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Abstract

We investigate deliberation and bidding strategies of agents who are limited in their deliberation capabil-
ities by either deadlines or cost and who are participating in auctions. The agents do not a priori know their
valuations for the items being auctioned. Instead they devote computing resources to compute their valuations.
We present a normative model of bounded rationality where deliberation actions of agents are incorporated
into strategies and deliberation equilibria are analyzed for standard auction protocols. We show that even in
settings such as English auctions where information about other agents’ valuations is revealed for free by the
bidding process, agents may still compute on opponents’ valuation problems, incurring a cost, in order to
determine how to bid. We compare the costly computing model of bounded rationality with the model where
computing is free but limited. For the English and Vickrey auctions the equilibrium strategies are substantially
different in that in free but limited computing agents will not compute on each others’ problems, but under
the costly model there exist instances where agents may compute on each others’ problems in equilibrium. It
can be concluded that the model of bounded rationality impacts the agents’ equilibrium strategies and must be
considered when designing mechanisms for computationally limited agents.

1. Introduction

It is an unavoidable fact that most systems will have bounded resources. There are restrictions on memory,
space and computing cycles; Tasks have to be completed by deadlines; The costs of obtaining solutions
may be prohibitively expensive. In such settings, perfect rationality does not always make sense. Perfect
rationality, as used by economists, is focused on what actions agents make as opposed to how the agents
decided to choose these actions. For example, the perfect rationality paradigm does not make a distinction
between an agent exhibiting intelligent behavior that does the right thing by some means, and intelligent
behavior that is the result of intelligent reasoning. When there are bounded resources, it is not fair to judge an
agent irrational if it fails to take the best action. It well may have been behaving rationally given the resources
available to it.

In multiagent systems the impact of bounded resources has large influences. There has been a move from
having multiagent systems with a central designer who controls the behavior of all system components, to
having a system designer who can control only the mechanism (rules of the game), while allowing each agent
to choose their own strategies. The efficiency of the system depends on the agents’ strategies. So, to develop
a system that leads to desirable social outcomes the designer must ensure that each agent is motivated to
behave in the desired way. This can be done using the Nash equilibrium solution concept from game theory
(or a refinement); no agent is motivated to deviate from its strategy given that the others do not deviate
[27, 24]. The problem is that the equilibrium for rational agents does not generally remain an equilibrium for
computationally bounded agents. This leaves a potentially hazardous gap in game theory as well as automated
negotiation since agents may no longer be motivated to behave in a desired way.

Decision making under settings of bounded resources is challenging even for single agents. The field of
artificial intelligence has long searched for useful techniques for coping with restricted resources. Herbert
Simon advocated that agents should forgo perfect rationality in favor of limited, economical reasoning. He
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claimed that “the global optimization problem is to find the least—cost, or best-return decision, net of com-
putational costs” [41]. Considerable work has focused on developing normative models that prescribe how
a computationally limited agent should behave (see, for example [10, 35, 7]). This is a highly nontrivial un-
dertaking, encompassing numerous fundamental and technical difficulties. As a result most of those methods
resort to simplifying assumptions such as myopic deliberation control [37, 2], conditioning the deliberation
control on hand-picked features [37], assuming that an algorithm’s future performance can be deterministi-
cally predicted using a performance profile [11, 12], assuming that an anytime algorithm’s future performance
does not depend on the run on that instance so far [4, 45, 44, 10] or that performance is conditioned on quality
so far but not the path [9], or resorting to asymptotic notions of bounded optimality [36].

While such simplifications can be acceptable in single-agent settings as long as the agent performs rea-
sonably well, any deviation from full normativity can be catastrophic in multiagent settings. If the designer
cannot guarantee that the strategy (including deliberation actions) is the best strategy that an agent can use,
there is a risk that an agent is motivated to use some other strategy. Even if that strategy happens to be “close”
to the desired one, the social outcome may be far from desirable. Therefore, a fully normative deliberation
control method is required as a basis for analyzing each agent’s best strategy. This paper presents such a fully
normative deliberation control method. It takes into account that each agent may use all the information it has
available to control its computing, including conditioning on the problem instance and the path of solutions
found on the run so far. This paper will discuss how this deliberation control method can be used as a basis
for deciding on an agent’s best-response strategy: what deliberation actions and bidding actions the agent
should execute at any point in the game.

Game theorists have also realized the significance of computing limitations (see, for example [34]), but
the models that address this issue have mostly analyzed how complex it is to compute the rational strategies
[15] (rather than the computing impacting the strategies), memory limitations in keeping track of history in
repeated games via deterministic finite automata or Turing machines (see, for example, [1, 29, 8]), limited
uniform-depth lookahead capability in repeated games [13], or showing that allowing the choice between
taking one computing action or not undoes the dominant strategy property in a Vickrey auction [40]. On
the other hand, in many multiagent settings the limited rationality stems from the complexity of each agent’s
(optimization) problem, a setting which is ubiquitous in practice.

In this paper we investigate deliberation and bidding strategies of agents that have limitations on their
computing resources.! These limitations take one of two forms. There may be deadlines where agents
can compute freely up until a certain point in time, at which point all computing must cease. The second
limitation may take the form where agents have unlimited but costly computing resources. They do not a
priori know their valuations for the items being auctioned. Instead, they must devote computing resources in
order to compute their valuations. They can also compute on other agents’ valuation problems so as to gain
information about the others’ valuations, allowing for better strategic bidding. We present a fully normative
model of deliberation control and define agents’ strategies in this setting, as well as the concepts of strong
and weak strategic computing. We analyze different auction mechanisms and settings, presenting results on
whether or not strategic computing occurs in equilibrium.

2. Game Theory and Auctions

In this section we provide an overview of some key concepts from game theory, and a description of some
common auction mechanisms. We also describe the equilibrium strategies of fully rational agents in the
different auctions.

2.1 Game Theory

An extensive game is a detailed description of the sequential structure of the decision problems encountered
by the players in a strategic situation. A game consists of a set of agents, I (|I| = n), a set of actions
available to each agent, 7, a set of histories for each agent 7 (sequences of actions taken by agent 7), and a set

1. In the paper the terms computing and deliberation shall be used interchangeably.



of outcomes, O. Each agent is free to choose which strategy to use where a strategy is a contingency plan that

determines what action the agent will take at any given point in the game. A strategy profile, s = (S1,...,8n),
is a vector that specifies one strategy for each agent ¢ in the game. We use the notation s = (s;, s_;) to denote
a strategy profile where agent i’s strategy is s; and s_; = (s1,...,8;-1, Si+1,--.,5n). The strategies in a

strategy profile determine how the game is played out, and that determine the outcome, o(s) € O. Each agent
1 tries to choose a strategy s;, so as to maximize its utility, which is given by a utility function u; : O — R.
Noncooperative game theory is interested in finding stable points in the space of strategy profiles. These
stable points are the equilibria of the game. There are many types of equilibria but in this paper we focus on
two of the most common ones: dominant strategy equilibria and Nash equilibria.
A strategy is said to be dominant if it is an agent’s strictly best strategy, against any strategy the other
agents might play.

Definition 1 Agent i s strategy, s} is a dominant strategy if
Vs_; Vst # 57 ui(o(sF,s_;)) > ui(o(sh, 5_4)).
The strategy is weakly dominant if the inequality is not strict.

If in a strategy profile s = (s7,...,s}), each strategy s; is a dominant strategy for agent 4, then the
strategy profile s is a dominant strategy equilibrium. Agents do not always have dominant strategies, and so
dominant strategy equilibria do not always exist. Instead a different notion of equilibrium is often used, the
Nash equilibrium.

Definition 2 A strategy profile s* is a Nash equilibrium if no agent has incentive to deviate from its strategy
given that the other players do not deviate. Formally,
Vi s} wi(o(s7,571)) 2 wilo(s), s",)).

The Nash equilibrium concept assumes that all agents have full information about the other agents in the
game. This may not always hold. Instead, agents may have secret information which influences their strategy
choices. The actions an agent takes may provide information to the other agents in the game. These signals
(observed actions taken by the agent) can be used by others to update their beliefs about the private informa-
tion of the agent. A Bayes-Nash equilibrium is a Nash equilibrium where agents have private information and
update their beliefs about other agents’ private information by applying Bayes Rule after observing signals
from the others.

2.2 Auctions

Auctions are stylized markets and have been well studied in the game theory and economics literature [25, 43].
The term auction is used for settings where there is one seller of items and multiple buyers.? In particular,
auctions are bidding mechanisms that are described by a set of rules which specify how a winner is deter-
mined, and how much the winner should pay. Auctions can be classified in many different ways. As is
commonly done, in this paper we focus solely on auction categories where agents have private values, are
risk neutral and have quasilinear utility functions. That is, the value of an item to a bidder depends only on
that bidder’s own preferences (private value), and if an agent wins an item in the auction, the agent’s utility is
equal to its own value for the item minus the amount that it must pay (u; = v; — p;). There are many different
types of auction mechanisms that have these properties. In this paper we will study standard single item and
multiple item auctions.

2. A reverse auction has one buyer and multiple sellers. In this paper the focus is on auctions, though the techniques presented work
equally well for reverse auctions.



2.2.1 SINGLE-ITEM AUCTIONS

As the name implies, in single item auctions there is only one item for sale. Agents place bids on the item
and the auctioneer determines who gets the item and what amount should be paid. There are three commonly
studied single item auctions; Ascending, First-price-sealed-bid, and Vickrey. In this paper we will study these
three auctions.

In an ascending auction the auctioneer raises the price of the item. At any point in time a bidder can
decide to withdraw from the auction. It does this by making an announcement to the auctioneer. Once a
bidder has left the auction, it is not allowed to reenter. For rational agents there is a dominant strategy. An
agent should stay in the auction until the price is equal to its value. As soon as the price rises above an agent’s
value, then that agent should withdraw.

each bidder is free to raise its bid. When no bidder is willing to increase the bid further, the auction ends
with the item being allocated to the agent with the highest bid. That agent pays the amount of its bid. For
rational agents there is an optimal best response bidding strategy. Agents keep bidding some small amount
€ more than the previous high bid until they reach their valuation. They stop bidding at that point. This is a
(weakly) dominant strategy [17].

In a first—price sealed-bid auction each agent submits one bid without knowing the other agents’ bids.
The highest bidder wins the item and pays the amount of her bid. There is no dominant bidding strategy for
rational agents. An optimal strategy depends on the bids of the other agents [17].

The third auction type is the Vickrey auction or second—price sealed—bid auction. Each bidder submits
one bid without knowing what the others’ bid. The highest bidder wins the item but pays the amount of the
second highest bid. For rational agents there is a (weakly) dominant strategy which is for each agent to bid
its true valuation [17].

2.2.2 MULTI-ITEM AUCTIONS

In auctions where multiple distinguishable items are sold, bidding strategies for agents can be complex. A
bidder’s valuation for a combination of items might not be the sum of the individual items’ valuations. It may
be greater, smaller, or the same. In traditional auction formats where items are auctioned separately, in order
to decide how much to bid on an item, an agent needs to estimate which other items it will receive in the other
auctions. This can lead to inefficient allocations where bidders do not get the combinations they want or else
get combinations that they do not want [40].

Combinatorial auctions can be used to overcome these deficiencies. In a combinatorial auction, bidders
may submit bids on combinations of items which allows the bidders to express complementarities between
items. Based on the bids on the combinations of items, or bundles, the goods are allocated to the agents.
Let X = {x1,..., 2, } be aset of items. A bundle is a subset of the items, for example, {z;} or {z1, z,}.
An allocation of items among a set, I, of agents is Y = (yi,...,¥7) where y; C X, Uyz‘lyi C X and
y;Ny; = 0 for i # j. The generalized Vickrey auction (GVA) is a combinatorial auction where the payments
are structured so that each bidder’s dominant strategy is to bid truthfully. It is an application of the Clarke tax
mechanism to auctions [5].

The generalized Vickrey auction (GVA) works in the following manner.

1. Each agent declares a valuation function. So v;(y;) is agent ¢’s valuation for allocation Y where it is
: 4
given y;.

2. The GVA chooses an optimal allocation Y* = (yj, ..., I|*) that maximizes the sum of all the agents’
declared valuations.

3. This auction is sometimes called a Japanese auction. It differs from the standard English auction because the price is controlled by
the auctioneer, not the agents. This means that agents can not “jump bid” or need to be concerned with other strategic behavior.

4. This paper focuses on combinatorial auctions where the value of an agent depends only on the items that it is allocated. It does
not care what items are allocated to other agents. In allocation auction, however, an agent’s value can depend on both the items
allocated to it, and the items allocated to others.



| Auction Dominant strategy equilibrium? |

First-price-sealed-bid no
Ascending yes
Vickrey yes
GVA yes

Table 1: For rational agents the type of equilibrium outcome depends on the auction rules. For example,
in a Vickrey auction, agents have dominant strategies while in a first-price-sealed-bid auction, an
agent’s optimal strategy depends on what strategies other agents are following.

3. The GVA announces the winners and their payment p;:

pi=Yvyy) = D vi))

i j#i

where Y/ = (¥4, ..., ¥i_1:Yip1>--- ,yl’ II) is the allocation that maximizes the sum of all agents’ valu-
ations assuming that agent ¢ did not participate.

Under the usual assumption that each agent has quasilinear preferences u;(y;) = v;(y;) — p;, the utility of
bidder ¢ in the GVA is

wiyy) = vily;) —pi = viyi) + v (y5) = D vi(y)).
J#i J#i

The GVA has several nice properties for rational agents. First, if the agents have quasilinear preferences,
the GVA is incentive compatible. The dominant strategy for rational agents is to bid their true valuations
for the bundles of items. Second, the GVA is Pareto efficient. There is no other way to allocate the items
(and compute payments) that would make some agent better off without making some other agent worse off.
Finally, it is individually rational for agents to participate. An agent’s utility obtained from participating in
the GVA is never lower than if it had not participated (that is, the agent will never end up paying more for its
bundle of items than its true valuation for the bundle).

2.2.3 COMPARISON OF AUCTIONS

The auctions described in the previous sections have been well studied for rational agents and the equilibria
have been determined. The ascending auction, Vickrey auction and the generalized Vickrey auction all have
dominant strategy equilibria or optimal best response equilibria [42, 17] . This means that agents participating
in the auction do not have to guess what strategies other agents are following in order to play optimally. The
first-price-sealed-bid auction has only Nash equilibria. An agent’s optimal strategy depends on the strategies
of the other agents. Table 1 shows which auctions have dominant strategy equilibria for rational agents.

3. Value Discovery

To bid sensibly, agents must have a value for the items being auctioned. How are these values obtained?
In this paper we focus on settings where agents do not simply know (or are told) their valuations. Instead
agents must actively allocate resources to determine them [38, 39]. If agents know their values a priori or
are able to determine them with ease, then they can simply follow the equilibrium strategies for fully rational
agents. However, in many situations agents have restrictions placed on their capabilities which affect how
they are able to determine the values for the items. In the rest of the paper we will assume that agents are
computational in nature. That is, agents determine their valuations by computing.



3.1 Role of Computing

In our model agents compute to determine their value for items up for auction.> While agents will be mainly
interested in computing to determine their own values, they are also able to use their resources to (partially)
determine the values of competitors. However, no matter how an agent uses its resources, it is important to
first distinguish how computing affects the values.

We assume that an outcome from computing is represented as a feature vector.

Definition 3 (Feature Vector) A feature vector for agent i at time t, f ;(t), is
f.(t) = (insts(t),sol(t)) €[ x S

where 1 is the set of features describing problem instances and S is the set of features describing problem
solutions. We define ;(t) to be the set of feature vectors at time t.

To illustrate the difference between problem instance features and solution features, consider the traveling
salesman domain. The domain of problem instance features includes the average distance between cities and
the variance in these distances while a solution feature is the length of a computed tour. Given a feature
vector, we assume that agents are able to extract information from it in order to have a value for the item
for auction. We denote the value of agent i, given feature vector f;(t), by v;(f;(t)). This value function is
domain dependent. For example, in a traveling salesman problem, the value of a feature vector may be the
length of the present tour as that determines how far the salesman has to drive. While we put few restrictions
on how agents use the feature vectors to determine their values, we do assume that values are derived entirely
from information in the feature vectors.

Computing can be used to improve or refine values. When agents compute to improve values, they must
have some initial value for the item. We usually assume that this value is 0, but it need not be. As the agent
computes the value of the item improves.

Definition 4 (Improving) Computing improves an agent’s value if for all amounts of time t,t' such that
>t
o(f(t) = v(f(1)).

Computing can also be used to refine values. When agents refine their values they start with an initial
probability distribution over the interval where the true value lies. By computing, the agent refines the prob-
ability distribution until it learns the true value of the item by either obtaining the item and determining the
true value, or refining the distribution of the value to a single point mass.

Definition 5 (Refining) Computing refines an agent’s value if, by computing, the variance of the distribution
from which the agent learns the value is drawn, is reduced. Formally, let Ft, F ' be the probability distri-
butions over an agent’s value at time t and t', and let 07,07 be the variance of the respective distributions.
Then, ift' >t

O’t% < 0t2 .

There is a subtle difference between computing to improve values and computing to refine values. When
an agent computes to improve a value, if it is allocated the item, then the item’s value is equal to the computed
value. For example, in a traveling salesman domain, an agent’s value may be equal to the inverse of the
distance of the tour. As an agent computes, it finds shorter tours. When the agent is chosen to do the job,
then its value is determined by the tour that it has computed. If the agent refines its value, the item has a
value and the agent is computing to determine it. If the agent is allocated the item then it learns the true
value. For example, in the art world the value of a painting depends, among other things, on whether it is a
forgery. A bidder may have an initial guess as to whether the painting in question is a forgery or not, but by
researching (computing) the bidder is able to better ascertain the likelihood of whether the painting is forged.
This computing does not change the value of the painting, but it allows the bidder to submit a more informed
bid.

5. Another interpretation is that agents are gathering information about their values. Everything discussed in this section also applies
in the information acquisition model.




3.2 Restrictions on Computing

Agents often have restrictions on their available resources which effect how they can use them. In this paper
we study a general restriction on agents’ computing power. We investigate a setting where agents have a cost
associated with computing which means that they may not be able to optimally solve their value problems
because the expense becomes too high.

Assume that there are n possible problems on which an agent can compute. Define T to be the set of
vectors (1, ..., ty,) such that ¢; is the amount of time spent computing of problem .

Definition 6 (Costly Computing) An agent ¢ has costly computing if there exists a cost function, cost;,
cost; : T" — R U {0}.

In general there are no restrictions placed on the cost functions of agents. However, there exists a family
of cost functions that are of special interest. Let D be some amount of time. For any ¢ € T™ define cost
function,cost? to be
0 if 2?21 t; <D,

oo otherwise.

cost? () = {

Such a cost function allows an agent to compute freely up to time D. After time D the agent must stop.
This is exactly the situation where agents have hard deadlines. Since this is a situation that arises often in
practice, we study it in detail.

Definition 7 (Limited Computing) An agent has limited computing if at some time D, it must stop com-
puting on all problems. That is, its cost function is cost” .

3.3 Controlling Computing

When agents have restricted computing capabilities there are tradeoffs that they must make in order to use
the available resources in the best possible way. In particular, agents want to be able to find solutions that
lead to decisions that “the least-cost, or best-return decision, net of computational cost” [41]. While the type
of restrictions placed on the agents are exceedingly important to the agents, the tools that agents are supplied
with in order to best use the resources are also important. In this section we describe different dimensions in
the space of tools available to agents.

3.3.1 ANYTIME ALGORITHMS

We assume that agents have algorithms that allow them to make a tradeoff between their computing resources
and the quality of solutions (values). In particular we assume that agents have anytime algorithms. Anytime
algorithms have the property that they return better quality solutions as more time is allocated to them. All
anytime algorithms fall into one of two categories, interruptible algorithms or contract algorithms.

Definition 8 (Interruptible Algorithms) Let A be an anytime algorithm, and let v 4(t) be the quality of the
results obtained by stopping the algorithm after time t. Algorithm A is an interruptible anytime algorithm if
for all time t,t' if t' >t then

vA(t') = va(t).

Definition 9 (Contract Algorithms) Let A be an anytime algorithm and let v 4(t) be the quality of results
at time t. Algorithm A is a contract algorithm if,

1. For any times t,t', t' > t, announced prior to the start of the algorithm
va(t') > valt),

2. and, for any time t* # t,t', if algorithm A is stopped at time t there is no guarantee on the quality of
results.



There is one substantial difference between interruptible and contract algorithms. Interruptible algorithms
do not require the run-time to be determined in advance. They can be stopped at any time and are guaranteed
to return a useful result. Contract algorithms, however, need to know in advance how much time has been
allocated. A contract algorithm will optimize for the allocated amount of time, but makes no guarantees as to
the solution quality if the algorithm is stopped at some other time point.

Many algorithms have anytime properties. Most iterative refinement algorithms are interruptible since
they are always able to return a solution, and improve it if allowed to run longer [26]. There exist tree search
algorithms that can be modeled as contract algorithms. For example, RTA* uses a predetermined search
horizon that is computed from a given time allocation [16]. While the algorithm can return a result for any
time allocation, if it is interrupted before the time allocated then it may not return a result.

3.3.2 PERFORMANCE PROFILES

While anytime algorithms are models that allow for the trading off of computing for solution quality, they do
not provide a complete solution for agents. Instead, anytime algorithms are paired with a meta-level control
procedure the aids in determining how long to run an algorithm, and when to stop computing and act with the
solution obtained. There are two components to the procedure; the performance profile which describes how
computing time affects the output of the algorithm, and a process for using the information in the performance
profile to make decisions. For the rest of the paper we will use the term performance profile to refer to both
the descriptive and procedural aspects.

For an agent to make good decisions about how to use it computing resources, it is important that it know
what results computing has currently given it. We assume that each agent keeps this information in a state of
computing.

Definition 10 (State of Computing) Assume agent i has n possible problems on which it can compute. The
state of computing of agent i at time vectort = (t1,...,t,) is

0i(t) = (F1(tr), . Fultn))-
Let ©;(t) be the set ©,(t) = {60;(¢)|t = >0, t;}.

As mentioned earlier, the descriptive part of the performance profile describes how the results of an
anytime algorithm change as more time is allocated. This helps an agent decide how much time it should
spend computing on a particular problem. At the abstract level, a performance profile is a procedure that
potentially uses information about current results to determine a probability distribution over future results.

Definition 11 (Performance Profile) Let agent i be planning to compute on problem j. Let Ff (t) be the set
of feature vectors for problem j at time t, T be the set of time steps and ©; = UierO;(t). The performance
profile for agent i and problem j is _

PP} :T x ©; — AF,.

That is, PPi(t,0,(F')) = AF.(t).

Definition 11 is very abstract and does not state how the the probability distribution is determined nor
what information from the state of computing is used. There are numerous ways of doing so, and in the rest
of this section we outline some commonly used performance profiles.

The deterministic performance profile is the simplest implementation. of a performance profile. There is
no uncertainty as to what feature vector will result for any time allocation. By abusing notation, a determin-
istic performance profile got agent ¢ and problem j, can be represented as

PPj(t) = f;(t).

In particular, knowledge of the state of computing plays no role in the outcome. Figure 1 illustrates a deter-
ministic performance profile. With a deterministic performance profile, an agent can determine the optimal



optimum | ___ _______________

solution quality

computing time

Figure 1: A deterministic performance profile for an anytime algorithm. For ease of illustration, the y axis
shows solution quality, or v(f(t)) instead of feature vectors, f(t).

time allocation given its cost function, before doing any computing. The deterministic performance profile
is useful for predicting solution quality only where there is no uncertainty in an algorithm’s execution, and
all instance features have been completely observed. Sadly, this is often not the case. Algorithms often in-
corporate randomization and often it is not possible to describe all features of a solution or instance due to
lack of space or lack of knowledge. This can lead to some form of subjective uncertainty. The stochastic
performance profile captures this uncertainty.

A stochastic performance profile maps allocation times to a probability distribution over feature vectors,
that is ‘

PPj(t) = AF/(t).

Like the deterministic performance profile, knowledge of an agent’s state of computing plays no role in the
outcome. An agent can determine the expected optimal time allocation given its cost function, before doing
any computing. Figure 2 illustrates a stochastic performance profile.

optimum | __________________

solution quality

computing time

Figure 2: A stochastic performance profile for an anytime algorithm illustrating that there are multiple pos-
sible solutions for any allocation of time. The y axis shows solution quality instead of feature
vectors. That is, the y axis is v( f(t)) instead of f(t).

The deterministic and stochastic performance profiles are ideally suited for contract algorithms as they
allow agents to predict the future outcomes of algorithms. While they can also be used for interruptible



algorithms, often there is information in the states of computing of the agents that can be used to make better
computing tradeoffs. Taking information from an algorithm’s progress into account when making decisions
about allocating resources is called conditioning.

There are different levels of conditioning. An agent can condition using only the most recent results.
Given a state of computing, the performance profile determines a probability distribution given the current
feature vector for that problem. Formally, a performance proﬁle,PPj conditions on the most recent results if

PPi(t; +2,0,(%)) = AF (¢t + )|f;(t;)

where AF/(t + 1:)|?] (t;) is the probability distribution over feature vectors at time ¢t; + x given that the
present feature vector is f;(t;).

Performance profiles that condition on the most recent result are often represented as a table of discrete
values which specifies a discrete probability distribution over solution vectors for each time step. While
discretization is necessary in order to make any representation of a performance profile feasible, the table
based approach looses some information that can be useful in conditioning. For example, information about
the path of the algorithm is lost (Figure 3).

0.0 0.0 0.0 0.0 0.0 0.3

0.0 0.0 0.0 0.1 0.2 0.5

0.0 0.0 0.1 0.25 0.3 0.2

0.0 0.0
quality A

0.0 ¢ 0.2 0.2 0.09 0.0

001 | 03 ys/ Bl 005 | 001 | 00

0.98 0.5 0.2 0.0 0.0 0.0

0.-(-)1——9.'{ 0.0 0.0 0.0 0.0

0.4 0.0

time

Figure 3: A table-based performance profile. While it is possible to condition on solution quality, information
about the path is lost. For example, to reach the shaded square, an algorithm could have followed
path A or path B. If it followed path B then it appears more likely that the solution quality would
continue to improve at a faster rate than if path A had been followed.

There are a range of techniques for working with table-based performance profiles, ranging from a simple
myopic approach that simply, given the current solution quality, makes its decision about computing based
on one-step of lookahead [9], to more complex techniques involving dynamic programming [9].

To illustrate how such performance profiles work, we will describe in detail how the dynamic program-
ming works. The goal is to obtain a monitoring policy 7(g;,tx) which is a mapping from time step ¢
and solution quality g;. We define the utility of having a solution of quality ¢; at time ¢, to beU(qg;,tx) =
g; — cost(ty). A stopping rule can be found by optimizing the following value function

Vigi,t) = U(gi,t) if ¢ = stop
%,t) = max Zj Pr(q;lg:At)V (qq,t + At) if d = continue

to determine the policy

(gi, 1) = Ulgi,t if d = stop
i, t) = argmax Zj Pr(q;lgi, At)V (g;,t + At) if d = continue

~—

10



Sometimes an agent may wish to condition their computing decisions on more information than just most
recent solution quality. In particular the path of the solution may be of use.

Definition 12 (Full conditioning) A performance profile conditioned on path uses all possible information
in order to determine what the best computing action to take is. For example, it considers information about
solution quality, other solution features, and the path of the algorithm.

If agents wish to fully condition their computing actions on all information available (such as solution quality,
problem instance, and path of an algorithm), they require a more general performance profile representation
such as a performance profile tree [18, 20, 22].

A performance profile tree has two types of nodes, and edges that are both weighted and labeled. The
first node type is the solution node. These nodes store the solution quality and feature vector returned by the
algorithm at a certain point in time. The other node type is the random node. Random nodes represent the
use of randomization which may influence the path of the algorithm. The edges emanating from a solution
node always have weight equal to one. This represents the execution of one computing step. The edges from
a solution node are labeled with the probability of reaching a child, given that the parent was reached. The
edges from a random node all have a weight of zero. This is because it is assumed that the randomization
is not a computing step. The random node edges are each associated with some event, such as the drawing
of a specific number. The labels on these edges are the probabilities with which the specific events occur.
Figure 4 exemplifies one such tree.

Figure 4: An agent’s stochastic performance profile tree for a valuation problem. The diamond shaped nodes
are random nodes and the round nodes are solution nodes. The feature vectors are not shown
though the solution quality q(?) is shown for each solution node. At random node A, the proba-
bility that the random number will be 0 is P(0), and the probability that the random number will
be 1 is P(1). The edges from any value node have a weight of one time step, while the edges from
any random node have a weight of zero time steps. This means it takes 3 time steps to reach node

G, and 2 time steps to reach node J.

Performance profile trees can support conditioning on any and all features that are deemed to be of
importance by the agent. In particular any feature in the feature vector can be used for conditioning, as well
as the solution quality of that feature vector. Another feature of the performance profile tree is that it supports
conditioning on the path of solution so far. The performance profile tree that applies given a path of computing
is the subtree rooted at the current node n. This subtree is denoted by 7.7 (n). If an agent is at a node n with
value v, then when estimating how much additional deliberation would increase the valuation, the agent need
only consider paths that emanate from node n. The probability, P, (n’), of reaching a particular future node
n’ in T, (n) is simply the product of the probabilities on the path from n to n’. The expected valuation after
allocating ¢ more time steps to the problem, if the current node is n, is

Z P,(n')-V(n')

where the sum is over the set {n’|n’ is a node in 7;? (n) which is reachable in ¢ time steps}.
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4. Strategic Computing and Deliberation Equilibria

A strategy for an agent is composed of two interrelated components - the computing component and the
bidding component. What an agent bids depends on the solutions it has obtained for the valuation problems,
and the problem an agent decides to compute on depends partially on how it is planning on bidding, and how
other agents bid. Figure 5 illustrates this relation.

[ auction ]
bid bid
agent agent
[ deliberation controller ] [ deliberation controller ]
compute one step ] result compute one step result
domain problem solver domain problem solver
(black box) (black box)

Figure 5: An auction with two computationally limited bidding agents. In order to submit a reasonable bid,
each agent needs to first (approximately) compute its valuation for the item that is up for auction.

Let I be the set of agents and let G be the set of bundles of items that are being auctioned. In our model the
game is divided into time periods. In each time period, an agent, i, is allowed to either execute a computing
action, compgg ) or a computing action followed by a bidding action, (compgg ) b;). A computing action
is the act of computing for one time step on some agent j’s valuation problem for bundle g. An agent may
also decide to take a null computing action, (), by not computing on any problem. The bidding language and
auction mechanism influence the type of bids submitted, but in general, an agent will submit a tuple which
consists of either a numerical value for each bundle being auctioned, or a null value, 0B, indicating lack of
interest in that particular bundle. That is, for agent i at time ¢, b; € (R U )1,

In general a history for agent ¢ at time period ¢, h;(t), is a list of all actions agent ¢ has taken. We
augment this definition of a history to include the cost incurred by the agent at time ¢, cost; (%), and a state
of computing at time ¢, 6;(t). We represent this augmented history by H;(t) = (h;(t), cost;(t), ;(t)) and
define H;(t) = {H;(t)}.

A strategy is a mapping from history to action and the auction mechanism determines the legal strategies
available to an agent. A sequential auction mechanism allows agents to interleave bidding and computing
actions, while in a single-shot auction, the only time bidding is allowed is at the close of the auction.

Definition 13 A strategy for agent i in an ascending auction is

Si = (04(t))iZ0

where
oi(t + 1) : Hi(t) x p(t) — ({9 |g € G, 5 € T} U{P°}) x (stay, fold)!“!

where p(t) is the price at time t.

In a single-shot auction the strategy is different for two reasons. First, agents are only allowed to place
one bid at the close of the auction. Secondly, agents have no opportunity to view other agents’ bids.

12



Definition 14 A strategy for agent i in a single-shot auction which closes at time T is

Si = (0i(t))iZ0
where

(t+1): Hi(t) x Byi(t) — ({99 |g € G,j € I} U{D9}) x {05} ft+1+4T
7i " Hi(t) x Bi(t) — ({9 g e G,5 € IYU{DC}) x (RUDB)ICI  otherwise

If agents’ deliberation and bidding strategies are in (Nash, Bayes Nash, etc.) equilibrium then we say
there exists a (Nash, Bayes Nash, etc.) deliberation equilibrium.

Agents use their computing resources in different ways. They can compute on their own problems in
order to obtain better valuations. They can also compute on their opponents’ problems in an attempt to gather
information about the bids that the opponents may be submitting. We make a distinction between these
two types of deliberation. The first we call weak strategic computing. The second we call strong strategic
computing.

Definition 15 (Strong Strategic Computing) If an agent © uses part of its deliberation resources to com-
pute on another agent’s valuation problems, then agent i is performing strong strategic computing. That is, a
strategy, S; = (0;(t))$2,, consists of strong strategic computing if there exists a t, a history x € H;(t) x B;(t)
such that

ai(t)(x) = (199, b)

where j % i.

In strong strategic computing the agent uses its own computing resources to compute on opponents’
problems, thus incurring a higher cost than if it deliberated on its own valuation problems. This increased
cost, may cause an agent to compute less on its own valuation problems. Weak strategic computing is different
because agents do not actively compute on each others problems.

Definition 16 (Weak Strategic Computing) Assume there are two agents, © and j. Assume that agent j
has two possible performance profiles, P, and Ps. Let SZ»P ! be the set of strategies for agent i if agent j’s
performance profile is Py and let Sip 2 be the set of strategies for agent i if agent j’s performance profile is
Ps. Agent 1 is performing weak strategic computing if it does not actually use its deliberation resources to
compute on another agent’s valuation problems, but does use information from the opponents performance
profile to devise a strategy. That is, agent i is not performing strong strategic computing and

S # 8.

In weak strategic computing, an agent does not use its computing resources to compute on an opponent’s
valuation problem. Instead it forms its deliberation and bidding strategies based on information obtained
by examining the opponent’s performance profiles. An alternative formulation of strategic computing is to
think of it as additional conditioning. Agents are provided with tools (performance profiles) that allow them
to condition their computing on the results they obtain from computing on their own problems. Strategic
computing allows them to further condition their strategies based on results they think their competitors may
have obtained. Ideally, neither form of strategic computing is present in an auction. However, strong strategic
computing is the least desirable since agents not only counterspeculate on other agents’ strategies, but also
use their own limited resources in the process, leading to higher cost and less computing time (and therefore
worse solutions) on their own actual problems. In economic terms, strong strategic computing generally
decreases Pareto efficiency.
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5. Results

In this section we study different auction types in order to understand how the restrictions placed on the
bidding agents computing capabilities affect their strategies. There are some standard game-theoretic as-
sumptions that are made in this section. Unless otherwise noted, we assume that the agents’ performance
profiles and cost functions are common knowledge. We also assume that given a feature vector for a problem
of some agent, it is possible for all other agents to determine the value of that solution from the feature vector.
We assume that all agents are risk neutral, that we are in a private value setting, and an agent’s utility is
defined as

w4 VP cost if the agent is allocated the item
| —cost otherwise

where v is the (computed) value of the item, p is the price paid for the item, and cost is the cost the agent
incurred by determining the value.

5.1 Ascending and Vickrey Auctions

If agents are fully rational, then in both the ascending and Vickrey auctions agents have dominant bidding
strategies. In particular, the two auctions are strategically equivalent as it is possible to find an isomorphism
between the equilibrium strategies. For computationally restricted agents the optimal bidding strategies for
agents in both the ascending and Vickrey auction are similar to those of fully rational agents. Using argu-
ments identical to those used in the fully rational setting, it is possible to show that in a Vickrey auction, a
computationally restricted agent is best off submitting a bid equal to its computed value or equal to its ex-
pected computed value (since we assume agents are risk neutral). Similarly, an agent in an ascending auction
is best off staying the in the auction only until the price becomes greater than its computed value (or expected
computed value). However, there is a potential difference between the computing strategies of agents in the
auctions.

Consider the following simple example. Assume that there are two agents, o and 3. Each agent has
their own cost function, cost,, and costg, and performance profiles PP, and P Pg. Finally, assume that the
performance profiles are such that after one step of computing each agent will know its true value. v; €
[a;, b;]. In a Vickrey auction, an agent has two time points where it is useful to acquire information about
its value. It can either acquire information before it places a bid, or it can bid its expected value and then
wait to determine its true value only after it has been allocated the item.® Since the auction is sealed-bid, an
agent learns nothing about its competitor’s actions. In an ascending auction, the agents have the luxury of
being able to wait for further information before deciding whether to compute on their value problem. In the
small example, even without computing agent ¢ knows that its value must be at least a;. It need not do any
computing to learn its value while the price is below a; since, if it is allocated the item, its utility will surely
be greater than zero. Therefore it is possible that there exist situations where agents would compute to find
their valuations in a Vickrey auction, but would not need to in an ascending auction.

The previous discussion was independent of the type of restriction on the agents computing resources.
We will now study whether having costly or limited computing affects agents equilibrium strategies.

5.1.1 LIMITED COMPUTING

If agents have limited computing, then in both an ascending auction and a Vickrey auction no form of strategic
computing occurs. Agents have (weakly) dominant strategies which have them computing only on their own
value problems, independent of their own and other agents’ performance profiles and deadlines, and whether
they compute to improve or refine their values. We show this by first proving two lemma’s and then combining
the lemmas into the final theorem.

6. Recall, that if the agent computes to improve its value, then it must compute once it has acquired the item as the item has no value
without the occurrence of computing. If the agent computes to refine its value, then once it is allocated the item, it need not compute.
It learns the value of the item upon receipt.
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Lemma 1 Assume agents have limited computing and compute to improve their values. In an ascending
auction or an a Vickrey auction agents have (weakly) dominant strategies which involve no weak nor strong
Strategic computing.

Proof:  Since agents have limited computing, for each agent ¢ there exists a deadline D; such that the cost
function of agent ¢ is
- 0 ifd.t; <D,
cost; () = . 2t = Di
oo if Z i tj > D;

This means that agent ¢ can compute up to D; time steps for free, but will never compute more than D; steps
as then u; = —oo. Assume that agent i computes k; < D; on its own problem. Then, its value is v;(f;(k)).
First, consider a Vickrey auction. Assume that the highest value among the set of agents not including

agent ¢ is b. If v(f;(k)) > b then agent i is allocated the object and u; = v(f,(k)) — b. Since agents are
computing to improve their values, v;(f;(k)) < v;(f;(D;)) and so agent i would have higher utility if it
computed D; steps on its own problem. If b > v;(f;(k)) then u; = 0. If agent i computed for D; steps then
either b > v(f,;(D;)) and so u; = 0 or b > v(f;(D;)) and u; > 0. Computing on another agent’s problem
does not change the second highest bid, and computing less time on its own problem only lowers its utility,
therefore in a Vickrey auction agents should compute only on their own problem until their deadline.

In an ascending auction the argument is identical.

O

Lemma 2 Assume agents have limited computing and compute to refine their values. In an ascending auc-
tion or Vickrey auction agents have (weakly) dominant strategies which involve no weak nor strong strategic
computing.
Proof:  Since agents have limited computing, for each agent 7 there exists a deadline D; such that the cost
function of agent 7 is
_ 0 if) .t; <D

cost; () = { . 2t = Di

oo if Zj tj > D;

This means that agent ¢ can compute up to D; time steps for free, Agent ¢ will not compute for more than D;
steps since then u; = —oo.

Since agents are computing to refine their values, once an agent has been allocated an item it learns the
true value. Agents have no incentive to compute after the item has been allocated since either they know
the value, or they were not allocated the item. This means that in a Vickrey auction agents compute before
submitting a bid, and in an ascending auction agents compute sometime before withdrawing from the auction.

Assume agent, ¢ has computed k; < D; steps on its own problem. Let v; denote the true value of the
item if it is allocated to agent ¢ and let E[v;|k;] denote the expected value of the item to agent ¢ after it has
computed k; steps. Let b be the maximum bid submitted by the other agents in the Vickrey auction. An agent
is always best off by bidding its expected value. The optimal situation is when the bid submitted is equal to
the true value of the item, that is when E[v;|k;] = v;. In such a case, the agent’s utility is

u; = Pr(v; > b)(v; — b).
If Efv;|k;] < v; then the utility for agent 7 is
u; = Pr(E[v;|k;] > b)(v; — b) < Pr(v; > b)(v; — b).
If E[v;|k;] > v; then the utility for agent 7 is

U; = PT(E[Ui|ki] Z b)(’Ui — b) = PT(Ui > b)(Ul - b) — PT(E[Ui|]€i] Z b > Ui)(b - ’Ui)

< Pr(v; > b)(v; — b).
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For the agent to maximize its utility, it must compute so as to have the computed expected value as close
to the real value of the item as possible. From the Chebyshev Inequality, it is known that for any y > 0, the
probability that a random variable v; will be at most distance y away from E[v;] is

[\v]

Pr(lv; — Elv]| > y) < Z—

where o2 is the variance.
Because agents are computing to refine their values, for all ¢ < D; and forall y > 0

2. 2
o (2DZ) < o (2t)
Yy Yy

Thus, if an agent wishes to maximize its utility it is best off computing for D; time steps on its own problem.
In an ascending auction the argument is identical.
O

Combining Lemmas 1 and 2 we derive the following theorem.

Theorem 1 If agents have limited computing then in both the ascending and Vickrey auctions there always
exist (weakly) dominant strategy equilibria where neither strong nor weak computing occurs.

5.1.2 CosTtLY COMPUTING

If agents incur a cost while computing then their optimal strategies may be quite different. It may be of use
for an agent to actually compute on other agents’ problems in order to learn what their values are. That is,
strategic computing may occur in equilibrium.

To illustrate the phenomena we present a simple scenario. Assume that there are two agents, a and /3,
participating in an ascending auction (The argument for a Vickrey auction is identical except that the timing
of the computing may be different.) Assume that agent o has the performance profile PP, such that before
computing it knows that its value, v,, after one step lies in the interval [a, b], and the probability that its
value is v, = x is f(z). After one step of computing it knows its true value. Assume that agent § has a
performance profile PPg such that before computing it knows that its value, vg, after one step lies in the
interval [c, d] where ¢ < a, and the probability that its value of vg = y is g(y). After one step of computing
it knows its true value. Finally, assume that the cost function of agent « is

costa((ta,t3)) = Btg where B > b
and the cost function of agent 3 is
costg((ta,ta)) = to + 2ts.

It is easy to show that agent o has a dominant strategy which is to compute one step on its own problem.
Since the cost of computing on its competitor’s, 3, problem is higher than its highest possible computed
value, agent o will never compute on it. If agent o chooses to not participate then its utility is

nothing __ 0

Ug,

In expectation, for agent « the strategies of bidding blindly, or computing one step on its problem to
determine its value have the same utility. That is, if agent 3 submits a bid, b*, then

b pug
uglind =u® = / / (Vo — b") f(va)g(b")db*dvy > 0.

Therefore, agent « is best off computing on its own problem only and staying in the auction until the price
reaches its computed value.
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To determine the best-response for agent 3, one must recall that each computing step it takes incurs a
cost. While in an ascending auction, agent 3 can wait until the price reached ¢ before making a decision as
to whether to compute or not, since in this example ¢ < a, waiting provides no information about agent o’s
value.

Agent 3 always has the option of doing nothing. In such a situation, its utility is

ugothing —=0. (l)

Agent (§ may decide to compute only on its own problem. If it does decide to do this, then it will compute
only one step since more steps incur a cost but do not refine or improve its value. Following this strategy
results in expected utility

d rvg
ug = -2 —|—/ / (vg — va) f(Va)dvag(vg)dugs. )
Agent (§ may decide to bid blindly. By this, we mean that agent 3 may decide to not compute on its value
before bidding. Instead, it may bid only using its expected value. If it is allocated the item then under the

improving model it must compute on its own problem, while under the refining model it does not need to
compute since it learns its value once it obtains the item. Let

d
V:/ vag(vg)dug.
c

The utility for agent 3 under the improving model is

d 1%
uléhnd_lmprovc _ / / (Uﬁ' — v, — 2)f(va)dvag(vﬁ)dvﬂ' 3

and the utility for agent 5 under the refining model is

d 14
u/k@)hnd_reﬁne — / / (1}@ — Ua)f(ya)dvag(vﬁ)dvﬁ. “4)

Finally, it is possible that agent § will compute on agent a’s problem. It will never compute on agent o’s
problem after it knows its own value since once it knows its own value it can bid optimally. However, there
may exist situations where it can use information about agent «’s problem to help decide whether to compute
on its own problem. In particular, if agent 3 learns that the value for agent « is greater than some threshold
v* then agent 0 may decide not to compute on its own problem since the likelihood of it winning the auction
is small, and so it wishes to avoid the cost of computing. The utility for agent (3 following a strategy where it
first computes on agent a’s value problem, and then computes on its own problem only if v, < v* is

b v* v d pug
ug—ﬁ - _ /v S (va)dvs — B/C /a f(va)dvag(vg)dvug + A* /a (vg — Vo) f(Va)dvag(vg)dus  (5)
where
b x T d vg
v' = argmax [— [ v =3 [ [ r@dsgtonds + [ [ ws = o) wa)dvagondo |

Agent (§ will partake in strong strategic computing only when Equation 5 is greater than Equations 1, 2,
and 3 or 4. The question is “Does there exist actual performance profiles such that strong strategic computing
occurs?”
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Using the performance profiles that were mentioned earlier, let agents a’s performance profile be [a, b] =
[12, 30] with the distribution

p if x =30
fley=4¢ 1—p ifx=12
0 otherwise.

Let the performance profile of agent 5 be [3, 22] with distribution

q ifx =22
glz) =4 1—q ifz=3
0 otherwise.

Using these performance profiles, it is possible to determine the utility agent 3 would have from following

the strategies outlines above. That is
nothing __
ug =0

uf = —2+10(1 - p)q

uzlind,imp =8(1—p)g—11(1 —p)(1 —q)
or
uBimd=ret = 10(1 — p)g — 9(1 - p)(1 — q)
and
G = TP 0 81—

It is possible to determine for which values of p and ¢ each strategy is dominant. In the case where agents
compute to improve their values,each strategy is the dominant strategy for agent (3 is the following regions.

1. Nothing

-1
5p— 5
1 53 2p—3

- <22 0 i
2 P17 VS0 15,-10

1
O<p§§7 0<qg<

53< <1, 0< <11
72 PS5 7= 19

2. Blind U 1L
o

0<p<—
P=9% 9,9
53 9p—8
72" 9p—9

<qg<l1

<p<

<g<l1

N =

53< <1 11< <1
72 PS5 g1

3. Alpha Beta
1 53  2p—3 9p — 8
5 <P< 5 15 _n <4
2 72" 10p — 10 9p—9

4. Beta
NS R NS |
P=9 5559 9p 9
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Figure 6: Agents are computing to improve their valuations. For different values of p and q, different strate-
gles for agent (3 are the best response to agent «’s dominant strategy. If % <p< % and
% <g< % agent 3 is best off computing one step on agent &’s problem.

The regions where different strategies are dominant are shown in Figure 6.

If the two agents are computing to refine their values, then each of agent (3’s strategies are dominant in
the following regions.

1. Nothing
0<p§%, 0<q<5p__15
%<p§§—;, 0<q<1(2)§7:i’0
§—2<p<1, 0<q<1%
2. Beta

Ocpes, L 2T
P=5 5,599, 9

3. Alpha Beta

Lope3 =3 =0
2°PS5 Top—10 "9 9p 9
4. Blind 0
o
0< — <g<l1
<3 g9 <¢

1 33 Tp—6
< 33 1
3 PS5 gp_g 1<
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Figure 7: Agents are computing to refine their values. For different values of p and q, different strategies for

agent 3 are the best response to agent o’s dominant strategy. If % <p< % and 1(2)11;7:?’0 <g<
Tp—6

gp—o agent 0 is best off computing one step on agent «’s problem.

Figure 7 illustrates these regions.

The example that has just been presented made no assumption as to the type of performance profile used,
other than to assume that it was not deterministic. The example did not make any assumptions on whether the
anytime algorithm was a contract or interruptible algorithm either. The following theorem has been proved.

Theorem 2 If agents have anytime algorithms (contract or interruptible), costly computing and their per-
formance profiles are not deterministic then in ascending and Vickrey auctions strong strategic computing
may occur in equilibrium. This result holds whether agents are computing to improve or refine their values.

Theorem 2 only is true if the performance profiles are not deterministic. Agents compute on each others’
problems in order to remove uncertainty as to their competitors possible values. If all agents have determin-
istic performance profiles then all agents know what the results of computing are with certainty.

Lemma 3 [f agents have anytime algorithms (contract or interruptible), costly computing, and their per-
formance profiles are deterministic, then in an ascending or Vickrey auction no strong strategic computing
occurs. This result holds whether agents compute to improve or refine their values.

Proof: If agents compute to refine their values, then, if their performance profiles are deterministic agents
do not need to compute. Their performance profiles tell the agents with certainty what their values are,
without having to compute and thus incur a cost. Trivially, since agents do not compute, there is no strong
strategic computing.

Assume agents compute to improve their values. Since all performance profiles and cost functions are
common knowledge each agent is able to determine what each agent’s value function and cost function is. If
agent j computes on agent ¢’s value problem, it does not obtain any new information, but does incur a cost,
thus reducing its utility. Therefore, no strong strategic computing occurs. 0

Even though there is no strong strategic computing, weak strategic computing can still be a problem.

Lemma 4 [f agents have anytime algorithms (contract or interruptible), costly computing, and their per-
formance profiles are deterministic, then in an ascending or Vickrey auction weak strategic computing can
occur in equilibrium. This result holds whether agents compute to improve or refine their values.
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Proof:  Assume there are two agents, « and (3, competing in either an ascending or Vickrey auction, with
deterministic performance profiles PP, and P Pg. Assume that the cost functions of the agents are common
knowledge. Using the deterministic performance profiles, each agent it able to determine

t;, = arg max [Va(falta)) — costa((0,...,0,tq,0,...,0))]

and
th = arg max [05(f5(ts)) — costp((0,...,0,t3,0,...,0))]

In a Vickrey auction, agent ¢ will submit a bid equal to v;(f;(¢;)), and in an ascending auction an agent will

drop out when the price reaches v; (f;(¢;)). If agent 5 knows (from PP,) that

Vo (?a (toé)) > vs (7[} (tﬂ))
then it will not compute because it is certain to lose to auction and thus have utility
ug = —costg((0,...,0,t3,0,...,0))

Since agent (’s utility from not computing is 0, its best strategy is to not participate. That is, agent 3
determines its strategy using information from agent «’s performance profile. In other words, weak strategic
computing can occur. g

Combining Lemmas 3 and 4 leads to Theorem 3

Theorem 3 If agents have anytime algorithms (contract or interruptible), costly computing, and their per-
formance profiles are deterministic, then in an ascending or Vickrey auction weak strategic computing can
occur in equilibrium but strong strategic computing does not. This result holds whether agents compute to
improve or refine their values.

5.2 First-price Sealed-bid Auctions

In a first—price sealed—bid auction each agent submits one bid without knowing what the other agents’ have
bid. The highest bidder wins the item and pays the amount of its bid. For fully rational agents there is no
dominant bidding strategy for agents. An optimal strategy depends on the bids of the other agents. If an
agent knows what the submitted bids of other agents are, then it can tailor its bid so as to maximize its own
utility. Not surprisingly, computing agents may have incentive to use some of their computing resources in
order to discover what valuations the other agents may have for the item up for auction as allowing agents to
compute on each others problems simply supplies the agents with a strong tool for concrete speculation. This
is independent of whether the agents have costly or free but limited computing resources, whether agents must
do all their computing before the auction occurs or whether they are allowed to compute after the bids have
been submitted and a winner has been determined. The agents deliberation and bidding strategies depend
upon the performance profiles that the agents have for their valuation problems.

While in this auction strong strategic computing is the norm, situations where there is no strong strategic
computing is of interest. We find that in general, for the first-price sealed-bid auction the only time when
agents do not use strong strategic computing is when the performance profiles of any type contain no un-
certainty. That is, that all the performance profiles can be transformed to deterministic performance profiles.
This is independent of whether computing is free or limited, and whether agents compute to improve or refine
their valuations.

Theorem 4 Assume that agents in a first-price sealed-bid auction all have deterministic performance pro-
files. Then only weak strategic computing will occur in Nash equilibrium. This is independent of whether
agents have costly or limited computing and whether agents are computing to improve or refine their valua-
tions.
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Proof:

Assume that all agents are computing to refine their valuations. Assume also that all agents have deter-
ministic performance profiles. As there is no uncertainty to be removed by computing, no strong strategic
computing will occur either. However, weak strategic computing can occur as agents’ can check each others’
performance profiles so as to learn what the different valuations are.

Assume that agents are computing to improve their valuations. If the agents all have deterministic perfor-
mance profiles then all agents can determine what valuations the other agents will be able to compute, given
their deadlines (weak strategic computing). Agents have (weakly) dominant deliberation strategies where
they compute solely on their own problem. Overall, the agents strategies will not be (weakly) dominant as
the bid submitted by one agent depends on what it believes the other agents will submit as bids. ]

5.3 Generalized Vickrey Auction

The generalized Vickrey auction (GVA) inherits some of the properties of the single item Vickrey auction.
For rational agents, the dominant bidding strategy is to submit bids which are equal to the agents’ true values.
For agents with bounded resources for determining values, properties from the single item Vickrey auction
also are prevalent in the GVA. In particular, if agents have costly computing resources then strong strategic
computing may occur in equilibrium.

Theorem 5 If agents have anytime algorithms, costly computing and their performance profiles are not
deterministic, then in the generalized Vickrey auction strong strategic computing can occur in equilibrium.
This result holds whether agents are computing to improve of refine their values.

Proof: = From Theorem 2 it is known that in a single item Vickrey auction with costly computing strong
strategic computing can occur in equilibrium. Since the single item Vickrey auction is a special case of
the generalized Vickrey auction, it can be concluded that strong strategic computing can also occur in the
generalized Vickrey auction. U

There are additional problems faced by agents participating in the GVA. Agents have multiple valuation
problems of their own. If there are M items then there are 2 bundles of items in which the agents may
place bids. The agents may not have enough computing resources to be able to compute values for each
bundle. Instead they must decide on which bundles to focus their attention. However, this can not be done
in a greedy fashion. It does not work for each agent to simply compute the valuations for bundles that will
have the highest utility to the agent in isolation. The agents must take into consideration what bundles other
agents will express interest in. Even if agents are not in direct competition for the same bundles of items, they
may be interested in overlapping bundles, that is bundles that share some of items. By deliberating on other
agents’ problems, an agent may be able to determine whether it is likely to win a bundle of items or not. It
can then focus its attention on deliberating on the valuation problems for bundles in which it is more likely to
be able to win.

In the single item Vickrey auction, if agents had free but limited computing resources then there was no
incentive for them to compute on any other problem other than on their own value problem (Theorem 1).
However, due to the relations between bundles of goods, strong strategic computing may occur as agents
partially evaluate competitors bundles in order to determine their chances of being allocated certain bundles

Theorem 6 If agents have anytime algorithms, free but limited computing and their performance profiles are
not deterministic then in a generalized Vickrey auction strong strategic computing may occur in equilibrium.

Proof: By example. We will use the performance profile tree representation in this proof for illustrative
purposes. Other performance profile representations have the same property. Let there be two agents, o and
B, and three items, g1, g2, and g3. The performance profiles for the agents’ valuation problems are in Figure
8. Valuation problems that remain zero no matter how much computing is allocated to them are not shown.
Assume that both agents’ deadlines, d,, and dg, occur at ¢ = 3. Assume, also, that the auction closes
at T = 3. Agent (3 has a dominant strategy. In the first time step it computes on the valuation for {g3}. If
vgB(l) = 1.0 then it computes two more time step on {g3} to obtain a valuation of 22.0. At time T it would
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Figure 8: Performance profiles for agents o and (3. There is uncertainty in agent 3’s valuation for bundle

{g3}.

bid its true valuation for all bundles. If vg?’(l) = 0.0 then it performs two computing steps on {g2, g3} and

obtains a valuation vég 293} (2) = 7.0. At time T it would bid its true valuation.
Agent «’s best response is to compute the first time step on agent ’s valuation problem for {¢3} (i.e.

perform strong strategic deliberation). If after one time step, agent o determines that végg} (1) = 1.0 then
agent o computes two time steps on its own valuation problem for {g1}. Otherwise it computes two steps on
its own valuation problem for {¢2, g3}.

Agent « realizes that if after one computing step, vé‘q 3} (1) = 1.0 then agent 3 will continue computing on
the problem, obtain a valuation of 22.0, and include it in its bid. Since in any optimal allocation, the item g3
will be awarded to agent 3, agent « could never be awarded any bundle that contains g3. Therefore it is better
off computing on the valuation problem for {g1} and bidding its true valuation. However, if vég 3} (1) =0.0
then agent « knows that it can win the bundle {¢2, g3} and so computes two steps on the valuation problem.

The expected utility for each agent is

Elu,] = %u0—0m+ (9.0-7.0)=15

N | =

Elug] = %(22.0—0.0)+ (0) = 11.0

1
2
(]

In the single item Vickrey auction, if the performance profiles were deterministic and computing was free
but limited, then agents would not even partake of any weak strategic computing. However, in the GVA,
this property no longer holds. Agents may at times have incentive to base their computing choices on the
deterministic performance profiles of their competitors.

Theorem 7 If agents have anytime algorithms, free but limited computing and their performance profiles are
all deterministic, then in a generalized Vickrey auction, weak strategic computing may occur in equilibrium.
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Proof: By example. Let there be two agents, « and 3 and 3 goods, g1, g2, g3. Assume that the performance
profiles of the agents are defined as follows.

0 ift=0 0 ift=0
4 ift>0andb={g1} 0 ift>0andb= {g:}
1 ift>0andb={go} 0 ift>0andb= {go}
(1) — 0 ift>0andb= {g3} 5(t) = 0 ift>0andb={g3}
b 0 ift>0andb={g1,92} b 0 ift>0andb={g1,92}
6 ift>0andb={g,93} 0 ift>0andb={g1,93}
0.5 ift>0andb={gs, g3} 12 ift>0and b= {g2, 93}
2 ift >0and b= {g1,92,93} 0 ift>0andb={g1,92,93}

Assume that the deadline of both agents is at time ¢ = 1. The agents must decide how to use their single
computing step. Agent § has a dominant strategy which is to compute one step on bundle {gs, g3} and
submit a bid equal to the computed value. If agent « ignored agent 3 then it would want to compute on
bundle {g1, g3} and submit a bid equal to 6. However, agent « would not be awarded this bundle since it
shares an item (g3) with agent 3’s desired bundle which will be allocated to agent 3. Therefore, agent « is
best off using information from agent 3’s performance profile and computing one step on the value problem
for bundle {g; } and then bidding its computed value. O

6. Algorithm Choice

So far in this paper, a basic assumption has been that each agent only has one algorithm for each problem
in which it is interested. However, one can imagine situations where agents have access to several different
algorithms. In such settings, agents are faced not only with the decision of how to allocate their computing
resources across problems, but must also decide how to allocate their computing resources between algo-
rithms for the same problem. It is possible that the choice of algorithm for a problem may depend on what
algorithms other agents have chosen and what values that the agents have obtained.

Clearly, in situations where agents incur a cost for computing, strong strategic computing can occur
when agents have multiple algorithms for the same problem. However, in settings where agents have limited
computing resources, if agents have multiple algorithms, then it is possible that strong strategic computing
can occur.

Consider the following example. Assume there are two agents, « and 3, participating in a Vickrey auction.
Assume that they both have limited computing resources with deadlines D, and Dg and are computing to
improve their values. Agent o has two algorithms for its valuation problem. Algorithm 1 performs well on
some types of problems, while Algorithm 2 performs well on other types of problems. However, for the
first k steps, both algorithms perform identically (returning a value of 0) so it is impossible for the agent to
determine which is the best algorithm to use until after computing & steps. Agent 3 has only one algorithm,
but it has the property that it always performs well on problems that Algorithm 1 performs well on, and
performs poorly on problems that Algorithm 2 performs well on. An agent using this algorithm of agent (3
learns after only [ < k steps whether the algorithm is performing well or not. If agent o only computes using
its own algorithms then, in the worst case, it will have to compute 2k + 1 steps before it computes a value
which is greater than 0. However, by first computing [ steps using agent [3’s algorithm, agent « can determine
the type of problem it is facing. It can, therefore, choose the appropriate algorithm for the problem, resulting
in a higher expected utility. Using a similar example, it is possible to show that strong strategic computing
can also occur if agents computed to refine their values. We obtain the following theorem.

Theorem 8 Assume agents have limited computing resources and compute to improve or refine their values.
If agents have a choice between multiple algorithms for solving their valuation problems, then strong strategic
computing may occur in equilibrium.
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7. Related Research

Recently there has been interest in the computer science community on studying computational aspects of
mechanism design. In auctions there has been work on both bounded-rational bidding agents and mecha-
nisms. For bounded-rational bidding agents, Sandholm noted that under a model of costly computing, the
dominant strategy property of Vickrey auctions fails to hold [40]. Instead, an agent’s best computing action
can depend on the other agents. In recent work, auction settings where agents have hard valuation problems
have been studied [30]. Auction design is presented as a way to simplify the meta—deliberation problems of
the agents’, with the goal of providing incentives for the “right” agents to compute for the “right” amount of
time. A costly computing model, with simple computing control where agents compute to refine their valu-
ations, is used. However, situations where agents may compute on each others’ problems in order to refine
their bids are not considered, nor are combinatorial auctions, where agents have to select which of their own
valuation problems and which of their opponents’ valuation problems to compute on, studied. There has also
been recent work on computationally limited mechanisms. In particular, research has focused on the gen-
eralized Vickrey auction and investigates ways of introducing approximate algorithms to compute outcomes
without loosing the incentive compatibility property [28, 14, 23]. These methods still require that the bidding
agents compute and submit their valuations.

In the economics literature there has been some recent work on information acquisition and mechanism
design. Perisco [31] studies the incentives to acquire information in first-price and second-price sealed bid
auctions. The basic assumptions are that agents have affiliated valuations and that their utility functions
satisfy the single-crossing principle. Agents do not know their valuation but can pay some amount to receive
a signal which provides information about the valuation of the good. The more they are willing to pay, the
more informative the signal is. The game proceeds as follows; Each agent chooses the level of information
independently and simultaneously with, the opponent. Then the auction is executed. It is shown that agents
choose to acquire more information before a first price action than a second price auction. This is because the
value of the item is informative about the opponent’s bid since the opponent’s signal is positively correlated
with the value. This allows a bidder to bid closer to the other bidders, in this first-price auction.

Compte and Jehiel [6] study which auction formats generate better incentives for information acquisition.
In their model there are n bidders, with private valuations drawn from some commonly known distribution,
and another bidder, a, who has only probabilistic information about its valuation, but can pay an amount ¢
to learn its true valuation.” They compare a second-price auction and an ascending auction where the bidder
can decide to pay to learn its true valuation at any time. It is shown that there exist situations where the agent
will acquire information in the ascending auction but not in the second-price auction.

Rezende [33] studies a dynamic auction where agents are allowed to acquire information about their
valuations at any point during the auction. More specifically, the paper studies a Japanese auction with n
bidders who only have probabilistic information about their private valuations, but who can invest some
amount c; to learn their true valuation. The investment is allowed to take place at any point in time before the
close of the auction. Under the assumption that during the auction, the bidders only know whether the auction
has ended or not (that is, they do not know which, if any, of the other bidders have dropped out), it is shown
that in any equilibrium a bidder’s best response function has a simple characterization, which is independent
of other agents’ actions.

Bergemann and Viliméki [3] study general mechanisms. They are interested in mechanisms where agents
acquire the efficient amount of information. Like other work in this area, they assume that agents have one
chance where they can determine what quality of information they would like to buy (an experiment), where
the cost is determined by the preciseness of the information. They define an ex ante efficient allocation to be
a vector of experiments and an ex post efficient allocation such that the vector of experiments maximizes the
expected social utility derived from the allocation minus the cost of the experiments. They show that in the
private value model then VG mechanism is efficient in this sense. However, in a purely common value setting

7. They assume that once the bidder has the item then it learns its true valuation at no cost. They claim that the other situation where
the bidder must compute even after getting the item, is analogous.
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it is not possible to get both ex ante and ex post efficiency. That is, agents either over-acquire or under-acquire
information.

Rasmusen [32] assumes that agents do not know their valuations but must invest to learn them and are
also able to invest in competitors value problems. Like us, he shows that in a second price auction, an agent
may base its decision on whether to learn its true valuation on another agent’s valuation, but his focus is on
understanding behavior such as sniping that is commonly seen in different online auctions like eBay.

8. Conclusion

Auctions provide efficient and distributed ways of allocating goods and tasks among agents. For rational
agents, bidding strategies have been well studied in the game theory literature. However, not all agents are
fully rational. Instead they may have computing limitations which curtail their ability to compute valuations
for the items being auctioned. This adds another dimension to the agents’ strategies as they have to determine
not only the best bid to submit, but how to use their computing resources in order to determine their valuations
and gain information about the valuations of the other agents participating in the auction.

We investigated agents strategic behavior under different computational settings and auction mechanisms.
We showed that in most standard auction settings, in equilibrium agents are willing to use their deliberation
resources in order to compute on valuation problems of competitors, even if this means that their knowledge
about their own true valuation is lessened. In particular, we showed that strong strategic computing does
not depend on the type of anytime algorithm, nor in general does it depend on the type of performance
profile. The critical property is whether or not there is uncertainty as to what values will result from further
computing. In particular we have shown that if all agents’ performance profiles are deterministic then

e No strong strategic computing occurs. This is true for all auctions studied (first-price sealed-bid, Vick-
rey, ascending and GVA), for both types of anytime algorithms (contract and interruptible) and for both
costly and limited computing.

e If computing is costly, then weak strategic computing may occur in all auctions.

e If computing is limited, weak strategic computing may occur in the first-price sealed-bid auction and
GVA. Weak strategic computing will not occur in the ascending and Vickrey auctions. This is true for
both contract and interruptible algorithms.

If agents’ performance profiles are not deterministic (there is uncertainty as to what values will result
from computing) then the following results were derived. This is true for both contract and interruptible
algorithms.

o If computing is limited then in the ascending and Vickrey auction neither strong nor weak computing
occurs in equilibrium. This is true for both contract and interruptible algorithms.

e [f computing is limited then in the first-price sealed-bid and GVA strong strategic computing may occur
in equilibrium. This is true for both contract and interruptible algorithms.

o If computing is costly, strong strategic computing may occur in all auctions studied. This is true for
both contract and interruptible algorithms.

These results are summarized in Table 2.

Future work in this area includes a full analysis of bidding and deliberation strategies under other models
of bounded rationality. For example, in this paper it is assumed that agents have the possibility of skipping
deliberation steps, and thus avoiding accumulating further cost. This skipping may be disallowed by an auc-
tioneer who also controls the CPU that the software (bidding) agents run on. If cost is incurred at every step in
the auction, agents may have incentives to try and end an ascending auction early. Design of different auction
protocols which take into account agents’ limitations and lead to as Pareto efficient as possible outcomes is
another important research area that naturally stems from our paradigm of modeling deliberation actions as
part of each agent’s strategy.
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Strategic computation?

Auction Counterspeculation by Limited Costly
mechanism rational agents? computation | computation
Single item Vickrey no no weak only

deterministic performance profile
Vickrey no no yes
nondeterministic performance profiles
Ascending no no weak only
deterministic performance profiles
Ascending no no yes
nondeterministic performance profiles
First Price yes weak only weak only
deterministic performance profiles
First Price yes yes yes
nondeterministic performance profile

Multiple items | GVA no weak only weak only
(deterministic performance profiles)
GVA no yes yes

(nondeterministic performance profiles)

Table 2: When does strategic computation occur? The answer to this question depends on the model of
limited computation being used.
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