)) = agmaxE[xl ((a*, 6u(t)), Sp)]- ©)

Thesequencef acions(a® (6, (t)))[T:_O1 is agenix's beg-repons deliberaton strategy
to agent B, and the offeracceptvectors (xJ (6, (7)), V (n3))e,(ry de®ne its bed-re-

spon® bargaining strategy. Therefore,S, = ((az(ea(t)))tT:Bl, (x50 (T)), V(n3))oy(T))-
Thefollowing algorithm compuesthe bed-reppons strategy for agentu.

Algorithm 1. StratFinderl()
For eachdeliberatiorstated, (T) attime T

x2(0a(T)) < agmax[ P, (x)[V (n™) — x] + (1 — Pa(x))V (n%)].

Fortimer=T — 1 downto O
For eachdeliberatiorstated,, (1)

a* (0o (1)) < argmaxE[x, ((a*, 6u (1)), Sg)].
Return ((a* (62 (1)) 5", (x3(0a(T), V (n)g,(1))

Proposition 3. Algorithm1 correctlycomputes PBE strategy for agent . 1% Assumethat

the nunber of children of anynodein 7%, 7;’3 and ﬂomt is at mostk. Algorithm 1 runsin
OkT—173) time

10 By keepingtrack of equallygoodactionsat every step, Algorithms 1, 2, and3 canreturnall PBE strategies
for agentw. Again,thedomnant strategy of agentg is to conpute on its own problem (unles the performance
pro®le "attens out afterwhich it doesnot matter whatagens computeson.
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Proof. Thenonpropoing agent g, hasadominanttrategy, Sg. Algorithm 1 compuesthe
beg-reponseforagentx, at every time and for every stateof deliberation.

Let k bethe maximum numberof childrenof any nodein the performancero®les. At
time ¢ the number of statesof deliberation is at most k* (’;2) =k'(t+2)(t+1)/2.Since

T-1 T-1
[(+D(E+2) -1 t+D@E+2)
DM KTy
=0 t=0
_ gl T+ DT +2)

6
the algorithm runsin O(k” ~17°3) time.

6.2. Known propo<r, unknow deadine

Thereare situations where agens may not know the deadine. We repregnt this by
a probability distibution Q = {q(i)}iT:1 over possible deadlines Q is assumed to be
commonknowledge.

Whenerertime ¢ is reachedut the deadlinedoesnot arrive, agentsupdatetheir beliefs
aboutQ. The new distributionis Q' = {q/(i)}l.T:t whereq’(t) = ¢ (t)/(Z]T:, q(j)).

6.2.1. Deterministic performancepro®l es

Sincethereis no uncertainty asto agert g'sfalback value, agenta neednever compue
onagentg's problem. Thereforeagent o will only bein deliberation states(n®, nfy, nlo™)
wheretime(ng) = 0. Thereforegtrategiesthatincludecomputatioractionsa” neednotbe
considered This, and the lack of uncettainty in which deliberation stateaction a leadsto,
greaty reducethespaceof deliberaton statesto consder. Denoeby I, (¢) ary deliberation
state of agenta where time(n?) + time(n!?'™) = ¢ and time(n’) = 0. The algorithm for
detemining agent «'s equilib rium strategy differsfrom Algorithm 1 in thatit incorporates
the probability that the deadine may arrive atary time, ard considers only the restricted
spaceof deliberation states.

Algorithm 2. StratFinder2(Q)
For eachdeliberatiorstate I', (T) attime T

x4(Fa(T)) < agmax[ Py (o[ V (n™) = x] + (1= Pa(0) V (1) .

Fort=T—1downto 0q'(t) < q()/(X1_, 4(j))
For eachdeliberatiorstate I', (1)

xo(Fu(0) < agmax[ Py [V (™) = x]+ (L= Pa)V (1)),
a*(Iy(t)) < arg rr;gx[q’(t)E[na((Sf, SEX (e @), Sp)]
+(1—-q')E[xL((@% (), Sp)]]-
Return ((a*(I'u(0))] 5 (x2 (T (1), V (n2)1_)
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Proposition 4. With deterministic performance profi les, Algorithni2 correctly computes a
PBE strategy for agent « in O(T?) time.

Proof. Thenonpropoingagent 8, hasadominanttrategy, Sg. Algorithm 2 compugesthe
beg-reponeforagenty, at every time and for every stateof deliberation.

Since the settirg is deteministic, agent « needonly consider deliberation statesat
time ¢ of the form 6,(1) = (n%, nf, nl™™) where time(ns) = 0. At time ¢ thereare ¢ + 1
deliberation statesof this form. Eachcalcuation in the algorithm takesconstart time. The
®rst loopis repeated + 1 times In thesecondoop,the calculationsaredoner + 1 times

fort=0to T —1,0r T(T + 1)/2 times ThereforethealgorithmtakesO(7?) time.

6.2.2. Stochastic performance profi les
The agorithm differs from Algorithm 1 in that it considers the probability that the
deadlinemight arrive atary time.

Algorithm 3. StratFinder3(Q)
For eachdeliberatiorstated, (T) attime T

300 (T)) < argmax[ Pu () [V (n™) = x] + (1= Pa))V ()]

Fort=T—1downto 14'(t) < q()/(X}_ q(j))-
For eachdeliberatiorstated,, (1)

X200 (1)) < argmxax[Pa(x)[V(nJ;f,)im) —x]+ (1= P.)V(n)],
@ (0u(1)) < agmax(q' () E[ma (S, 8™ 0u (1)), Sp)]
+ (1= 4 )E[xL ((a%, 6.1)), Sp)]]-
Return ((a% (0 (1)), 25" (x5 (0a (1)), V(i) _o)

Proposition 5. Algorithm 3 correctly computes a PBE strategy for agent «. Assume that

the number of children of any node in T}, ’]},’6 and ’]}J;Oim is at most k. Algorithm 3 runs in
OKT1T3) time.

Proof. Thenonpropoing agent g, hasadominanttrategy, Sg. Algorithm 3 compuesthe
beg-repponefor agentu, at every time and for every stateof deliberation.

Let & be the maximum branchig facor for the performancepro®les. At timer the
number of statesof deliberation is k’ (’ng) =k'(t+2)(t+1)/2.Since

r-1 T-1
[(E+D(+2) 7.1 t+1D(+2
DM KTy
=0 =0
_ T+ DT +2)

6
the algorithm runsin Ok’ ~173) time.
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Agent « Agent

Joint

Fig. 3. Performancepro®le treesfor the exanple where there is no pure strategy Nash equilibrium.

7. Unknown proposer

Thissectiondiscussesthecas wheretheproporis unknavn but theprobabilityof each
agenteingthe propogriscommorknowledge Thedeadine maybecommorknowledge.
Alternaively, the deadlne is notknown but its distribution is commonknowledge Thisis
a more complex settirg since neither agent may have a dominart strategy. In fact, there
existinstanceswhere in equilib rium neither agent hasa pure strategy.

7.1. Nonexistence of a pure strategy equilibrium
In this subsection we show that in some casesthere is no pure strategy equilib rium.

Proposition 6. There exist instances (defi ned by the performance profi le tre¢of the game
that have a unique mixed strategy PBE, but no pure strategy PBE (not even a pure strategy
Nash equilibrium).

Proof. Assumethatthe agent have the performancero®lesin Fig. 3 andare allowed to
take only one deliberation action (T = 1). Assume, aso, thatwith equal probability either
agentmay benamedasthepropo®r, thatis, agentx is theproposrwith probability%. Let
¢ repreentanull offer, wherethe proposrdoesnotwant to implementajoint solution.
Theundomnatedstrategiesfor agenta are

o S1={a% (9,3.0)}: Agenta compuesonetime step on its own problem. If it is
chognasthepropogrthenit makes anull offer, otherwise it acceptsary offerthatis
greaterthanor equalto thefallback value of 3.0.

. S§ = {a°" (0.0,0.0)}: Agenta compuesonetime step on thejoint problem. If it
is choenasthe proposrthenit makes an offer of 0.0, otherwis it acceptsany offer
greaterthanor equalto thefallback value of 0.0.

Theundomnatedstrategiesfor agentgs are

o S} = {al®™ (0.0,0.0)}: Agent compues on the joint problem. If it is chosen
propo®r thenit offers0.0, otherwig it acceptsanything greaterthanor equalto the
fallbackvalue of 0.0.

° S§ = {dl°M (3.0,0.0)}: Agents compuesonthejoint problem.If itis choenasthe
propogr, thenit offers3.0, otherwise it acceptsarything greaterthanor equalto the
falbackvalue of 0.0.
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Table2
Reducednormal form of the baigaining game with performance
pro®lesin Fig. 3. Thereis no pure strategy Nash equilibrium

1 2

5g St
51 30,00 30,05
52 20,20 35,0.5

The gamecanbe repregntedin normalform (Table 2). Thereis no purestrategy Nash
equilibrium for thisgame.lt is easyto prove this by checking eachstratey pro® le.
(1) (S;.Sg) is not a Nash equilibrium since agent 8 would respond with Sg if o

playeds_?.
(S, S%) is not a Nashequilib rium since agent « would repondwith S2 is agents
(2) 0155 Nashequilibri i ld dwith S2 i
playedss.
(3) (52, 52) is not a Nashequilib rium since agent 8 would respondwith S3 if agenta
a~p B
playeds?.
(4) (52, s1) is not a Nashequilib rium since agent « would repondwith S if agentg
a* ™ B o
playedsy.
There does exist a mixed strategy Nashecpilibrium. If agent « playsS2 with probability
y andif agentp pIaysSg with probability § thena's expecedpayof is

ug = y(3.0843.0(1—6)) + (1—y)(2.05 + 3.5(1 - 9))
= 1.5y8 — 0.5y — 0.56 + 3.5.

The ®rst order conditioniis

0= % _ 155 05
dy

_ 1
== 3.

Similarly for agentg

ug = 8(2.0(1—y)) + (1—6)(0.5y + 0.5(1 — y))
= —2.0y5+ 1.5 + 0.5.
The®rst order conditionis
dug
0= —=-20 15
ds v+
=Sy =3

Therefore,in Nashedilib rium, agent « plays S} with probability 3/4 and agents plays
S with probability 1/3.
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Agent « Aent’3

' = ‘ ‘ =
Joint

Fig. 4. Performancepro®le treeswhere the equilibrium outcone is not Pareto ef® cient.

7.2. Suboptimal outcome

It is often of interes to ask whetheran outcomeis OopimalO.An essentia requrement
for any optimal outcome s thatit possesghe property of Pareto effi ciency An outcomeis
Pareto ef® cient if thereis no alternaive outcomewhere someagentis beter off without
making same other agent worse off. Unfortunately, as we show below, in the settirg where
thereis uncertinty asto which agentwill be the proposr, agents may allocake their
deliberationreourcesin a nonoptimalmannerin equilibrium, so the outcomewill not
be Pareto ef®cient. In otherwords, if the agentswould usedifferert deliberation strategies,
they would both be better off.

Proposition 7. There exist instances (defi ned byT®, T#, and T1°™) of the game where
the outcome of the unique Nash equilibrium is not Pareto effi cient.

Proof. Considerthe performancepro® lesin Fig. 4. Letthe probability thatagenx will be
the propo®rbel/2. Theagentsare allowedonly onedeliberatiorstepeach(7T = 1). Let
@ repregntanull offer, wherethe propo®rdoesnotwant to implementajoint solution.
Theundomnatedstrategiesfor agenta are
° Sl {a%, (1, 2.4)}: Agenta computen its own problemandmakesa null offer if
it is the propoer. Otherwise, it acceptanything greatetthanor equalto 2.4.

e 52 ={al°M (0.0,0.0)}: Agenta compuesonthe joint problemandoffersnothingif
it is theproposer. Otherwig, it acceptsarnything greatetthanor equalto 0.0.

o S3={al°M (1.4,0.0)}: Agenta compuesonthe joint problemandoffers1.4if itis
the propogr. Otherwig, it acceptsarnything greateror equalto 0.0.

Theundomnatedstrategiesfor agentg are

° Sl {aP, (¥,1.4)}: Agentg computesn its own problemandmakesa null offer if
it namectasthe propor. Otherwi it acceptsary offer greatetthanor equalto 1.4.

° 52 {al®M (0.0, 0.0)}: Agents compuesonthe joint problemandoffersnothing if
|t is the propogr. Otherwisg, it acceptsanything greatetthanor equalto 0.0.

° Sg’ {al®Nt (2.4,0.0)}: Agents compueson the joint problemandmakesan offer
of 2.4if itisthepropor. Otherwis it acceptsanythinggreateror equalto 0.0.

The gamecanbe repregnied in normalform (Table 3). Thereis a unique pure Nash
equilibrium where agent « plays strategy S1 and agent g plays strategy Sé, that is,
both agents compute on their own problems. However, the equilib rium outcome is not
Pareto ef®cient. Both agents would be strictly better off if agenio pIayedSS andagentp
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Table 3

Normal form repreentationof the bamgaining game where the perfor
mance pro®lesarefoundin Fig. 4, andthe probability of agen& being
the propoer is 1/2. The pure strategy Nash equilibrium is (2, Sé). The

Pareto ef® cient outcone is(S3, Sg)

S5 S5 S5
Solt 24,14 2.4,0.0 24,0.705
Sozl 00,14 1.905,1.905 3.105,0.705
So3l 1.205,14 1.205,2.605 2405,1.405

playeds?. Unfortunatly, thestrategiesS3 andS3 arenot in equilibrium. If agent « played
Sg thenagentg would deviateto Sg. Similarly, if B pIayeng thenagenioe would deviate
to S2.

7.3. A general method for solving the game with an unknown proposer

In general solving an unknowvn propo®r problemis hard, as neither agentmay have a
dominantstrategy. Instead,the strategy of oneplayerdepend®n the strategy of theother.
One approachof sdving for perfect Bayesian equilibriais to convert the game into its
normal form by considering al pure strategies for eachplayer and the resuting payoffs
whenthes stratggies are employed. Thereare relatively ef® cientagorithmsfor solving
normalform gameg2,37], but the conversion itself usually incursanexponenial blowup
since the numberof pure strategies is often exponental in the dept of the gametree
becaus a purestrategy speci®esa movefor eachinformationset of the player.

A more recentapproachis to repreent the extensve form game in its sequence
SJorm [36]. In the reg of this subsecion we show how that technguecanbeusedin our
setting. A sequencedf choicesof a player corregpondsto a nodea in the gametree. The
seqliencesreplacethe set of pure strategiesin the normal form. In our settirg a seqience
is either,

(1) 9, theempt sequence,

(2) aseqence of deliberation actions,

(3) asequenceof deliberaton acfonsfollowed by a proposl, or

(4) asequenceof deliberationactionsfollowedby eitheranacceptor rejectaction.

All nodesnaninformatonset, I, of an agentarede®nedby thesamesequence; . If, after
reachingnformationset 7, an agent thenmakes action ¢, thenew sequenceés denotdoyc.
ThesetSQ, denoesthe setof all sequencefor agenta. Similarly the setSQg is the set of
all sequencesor agentg.

Payoffs to agentsa and 8 are repregnted by matricesA and B regpectively. Each
row correpondsto a sequenceof agenta andeachcolumncorrepondsto a sequence
of agents. Every leafin the gametreede®nesa pair of sequencesthatis, acionsthatboth
agentanug have taken in orderto reachthat node.For eachsequencepair de®nedby a
leaf node theagens payoff isthe payof it receved at theleafnodeif thereare nochance
moves. If thereare chancanoves, astherearein our setting, thena pair of sequencesay
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correpondto morethanoneleafnode.The payof entry is the sum of the payoffs overall

leavesthat correpondto the sequencepair weightedby the probabilitiesof reachingthe
leavesgiven the sequencepair. If a pair of sequencesloesnot correpondto aleafnode,
thenthe payoff entry is zero. The matrices A and B, are sparse asthe only (possible)
nonzercentriesoccurat sequencepairs de®nedby leafnodeswhichislinearin the size of
thegametree.

Both agens also have realzaton plans whicharenonneaivevecborsthatrepregntthe
realizatian probabilities for the sequencesof the agent whenit is playing a mixed strategy.
Let x be the realization planfor agernt @ andlet y be the realization planfor agert 8. The
plansfor agenix arecharacterizedby thefollowing condraints

x(®) =1,
—x(o1)+ Y x(07¢) =0,
CGC]

for al information sets I of agenta where C; is the set of possible moves thatagent«

canmake atinformationset 7. This meanghatat any informationset, 7, the probability of

reachingl is the same as the sum of the probabilities of taking an action that leaves I. The

constraints for the realizatian plan, y, for agents are similarly de®ned.
Therealizationplanscanberepregntedoy

Ex=e¢ and Fy=F,

where E and F' are condraint matrices The ®rst row is(1, 0, 0, ...) andcorregpondsto
theempty sequencehaving probability one. The otherrows correpondsto theinformation
sets of the reectve agent Thevecbrse and f areequalto thevecbor (1,0,0, ..., 07
whichis of theappropratesize.

The Nashequilib rium of the game is a sdution to a linearprogramming problem The
vectorsx andy arein Nash equilibrium if they aremutual bes reponses If y is ®xed
thenx isabed reppongif andonly if it isan optimal solution to thelinearprogram

maximize, x'(Ay)

subjectto xTET =,

x 0.
Theduallinearprogramis
minimize, e p
subjectto ETp Ay,

where p isanuncongrainedvecbr of variables.
Similarly, y isabed regponsto x if it is anoptimal sdution to

maximize, y'(Bx)
subjectto  y'FT = fT,
y O
with dual
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minimize, fq
subjectto F'q  Bx,
whereq isanunconsrainedvecbr of variables.

Thefeasble solutionsto the linearprogramming problemsare optimal only if the two
objecivefuncion valuesare equal Thatis, x isabeg reponsto y only if

xT(—Ay + ETp) =0
andy isabed repongto x only if
yT(—Bx + FTq) =0.

Any Nashequilibrium x, y is partof a solution x, y, p, ¢ to the previouscongraints.
Thes condraints de®ne a linearcompkmentrity problem andthereforethe solution to
the linear complementarity problemis alsoa Nashequilibrium [2]. The standard linear
complementarity problemis to ®nd avectaz € R” sothat

z 0,

b+Mz O,

2 (b+Mz2) =0,
whereb € R" andM is ann x n matrix.

It is posside to createa linearcomplementarity problemthatis equivalert to the linear
programming problems[14]. First, set

—A ET —ET
—BT FT —FT
—E
M =
E
—F
F
and
0
0
b=
—e
f
—f

Letz=(x,y,p,p".q.q")" wherep’, p”,q’,q" arenonngaive vecbrssuchthat p =
p/ _ p// andq — q/ _ C]”-

Using this represertation, the equilibriafor the extensive form game canbe determined
by similar algorithmsthat areknown for the normalform, such asLemkes algorithm for

solving linearcompkementrity problems Often, thes algorithmsrun exponentally faster
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P(1)

C PDIC)

Fig. 5. An augnentedperformancepro®le tree.NodeB is arandomnode.All othernodesare value nodes The
edgesemanatingfrom nodeB corregpondto arandomnumnbergeneratomproducingdifferentvalues

than with the standardapproachsince the size of the sequencgorm is linear and not
exponental, in the size of thegametree[14].

However, thee are generatechngueswhich donottake advantageof speci® c propertes
of the particulargame.It can be the ca® that the performancepro®les will affect the
payoffs in such a way that ®nding the equilibrium strategies is straightforward (for
exampk, in situatonswhereit is alwaysbeter not to coordnat acionsandimplement
the joint solution). Thus specilly desgnedalgorithms cansomeimestake advantageof
the specialstructure and be more ef®cient thangeneral teciquesfor computing equilibria.
Eatier in the paper we preserted such specializedalgorithms for the settirg with aknown
propo®r, but currentlywe only have generalalgorithmsfor the setting with an unknavn
propo®r.

8. Other sources of uncertainty

Sofar in this paper we have discussedsettings where unceltainty in deliberation stems
from differentperformancef the algorithm on differentprobleminstanceslin this secion
we discuss other saurcesof uncettainty that may also arise.

We addres settings where agens are running randomked algorithms, agens have
differentalgorithms and are uncergin aboutwhat algorithm the opponentis usng, and
agentghatmaynotknow eachothers probleminstancesexactly.

8.1. Randomized algorithms

Analgorithmisrandomkedif itsbehaiorisdeterminedby both itsinputandal so values
producedby a randomnumbergenerabr. Exampks of randomked algorithms include
simulated anneaing [13], and somevariant of hill climbing [34].

We cancaptre randomgedalgorithmsin our deliberaton control framawork by usng
anaugmented performance profi le tree An exampk of anaugmengd performancero®le
treeis preentedn Fig. 5. An augmentegerformancero®le treecanincludetwo different
typesof nodesvalue nodes andrandom nodes. Valuenodesare similar to thenodesn the
eatier de®nition of a performancepro® le tree.They hold the value of the sdution, given
thatthe algorithm hasfolloweda pathwhich would reachthe node.The childrenof value
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nodesare the nodesreacheddy taking onemoredeliberationstep. The edgesemanating
from avalue nodeall have aweight of onetime step. Eachedgeis also asociatedwith a
probability thatthe child is reackedin the next computation step giventhat the paren has
beenreached.

Randomnodesrepreent placeswhererandomnumbersare used duringthe algorithm
run. Edgesemanatng from the randomnode are associated with the possible random
numbers that might be generated Each edge is labeled with the probability that its
associated randomnumberwas used. All edgesemanaing from a randomnodehave a
weightof zerotime steps

Therolesof deliberaton are dightly differentwhenagens have randomiedalgorithms,
Agents muststill use their deliberation resaurcesin order to detemmine whattheir solutions
to the variousproblemswill be.However, if, for exampl, agenta computen agents's
individual problem, thenthereis no guaranée that agenta's randomnumbergenerabr
will producethe same numbersas agentg's randomnumbergenerabr. Therefore the
reallts obtained by the agens on the same problem instancemay be different In this
settig an agent can use its deliberation resaircesto emulate the run of a random
algorithm. Emulation is different from running a random algorithm. If an agentis
runningan algorithm,wheneer a randomnodein the performancepro®le is reacheda
randomnumbergenerabr would genera¢ somenumbemwhich would specfy the path the
algorithm should take. In emuhtion, agens take a more acive role. Whenever a random
nodeis encoungred the agentcanchoose a @andom®umberingeadof usng a number
generatd by a randomnumbergenerabr. This allows the agentdoing the emulation to
learnwhat solution would have beenobtainedif the randomnumbersggeneragd werethe
sameastheoneschosnby theagentitself. Thismeanghattheagenttanemulatedifferent
randomnumbergthat the opponenimay have used. An agentcanuse emulation to get a
beter ideaof what solutionsthe opponenimay have seen(andthusalso a better ideaof
how the opponentmay have alocaked its compuation as a function of the reallts it has
obtained).An agentcanemukte on theopponerisproblem,thejoint problemandeven its
own problem.As aside effect of emulting on ones own problemor onthe joint problem,
the agentobtains solutionsthat it canuse. The agentcanalso obtain solutions without
emuhtion,thatis, by usingactualrandomnumbersn its randomzedalgorithm ratherthan
emuhting differentedgessmanaing from randomnodes

The deliberation statehasto be modi®ed when agents are allowedto emulatealgorithms.
Whenemulatinganagentmay follow differentpathsin aperformancgro®le tree.Agents
are allowed to revisit randomnodes and choo differentrandomnumbersin orderto
see wherethatnew path of computationwill lead.Therefore an agentmay reachseveral
differentnodesin a performancegro®le tree. This meanghat an agentmay have several
differentpossible solutionsto a problem,amongwhich it canselectthe beg (asa solution
to its own problem or the joint problem) or use all of the solutions and the associated
distribution informaton (when specubting about the opponenis solutions to the three
problemg. Thenew deliberaton state for agenti attime ¢ is de®nedas

0 = (). (). ("),
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where (nf’j) is alist of nodesin performancepro®le7* thatagenti hasreachedThe
time, ¢, is equal to the amountof time it took to reachall nodeslisted in the deliberation
state.Thatis,

t = Ztime(n?"j) + Ztime(nf’-’) + Ztime(ni.omt’j).
J J J

A new techngue for computng the time funcion is used. If the agentfollowed only
onepah in the performancepro®le tree, then the time for any nodeon this pah would
merel be the sum of the weights of the edgesof the pah to that node.However, if
there are multiple pathsproducedby an agentchoosng different randomnumbersat
a node, then the techngue of summing the edge weights no longerworks It leadsto
overcountng since an agentdoesnot needto start at the root of the performancepro®le
tree eachtime it emulatesa run. Insteadit can back up to a randomnode, choo® a
nev randomnumberand coninue emuhltion from there. Thus when determining the
emulationtime for eachnodein the emulation component,the following approachis
used. For ary randomnoder, time(r) is equalto the sum of the weights of the edges
on the path to the noder. Let n1 andno be two value nodesin the same performance
pro®letree.Letr’ bethe leas commonrandomnodeancesor of nodesr; andn,. Then
time(n1) is equa to time(r’) plusthe sum of the weights of the edgeson the pah from
noder’ to nodeni. Since the paths to nodesn; andn, arethe same from the root to
noder’, the agentperforming the emuktion needonly backrackto noder” andcontinue
deliberatingrom there.Thus thetimeto reachnoden; is only theaddtionaltime needed
from noder’, thatis, the sum of the weights of the edgeson the pah from noder’ to
nodens.

We dso de®ne adeliberation set which correpondsto the earlier de®nition of
deliberation set.

Defi nition 7.Thedeliberation set for agenti attimer is
&) ={6: }.

The agents strategies also changedlightly, as thereis a lamger action space.Agents
must ®r st decide which problemthey wish to devote a deliberation step on and alsothey
mug select which @andomOhumbersto use, and whether to start the algorithm at an
earier randomnodewith anew Orandom@umber Thee @andom@umbersanbeacual
randomnumbersor numbershosnby the agentfor emulation purpo®s

Defi nition 8.A deliberation strategy for agenti with deadine T is

T-1
SiD = (Sl.th)[:O ’

where
SP10;(t) — z x n(z) x rannumh(n(z))

is a mapping from a deliberation stateat time ¢ to a tuple which speci® es thatthe agent
should take onedeliberaion step starting at thenodede®nedby
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(1) aproblemz € {«, 8, joint} onwhich to devote onedeliberaton step,
(2) anoden(z), whichis either
(a) a random node that the agent has reachedearlier when deliberating on
problemz, or
(b) avaue nodewhich is at the endof a pah that the agenthasfollowed when
deliberating on problemz,
(3) a cho®nandom® number rannumbz(z)), that will be used to determine the
direcion of thepah of compugatonif thenodechosnisarandomnode.

Thebargaining strategy doesnotchangeAs before,itisamappingfrom thedeliberaion
stateat thedeadlineT to anoffer acceptvector

Defi nition 9.A bargaining strategy for agenti with deadine T
SB.0,(T) - R?

is amapping from a stateof deliberation at time 7', to an offeracceptvector (x?, x{').
An agert's strategy consistsof adeliberation strategy and a bargaining strategy.

Defi nition 10.A strategy for agenti with deadine T is
Si=(SP.SP).

If thepropogrisknowninadwance thenthe agentnotproposng hasadominantstrategy
whichisindependentf its performancero®les.

Proposition 8. Assume agent i knows that it cannot make a proposal. Then it has a
dominant strategy where it will emulate on its own problem in such a way as to maximize its
fallback value. It will accept any offer that is greater than or equal to its computed fallback.
If the performance profi le does not flatten out before the deadlind V (n') < V (n) for every
value node n' on the path to value node n) then this is the unique dominant strategy.

Theproofis identicalto thatof Propogdion 1.

Since the nonpropoig agent has a dominant strategy, the proposng agent can
deermine a beg repons. Algorithms 1 and 3 that were presented earler for ® nding
equilibriumstrategiesfor theproposng agentwhentheagentshave stochasic performance
pro® lesneedto be slightly generalizedin order to ® nd the equilib rium strategieswhenthe
agenthaverandomizedhlgorithms First, thenew de®nition of adeliberatiorstatemugd be
used. Secondy, the deliberaton acion spacemug beenlargedto coincidewith the acion
spacespeci®ed in the de®nition for the deliberation strategy. As de®ned eatier, anaction
isatuple which speci® es whatproblem,whatnodeto startfrom, andwhat® randomhode
to use as the agenttakesonedeliberationstep. Oncethes modi®cationsare made,both
Algorithm 1 and Algorithm 3 correcty return the PBE strategy for the proposng agent
when the deadine is known in advance (Algorithm 1) and when the deadine is known
with same probability (Algorithm 3).
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If the proposeris notknown in advancethen,in general neither agenthasa dominant
strategy. In Secfon 7.3 ageneralmethodfor solving the gamewith anunknavn propo®r
was discussed. This same approactctanbeusedif agens have randomalgorithms, where
the new de®nition of a deliberation state is used and the deliberation action spacein
enlargedto includethe selecion of randomnodesand numbers

8.2. Agents with different algorithms

Another setting where uncertainty ariseds the situation where agerns do not necessarily
usethesamealgorithms. For example,agente may be very skilled at solving one problem
typewhile agent 8 may have different algorithmic skills.

If the agens, o and 8, do not have acces to the same algorithms and the algorithms
are not related(thatis, one agert's agorithm performing well on a probleminstarceis no
indicaton that the other agents algorithm would have also performedwell on the same
probleminstance)thenan agenthasno incentive to use any of its deliberationresources
to compue solutions for the other agents problem. Deliberatng (or emukting) on an
opponens problemreduceghe amountof time (andthussolution quality) thatan agent
canobfain for its own problem, or for the joint problem, while providing no signak asto
whatvaluesthe opponentasobtainedfor the problems

However, oftenthe agents' algorithmswill be correlatedin that if one agent's algorithm
returns a ceriain solution value to a problem, another agents algorithm would return a
similar solution value. In such a settirg, anagent may want to use some of its deliberation
repurcesto compue on its opponens problems While the agent mud use its own
algorithms which differ from its opponers, the reaults obtained from deliberaton (or
emulation)cansignalinformationaboutthesolution quality thattheopponenhasobtained
for itsproblems

Agens mayalso have collecionsof algorithms and use differentalgorithmsto compuge
solutionsto differenttypesof probleminstances They may select which algorithmto use
onwhich probleminstanceandmay switch betweenalgorithmsevenwhile deliberatingon
the sameprobleminstance starting the new algorithm with the solution computdby an
ealtier algorithm.

A collectionof algorithmscanbe capturedn an augmentecperformancero®le treeas
seenin Fig. 6. Our realts thatuse augmentegerformancero®le treesapplyto the cae
of algorithm collecionsandagens having differentalgorithmsaslongasthe choice of the
algorithmsis doneat random(for example,eachagenthappengo have some algorithm
from a callection of algorithms) rather than strategically by the agents. Speci®cally, the
randomnodesin the augmengd performancepro®le treewill thenrepregntrandomnes
that stemsfrom uncersinty regarding the opponenis algorithm. 11

11The setting where agentsstrategically switch betweenalgoithms is more conplicated. An agentmay use
partial reaults from one algorithm as a starting point for another Each agens single deliberationproblem of
how muchtimeto dlocateto its own problem whento switch betweenalgoiithms, and what solution to use asa
starting point for the new agorithm is complicatedin itself. Therefore,in this paperwe do not attenpt to analyze
such a situation. However, the single agentproblemis interesting in itself and is worth future invegigation.
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A Y P(ylx,A)
X B z P(zlx,A)
q P(glx,A)

r P(rlx,.B)

Fig. 6. An agens augmentedperformancepro®le tree wherethe opponentmay have ether of two agorithms,
Algorithm A or Algorithm B. At randomnodex, the two agorithms start to differ in how well they are likely
to solve the probleminstance.In one step of computation,Algorithm B would reacha solution represented by
noder. On the otherhand,Algorithm A couldleadto nodey, z, or ¢, eachwith acettain probability.

8.3. Agents that do not know each others’ problem instances

Another situation where uncertaintycan enterthe picture occurswhen agentsdo not
acualy know what problem instance(taks, reurces etc.) the opponenthasand that
affectsthe opponensindividual problemandthejoint problem.Ingead,eachagenthasa
probabilitydistribution over possible probleminstancesof the opponentand performance
pro®le treeswhich describe how eachalgorithmperformson the differentingancesNow,
anagentcandeliberatgor emulate)several stepson the solution to oneprobleminstance,
and then several more stepson another problem instance, etc., using the performance
pro® le trees(see,for example, Fig. 7) to guide the deliberation process.This allows the
agento getabetterprobabilidic edimateof theopponensgsolutionsto thethreeproblems
aswell asthe agents own solutionsto the threeproblems 2 However, this deliberation
doesnotremoveary of theuncertinty asto whatprobleminstancethe opponenhas That
is, the agentcannotupdateits probabilitydistribution over the possible probleminstances
by deliberatng on the opponens problem.

8.4. Uncertainty that arises from combinations of sources

As mentonedin the previous subsecions uncersinty may arise for mary different
rea®ns

12\Ne asume that if the agentsagree to go with the joint solution, the agentslean eachothes problem
instancesat the end of the game. That is, no deliberation can occur after that time. We also asume that the
propoer offers the other agenta ®x ed value (chosn by the proposr), so that the proposer carriesall the risk
relatedto the uncertaintyaboutthe others probleminstance.
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P(problem instance 1)

P(problem instance 2)

P(problem instance 3)

P —-——
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Fig. 7. An augnmentedperformancepro®le treethatagent usesfor agentg's problem Agent « hasuncetainty as
to which probleminstanceagents hasencounteredingead,agente hasa probability distribution over thethree
possible probleminstances probleminstancel, probleminstance2, andprobleminstance3. At node A agentx
selectswhich probleminstanceto begin computingon. After deliberatingfor several steps it canreturnto nodeA
andselectanotherprobleminstanceto deliberateon. Say for exanple, agenta computedon all threeproblem
instancesandreachedhode B for probleminstancel, nodeC for probleminstance2, andnode D for problem
instance3. Then,agenta knowsthatif agents hascomputedonits own problemandtheprobleminstancewas 1,
thenthe solution agent 8 obtainedwaseithernodex or nodey. If the probleminstancewas probleminstance2,
thenagents would have reachechoden andif the probleminstancewas probleminstance3, thenagents would
have reacheceithernode p or nodeg. It is not possible for agentg to have obtainedsolutionsz, m or o.

(1) Thealgorithmsmay performdifferentlyon differentprobleminstances

(2) Agens may have randomiedalgorithms

(3) Agens may have differentalgorithms and might not know which algorithm the

opponenusesfor sure.

(4) Agens may have uncertinty asto what probleminstancethe opponentas
Thereailtsandtechnguesof this paperapply to combinationsof the sourceof uncerainty
aswell. For example,in any setting wherethereare randomizedalgorithms agentscan
emulatethe algorithms' runs. The enulation will still be effective even if there are other
sourcesof uncertinty such asuncersinty aboutthe probleminstance.

In the mog generalsetting, agens have differentrandomzed algorithms and do not
know exactly whateachothers probleminstancesareor whatalgorithm the opponenis
runningexactly. The reaullts of this paperapply to that setting as well, whenaugmented
performancero®le treesareused. Therandomnodesin those treescapure the different
types of uncetainty.
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9. Conclusions and future research

Noncooperatie game-theoretianalyss is necesary to guarante@monmanipulabilityof
systensthat consist of self-interestedagents. However, the equilib rium for rational agents
does not generally remain anequilib rium for computationally limited agents. This leaves
apotentiallyhazardougapin theory This papempresenteda framavork andthe ® rst steps
toward ®llin g that gap.

We studied a setting where eachagent has an intractalbe optimization problem, and
the agens can bene® from pooling their problemsand solving the joint problem. We
preseneda fully normative model of deliberation control that allows agerts to condition
their projectionsof their anytime algorithms performanceon the probleminstanceand
pat of solutionsseenso far. We show how this approachcan be generalzedto handk
uncettainty that may arisein deliberation, either from the problem instarce itself, from
the use of randomalgorithms, from the use of differentalgorithms and uncertinty about
the opponens probleminstance.Using that model, we solved the equilibrium of the
bamgaininggame.Thisis, to our knowledge the ® rst pieceof researchto treatdeliberaton
acions strategicaly via noncooperave game-heoreic analysis. We cal this solution
concepthedeliberation equilibrium.

In ultimatum games where the agents know which one gets to make a take-t-or-leare-it
offer to theother therecever of theoffer hasa dominantstrategy of computingon its own
problem, independenbf the algorithm's statistical performancepro®les. It follows that
these gameshave purestrategy equilibria. In equilibrium,the propor canswitch multiple
timesbetveencompuing on its own, the other agens, and the joint problem. The games
differbasd on wheter or notthe deadlne is known andwhetherthe performancero®les
are deterministic or stochasic. We presented algorithms for compuing a pure strategy
equilibrium in eachof thes variants For gameswhere the propo®r is not known in
advance,we use agereral algorithm for ®nding a mixedstrategy equilib riumin a 2-persan
game[14]. Thisgenrerality comesat the costof potertially being slowerthan our algorithms
for theothercagesandonly guaranteethatsomeequilibriumwill befound,notnecesarily
all.

In situaionswherethereis uncertinty asto which agentwill make the ® nal proposl,
we show that there exists indances de®ned by the performancepro®les, where there
is a unique mixed strategy perfect Bayesian equilibrium but no pure strategy one. This
meansthatin equilibrium agentswould have to randomizedover which actionto take.
We alsoshow that there existinstarceswhere, in equilib rium, agents do not allocatetheir
deliberaton resourcesoptimally which leadso non-Rareto ef® cient outcomes

Our approachof combininga normative modelof boundedrationality with a nonco-
operative sdution concept lead the way to building systers where the agerts are self+
interestedand computationally limited. This areais ®lled with promising future reseach
possikilities and canbe extended in several directions. We planto analy zericherbargaining
settings In particular we areinteresed in alowing negotiation to occuramids compug-
tion, notjust after it [16]. In suchsettings proposls signalaboutwhat problemsthe other
agenthascompuedon, what solutionsit hasfound,andwhatsolutionsit expecsto ® ndif
it compuesfurther We arealso interesed in extending the modelto setingswherethere
aredifferentmodelsof boundedationality (e.g.,cogly but unlimitedcomputationas well
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ascompuation whichisboth cogly andlimited), andto settingswheretherearemorethan
two agensinvolved in bargaining.

An exciting reseach path which we plan to explore is the design of mecharnisms that
leadto asef®cient aspossible outcomeswith aslittle redundantomputatiores possible.
While it hasbeenpointedout that the centralrevelation principle from noncooperate
gametheory [19] ceags to apply when computationalcomplexity limits eachagens
rationality [23,32], our model providesaframework for actually deriving resutsin settirgs
wheretherevelation principle fails to hold. This framework allows oneto aralyze problems
beyond bamaining as well, including auctionswhere eachagentneedsto potentially
solve an intractableproblemto determineits valuations[17,18], and voting whereeach
agentneedsto potentiallysolve an intractableproblemto determineits preferencesver
outcomes
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