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Abstract

We initiate the study of metric embedding problems from approximation point of view.
Metric embedding is a map from the guest metric to the host metric. The quality of the
embedding is defined in terms of distortion, the ratio by which pairwise distances get skewed
in the host metric. While metric embeddings in general have received quite a lot of attention
in theory community, most of the results about distortion prove uniform bounds that work for
various families of host and guest metric. In this dissertation, we address the question: how to
find the best embedding of the particular input metric into the host metric. We consider the
real line as the host metric in our study.

We consider the following measures of quality of an embedding: distortion, average distortion
and additive distortion. The distortion is the maximum ratio by which a pairwise distance gets
stretched in a non-contracting embedding. We give O(y/n)-approximation for the distortion of
embedding an unweighted graph metric to the metric. The average distortion is the ratio of
average distance in the embedded metric to that in the input metric. We give a 17-approximation
for the average distortion when embedding an arbitrary finite metric to a line metric. The
additive distortion is the total absolute difference between input and output distances. We
provide an O(y/logn)-approximation for this objective function. We also show NP-hardness of
these problems.

We also consider the problem of linear ordering of a metric, i.e. assigning numbers from
1 through n to the points in the metric, so as to minimize the ‘stretch’. The stretch is the
maximum pairwise distance in the ordering divided by the distance in the input metric. For
this problem, we give O(log® n) approximation.

Finally, we consider the problem of constructing a probabilistic embedding of a graph into
its spanning trees. We give a simple O(log® n)-approximation algorithm that improves on the
algorithm of Elkin et al. [27].



Introduction

Over the past decade, metric embeddings have been objects of much attention in theoretical com-
puter science. This has been largely due to their many algorithmic applications, which range from
simplifying the structure of the input data for approximation and online problems [6, 5, 12, 14, 30,
34, 40], serving as convenient relaxations of important NP-hard problems [8, 16, 17, 18, 33, 44] or
simply by being the object of study [2, 31] arising from applications such as computational biology.
Embedding techniques have become an indispensable addition to the algorithm designer’s toolbox,
providing powerful and elegant solutions to many algorithmic problems (see, e.g., [45, Chapter 15]
and [38] for surveys).

An embedding of a metric (V, d) into host metric (H, ) is amap f : V — H. The quality of this
map is measured by how closely the distances between points in d closely resemble those between
their images in §. An embedding f is called non-contracting if the map f does not decrease any
of the distances, i.e., d(z,y) < 6(f(x), f(y)) for all z,y € V. (In the sequel, we will abbreviate
(f(z), f(y)) to 6(x,y).) An important measure of the quality of a non-contracting embedding f
is the distortion D = D(f), which is:

distortion _D = max 6(1}’3/)
z,yev d(fL‘7 y)

. (1)

(We note that a more general definition of distortion can be given that is scale-free; hence the
restriction of non-contracting embeddings used here is without loss of generality.)

While many embedding techniques and algorithms are known, the analyses for these embeddings
usually only offer uniform bounds on the distortion of the embeddings; few results which address
the problem of minimizing the distortion required for embedding a given metric into the host space.
In fact, very few results show how to even approzrimate the distortion to better than these uniform
bounds.

This is perhaps best shown by a concrete example: Matousek [46] proved that any metric (V, d)
can be embedded into the real line with distortion O(|V|); furthermore, the result is existentially
tight, as the n-cycle cannot be embedded into the line with distortion o(|V|) (see, e.g., [49, 36]).
However, no algorithm is known for this problem which offers per-instance guarantees; even if a
metric (X, d) may be embeddable into R with distortion D = O(1), the known algorithms do not
seem to guarantee that the embedding they output has distortion, say, that is within O(|V|'~¢)
times D.

For most problems in metric embeddings: while uniform upper bounds are known for embed-
dings of many different families of metrics (e.g., general metrics, planar graph metrics, tree metrics)
into a variety of host spaces (e.g., the Minkowski ¢, spaces, distributions of trees), very little is
known about how to approximate the optimal distortion given a fized metric (V, d) and a host space.
One notable exception is the remark of Linial et al. [44] that the optimal embedding of any finite
metric into (unbounded dimensional) Euclidean spaces to minimize distortion can be computed as

a solution to a semi-definite program.



In this dissertation, we focus on studying the metric embeddings from an algorithmic perspec-
tive. In other words, we would like to address the questions of the form: ’given an input metric,
how to best embed it into a prescribed host metric’? In particular, we focus on the line metric as
the prescribed host metric. It turns out that many of these problems are NP-hard. Therefore, we
look for approximation algorithms.

While distortion as defined above has been very popular, we also investigate other notions of
the quality of the embedding. We describe each of these in detail in the following sections.

Let (V,d) denote the finite guest metric. We want to embed (V,d) into the line metric: (R, ).
Let |V| =n and let A be the diameter of the metric.

Average distortion

First we focus our attention on the average distortion of the embeddings arbitrary finite metrics
into the line metric R. The average distortion is the factor by which the average distance in the

metric is stretched.

Related Work The definition of average distortion is not new; e.g., Alon et al. [3] study the
question of embedding a metric into a tree with low average distortion. In recent work on average
distortion that is closer to ours, Rabinovich [48] proves bounds on average distortion of non-
expanding embeddings into a line and shows the close connection between this and the max-flow
min-cut ratio for concurrent multicommodity flow with applications to finding quotient cuts in
graphs [43].

While our problem appears similar to that of finding the Minimum Linear Arrangement (MLA),
for which Rao and Richa [50] gave an O(logn) approximation using the notion of spreading met-
rics, it is subtly different: the MLA problem involves minimizing the average stretch of the edges
> {uptep |T(w) — m(v)| under all maps 7 : V' — [n], whereas the mappings in our problem are
f:V — R, and must ensure that |f(u) — f(v)| > d(u,v) V{u,v} € V x V.

The problem of finding Minimum Latency tours (a.k.a. the Traveling Repairman problem) is
relevant to our discussion in terms of techniques used. In this problem, one is given a metric space
(V,d) and a root depot r € V; a repairman starting at r has to visit all |V| = n customers, one
at each node of the metric. The goal is to minimize the average waiting time of the customers,
where the waiting time (or latency) of a customer is the sum of the distances of all edges traversed
by the repairman before visiting this customer. There are extensions of this problem to the k-
repairman case, where k repairmen start off at r, and the latency of a customer is now the time
at which any one of the repairman visits this customer. The version with only one repairman
is known to be NP-hard even on a tree [52], and is MAX-SNP hard in general [15]. The first
constant-factor approximation for this problem was given by Blum et al. [15]; the approximation
factor was improved by Goemans and Kleinberg [35] to 7.18, and most recently by Chaudhuri et
al. [20] to 3.59. For the special cases of the latency problem on trees, Arora and Karakostas [7]



gave a quasi-polynomial time approximation scheme (QPTAS); similar results were given for the
case when the points lie in R for fixed dimension d. The k-repairmen version of the problem was
studied by [29] who show a 16.994-approximation for arbitrary k; this was improved to 8.49 by [20].

Finally, a problem that combines both the cost of a tour as well as its latency into one objective
function is that of finding time dependent TSP tours; the paper by Blum et al. [15] gives a constant

factor approximation algorithm for this problem.

Our results We prove that finding the best embedding of even a tree metric into a line metric
so as to minimize the average distortion is NP-hard, and hence focus on approzimating the average
distortion of the best possible embedding for the given input metric. We give a constant-factor
approximation for the problem of embedding general metrics into the line metric. For the case of
n-point tree metrics, we provide a quasi-polynomial time approximation scheme (QPTAS) which
outputs an embedding with distortion at most (1 4 ¢€) times the optimum in time n©og"/ <), We
also consider the average distortion, where the average is taken only over the endpoints of the
edges of an input tree metric, we show how to exploit the structure of tree metrics to give an exact
solution in polynomial time.

The first idea is to think of an embedding into the line as a tour on the nodes of the original
metric that starts from the leftmost vertex on the line and visit the vertices in order from left to
right.

Our results build on this simple observation, and demonstrate a close relationship between
minimizing average distortion and the related problems of finding short TSP tours [42], minimum
latency tours [15, 35, 4], and optimal k-repairmen solutions [29]. In particular, we prove the

following results for the average distortion. These results appeared in [25].

1. Hardness for average distortion: We prove that the problem of finding the minimum
average distortion non-contracting embedding of finite metrics into the line is NP-hard, even
when the input metric is a tree metric. The proof proceeds via a reduction from the Minimum

Latency Problem on trees [52].

2. Constant-factor approximations: We give an algorithm that embeds any metric (V,d)
into the line with average distortion that is within a constant of the minimum possible over
all non-contracting embeddings. In fact, we prove a slightly more general bound on non-
contracting embeddings into k-spiders (i.e., homeomorphs of stars with k leaves). This result
uses a lower bound on the minimum average distortion of a non-contracting embedding into

a k-spider in terms of the minimum k-repairmen tour [29] on the metric.

3. QPTAS on trees: For tree metrics on n nodes, we give an algorithm for finding a (1 + €)-
approximation to the minimum average distortion non-contracting embedding into a line in
nOUosn/e®) time. Our algorithm uses a lower bound on the minimum average distortion related

to the TSP tour length and latencies of appropriately chosen segments of an optimal tour. In



this way, it extends the ideas of Arora et al. [7] for minimizing latency on trees to the more
general time-dependent TSPs [15], and provides a QPTAS for the latter problem as well.

4. Poly-time algorithm for tree-edge distortion For a tree metric as input, if the minimum
average distortion is measured only over the endpoints of the edges of the tree (we call this
objective the average tree-edge distortion), then we show that an embedding following a
certain Euler tour of the tree is optimal. We show how to find this tour in polynomial time

by dynamic programming.

Additive distortion

Next, we consider he additive distortion of embeddings into the line metric. The additive distortion
is the sum of differences in all pairwise distances between the embedded and input distances. The

L, norm of additive distortion is defined as:
(Z|5(:C> y) - d(l‘, y)|p)1/p‘
zy

It’s important to note here that we do not restrict the embedding to be non-contracting. Instead

we consider the absolute difference between the distances.

Related Work The additive distortion as a measure of the quality of the embedding has received
much attention, especially for the numerical taxonomy problem. The numerical taxonomy problem
is one of finding a tree metric that closely fits the input metric data. Formulation of this problem
as the minimization of additive distortion was first proposed by [19] in 1967. In 1977, Waterman et
al. [54] showed that if there is a tree metric T" coinciding exactly with the input data D, then it can be
constructed in linear time. In the case when there is no tree that fits the data perfectly, Agarwala et
al. [2] used the framework of approximation algorithms to give heuristics with provable guarantees
for the problem. They gave a 3-approximation to the Lo, norm of the additive distortion for fitting
the data to a tree metric. They reduced the problem to that of fitting the data to wltrametric,
where each leaf is at the same distance from a common root. For ultrametrics, they used an exact
polynomial-time algorithm for the Lo, norm due to Farach et al. [32].

In our setting the host metric is the line metric. The problem of finding the embedding into
the line metric with minimum additive distortion was shown to be NP-hard by [51]. The special
case of the problem for the Lo, norm (i.e. with p = co) was considered by Hastad et al. [37]. They
gave a 2-approximation for it.

For fitting points to a line, a well-known result due to Menger (see e.g. [21]) gives the following
four point criterion. The four point criterion says that, if every subset of size 4 can be mapped
into the real line exactly, then all the points can be mapped into the line exactly. An approximate

version of Menger’s result was given by Badoiu et al. [11]. They proved that if every subset of size



4 can be embedded into the line with the Lo, norm of the additive distortion being at most € then

all the points can be embedded with the Lo, norm of the additive distortion being at most Ge.

Our results Our main result is O(log'/??(n))-approximation algorithm for the L, norm of the
additive distortion. The result is obtained in two steps. First we show that an r-fixed embedding is
within a factor 3 of the optimal embedding. Here, r-fixed embedding means that there is a point r
such that the distance of any other point from r is same as that in the input. Next, we ‘guess’ the
point r and approximate the best r-fixed embedding. We show that the problem of finding the best
r-fixed embedding is same as two-cost bipartition problem. We encode the two cost bipartition as a
Min-Uncut problem and use O(y/log n)-approximation for the latter due to Agarwal et al. [1]. This
gives an O(y/log n)-approximation to the p!* power of L, norm, or equivalently, O(logl/ 2P (n))-
approximation algorithm for the L, norm of the additive distortion. This result has appeared
in [22]

Classical Distortion

Next we address the problem of approximating the classical distortion. Given a graph G = (V, E)
inducing a shortest path metric M = M(G) = (V,d), find a mapping f of V into a line that
is non-contracting (i.e., |f(u) — f(v)| > d(u,v) for all u,v € V) which minimizes the distortion
D(M, f) = maxy yev %. That is, our goal is to find D(M) = miny D(M, f).
Related Work Majority of the results for distortion prove uniform bounds on the distortion of
embeddings. Algorithmic results on finding the best distortion are relatively few. Recently, Kenyon,
Rabani and Sinclair [39] gave ezact algorithms for minimum distortion embeddings of metrics onto
simpler metrics (e.g., line metrics). Their algorithms work as long as the minimum distortion is
small, e.g., constant. We note that constraining the embeddings to be onto (not into, as in our
case) is crucial for the correctness of their algorithms.

Very recently Badoiu et al. [9] gave an o(n)-approximation algorithm for embedding weighted
graphs into the line metric. They also showed that it is NP-hard to approximate it within n’ for

some small constant § > 0.
Our results For the case when G is an unweighted graph, we show the following algorithms for
this problem (denote n = |V|):

e A polynomial O(D)-approximation algorithm for metrics (V, d) for which the optimal distor-
tion is D. This also implies an O(y/n)-approximation algorithm.

e A polynomial-time O(v/D) approximation algorithm for metrics generated by unweighted

trees. This also implies an é(nl/ 3)-approximation algorithm for these metrics.

These results have appeared as part of [10].



Techniques We prove two simple lower bounds on the distortion. First one is local density, the
number of points in a set of radius r divided by r. Second one is 3-spider bound. A 3-spider is
a tree where all vertices have degree at most 2, except one which has degree 3. In other words,
it looks like 3 paths starting from a common point. The length of a 3-spider is the length of the
shortest of the 3 paths. The 3-spider lower bound says that if the graph contains a 3-spider of
length [, then the distortion is at least Q(1).

In our algorithm, we first ‘guess’ the value of optimal distortion D. We divide the graph along
a diametric path to get components with diameter O(D). Due to the local density lower bound,
the number of vertices in each component is O(D?). We find a ‘good’ embedding (with distortion
O(D?)) for each of the components and concatenate the embeddings together to get the embedding
for the whole graph. This gives the total distortion to be O(D?).

In case of unweighted tree metrics, we can employ a sophisticated embedding for each compo-
nent. The distortion is improved to O(D'?).

For a special case in unweighted trees, where all the subtrees in a component have size smaller

than O(D), we give an improved O(logn)-approximation using a randomized algorithm.

Weighted Bandwidth

Finally, we consider the problem of finding a linear ordering that minimizes the stretch. In
other words, given a metric (V,d), we want to map the points to {1,2,...,n}, so as to mini-
mize maxy | f(z) — f(y)|/d(x,y). i.e., instead of non-contracting embedding, we look for just a

linear ordering.

Our results We give an O(log?(n)log A)-approximation for this problem. As a generalization of

this result, we also get an approximation algorithm for the weighted bandwidth problem. Weighted

bandwidth is defined max, 4| f(z)— f (y)|w(z, y), where w(x, y) denotes the weight of the edge (z, y).
Our approximation guarantee for the weighted bandwidth problem is O(log? nlog nW), where W

is the maximum weight of an edge.

Techniques First we show how to reduce the weighted bandwidth problem to the problem of
minimizing stretch of a linear embedding. From the weights of the edges, we construct a metric as
follows: the length of an edge I(x,y) := 1/w(x,y) and the distance between two points is computed
using shortest path metric. We show that the stretch of this metric is same as the weighted
bandwidth of original graph.

For approximating the stretch of the metric, we introduce a lower bound based on local density.
The rest of our algorithm is similar to Feige’s algorithm [33] for (unweighted) bandwidth problem.

These results appear in [23].



Related Work The (unweighted) bandwidth minimization problem (i.e. when all the edge
weights are 1) arises in VLSI layout problems and has received much attention. It was shown
to be NP-hard by Papadimitriou [47]. Blum et al. [16] gave an SDP relaxation of the bandwidth
and obtained an O(\/W) approximation. The first non-trivial approximation to this problem
was given by Feige [33]. He developed a notion of volume-respecting embedding and used it to give
O(log*® n)-approximation for the bandwidth problem. Subsequently, Dunagan and Vempala [26]
showed how to improve the approximation factor based on the SDP relaxation of Blum et al. [16].
Recently, Krauthgamer et al. [41] showed an algorithm to construct volume respecting embeddings

and thus reduced the approximation factor to O(log®n).

Embeddings into spanning trees

In this chapter, we study probabilistic embeddings of graphs into induced spanning trees. Given
a graph G = (V, E), we consider the shortest path metric on it defined by (V,d). A probabilistic
embedding into induced spanning trees is a probability distribution over the spanning trees of graph
G. The quality of the embedding is measured by expected distortion.

Note that we are interested in uniform bounds on the expected distortion.

Related Work The problem of embedding a graph into a spanning tree to minimize the average
distortion was first considered by Alon, Karp, Peleg and, West [3]. They gave an algorithm to
construct a spanning tree with O(exp(v/lognloglogn)) average distortion and applied to the online
K-server problem. They also demonstrated examples where Q(logn) average distortion would be
incurred for any spanning tree.

Subsequently, Bartal [12, 13] considered the problem of probabilistic embeddings of arbitrary
metrics into tree metrics (not necessarily spanning trees). He obtained O(log? n) expected distortion
and subsequently improved it to O(lognloglogn). He also proved a lower bound of Q(logn) for
expander graphs. Later Fakcharoenphol, Rao and Talwar gave an algorithm with O(logn) expected
distortion, thus matching the lower bound.

The case of spanning trees was still open. Recently, Emek and Peleg [28] gave an O(logn)-
approximation algorithm for minimizing the distortion of a single spanning tree.

In 2004, Spielman and Teng [53] showed that embedding into a spanning tree with average
stretch ¢ yields an O(mae logo(l) n)-time algorithm for solving diagonally-dominant symmetric lin-
ear systems. Subsequently, Elkin, Emek, Spielman and Teng [27] made a breakthrough for the

average distortion problem. Their algorithm had O(log2 nloglogn) average distortion.

Our results We give a simple algorithm with O(log?n) expected distortion. This also implies
an O(log2 n) bound on average distortion. Our algorithm using the star-decomposition schema
introduced by Elkin et al. [27]. We combine it with the cutting scheme of Bartal [12]. Furthermore,

we introduce a new technique, viz. tail-bounds on the diameter of the resulting sub-trees to bound

10



the

distortion. Our techniques are orthogonal to those used by Elkin et al.. It might be possible

to improve upon our results by combining these ideas.

These results also appear as part of [24].
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