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Abstract

We develop a normative theory of interactionÑ negotiation in particularÑa mong self-in terested
computationally limited agentswherecomputationalactionsaregametheoretically treatedaspart of
an agentÕs strategy. We focus on a 2-agent setting where eachagent hasan intractable individual
problem, and there is a potential gain from pooling the problems, giving rise to an intractable
joint problem. At any time, an agent can compute to improve its solution to its own problem, its
opponentÕsproblem,or thejoint problem.At adeadline theagents thendecidewhetherto implement
the joint solution, andif so, how to divide its value (or cost). We presenta fully normative model
for controlling anytime algorithms whereeachagent hasstatisticalperformance proÞles which are
optimally conditionedon theprobleminstanceaswell ason the path of results of the algorithm run
so far. Using this model, we introducea solution concept, which we call deliberation equilibrium.
It is the perfect Bayesian equilibrium of the game where deliberation actions are part of each
agentÕs strategy. The equilibria differ based on whether the performance proÞles are deterministic
or stochastic, whether thedeadline isknown or not, andwhethertheproposerisknown in advanceor
not. Wepresent algorithmsfor Þnding theequilibria. Finally, weshow that thereexist instancesof the
deliberationÐbargainingproblemwhereno purestrategy equilibria exist andalso instanceswherethe
uniqueequilibrium outcomeis not Pareto efÞcient.  2001ElsevierScienceB.V. All rightsreserved.
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1. Introduction

Systems, especially on the Internet, are increasingly being used by multiple partiesÐ
or software agentsthat represent themÐwiththeir own preferences. This invalidates
the traditional assumption that a central designer controls the behavior of all system
components. The system designercan only control the mechanism (rules of the game),
while eachagentchoosesits own strategy. Theeconomic ef® ciency thata system yields
dependsontheagents' strategies. So, to develop asystemthat leadsto desirableoutcomes,
thedesignerhasto make sure thateachagentis motivatedto behave in the desired way.
This canbeachieved by analyzingthegameusing theNashequilib rium solution concept
from gametheory(or its re®nements): no agentis motivatedto deviate from its strategy
given thattheothersdonotdeviate [19,20].

However, the equilib rium for rational agents does not generally remain anequilib rium
for computationally limited agents.1 This leavesa potentiallyhazardousgapin gamethe-
ory as well as automatednegotiation(see,for example,[15,24,31])because computation-
ally limited agents are not motivated to behave in thedesiredway. This paperpresents a
framework and ® rst steps toward ®llin g that gap.

In this paper we begin to develop a theory of interactionÐnegotiation in particularÐ
wherecomputationactionsaretreatedaspart of an agent's strategy. We study a 2-agent
bargaining setting where at any time, the agent cancompute to improve its solution to its
own problem,its solution to the opponent's problem,or its solution to the joint problem
wherethe tasks and resourcesof the two agents arepooled.The bargaining occursover
whether or not to use a solution to the joint problem, and how to divide the associated
valueor cost.

Early on, it was recognizedthathumanshave boundedrationality, for example,dueto
cognitive limitations, so they do not act rationally aseconomic theorywould predict [7,
35]. Since then, considerable work has focused on developing normative models that
prescribe how a computationally limited agent should behave (see, for example, [5,9,
26]). This is a highly nontrivial undertaking, encompassing numerousfundamental and
technicaldif® culties. As a result most of those methodsresort to simplifying assumptions
such as myopic deliberationcontrol [3,28,29],conditioning the deliberationcontrol on
hand-picked features[28,29], assuming that an algorithm's future performancecan be
deterministically predictedusing a performancepro® le [10,11], assuming that ananytime
algorithm's futureperformancedoesnot dependon the runon that instanceso far [4,9,38,
39] or thatperformanceis conditioned on quality sofar but not thepath[8], or resorting to
asymptoticnotionsof boundedoptimality [27].

While such simpli®cations can be acceptable in single-agent settings as long as the
agentperformsreasonably well, any deviation from full normativity canbe catastrophic
in multiagent settings. If the designer cannot guaranteethat the strategy (including
deliberationactions) is the best strategy that an agentcan use, there is a risk that an

1 In the relatively rare settingswhere the incentives canbe designedso that eachagentis motivatedto use
the desired strategy independentof what others do (dominant strategy equilibrium), a rational agent is best
off maintainingits strategy even if some otheragentsdo not act rationally, for example, dueto computational
limitations.
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agentis motivatedto use someother strategy. Even if thatstrategy happensto beÒcloseÓ
to the desired one, the social outcomemay be far from desirable. Therefore,a fully
normative deliberationcontrol methodis requiredas a basis for analyzingeachagent's
best strategy. This paperintroducessuch a fully normativedeliberation control method.It
takes into accountthat eachagentmay use all the informationit hasavailableto control
its computation, includingconditioningon the probleminstanceandthepath of solutions
foundontherunso far. Thispaperwill discusshow thisdeliberation control methodcanbe
usedasabasis for decidingonanagent'sbest-responsestrategy: whatdeliberation actions
andnegotiationactions(offers, acceptances, and rejections) the agentshould executeat
any point in thegame.

Game theorists have also realizedthe signi®cance of computational limitations (see,
for example, [25]), but the models that address this issue have mostly analyzed how
complex it is to computetherational strategies[14] (ratherthanthecomputation impacting
the strategies), memory limitations in keeping track of history in repeatedgames via
deterministic ®nite automata or Turing machines (see, for example, [1,6,22]), limited
uniform-depthlookaheadcapability in repeatedgames[12], or showing that allowing
the choice betweentaking onecomputation action or not undoesthe dominant strategy
property in a Vickrey auction [32]. On the other hand, in this paper, the limited rationality
stems from the complexity of each agent's optimization problem (each agent has a
computer of ® nite speed,someanytime algorithm which might not be perfect, and ® nite
time), a setting which is ubiquitousin practice.2

In this paper weinvestigatean ultimatum gamewhereagentsmust ® rst usetheir limited
computationalresourcesin orderto determinewhetherany bargainingshould occur, andif
so, whattheagentsareactuallybargainingover, thatis, whatis thevaluethey aretrying to
agreeto split. While bargaininghasbeenwell studiedin theeconomicsand gametheory
literature(see, for example,[21]), most modelsof bounded-rationalagentsassume that
the agents know what they are bargaining over a priori but must learnwhich strategies
work well [30]. Instead,in ourmodel, agentshaveto usetheir limited resourcesin orderto
determineexactlywhat they arebargaining over.

2. An example application

To make the presentation more concrete, we now discuss an example domain where
our methodsare needed.Consider a distributed vehicle routing problem [33] with two
geographicallydispersed dispatchcentersthatareself-interestedcompanies(Fig. 1). Each
center is responsible for certain tasks (deliveries) and has a certain set of resources
(vehicles) to take careof them.So eachagentÐrepresentinga dispatch centerÐhasits
own vehiclesand delivery tasks.

Eachagent's individual problemis to minimize transportation costs (driven mileage)
while still makingall of its deliverieswhile honoringthefollowing constraints[33]:

2 Thesamesourceof complexity hasbeenaddressed [33],but thatpaperonly studiedoutcomes, nottheprocess
or the agents' strategies. It was also assumed that the algorithm's performanceis deterministically known in
advance.Finally, the agentshadcostly but unlimited computation,while in this paperthe agentshave free but
limited computation.
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Fig.1. Small example probleminstanceof thedistributedvehicle routingproblem. This instancehastwo dispatch
centers representedin the® gure by computeroperators. They receive thedelivery orders and routethevehicles.
The light dispatchcenterhas light tasks and truckswhile the dark dispatchcenterhasdarker tasks and trucks.
The dispatchcenters receive all of their delivery orders at once,andthenhave some time to computea routing
solution beforethe trucksneedto bedispatched.For example, in some practicalsettings, the delivery tasks are
known by Friday eveningand the routeplan for the next weekhasto be readyby Mondaymorning whenthe
trucksneedto bedispatched[33].

• Eachvehicle hasto begin and endits tour at the depotof its center(but neitherthe
pickupnor the drop-off locationsof the ordersneedto beat thedepot).
• Each vehicle has a maximum load weight constraint. These may differ among

vehicles.
• Each vehicle has a maximum load volume constraint. These may differ among

vehicles.
• Eachvehiclehasamaximumroutelength(prescribedby law).
• Eachdelivery hasto be includedin therouteof somevehicle.

An agent's individualproblemis NP-hardsince�TSP3 canbe trivially reducedto it. The
problemis in NPbecausethecost andfeasibility of asolutioncanbecheckedin polynomial
time.Therefore,theproblemis NP-complete.

The geographicaloperationareasof the centersoverlap. This createsthe potentialfor
either center to handle a delivery. Thereis a potential for savings in driven mileageby
pooling theagents' tasksandresourcessinceoneagentmaybeable to handlesomeof the
other's tasks with less driving thantheotherdueto adjacency. Theobjective in this joint
problemis to againminimizedriven mileage.This problemis againNP-complete.

3 The�TSPisaTravelingSalesman Problemwhere thedistancesbetweencitiessatisfy thetriangleinequality.
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Whetherthe agentsactuallydecideto coordinatetheir deliveriesis determinedby the
costs associatedwith the differentsolutions. Theagents must negotiate, or bargain, about
whether to independently deliver their own packages, or whether to sharetheir delivery
tasks and resourcesin order to reducecosts. They must also negotiate as to how they
will split the costs and bene®ts of the joint solution, if they agree to carry out a joint
solution. However, beforeagents candecide whether to carry out a joint solution or the
two individualsolutions, they must havesolutions(possibleroutes) for the threeproblems.

3. The general setting

Thedistributedvehicleroutingproblemisonly oneexampleproblemwherethemethods
of this paper areneeded. In general, they areneededin any setting with two self-interested
agentswhereeachagenthasan intractableindividual problem, and there is a potential
savingsfrom pooling the problems, giving rise to an intractable joint problem. We also
assume that the valueof any solution to an agent's individualproblemis not affectedby
whatsolution theotheragentusesfor its individualproblem.

Applications with these characteristics are ubiquitous, including transportation as
discussed above, manufacturing (wheretwo companies that potentially subcontract with
eachother need to construct their manufacturingplans and schedules), electric power
negotiation betweena custom providerandanindustrial consumer(wheretheparticipants
needto construct their production and consumption schedules), classroom scheduling,
scheduling of scienti®c equipment among multiple users, and bandwidth allocation and
routing in multi-providermulti-consumercomputernetworksto namejust a few.

In order to determinethe gain generatedby pooling insteadof eachagentoperating
individually, agentsneedto computesolutionsto both agents' individualproblemsaswell
asto the joint problem.We assume that the agents have anytime algorithms that canbe
usedto solve problemsso thatsomefeasible solution is available whenever thealgorithm
is terminated, and the solution improves as more computation time is allocatedto the
algorithm.

By computing on the joint problem, an agent reducesthe amountof time it has for
computing on its individual problem. This may increase the joint value to the agents
(reduce the sum of the agents' costs), but makes this agent's fallback position worse
whenit comesto bargaining over how the joint value should be dividedbetweenthe two
agents. Also, if oneagentis computing on the joint problem,would it not be better for
the other agentto computeon somethingdifferentso as not to waste computation?In this
paperwe present a modelwhereeachagentstrategically decideson how to use its limited
computation in orderto maximizeitsown expectedpayoff in suchsettings.

4. The model

In thissection we introducethecomputationalbargaining model. Thereare two distinct
parts to the model: the deliberation control part and the bargaining part. However, the
actionsthat anagenttakesin onepartaffect the actionsthat the agentshould take in the
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otherpart, aswell asthe actionsthat the other agents will take in both parts. So, although
the deliberationprecedesbargaining,these two stagesaredeeplyinterrelatedas we will
show.

Let therebetwo agents, α andβ , eachwith its own individualproblem. They also have
thepossibility to pool, giving rise to a joint problem. We assume that time is discretized
into time unitsandeachcomputationalsteptakesonetime unit. However, time is limited,
so agentscandeliberatefor at most T time steps. Agents must decidehow and when to
compute on the threeproblems(the two individualproblemsand the joint problem),and
whichoffersto make andwhich to accept.Eachagentmakesthese decisionsonlinebased
on the results of its computationsup to that point (which canchangethe agent's payoff
expectationsanditsexpectedgain from differentfuturecomputations).

In this section we introducea normative deliberation control method that captures
the possibilities that agents have in controlling their computation and how it affectsthe
bargainingprocess.

4.1. Normativecontrol of deliberation

Eachagent hasan anytime algorithm that has a feasible solution available whenever
it is terminated, and improves the solution as more computation time is allocatedto the
problem. Let vαα (t) be the value of the solution to agent α's individual problem after
computing on it for t time steps. Similarly, vβα (t) is the valueof the solution to agentβ 's
individualproblemafter agentα hascomputedonit for t timesteps. Finally, vjoint

α (t) is the
valueof thesolution to the joint problemaftercomputing on it for t timesteps.

The agents have statistical performance pro® les that describe how their anytime
algorithmsimprovethesolutionsasafunctionof theallocatedcomputationtime.Aswill be
discussed later, eachagentuses this informationto decidehow to allocateits computation
at every step of the game,optimally striking a tradeoff betweencomputation time and
solution quality.

A commonrepresentation of performancepro®les is a table of discrete values[8,39].
This approachrequires discretizing time into a ®nite number of time steps and solution
quality into a® nite number of solution levels.For eachtimestepand eachlevel of solution
quality, the table contains the probability that the solution will be of that quality. The
resolution of thediscretizationdeterminesa tradeoff betweenaccuracy of theperformance
pro®le andthe amountof data needed(andthe spaceneededto store it) to populate the
spaceof performancepro®le.

Insteadof using a table of discretevaluesto represent the performancepro®le, we
propose storing the valuesin a tree structure. While this doesnot changethe tradeoff
betweenaccuracy andrequireddata,using a treestructureallows for optimalconditioning
onresultsof execution so far which theearlier methodsdonotsupport.

We index the problem (agentα's, agent β 's, and the joint) by z, z ∈ {α,β, joint}. For
eachz thereis a performancepro®le tree,T zi , representing the fact that an agenti can
condition its algorithm's performancepro® le on the probleminstance.Fig. 2 exempli®es
onesuchtree.Eachdepth of thetreecorrespondsto the time t of therun that thealgorithm
hasexecutedon thatprobleminstance.Eachnodeatdepth t of thetreerepresentsapossible
solution quality (value), vzi , that is obtainedby running the algorithm for t time steps on
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Fig. 2. A performancepro®le tree.

thatproblem.Theremaybeseveralnodesat adepthsincethealgorithmmayreachdifferent
solution qualitiesfor a givenamountof computationdependingon theprobleminstance.
At any depth theremay be morethan onenodewith a given value as the path taken to
reachacertainvaluemaybedifferentdependingon theprobleminstance.We assumethat
thesolution quality in theperformancepro® le tree,T αi , of agentα's individualproblemis

discretizedinto a® nite number of levels.Similarly, thesolution quality inT βi is discretized

into a® nite number of levels,asis thesolution quality inT joint
i .

Eachedge in the treeis associatedwith the probability that the child is reached in the
next computationstepgiventhattheparenthasbeenreached.Thisallowsoneto compute
the probability of reachingany particularfuturenodein the treegiven the nodethat has
beenreached so far. This is accomplished by multiplying the probabilities on the path
betweenthese two nodes. If thereisno path,theprobability is 0.

The tree is constructed by collecting statistical data from previous runs of the
algorithm on different problem instances.The more ®nely solution quality and time are
discretized,themoreaccuratedeliberationcontrol ispossible.However, with morere®ned
discretization, the numberof possible runsincreases(it is O(mD) wherem is the number
of levels of solution quality and D is depth of the tree),so morerunsneedto beseento
populatethe space.A tighter boundcan be obtainedoncethe observation is madethat
the valuesof thesolutionsarealwaysincreasing and canberepresented as step functions.
The boundis O(Nd) whereN is the numberof leaves in the treeandd is the average
depth[3]. Furthermore,the spaceshould be populateddensely to get good probability
estimateson theedgesof theperformancepro®le trees.4 Eachrun is representedasapath
in thetree.As a run proceedsalong a path in the tree,the frequency of eachedgeof that
path is incremented, andthefrequenciesat thenodeson thepath arenormalizedto obtain
probabilities. If therun leadsto a value for which thereis no nodein thetree,thenodeis
generated andanedgeis insertedfrom thepreviousnodeto it.

4 If thealgorithm is stochastic, variability canoccureven across multiple runson thesame instance.
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Wedenoteby time(n) thedepthof noden in theperformancepro®letree.In otherwords,
time(n) is thenumberof computationstepsusedto reachnoden. We denote by V (n) the
valueof noden.

Definition 1. Thestateof deliberation of agentα at time step t is

θα(t)=
〈
nαα, n

β
α, n

joint
α

〉
,

where nαα , nβα , and njoint
α are the nodeswhere agent α is currently in each of the

threeperformancepro®le treesandtime(nαα) + time(nβα)+ time(njoint
α ) = t . The state of

deliberationfor agentβ is de®nedanalogously.

In practice it is unlikely that an agent knows the solution quality for every time
allocation withoutactually doing the computation.Rather, thereis uncertainty abouthow
the solution value improves over time. Our performancepro® le treeallows us to capture
this uncertainty. For example,with adepth t searchin thetreeonecandetermineP(vz|t),
denotingtheprobabilitythatrunningthealgorithmfor t time stepsproducesa solution of
valuevz.

Thedeliberation set is theset of deliberationstatesthatan agentcanreachin exactly t
deliberation actions.

Definition 2. Thedeliberation set of agentα at time t is

Θα(t)=
{
θα(t) | time

(
nαα

)
+ time

(
nβα

)
+ time

(
n

joint
α

)
= t

}
.

Thedeliberation set for agent β is de®nedanalogously.

We shall sometimes use the notation Θα(t
α
α , t

β
α , t

joint
α ) to represent the restricted

deliberation set

Θα
(
tαα , t

β
α , t

joint
α

)
=

{
θα

(
tαα + t

β
α + t

joint
α

)
| time

(
nαα

)
= tαα , time

(
nβα

)
= tβα ,

time
(
n

joint
α

)
= t

joint
α

}
.

Unlike previous methods for performancepro®le based deliberation control, our
performancepro®le tree directly supportsconditioningon thepath of solution quality
so far. 5 The performancepro®le tree that appliesgiven a path of computationso far is
simply the subtreerooted at the currentnoden. We denote this subtreeby T

z(n). If an
agentis at a noden with value v, then when estimating how muchadditional deliberation
would increase the solution value, theagentneedonly consider paths thatemanate from
noden. Theprobability ,Pn(n′), of reachingaparticularfuturenoden′ in T

z(n) given that
the currentnodeis n is simply the productof the probabilitieson the pathfrom n to n′.

5 Our results applydirectly to thecase wheretheconditioningon thepath is based on othersolution features
in addition to solution quality. For example, in a schedulingproblem, the distribution of slack cansigni®cantly
predicthow well aniterative re® nementalgorithm canfurther improve thesolution.
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Similarly, given that thecurrentnodeis n, the expectedsolution quality after allocating t
moretimesteps to this problemis

∑

{n′|n′ is a nodein � z(n) with depth t}

Pn(n
′) · V (n′).

This canbeeasilycomputedusing depth-® rst-searchwith a depth limitt in T
z(n).

Computation playsseveral strategic rolesin thegame. First, it improvesthesolution that
isavailableÐfor any oneof thethreeproblems. Second,it resolvessomeof theuncertainty
aboutwhat future computation steps will yield. Third, it gives information about what
solution qualitiestheopponenthasencounteredandcanexpect.This helpsin estimating
what solution quality the other agent hasavailable on any of the threeproblems. It also
helps in estimating what computations the other agentmight have doneand might do.
Therefore, in equilib rium, an agent may want to allocatecomputation on its individual
problem,the joint problem,and even on the opponent's problem.Agents may not share
algorithmsfor theproblems, andso mayobtain differentresultsfor thesolution of thejoint
problem.However, if oneagenthascomputeda high valuefor the joint, thenit is likely
that the other agentwill also be able to obtain a high value. The agents know this, and,
whereapplicable, canuse this knowledgeto speculate asto how theotheragentis using
its deliberation resources.We will show how agents usethe performancepro® le treesto
optimally handle theseconsiderations.

4.1.1. Special case: Deterministic performanceproÞles
In a deterministic performancepro®le, the algorithm's performancecan be projected

with certainty. In this setting, the treethatrepresents theperformancepro®lehasonly one
path. Beforeusing any computation, anagentcandetermine what thevalue will beafter
any numberof computation steps devoted to any problem z, that is, vz(t) ∈ R is known
for all t . So, computation doesnot provide any information about the expected results
of future computations. Also, computation doesnot provide any addedinformation about
theperformancepro®les, which could beused to estimate theotheragent'scomputational
actions.

As will be presented later, in someof our settingswherethe performancepro®les are
not deterministic, we assumethat the agents have thesameperformancepro®le treesT α ,
T
β , and T

joint. In someof our settingswe additionally assume that T α , T β , and T
joint

arecommonknowledge.Onescenariowheretheagentshavethesameperformancepro®le
treesis wheretheagentsusethesamealgorithmandhaveseenthesametraininginstances.
This is arguably roughly the case in practice if the parties have beensolving the same
typeof instancesover time,andthealgorithmshaveevolved throughexperimentation and
publication.In settingswheretheperformancepro®lesare deterministic, all of our results
go throughevenif the agentshavedifferentperformancepro®le treesT αα , T βα , T joint

α , T αβ ,

T
β
β , and T

joint
β . Yet in some of thesesettingswe assumethatT αα , T βα , T joint

α , T αβ , T ββ , and

T
joint
β arecommonknowledge.
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4.2. Bargaining

Thetermbargaining is usedto refer to a situation in which:
(1) Agentshavethe possibility of concluding a mutually bene®cial agreement.
(2) Thereisa conßict of interestsaboutwhich agreementto conclude.
(3) No agreementmaybeimposedonany individualwithoutitsapproval.
In our setting agents bargain over how to divide the surplus (or cost) associatedwith

implementingthe joint solution. Eachagentprefersto receive moreratherthanless and
eachhas the possibility to opt out of the bargaining procedure and to implement its
individualsolution with theassociatedvaluev.

At some point in time, T , there is a deadline at which time both agents must stop
deliberating and decide how they will execute the solutions based on the outcomeof
a bargaining round.The agents perform their computational actions in parallel with no
communicationbetweenthemuntil thedeadlineis reached.Call thevalue of thesolution
computed by the deadline by agent i ∈ {α,β} to agentα's problem vαi , to agent β 's

problemvβi , andto thejoint problemvjoint
i . Throughbargaining,theagentsdecidewhether

to pool or not, and in the formercase they also decide how to divide the value of the
solution to the joint problem. If thevalueof thesolution to the joint problemis higher than
the sum of the valuesof thesolutionsto the individualproblems, thenthereis a potential
gain from agreeing to implementthejoint solution.

We restrict the bargaining so that only one agent is allowedto make an offer, while the
other agent has the ability to either accept or rejectthe offer made (that is, the agents are
involvedin anultimatumgame).If aproposal is accepted,thejoint solution isimplemented
andthesurplus is dividedasdeterminedby the agreeduponproposal. If no agreementis
reachedthentheagentsimplementtheir individualsolutionswith no furtherinteraction.

The valuesthat have beencomputedby the agentsaffect the bargainingprocess and
outcome.For example, if both agentsdecideto devoteno computation on thesolution for
thejoint problem,thenit is unlikely thatany agreementwill bereachedin thebargaining
process on whether to execute the joint solution. Instead,both agents would likely act
independently, implementing their own individualsolutions. If, on theotherextreme,both
agentshadcomputedonly on thesolution for the joint problem,thenit is morelikely that
agreementwill be reached.Thebargainingstrategiesof theagentsare determinedby the
valuesthey have computedon all problems. Theoffer thatanagentmakesis determined
by the valueof the joint solution that it hascomputedaswell asthe value it hasobtained
for its individualsolution and on the valueit believes theotheragenthascomputedfor its
own individualsolution.Similarly, theoffer thatanagentwill acceptis determinedby the
value that it hascomputedfor its individual problem, since that is its fallbackvalue (that
is, theagentisguaranteedto receiveat least thatamountif theagreementisnot reached.

Say that agentα is the proposer. It makesa take-it-or-leave-it offer, xoα , to the other
agent,β , abouthow muchagentβ 'spayoff will beif they pool. 6 Agent β canthenaccept
or reject. If agentβ acceptsthe offer, the agentspool anduse agentα's solution to the
joint problem.Agentβ 's payoff is xoα asproposedandagentα gets the restof the value

6 Weallow an agentto make anegative ÒunacceptableÓoffer which signalsthat it doesnot want to coordinate
or implementthejoint solution.
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Table 1
If agentα makes an offer, xoα , to agentβ, thenagentβ hasthechoiceof eitheracceptingor
rejecting it. Thepayoffs for theagentsin eithersituationare listedin thetableabove

Agent Payoff if theoffer is accepted Payoff if theoffer is rejected

α v
joint
α − xoα vαα

β xoα v
β
β

of the solution: vjoint
α − xoα . If agentβ rejects, both agents implementtheir own computed

solutionsto their own individualproblems, in which case agentα's payoff is vαα andagent
β 'spayoff is vββ . Thepayoffs arepresentedin Table1.

Beforethedeadline,theagentsmayor maynotknow whichoneof themis theproposer.
In any case,if theagentsagreeto implementthejoint solution,thejoint solution computed
by the proposer is used. In our model the probability that agentα will be the proposer
is Pprop, and this is commonknowledge.Whenagentsreachthe bargainingstage,each
agent's strategy is capturedby an offer-acceptvector. An offer-acceptvectorfor agentα
is OAα = (xoα, x

a
α) ∈ R

2, where xoα is the amountthat agentα would offer if it were the
proposer, and xaα is theminimumvalue it wouldacceptif agentβ madethe proposal. The
offer-acceptvectorfor agentβ is de®nedsimilarly.

4.3. De®nition of strategies

The agents' strategies incorporate actions from both the deliberation part and the
bargaining part of the game.For the deliberation part of the game,an agent's strategy
is amapping from thestateof deliberation to thenext deliberation action (that is, selecting
which solution z, z ∈ {α,β, joint} to compute anothertime step onÐin words, whetherto
computeon theagent'sown problem,theotheragent'sproblem,or thejoint problem).

Definition 3.A deliberation strategy for agentα with deadlineT is

SDα =
(
SD,tα

)T−1
t=0 ,

where

SD,tα :Θα(t)→
{
aα, aβ , a joint}

is a mapping from a deliberation stateat time t , θα(t) = 〈nαα, n
β
α, n

joint
α 〉, to a deliberation

action az whereaz is the action of computing one time step on the solution for problem
z ∈ {α,β, joint}. Thedeliberation strategy of agent β , SDβ , isde®nedanalogously.

In a deterministic setting, taking a deliberation action causesthe agent to move into a
speci®c stateof deliberation. However, in the stochasticsetting, if anagent is in a certain
stateof deliberation at time t , thenthe action of computing on a problemwill cause the
agent to be in any one of several statesof deliberation at time t + 1. The probability
with which an agent will enter into a speci®c stateof deliberation is determined by the
performancepro®les.
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At the deadline, T , eachagenthasto decideon its offer-acceptvector. Therefore,the
strategy at time T is a mapping from the stateof deliberation at time T to anoffer-accept
vector.

Definition 4.A bargainingstrategy for agentα with deadlineT ,

SBα :Θα(T )→R
2

is amapping from astateof deliberation at timeT , to an offer-acceptvector, (xoα, x
a
α). The

bargainingstrategy of agentβ , SBβ , isde®nedanalogously.

An agent'sstrategy consistsof adeliberation strategy and abargaining strategy.

Definition 5.A strategy for agentα with deadlineT is

Sα =
(
SDα , S

B
α

)
.

A strategy for agentβ , Sβ is de®nedanalogously.

Our analysis will also allow mixed strategies. A mixed strategy for agent α is
S̃α = (S̃

D
α , S̃

B
α ) where S̃Dα is a mapping from a deliberation state θα(t) to a probability

distribution over thesetof deliberationactions{aα, aβ, a joint}. Welet pα betheprobability
that an agenttakesaction aα, pβ be the probability that an agent takesaction aβ , and
therefore,1− pα − pβ is the probability that an agent takes action a joint. The mixed
bargaining strategy, S̃Bα , is a mapping from a deliberation state θα(T ) to a probability
distribution over offer-acceptvectors.

5. Equilibria and algorithms

We want to make sure that thestrategy thatwe propose for eachagentÐandaccording
to which we study the outcomeÐisindeedthe best strategy that the agenthas from its
self-interested perspective.This makes thesystembehave in the desiredway even though
every agentis designedby and representsa differentself-interested real-world party. One
approachwould be to just require that the analysis shows that no agentis motivated to
deviate to anotherstrategy giventhat the other agentdoesnot deviate. This would be the
Nash equilib rium solution conceptfrom noncooperative gametheory [20]. We actually
placea strongerrequirementon our method. We require that at any point in the game,
anagent's strategy prescribesoptimal actionsfrom that point on, given theotheragent's
strategy and the agent's beliefs aboutwhat hashappenedso far in the game.We also
require that the agent's beliefs are consistent with the strategies.This type of equilib rium
is calleda perfect Bayesian equilib rium (PBE) [19]. We introducea new equilibrium for
computationally limitedagents:

Definition 6.A (Nash, perfect Bayesian) deliberation equilib rium for computationally
limited agents is a (Nash, perfect Bayesian) equilib rium where the agents' deliberation
strategiesforma(Nash, perfectBayesian) equilib riumand theagents'bargainingstrategies
are in (Nash, perfectBayesian) equilib rium.
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An agent'soffer-acceptvectoris affectedby thesolutionsthatit computesandalso what
it believestheotheragenthascomputedfor solutions. Thefallback valueof an agent is the
value it obtainedfor thesolution to its own problem.Clearly, an agentwill not acceptany
offer lessthan its fallback.

In making a proposal, agentα must try to estimateagent β 's fallback value and then
decidewhether, by makinganacceptableproposal to agentβ , agentα's payoff would be
greaterthanor less thanits own fallback.7

The gamesdiffer signi® cantly based on whether the proposer is known in advanceor
not, aswill bediscussed in thenext sections.

6. Known proposer

For an agentthat is never going to make anoffer, we canprescribe a dominantstrategy
independentof thestatistical performancepro®les:

Proposition 1. If an agent, β , knows that it cannotmake a proposal at the deadline T ,
thenit hasa dominantstrategy of computingonly on its own problem,andacceptingany
offer xoα such thatxoα � V (n) wheren is thenodein theperformancepro®l eT β thatagent
β hasreachedat time T . If the performancepro®l e doesnot ßatten before the deadline
(V (n′) < V (n) for every noden′ on the path to n), then this is the unique dominant
strategy.

Proof. In the event that an agreementis not reached,agentβ could not have achieved
higherpayoff thanby computing on its individualproblem(even if it knows that further
computationwill not improveits solution). In theeventthatan agreementis reached,agent
β wouldhavebeenbest off by computingso asto maximizetheminimalofferit will accept,
V (n

β
β ). Sincesolutionqualityis nondecreasingincomputationtime,if agentβ deviatesand

computest stepson a differentproblem,thenthevalue of its fallback is V (n′ββ ) � V (nββ)

where time(nββ)= time(n′ββ )+ t . If V (n′) < V (n) for every noden′ on the path to n, then
this inequality is strict. �

Corollary 1. In the gameswhere theproposer is known, thereexistsa purestrategy PBE.

Proof. By Proposition 1, thereceiver of theofferhasadominantstrategy. Saytheproposer
were to use a mixedstrategy. In general, every pure strategy that hasnonzero probability
in a best-response mixed strategy hasequal expected payoff [19]. Since mixing by the
proposer will not affect the receiver's strategy, theproposer might aswell use oneof the
purestrategiesin its mix. �

The equilib rium differsbasedon whether or not the deadline is known, as discussedin
thenext subsections.

7 Sincesolutionvaluesarediscretized,thebest-responseoffer-acceptvectorswill also befrom adiscretespace.
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6.1. Known proposer, known deadline

In thesimplest setting,both thedeadlineandproposerarecommonknowledge.Without
lossof generality we assume that agent α is the proposer andthe deadline is at time T .
Therefore,from Proposition 1, agentβ hasa dominantstrategy, Sβ , which is to compute
on thesolution for it's own problemandacceptany offer that is greaterthan(or equalto)
the valueof its computedsolution.Knowing this, agentα candetermine a strategy which
isabest-response.

Assume that by following a deliberation strategy SDα , the proposing agentα reaches
deliberation stateθα(T ) = 〈nαα, n

β
α, n

joint
α 〉 at time T . It is possible to compute agentα's

expectedutility of following a bargaining strategy SBα where it makes an offer xoα to
agentβ . Theexpectedutility is

E
[
πα

((
SDα , S

B
α

)
, Sβ

)]
= Pa

(
xoα

)[
V

(
n

joint
α

)
− xoα

]
+

(
1− Pa

(
xoα

))
V

(
nαα

)
, (1)

wherePa(xoα) is the probability that agent β will acceptan offer xoα . Theseprobabilities
aredeterminedby agentα's beliefs aboutwhat value agent β hascomputed for its own
individual problem. In asetting whereagent β hasadominantstrategy (that is, it computes
only on thesolution for itsown problem),agentα cancomputeits beliefsthatagentβ will
acceptan offer of x with probability Pa(x), simply by noting thevaluesof the nodesthat
canbereachedat time T in the performancepro®le for agentβ 's individualproblem,and
computingtheprobabilityof reachingeachnode.8

In astochasticsetting, there isuncertainty asto whether following acertaindeliberation
strategywill result in being in aspeci® cdeliberationstate. Wecandeterminetheproposer's
expected utility from following a particular strategy as follows. Assume agent α is
executing strategy Sα = (SDα , S

B
α ). At time T , whenthe agentmust make a proposal, it

is in somedeliberation state

θα(T )=
〈
nαα, n

β
α, n

joint
α

〉
,

wheretime(nαα)= t
α
α , time(nβα)= t

β
α , and time(njoint

α )= t
joint
α . If itsbargainingstrategy, SBα

dictatesthatit makeanoffer of xoα , thenagentα's expectedutility from following Sα is

E
[
πα(Sα, Sβ )

]
=

∑

θα(T )∈Θα(tαα ,t
β
α ,t

joint
α )

p
(
θα(T )|S

D
α

)(
Pa

(
xoα

)[
V

(
n

joint
α

)
− xoα

]

+
(
1− Pa

(
xoα

))
V

(
nαα

))
, (2)

wherep(θα(T )|SDα ) is the probability of being in deliberation stateθα(T ) after following
deliberation strategy SDα .

The game differs based on whether the performance pro® les are deterministic or
stochastic.

8 If theperformancepro®lesaresharedby theagents, agentα'sbeliefsarebasedon thenodenβα it hasreached

in theperformancepro®le tree,� β , giventhatagentα hasreachednodenβα in thetree,� βα .
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6.1.1. Deterministic performancepro®l es
In anenvironment where the performancepro® lesare deterministic, the equilib ria can

beanalytically determined.

Proposition 2. Assume that the agentsÕperformancepro®l esT αα , T βα , T joint
α , T αβ , T ββ ,

andT joint
β aredeterministic andagent α knowsagent βÕsperformancepro®l es. Thenthere

existsa PBEwhere agent β will only computeon its own problem, andagent α will never
split its computation. It will either compute solely on its own problem or solely on the
joint problem. The PBE payoffs to the agents are unique, and the PBE is uniqueunless
the performancepro®l e that an agent is computing on ßattens, after which time it does
not matter where the agent computessincethat doesnot change its payoff or bargaining
strategy. ThePBEsarealso theonlyNashequilibria.

Proof. Let ηjoint
α be the node in T

joint
α that agentα reachesafter allocating all of its

computation on the joint problem.Let ηαα be the nodein T
α
α that agentα reachesafter

allocating all of its computation on its own problem. Let ηββ bethe nodein T
β
β thatagent

β reachesafterallocatingall of its computationon its own problem.
By Proposition 1, agent β hasa dominant strategy to compute on its own solution

(unless its performancepro®leßattensafter which time it doesnotmatter wherethe agent
computessincethat doesnot changeits payoff). Agentα's strategiesaremore complex
since they dependon agentβ 's ®nal fallback value,V (ηββ ), and also on what potential
valuesthe joint solution and α's individualsolution mayhave.

(1) Case1: V (ηjoint
α )− V (η

β
β ) > V (η

α
α). Agentβ will acceptany offer greaterthanor

equalto V (ηββ ) sincethatis its fallback.If agentα makesan offer thatis acceptable

to agentβ , thenthe highest payoff that agentα canreceive is V (ηjoint
α ) − V (η

β
β ).

If this value is greaterthanV (ηαα)Ðthat is, the highest fallbackvalue agent α can
haveÐthenagent α will make anacceptableoffer. To maximizetheamountit will
get from making the offer, agentα must compute only on the joint problem.Any
deviation from this strategy will result in agent α receiving a lesser payoff (and
strictly lessif its performancepro® le hasnot ßattened).

(2) Case2:V (ηjoint
α )−V (η

β
β ) < V (η

α
α). Any acceptableofferthatagentαmakesresults

in agentα receiving a lesser payoff than if it had computedon its own solution
solely, and madean unacceptableoffer (andstrictly less if its performancepro®le
hasnot ßattened).Thereforeagentα will compute only on its own problem until
that performancepro® le ßattens, after which it does not matter where it allocates
the restof its computation.

(3) Case 3: V (ηjoint
α ) − V (η

β
β ) = V (η

α
α). By computing only on its own problem,

agentα's payoff is V (ηαα). By computing only on the joint problem,thepayoff is
V (η

joint
α )− V (η

β
β ). These payoffs areequal. However, by dividing the computation

across the problems, both payoffs decrease (unless at least one of the two
performancepro®les hasßattened,after which it doesnot matter wherethe agent
allocatestherest of its computation).

Theaboveargumentsalsohold for Nashequilib rium. �
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6.1.2. Stochastic performancepro®l es
If theperformancepro® lesaresharedbut stochastic,determiningtheequilib riumis more

dif® cult. By Proposition 1, agentβ hasa dominantstrategy, Sβ , and only computeson its
individualproblem.9

However, based on the results it hasobtained so far, agent α may decide to switch
between problems on which it is computingÐpossibly several times. The problem is
similar to computing valuesandpolicies for asequential decisionproblemwith stochastic
actions, exceptthatthedeadlinesmeanthatthegamehasa ® nitehorizon.Thepayoffs can
beseenasstate-dependent reward valuesand theaccessibility functionscanbemodeledas
theprobability of transferring into adeliberation state,giventhe action taken.

There are two different cases that affect agent α's capabilities when it comes to
speculatingas to what valueagentβ hasobtained from deliberation. If the two agents
sharealgorithmsand,therefore,performancepro®les, thenagentα cancandeliberateon
agentβ 's problem,and besure that the results obtainedare related to those thatagent β
hasobtained.Agentα might then®nd it useful to deliberateon agentβ 'sproblemin order
to re®ne its beliefsasto what value agentβ hasobtained.On the other hand,if the agents
have differentalgorithmsand,therefore,differentperformancepro®les, any deliberation
thatagentα doeson agentβ 's problem,using itsown algorithm, maynotcorrectly re¯ ect
the solutions that agentβ has achieved. It gets no utility from computing on agent β 's
problemsinceits beliefs cannotbeupdated.

In this section we do not assume that the performancepro® lesare common knowledge.
However, it is requiredthatat least agentα canobservetheperformancepro®lesfor agent
β . Agentβ doesnot needto know that agentα canview its performancepro®les. This
knowledgedoesnotchangeagentβ 'sbehavior asit hasa dominantstrategy.

Weuseadynamicprogrammingalgorithm to determineagentα'sbest responseto agent
β 's strategy. Thebase case involves looping throughall possible deliberation states θα(T )
for agentα at the deadlineT . Eachθα(T ) determinesa probability distribution over the
set of nodesagentβ reachedby computingT timesteps. For any offerx thatagentα may
make, theprobability that agent β will acceptis

Pa(x)=
∑

{nβ |nβ in subtree � β (n
β
α) at depth T − time(nβα ) s.t. V (nβ )�x}

P(nβ ). (3)

The best offer, xoα , that agentα can make to agentβ , given that α is in the state of
deliberation θα(T )= 〈nαα, n

β
α , n

joint
α 〉 is

xoα
(
θα(T )

)
= argmax

x

[
Pa(x)

(
V

(
n

joint
α

)
− x

)
+

(
1− Pa(x)

)
V

(
nαα

)]
. (4)

We denote theoptimal bargainingstrategy, giventhedeliberation state θα(T ) by

SB∗α
(
θTα

)
=

(
xoα

(
θα(T )

)
,V

(
nαα

))
. (5)

The expectedutility to agent α from following such a bargaining strategy while in
deliberation stateθα(T ) is

E
[
πα

((
SDα , S

B∗
α (θα(T ))

)
, Sβ

)]
= Pa

(
xoα

)(
V

(
n

joint
α

)
− x

)
+

(
1− Pa

(
xoα

))
V

(
nαα

)
. (6)

9 If thatperformancepro®le has̄ attenedandagentβ hascomputedonagentα'sor thejoint problemthereafter,
this doesnot changeagentβ 's fallback, and this is theonly aspectof agentβ thatagentα caresabout.
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It ispossibleto workbackwardsandto computewhichdeliberationaction,az, isoptimal
if agentα ®ndsitself in deliberation stateθα(t) at time t oncetheoptimal offershavebeen
computedfor each®nal deliberationstate.LetπDα ((a

z, θα(t)), Sβ ) denote the utility to
agentα of computing on problemz at time t + 1, given thatat time t it is in deliberation
state θα(t) andagentβ is following strategy Sβ . Theexpectedvalue is

E
[
πDα

(
(az, θα(T − 1)

)
, Sβ

)]

=
∑

θα(T )∈Θα(T )

P
(
θα(T )|θα(T − 1), az

)
E

[
πα

(
(SDα , S

B∗
α (θα(T )))

)]
, (7)

and

E
[
πDα

(
(az, θα(t)), Sβ

)]

=
∑

θα(t+1)∈Θα(t+1)

P
(
θα(t + 1)|θα(t), az

)
max
az
E

[
πDα

(
(az, θα(t + 1)), Sβ

)]
(8)

for t < T −1 whereP(θα(t)|θα(t −1), az) is theprobability of reaching deliberation state
θα(t) given thatuponreachingdeliberationstateθα(t − 1) theagentcomputesonestepon
problemz.

Theoptimal action in deliberation stateθα(t) is

az
(
θα(t)

)
= argmax

az
E

[
πDα

(
(az, θα(t)), Sβ

)]
. (9)

Thesequenceof actions(az(θα(t)))
T−1
t=0 is agentα's best-responsedeliberation strategy

to agent β , and the offer-acceptvectors (xoα(θα(T )),V (n
α
α))θα(T ) de®ne its best-re-

sponse bargaining strategy. Therefore,Sα = ((az(θα(t)))
T−1
t=0 , (x

o
α(θα(T )),V (n

α
α))θα(T )).

Thefollowingalgorithm computesthebest-responsestrategy for agentα.

Algorithm 1. StratFinder1(T )
For eachdeliberationstateθα(T ) at timeT

xoα
(
θα(T )

)
← argmax

x

[
Pa(x)

[
V

(
n

joint
α

)
− x

]
+

(
1− Pa(x)

)
V

(
nαα

)]
.

For time t = T − 1 down to 0
For eachdeliberationstateθα(t)

az
(
θα(t)

)
← argmax

az
E

[
πDα

(
(az, θα(t)), Sβ

)]
.

Return ((az(θα(t)))
T−1
t=0 , (x

o
α(θα(T ),V (n

α
α))θα(T ))

Proposition 3. Algorithm1 correctlycomputesa PBEstrategyfor agentα. 10 Assumethat
thenumberof children of anynodein T

α
α , T βα andT joint

α is at most k. Algorithm1 runsin
O(kT−1T 3) time.

10By keepingtrackof equallygoodactionsat every step,Algorithms 1, 2, and3 canreturnall PBE strategies
for agentα. Again, thedominant strategy of agentβ is to computeon its own problem(unless theperformance
pro®le ¯attens out afterwhich it doesnotmatter whatagentβ computeson.
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Proof. Thenonproposingagent, β , hasadominantstrategy, Sβ . Algorithm 1 computesthe
best-responsefor agentα, at every timeand for every stateof deliberation.

Let k bethe maximum numberof childrenof any nodein the performancepro®les. At
time t thenumber of statesof deliberation isat most kt

(
t+2

2

)
= kt (t + 2)(t + 1)/2. Since

T−1∑

t=0

kt
(t + 1)(t + 2)

2
� kT−1

T−1∑

t=0

(t + 1)(t + 2)
2

= kT−1T (T + 1)(T + 2)
6

thealgorithm runs in O(kT−1T 3) time. �

6.2. Known proposer, unknown deadline

Thereare situations where agents may not know the deadline. We represent this by
a probability distribution Q = {q(i)}Ti=1 over possible deadlines. Q is assumed to be
commonknowledge.

Whenever time t is reachedbut thedeadlinedoesnot arrive, agentsupdatetheir beliefs
aboutQ. Thenew distribution isQ′ = {q ′(i)}Ti=t whereq ′(t)= q(t)/(

∑T
j=t q(j)).

6.2.1. Deterministic performancepro®l es
Sincethere is no uncertainty asto agent β 's fallbackvalue,agentα neednever compute

onagentβ 'sproblem.Therefore,agentα will only be in deliberation states〈nαα, n
β
α, n

joint
α 〉

where time(nβα)= 0. Therefore,strategiesthatincludecomputationactionsaβ neednotbe
considered. This,and the lack of uncertainty in which deliberation stateaction a leadsto,
greatly reducethespaceof deliberationstatesto consider. Denoteby Γα(t) any deliberation
state of agentα where time(nαα) + time(njoint

α ) = t and time(nβα) = 0. The algorithm for
determining agent α's equilib rium strategy differs from Algorithm 1 in that it incorporates
the probability that the deadline may arrive at any time, and considers only the restricted
spaceof deliberation states.

Algorithm 2. StratFinder2(Q)
For eachdeliberationstateΓα(T ) at timeT

xoα
(
Γα(T )

)
← argmax

x

[
Pa(x)

[
V

(
n

joint
α

)
− x

]
+

(
1− Pa(x)

)
V

(
nαα

)]
.

For t = T − 1 down to 0 q ′(t)← q(t)/(
∑T
j=t q(j))

For eachdeliberationstateΓα(t)

xoα
(
Γα(t)

)
← argmax

x

[
Pa(x)

[
V

(
n

joint
α

)
− x

]
+

(
1− Pa(x)

)
V

(
nαα

)]
,

az
(
Γα(t)

)
← argmax

az

[
q ′(t)E

[
πα

((
SDα , S

B∗
α (Γα(t))

)
, Sβ

)]

+
(
1− q ′(t)

)
E

[
πDα

(
(az,Γα(t)), Sβ

)]]
.

Return ((az(Γα(t)))
T−1
t=0 , (x

o
α(Γα(t),V (n

α
α))

T
t=0)
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Proposition 4. With deterministic performance profiles, Algorithm2 correctly computes a
PBE strategy for agent α in O(T 2) time.

Proof. Thenonproposingagent, β , hasadominantstrategy, Sβ . Algorithm 2 computesthe
best-responsefor agentα, at every timeand for every stateof deliberation.

Since the setting is deterministic, agent α needonly consider deliberation statesat
time t of the form θα(t) = 〈nαα, n

β
α , n

joint
α 〉 where time(nβα) = 0. At time t there are t + 1

deliberation statesof this form. Eachcalculation in thealgorithm takesconstant time.The
®rst loopis repeatedT + 1 times. In thesecondloop,thecalculationsaredonet + 1 times
for t = 0 to T − 1, or T (T + 1)/2 times. Therefore,thealgorithmtakesO(T 2) time. �

6.2.2. Stochastic performance profiles
The algorithm differs from Algorithm 1 in that it considers the probability that the

deadlinemight arriveat any time.

Algorithm 3. StratFinder3(Q)
For eachdeliberationstateθα(T ) at timeT

xoα(θα(T ))← argmax
x

[
Pa(x)

[
V

(
n

joint
α

)
− x

]
+

(
1− Pa(x)

)
V

(
nαα

)]
.

For t = T − 1 down to 1 q ′(t)← q(t)/(
∑T
j=t q(j)).

For eachdeliberationstateθα(t)

xoα(θα(t)) ← argmax
x

[
Pa(x)

[
V

(
n

joint
α

)
− x

]
+

(
1− Pa(x)

)
V

(
nαα

)]
,

az(θα(t)) ← argmax
az

[
q ′(t)E

[
πα

((
SDα , S

B∗
α (θα(t))

)
, Sβ

)]

+
(
1− q ′(t)

)
E

[
πDα

(
(az, θα(t)), Sβ

)]]
.

Return ((az(θα(t)))
T−1
t=0 , (x

o
α(θα(t)),V (n

α
α)
T
t=0)

Proposition 5. Algorithm 3 correctly computes a PBE strategy for agent α. Assume that
the number of children of any node in T

α
α , T βα and T

joint
α is at most k. Algorithm 3 runs in

O(kT−1T 3) time.

Proof. Thenonproposingagent, β , hasadominantstrategy, Sβ . Algorithm 3 computesthe
best-responsefor agentα, at every timeand for every stateof deliberation.

Let k be the maximum branching factor for the performancepro®les. At timet the
number of statesof deliberation is kt

(
t+2

2

)
= kt (t + 2)(t + 1)/2. Since

T−1∑

t=0

kt
(t + 1)(t + 2)

2
� kT−1

T−1∑

t=0

(t + 1)(t + 2)
2

= kT−1T (T + 1)(T + 2)
6

thealgorithm runs in O(kT−1T 3) time. �
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Fig. 3. Performancepro®le treesfor theexample where there is no pure strategy Nash equilibrium.

7. Unknown proposer

Thissectiondiscussesthecasewheretheproposerisunknownbut theprobabilityof each
agentbeingtheproposeriscommonknowledge.Thedeadlinemaybecommonknowledge.
Alternatively, thedeadline isnot known but its distribution is commonknowledge.This is
a more complex setting since neither agent may have a dominant strategy. In fact, there
exist instanceswhere in equilib rium neitheragent hasa purestrategy.

7.1. Nonexistence of a pure strategy equilibrium

In this subsection weshow that in somecases,there is no purestrategy equilib rium.

Proposition 6. There exist instances (defined by the performance profile trees) of the game
that have a unique mixed strategy PBE, but no pure strategy PBE (not even a pure strategy
Nash equilibrium).

Proof. Assumethat the agents have theperformancepro®les in Fig. 3 andare allowed to
takeonly one deliberation action (T = 1). Assume, also, thatwith equal probability either
agentmaybenamedastheproposer, thatis, agentα is theproposerwith probability 1

2 . Let
∅ representa null offer, wheretheproposerdoesnotwant to implementa joint solution.
Theundominatedstrategiesfor agentα are
• S1

α = {a
α, (∅,3.0)}: Agentα computes one time step on its own problem. If it is

chosenastheproposerthenit makesanull offer, otherwise it acceptsany offer thatis
greaterthanor equalto thefallbackvalueof 3.0.
• S2

α = {a
joint, (0.0,0.0)}: Agentα computesonetime step on the joint problem.If it

is chosenastheproposer thenit makesan offerof 0.0,otherwise it acceptsany offer
greaterthanor equalto thefallbackvalueof 0.0.

Theundominatedstrategiesfor agentβ are
• S1

β = {a
joint, (0.0,0.0)}: Agent β computes on the joint problem. If it is chosen

proposer thenit offers0.0,otherwise it acceptsanything greaterthanor equalto the
fallbackvalueof 0.0.
• S2

β = {a
joint, (3.0,0.0)}: Agentβ computeson the joint problem.If it is chosenasthe

proposer, thenit offers3.0, otherwise it acceptsanythinggreaterthanor equalto the
fallbackvalueof 0.0.
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Table2
Reducednormal form of the bargaining game with performance
pro®lesin Fig. 3. There is no purestrategy Nash equilibrium

S1
β S2

β

S1
α 3.0, 0.0 3.0, 0.5

S2
α 2.0, 2.0 3.5, 0.5

The gamecanbe representedin normalform (Table 2). Thereis no purestrategy Nash
equilib rium for thisgame.It is easyto provethis by checking eachstrategy pro® le.

(1) (S1
α, S

1
β ) is not a Nash equilib rium since agent β would respond with S2

β if α

playedS1
α .

(2) (S1
α, S

2
β ) is not a Nashequilib rium since agent α would respondwith S2

α is agentβ

playedS2
β .

(3) (S2
α, S

2
β ) is not a Nashequilib rium since agent β would respondwith S1

β if agentα

playedS2
α .

(4) (S2
α, S

1
β ) is not a Nashequilib rium since agent α would respondwith S1

α if agentβ

playedS1
β .

There does exist a mixedstrategy Nashequilib rium. If agent α playsS1
α with probability

γ andif agentβ playsS1
β with probability δ thenα's expectedpayoff is

uα = γ
(
3.0δ+ 3.0(1− δ)

)
+ (1− γ )

(
2.0δ+ 3.5(1− δ)

)

= 1.5γ δ− 0.5γ − 0.5δ+ 3.5.

The® rst ordercondition is

0 =
duα
dγ
= 1.5δ− 0.5

⇒ δ = 1
3.

Similarly for agentβ

uβ = δ
(
2.0(1− γ )

)
+ (1− δ)

(
0.5γ + 0.5(1− γ )

)

= −2.0γ δ+ 1.5δ+ 0.5.

The® rst ordercondition is

0 =
duβ
dδ
=−2.0γ + 1.5

⇒ γ = 3
4.

Therefore, in Nashequilib rium, agent α playsS1
α with probability 3/4 and agentβ plays

S1
β with probability 1/3. �
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Fig. 4. Performancepro®le treeswhere theequilibrium outcome is not Pareto ef® cient.

7.2. Suboptimal outcome

It is often of interest to ask whetheran outcomeis ÒoptimalÓ.An essential requirement
for any optimal outcomeis that it possesstheproperty of Pareto efficiency. An outcomeis
Pareto ef® cient if thereis no alternative outcomewheresomeagentis better off without
making someother agent worseoff. Unfortunately, asweshow below, in thesetting where
there is uncertainty as to which agent will be the proposer, agents may allocate their
deliberationresourcesin a nonoptimalmannerin equilibrium, so the outcomewill not
bePareto ef®cient. In otherwords,if theagentswould usedifferent deliberation strategies,
they would both bebetter off.

Proposition 7. There exist instances (defined byT α , T β , and T
joint) of the game where

the outcome of the unique Nash equilibrium is not Pareto efficient.

Proof. Consider theperformancepro® lesin Fig. 4. Let theprobability thatagentα will be
the proposerbe1/2. Theagentsare allowedonly onedeliberationstepeach,(T = 1). Let
∅ representa null offer, wheretheproposerdoesnotwant to implementa joint solution.

Theundominatedstrategiesfor agentα are
• S1

α = {a
α, (∅,2.4)}: Agentα computeson its own problemandmakesa null offer if

it is theproposer. Otherwise, it acceptsanythinggreaterthanor equalto 2.4.
• S2

α = {a
joint, (0.0,0.0)}: Agentα computesonthe joint problemandoffersnothing if

it is theproposer. Otherwise, it acceptsanythinggreaterthanor equalto 0.0.
• S3

α = {a
joint, (1.4,0.0)}: Agentα computeson the joint problemandoffers1.4 if it is

theproposer. Otherwise, it acceptsanythinggreateror equalto 0.0.
Theundominatedstrategiesfor agentβ are
• S1

β = {a
β, (∅,1.4)}: Agentβ computeson its own problemandmakesa null offer if

it namedas theproposer. Otherwise it acceptsany offergreaterthanor equalto 1.4.
• S2

β = {a
joint, (0.0,0.0)}: Agentβ computesonthe joint problemandoffersnothing if

it is theproposer. Otherwise, it acceptsanythinggreaterthanor equalto 0.0.
• S3

β = {a
joint, (2.4,0.0)}: Agentβ computeson the joint problemandmakesanoffer

of 2.4 if it is theproposer. Otherwise it acceptsanythinggreateror equalto 0.0.
The gamecanbe represented in normalform (Table 3). Thereis a uniquepureNash

equilib rium where agent α plays strategy S1
α and agent β plays strategy S1

β , that is,
both agents compute on their own problems. However, the equilib rium outcome is not
Pareto ef®cient. Both agents would be strictly better off if agentα playedS3

α andagentβ
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Table 3
Normal form representationof the bargaining game where the perfor-
mancepro®lesarefoundin Fig. 4, andthe probability of agentα being
theproposer is 1/2. The pure strategy Nash equilibrium is (S1

α, S
1
β ). The

Pareto ef® cient outcome is(S3
α, S

3
β )

S1
β S2

β S3
β

S1
α 2.4, 1.4 2.4, 0.0 2.4, 0.705

S2
α 0.0, 1.4 1.905,1.905 3.105,0.705

S3
α 1.205,1.4 1.205,2.605 2.405,1.405

playedS3
β . Unfortunately, thestrategiesS3

α andS3
β arenot in equilib rium. If agent α played

S3
α thenagentβ would deviateto S2

β . Similarly, if β playedS3
β thenagentα would deviate

to S2
α . �

7.3. A general method for solving the game with an unknown proposer

In general, solving an unknown proposer problemis hard,as neither agentmay have a
dominantstrategy. Instead,thestrategy of oneplayerdependson the strategy of theother.
One approachof solving for perfect Bayesian equilib ria is to convert the game into its
normal form by considering all pure strategies for eachplayer and the resulting payoffs
whenthese strategies are employed.Therearerelatively ef® cient algorithmsfor solving
normalform games[2,37],but the conversion itself usually incursanexponential blowup
since the numberof pure strategies is often exponential in the depth of the gametree
becausea purestrategy speci®esa movefor eachinformationset of theplayer.

A more recent approachis to represent the extensive form game in its sequence
form [36]. In the rest of this subsection we show how that techniquecanbe used in our
setting. A sequenceof choicesof a player correspondsto a nodea in thegametree.The
sequencesreplacethe set of pure strategies in the normal form. In our setting a sequence
is either;

(1) ∅, theempty sequence,
(2) a sequenceof deliberation actions,
(3) a sequenceof deliberation actionsfollowed by a proposal, or
(4) a sequenceof deliberationactionsfollowedby eitheranacceptor rejectaction.

All nodesin an informationset, I , of an agentarede®nedby thesamesequence,σI . If, after
reachinginformationsetI , an agent thenmakesaction c, thenew sequenceisdenotedσI c.
ThesetSQα denotesthesetof all sequencesfor agentα. Similarly thesetSQβ is thesetof
all sequencesfor agentβ .

Payoffs to agentsα and β are represented by matricesA andB respectively. Each
row correspondsto a sequenceof agentα andeachcolumncorrespondsto a sequence
of agentβ . Every leafin thegametreede®nesapair of sequences, thatis, actionsthatboth
agentsmust have taken in order to reachthat node.For eachsequencepair de®nedby a
leafnode,theagent'spayoff is thepayoff it received at theleafnodeif therearenochance
moves. If thereare chancemoves, asthereare in oursetting, thena pair of sequencesmay
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correspondto morethanoneleafnode.Thepayoff entry is thesum of the payoffs overall
leavesthatcorrespondto thesequencepair weightedby theprobabilitiesof reachingthe
leavesgiven thesequencepair. If a pair of sequencesdoesnot correspondto a leafnode,
then the payoff entry is zero.The matrices, A andB, are sparse as the only (possible)
nonzeroentriesoccurat sequencepairsde®nedby leafnodeswhich is linearin thesize of
thegametree.

Both agentsalso haverealization plans, whicharenonnegativevectorsthatrepresent the
realization probabilities for thesequencesof theagent whenit is playing a mixed strategy.
Let x be the realization plan for agent α andlet y be the realization plan for agent β . The
plansfor agentα arecharacterizedby thefollowing constraints.

x(∅)= 1,

−x(σI )+
∑

c∈CI

x(σI c)= 0,

for all information setsI of agentα whereCI is the set of possible moves that agentα
canmakeat informationset I . Thismeansthatat any informationset,I , theprobability of
reachingI is thesameasthesum of theprobabilities of taking an action that leaves I . The
constraints for the realization plan, y, for agentβ aresimilarly de®ned.

Therealizationplanscanberepresentedby

Ex = e and Fy = f,

whereE andF areconstraint matrices. The ®rst row is(1,0,0, . . .) andcorrespondsto
theemptysequencehaving probabilityone.Theotherrowscorrespondsto theinformation
sets of the respective agent. Thevectorse andf areequal to the vector (1,0,0, . . . ,0)T

which isof theappropriatesize.
The Nashequilib rium of the game is a solution to a linearprogramming problem. The

vectorsx andy arein Nash equilibrium if they aremutual best responses. If y is ®x ed,
thenx is a best response if andonly if it isan optimal solution to thelinearprogram

maximizex xT(Ay)

subjectto xTET = eT,

x � 0.

Theduallinearprogramis

minimizep eTp

subjectto ETp � Ay,

wherep is anunconstrainedvector of variables.
Similarly, y is abest responseto x if it is anoptimal solution to

maximizey yT(Bx)

subjectto yTFT = f T,

y � 0,

with dual
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minimizeq f Tq

subjectto FTq � Bx,

whereq is anunconstrainedvector of variables.
Thefeasible solutionsto the linearprogramming problemsare optimal only if the two

objectivefunction valuesareequal. Thatis, x is a best responseto y only if

xT(
−Ay +ETp

)
= 0

andy is a best response to x only if

yT(
−Bx + FTq

)
= 0.

Any Nashequilib rium x, y is part of a solution x, y,p, q to the previousconstraints.
These constraints de®ne a linearcomplementarity problem andthereforethe solution to
the linearcomplementarity problem is also a Nashequilib rium [2]. The standard linear
complementarity problemis to ®nd avectorz ∈R

n sothat

z � 0,

b+Mz � 0,

zT(b+Mz) = 0,

whereb ∈R
n andM is ann× n matrix.

It is possible to createa linearcomplementarity problemthat is equivalent to the linear
programmingproblems[14]. First, set

M =




−A ET −ET

−BT FT −FT

−E

E

−F

F




and

b=




0

0

e

−e

f

−f




.

Let z = (x, y,p′,p′′, q ′, q ′′)T wherep′,p′′, q ′, q ′′ arenonnegative vectorssuch thatp =
p′ −p′′ andq = q ′ − q ′′.

Using this representation, the equilib ria for the extensive form game canbe determined
by similar algorithmsthat areknown for thenormalform,such asLemke's algorithm for
solving linearcomplementarity problems. Often, thesealgorithmsrunexponentially faster
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Fig. 5. An augmentedperformancepro®le tree.NodeB is a randomnode.All othernodesare value nodes. The
edgesemanatingfrom nodeB correspondto a randomnumbergeneratorproducingdifferentvalues.

than with the standardapproachsince the size of the sequenceform is linear, and not
exponential, in thesize of thegametree[14].

However, thesearegeneraltechniqueswhichdonottakeadvantageof speci® cproperties
of the particular game.It can be the case that the performancepro®les will affect the
payoffs in such a way that ®nding the equilib rium strategies is straightforward (for
example, in situationswhereit is alwaysbetter not to coordinate actionsandimplement
the joint solution). Thus, specially designedalgorithmscansometimestake advantageof
thespecialstructureandbemoreef®cient thangeneral techniquesfor computingequilib ria.
Earlier in thepaper wepresentedsuchspecializedalgorithmsfor the setting with aknown
proposer, but currentlywe only have generalalgorithmsfor thesetting with anunknown
proposer.

8. Other sources of uncertainty

Sofar in this paper we have discussedsettings where uncertainty in deliberation stems
from differentperformanceof thealgorithm on differentprobleminstances. In thissection
wediscussothersourcesof uncertainty thatmay also arise.

We address settings where agents are running randomized algorithms, agents have
differentalgorithms and are uncertain aboutwhat algorithm the opponentis using, and
agentsthatmaynotknow eachothers' probleminstancesexactly.

8.1. Randomized algorithms

Analgorithmisrandomizedif itsbehavior isdeterminedby both itsinputandalso values
producedby a randomnumbergenerator. Examples of randomized algorithms include
simulated annealing [13], andsomevariantsof hill climbing [34].

We cancapture randomizedalgorithmsin our deliberation control framework by using
anaugmented performance profile tree. An exampleof anaugmented performancepro®le
treeis presentedin Fig. 5. An augmentedperformancepro®le treecanincludetwo different
typesof nodes, value nodes andrandom nodes. Valuenodesaresimilar to thenodesin the
earlier de®nition of a performancepro® le tree.They hold the value of the solution, given
thatthealgorithm hasfolloweda pathwhich would reachthenode.Thechildrenof value
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nodesare the nodesreachedby takingonemoredeliberationstep.The edgesemanating
from a value nodeall have a weight of onetime step. Eachedgeis also associatedwith a
probability that the child is reachedin the next computation stepgiventhat the parent has
beenreached.

Randomnodesrepresent placeswhererandomnumbersareused duringthe algorithm
run. Edgesemanating from the randomnodeare associated with the possible random
numbers that might be generated. Each edge is labeled with the probability that its
associated randomnumberwas used. All edgesemanating from a randomnodehave a
weightof zerotimesteps.

Therolesof deliberation areslightly differentwhenagentshaverandomizedalgorithms.
Agentsmuststill use their deliberation resourcesin order to determinewhat their solutions
to the variousproblemswill be.However, if, for example, agentα computeson agentβ 's
individual problem, thenthereis no guaranteethat agentα's randomnumbergenerator
will producethe same numbersas agentβ 's randomnumbergenerator. Therefore,the
results obtained by the agents on the sameproblem instancemay be different. In this
setting an agent can use its deliberation resources to emulate the run of a random
algorithm. Emulation is different from running a random algorithm. If an agent is
runningan algorithm,whenever a randomnodein the performancepro®le is reached,a
randomnumbergenerator would generatesomenumberwhich would specify the path the
algorithm should take. In emulation, agents take a moreactive role. Whenever a random
nodeis encountered,theagentcanchoose a ÒrandomÓnumberinsteadof using a number
generated by a randomnumbergenerator. This allows the agentdoing the emulation to
learnwhatsolution would have beenobtainedif therandomnumbersgenerated werethe
sameastheoneschosenby theagentitself. Thismeansthattheagentcanemulatedif ferent
randomnumbersthat the opponentmay have used. An agentcanuse emulation to get a
better ideaof what solutionsthe opponentmay have seen(andthusalso a better ideaof
how the opponentmay have allocated its computation as a function of the results it has
obtained).An agentcanemulateon theopponent'sproblem,thejoint problemandeven its
own problem.Asasideeffectof emulating on one'sown problemor on the joint problem,
the agentobtains solutions that it can use. The agentcan also obtain solutionswithout
emulation,that is, by usingactualrandomnumbersin its randomizedalgorithm ratherthan
emulating differentedgesemanating from randomnodes.

Thedeliberationstatehasto bemodi®ed when agentsareallowedto emulatealgorithms.
Whenemulating,anagentmayfollow differentpathsin aperformancepro®le tree.Agents
are allowed to revisit randomnodes, and choose different randomnumbersin order to
see wherethatnew pathof computationwill lead.Therefore,an agentmayreachseveral
differentnodesin a performancepro®le tree.This meansthatan agentmayhave several
differentpossiblesolutionsto a problem,amongwhich it canselectthe best (asa solution
to its own problem or the joint problem) or use all of the solutions and the associated
distribution information (when speculating about the opponent's solutions to the three
problems). Thenew deliberation state for agenti at time t is de®nedas

θi(t)=
〈(
n
α,j
i

)
,
(
n
β,j
i

)
,
(
n

joint,j
i

)〉
,



210 K. Larson, T. Sandholm / Artificial Intelligence 132 (2001) 183–217

where (nz,ji ) is a list of nodesin performancepro®leT z that agenti hasreached.The
time, t , is equal to theamountof time it took to reachall nodeslisted in thedeliberation
state.Thatis,

t =
∑

j

time
(
n
α,j

i

)
+

∑

j

time
(
n
β,j

i

)
+

∑

j

time
(
n

joint,j
i

)
.

A new technique for computing the time function is used. If the agent followed only
onepath in the performancepro®le tree,then the time for any nodeon this path would
merely be the sum of the weights of the edgesof the path to that node.However, if
there are multiple pathsproducedby an agentchoosing dif ferent randomnumbersat
a node,then the technique of summing the edge weights no longerworks. It leadsto
overcounting since an agentdoesnot needto start at the root of the performancepro®le
tree eachtime it emulatesa run. Instead it can back up to a randomnode,choose a
new randomnumberand continue emulation from there.Thus, when determining the
emulationtime for eachnode in the emulation component,the following approachis
used. For any randomnoder, time(r) is equalto the sum of the weights of the edges
on the path to the noder. Let n1 andn2 be two value nodesin the same performance
pro®le tree.Letr ′ be the least commonrandomnodeancestor of nodesn1 andn2. Then
time(n1) is equal to time(r ′) plus the sum of the weights of the edgeson the path from
noder ′ to noden1. Since the paths to nodesn1 andn2 are the same from the root to
noder ′, theagentperforming theemulation needonly backtrackto noder ′ andcontinue
deliberatingfrom there.Thus, thetimeto reachnoden2 isonly theadditionaltimeneeded
from noder ′, that is, the sum of the weights of the edgeson the path from noder ′ to
noden2.

We also de® ne adeliberation set which corresponds to the earlier de®nition of
deliberation set.

Definition 7.Thedeliberation set for agenti at time t is

Θi(t)=
{
θi(t)

}
.

The agents' strategies also changeslightly, as there is a larger action space.Agents
must ®r st decide which problemthey wish to devote a deliberation step on and alsothey
must select which ÒrandomÓnumbersto use, and whether to start the algorithm at an
earlier randomnodewith anew ÒrandomÓnumber. TheseÒrandomÓnumberscanbeactual
randomnumbersor numberschosenby the agentfor emulation purposes.

Definition 8.A deliberation strategy for agenti with deadlineT is

SDi =
(
S
D,t
i

)T−1
t=0 ,

where

S
D,t
i :Θi(t)→ z× n(z)× ran-numb

(
n(z)

)

is a mapping from a deliberation stateat time t to a tuple which speci® es that the agent
should takeonedeliberation step starting at thenodede®nedby
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(1) a problemz ∈ {α,β, joint} onwhich to devoteonedeliberation step,
(2) a node,n(z), which is either

(a) a random node that the agent has reachedearlier when deliberating on
problemz, or

(b) a value nodewhich is at the endof a path that the agenthasfollowed when
deliberating on problemz,

(3) a chosen ªrandomº number, ran-numb(n(z)), that will be used to determine the
direction of thepath of computation if thenodechosenisa randomnode.

Thebargainingstrategy doesnotchange.Asbefore,it isamappingfrom thedeliberation
stateat thedeadlineT to anoffer acceptvector.

Definition 9.A bargaining strategy for agenti with deadlineT

SBi :Θi(T )→R
2

is amapping from astateof deliberation at timeT , to an offeracceptvector(xoi , x
a
i ).

An agent'sstrategy consistsof adeliberation strategy and abargaining strategy.

Definition 10.A strategy for agenti with deadlineT is

Si =
(
SDi , S

B
i

)
.

If theproposerisknowninadvance,thentheagentnotproposinghasadominantstrategy
which is independentof itsperformancepro®les.

Proposition 8. Assume agent i knows that it cannot make a proposal. Then it has a
dominant strategy where it will emulate on its own problem in such a way as to maximize its
fallback value. It will accept any offer that is greater than or equal to its computed fallback.
If the performance profile does not flatten out before the deadline(V (n′) < V (n) for every
value node n′ on the path to value node n) then this is the unique dominant strategy.

Theproof is identicalto thatof Proposition 1.
Since the nonproposing agent has a dominant strategy, the proposing agent can

determine a best response. Algorithms 1 and 3 that were presented earlier for ® nding
equilibriumstrategiesfor theproposingagentwhentheagentshavestochastic performance
pro® lesneedto beslightly generalized in order to ® nd the equilib rium strategieswhenthe
agentshaverandomizedalgorithms. First, thenew de®nition of adeliberationstatemust be
used.Secondly, the deliberation action spacemust beenlargedto coincidewith the action
spacespeci®ed in the de®nition for the deliberation strategy. As de®nedearlier, anaction
isa tuplewhichspeci® eswhatproblem,whatnodeto start from,andwhatª randomºnode
to use as the agenttakesonedeliberationstep.Oncethese modi®cationsaremade,both
Algorithm 1 andAlgorithm 3 correctly return the PBE strategy for the proposing agent
when the deadline is known in advance (Algorithm 1) and when the deadline is known
with someprobability (Algorithm 3).
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If the proposer is not known in advancethen,in general, neither agenthasa dominant
strategy. In Section 7.3 a generalmethodfor solving the gamewith anunknown proposer
was discussed. This sameapproachcanbeusedif agents have randomalgorithms, where
the new de®nition of a deliberation state is used, and the deliberation action space in
enlargedto includetheselection of randomnodesandnumbers.

8.2. Agents with different algorithms

Another setting whereuncertainty arisesis thesituation whereagentsdo not necessarily
usethesamealgorithms. For example,agentα may bevery skilled at solving oneproblem
typewhile agent β may havedifferent algorithmic skills.

If the agents, α andβ , do not have access to the same algorithms, and the algorithms
are not related(that is, oneagent'salgorithm performing well on a probleminstanceis no
indication that the other agent's algorithm would have also performedwell on the same
probleminstance)thenan agenthasno incentive to use any of its deliberationresources
to compute solutions for the other agent's problem. Deliberating (or emulating) on an
opponent's problemreducestheamountof time (andthussolution quality) thatan agent
canobtain for its own problem,or for the joint problem,while providing no signals asto
whatvaluestheopponenthasobtainedfor theproblems.

However, oftentheagents'algorithmswill becorrelatedin that if oneagent'salgorithm
returns a certain solution value to a problem, another agent's algorithm would return a
similar solution value. In such a setting, anagent maywant to use someof its deliberation
resourcesto compute on its opponent's problems. While the agent must use its own
algorithms which differ from its opponents, the results obtained from deliberation (or
emulation)cansignalinformationaboutthesolutionqualitythattheopponenthasobtained
for itsproblems.

Agentsmayalso havecollectionsof algorithms, andusedifferentalgorithmsto compute
solutionsto differenttypesof probleminstances. They may select which algorithm to use
onwhichprobleminstanceandmayswitch betweenalgorithmsevenwhile deliberatingon
the sameprobleminstance,starting thenew algorithm with the solution computedby an
earlier algorithm.

A collectionof algorithmscanbecapturedin an augmentedperformancepro®le treeas
seenin Fig. 6. Our results thatuse augmentedperformancepro®le treesapplyto thecase
of algorithm collectionsandagentshaving differentalgorithmsaslongasthechoiceof the
algorithmsis doneat random(for example,eachagenthappensto have some algorithm
from a collection of algorithms) rather than strategically by the agents. Speci®cally, the
randomnodesin theaugmented performancepro®le treewill thenrepresent randomness
thatstemsfrom uncertainty regarding theopponent'salgorithm. 11

11The setting where agentsstrategically switch betweenalgorithms is more complicated.An agentmay use
partial results from onealgorithm as a starting point for another. Eachagent's single deliberationproblem, of
how muchtime to allocateto its own problem, whento switch betweenalgorithms, and what solution to useasa
startingpoint for thenew algorithm iscomplicatedin itself. Therefore,in thispaperwedo notattempt to analyze
such asituation.However, thesingle agentproblemis interesting in itself and is worth future investigation.
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Fig. 6. An agent's augmentedperformancepro®le treewherethe opponentmay have either of two algorithms,
Algorithm A or Algorithm B. At randomnodex, the two algorithms start to differ in how well they are likely
to solve the probleminstance.In onestep of computation,Algorithm B would reacha solution representedby
noder . On theotherhand,Algorithm A could leadto nodey, z, or q, eachwith acertain probability.

8.3. Agents that do not know each others’ problem instances

Anothersituation whereuncertaintycanenterthe pictureoccurswhenagentsdo not
actually know what problem instance(tasks, resources, etc.) the opponenthasand that
affectstheopponent's individualproblemandthejoint problem.Instead,eachagenthasa
probabilitydistribution over possibleprobleminstancesof theopponent,andperformance
pro®le treeswhichdescribehow eachalgorithmperformson thedifferentinstances. Now,
anagentcandeliberate(or emulate)several stepson thesolution to oneprobleminstance,
and then several more stepson anotherproblem instance,etc., using the performance
pro® le trees(see,for example, Fig. 7) to guide the deliberation process.This allows the
agentto getabetterprobabilistic estimateof theopponent'ssolutionsto thethreeproblems
aswell asthe agent's own solutionsto the threeproblems. 12 However, this deliberation
doesnotremoveany of theuncertainty asto whatprobleminstancetheopponenthas. That
is, theagentcannotupdateits probabilitydistribution over thepossible probleminstances
by deliberating on theopponent'sproblem.

8.4. Uncertainty that arises from combinations of sources

As mentionedin the previous subsections, uncertainty may arise for many different
reasons:

12We assume that if the agentsagree to go with the joint solution, the agentslearn eachothers' problem
instancesat the end of the game. That is, no deliberation can occur after that time. We also assume that the
proposer offers the other agenta ®xed value (chosen by the proposer), so that the proposer carriesall the risk
relatedto theuncertaintyabouttheother's probleminstance.
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Fig.7.An augmentedperformancepro®le treethatagentα usesfor agentβ 'sproblem. Agentα hasuncertainty as
to which probleminstanceagentβ hasencountered.Instead,agentα hasaprobability distribution over thethree
possible probleminstances, probleminstance1, probleminstance2, andprobleminstance3. At nodeA agentα
selectswhichprobleminstanceto begin computingon.After deliberatingfor several steps, it canreturnto nodeA
andselectanotherprobleminstanceto deliberateon. Say, for example, agentα computedon all threeproblem
instancesandreachednodeB for probleminstance1, nodeC for probleminstance2, andnodeD for problem
instance3.Then,agentα knowsthatif agentβ hascomputedonits own problemandtheprobleminstancewas1,
thenthesolution agentβ obtainedwaseithernodex or nodey. If theprobleminstancewas probleminstance2,
thenagentβ would havereachednoden andif theprobleminstancewasprobleminstance3, thenagentβ would
have reachedeithernodep or nodeq. It is notpossible for agentβ to haveobtainedsolutionsz,m or o.

(1) Thealgorithmsmayperformdifferentlyondifferentprobleminstances.
(2) Agentsmayhaverandomizedalgorithms.
(3) Agents may have differentalgorithms and might not know which algorithm the

opponentusesfor sure.
(4) Agentsmayhaveuncertainty asto whatprobleminstancetheopponenthas.

Theresultsandtechniquesof thispaperapply to combinationsof thesourcesof uncertainty
aswell. For example,in any setting wherethereare randomizedalgorithms, agentscan
emulatethe algorithms' runs. The emulation will still be effective even if there are other
sourcesof uncertainty suchasuncertainty abouttheprobleminstance.

In the most generalsetting, agents have differentrandomizedalgorithms and do not
know exactly whateachothers' probleminstancesareor whatalgorithm theopponentis
runningexactly. The results of this paperapply to that setting as well, whenaugmented
performancepro®le treesareused. Therandomnodesin those treescapture the different
typesof uncertainty.
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9. Conclusions and future research

Noncooperativegame-theoreticanalysis is necessary to guaranteenonmanipulabilityof
systemsthat consist of self-interestedagents.However, theequilib rium for rational agents
does not generally remain anequilib rium for computationally limited agents. This leaves
apotentiallyhazardousgapin theory. Thispaperpresenteda framework andthe® rst steps
toward ®llin g that gap.

We studied a setting where eachagent has an intractable optimization problem, and
the agents can bene®t from pooling their problemsand solving the joint problem. We
presenteda fully normative model of deliberation control that allows agents to condition
their projectionsof their anytime algorithms' performanceon the probleminstanceand
path of solutionsseenso far. We show how this approachcanbe generalizedto handle
uncertainty that may arise in deliberation, either from the problem instance itself, from
the use of randomalgorithms, from theuse of differentalgorithms, and uncertainty about
the opponent's problem instance.Using that model, we solved the equilibrium of the
bargaininggame.This is, to ourknowledge,the® rst pieceof researchto treatdeliberation
actions strategically via noncooperative game-theoretic analysis. We call this solution
conceptthedeliberation equilibrium.

In ultimatum gameswhere theagentsknow whichonegets to makea take-it-or-leave-it
offer to theother, thereceiver of theoffer hasadominantstrategy of computingon its own
problem, independentof the algorithm's statistical performancepro®les. It follows that
thesegameshavepurestrategy equilibria. In equilibrium,theproposercanswitch multiple
timesbetweencomputing on its own, the other agents, and the joint problem.Thegames
differbased on whetheror not thedeadlineisknown andwhethertheperformancepro®les
are deterministic or stochastic. We presented algorithms for computing a pure strategy
equilibrium in eachof these variants. For gameswhere the proposer is not known in
advance,weuseageneral algorithm for ®nding amixedstrategy equilib rium in a2-person
game[14]. Thisgenerality comesat thecostof potentially beingslowerthanour algorithms
for theothercasesandonlyguaranteesthatsomeequilibriumwill befound,notnecessarily
all.

In situationswherethereis uncertainty asto which agentwill make the ® nal proposal,
we show that there exists instances, de®ned by the performancepro®les, where there
is a unique mixed strategy perfect Bayesian equilib rium but no pure strategy one. This
meansthat in equilibrium agentswould have to randomizedover which action to take.
We alsoshow that there exist instanceswhere, in equilib rium, agentsdo not allocatetheir
deliberation resourcesoptimally which leadsto non-Pareto ef® cient outcomes.

Our approachof combininga normative modelof boundedrationality with a nonco-
operative solution concept leads the way to building systems where the agents are self±
interestedand computationally limited. This areais ®lled with promising future research
possibilities and canbeextended in severaldirections. Weplanto analyzericherbargaining
settings. In particular we areinterested in allowing negotiation to occuramidst computa-
tion,not just after it [16]. In suchsettings, proposalssignalaboutwhatproblemstheother
agenthascomputedon,whatsolutionsit hasfound,andwhatsolutionsit expects to ® nd if
it computesfurther. We arealso interested in extending the modelto settingswherethere
aredif ferentmodelsof boundedrationality(e.g.,costly but unlimitedcomputationaswell
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ascomputation whichisboth costly andlimited),andto settingswheretherearemorethan
two agents involved in bargaining.

An exciting research path which we plan to explore is the design of mechanisms that
leadto asef®cient aspossible outcomeswith aslittle redundantcomputationas possible.
While it hasbeenpointedout that the centralrevelation principle from noncooperative
gametheory [19] ceases to apply when computationalcomplexity limits eachagent's
rationality [23,32], our model providesaframework for actually deriving results in settings
wheretherevelationprinciple fails to hold. This framework allowsoneto analyzeproblems
beyond bargaining as well, including auctionswhere eachagentneedsto potentially
solve an intractableproblemto determineits valuations[17,18], and voting whereeach
agentneedsto potentiallysolve an intractableproblemto determineits preferencesover
outcomes.
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