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Abstract

Layersareoneof themostwell studiedwaysof representinga 3D scene.Althoughman-

madescenesoften containconstantintensityplanarregions(texturelesslayers),it is almost

alwaysassumedthat thereis enoughtexture in eachlayerto computethemotionof thelayer

using imagealignmentandto baselayer assignmenton pixel-wisedifferencing. Since(the

interior of) any texturelessregion is consistentwith the motion of any layer, mostexisting

algorithmsassignconstantintensityregionsto thedominantlayer, or to arandomnearbylayer.

The onesourceof informationthat could be usedto resolve the inherentambiguity, namely

thelinesseparatingtheconstantintensityregions,is insteadoftentreatedasanoutlier. In this

paperwe studythe questionof what canandcannotbe computedin a 3D world consisting

of a setof constantintensityplanarregions(texturelesslayers). We derive an algorithmto

determinewhentheshapeof thesceneis unique,whenit is inherentlyambiguous,andif so,

whatthesetof possiblesceneshapesis.

Keywords: Layers,constantintensityregions,inherentambiguities,OrigamiTheory.





1 Intr oduction

Layersareoneof the mostwell studiedwaysof representinga 3D scene[Bergenet al., 1992,

WangandAdelson,1993,Hsuet al., 1994,Darrell andPentland,1995,Sawhney andAyer, 1996,

WeissandAdelson,1996]. In suchpapers,it is usuallyassumedthat thereis enoughtexture in

eachlayer to computea homographyor af�ne warp for that layerusingimagealignment[Lucas

and Kanade,1981,Bergen et al., 1992]. In man-madescenes,however, thereare often many

texturelessregions (layers.) Walls andceilingsare usuallypainteda singlecolor. The topsof

tables,andthesidesof cabinets,arealsousuallytextureless.

(The interior of) any texturelessregion is consistentwith themotionof any layer. Most algo-

rithmsthereforetendto grouptexturelessregionswith thedominantlayer, or with a largenearby

layer. A goodexampleis containedin Figure13 in Sawhney andAyer's seminalpaper[Sawhney

andAyer, 1996]. This �gure containsa personbouncinga table-tennisball on their bat. Also

visible is a large backgroundplane. In thebottomof the �gure part of the table-tennistablecan

alsobeseen.Conceptually, thesceneconsistsof threelayers,thedominantbackgroundlayer, the

layerof thetable-tennistable,andthelayerof thebat,ball, andarm. Thedominantlayerestima-

tion algorithmin [Sawhney andAyer, 1996], however, groupsthe(mostly)texturelesstable-tennis

tablewith thedominantbackgroundlayer. In the2D videocodingdomainof [Sawhney andAyer,

1996], this interpretationof thesceneis valid. Thetexturelesstable-tennistableis consistentwith

the motion of the backgroundplane. As a 3D interpretationof the sceneit is not correct. The

backgroundandthetable-tennistablelie in distinct3D planes,onehorizontal,theothervertical.

In this examplethe only visual information that could be usedto determinethat thereare

two layersratherthanoneis the line that separatesthem; i.e. the edgeof the table-tennistable.

Whenimagealignmentis usedto computethe motion of layers,andpixel-wisedifferencingthe

consistency of pixelswith layers,theinformationin thelinesbetweenconstantintensityregionsis

givenlittle very weight. As a result,theline betweenthetable-tennistableandthebackgroundis

treatedasanoutlier in [Sawhney andAyer, 1996] ratherthananimportantsourceof information.

In this paperwe abstracttheabove problemandstudythequestionof whatcanandcannotbe
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computedin a3D world consistingof asetof constantintensity(textureless)polygonal,planarre-

gions(layers).In particular, weaskwhenthe3D shapeof suchasscene(thelayerplaneequations)

canbe recovereduniquely, andwhenthe 3D shapeis inherentlyambiguous.Note thatour ideal

world of constantintensity, polygonalplanarregionsis similar to the“Origami World” of [Kanade,

1980]. Ouranalysis,however, is ananalysisof whatcanbecomputedfrom multiple imagesusing

3D vision,ratherthana2D analysisof junctionlabeling.

Weassumethattheconstantintensityregionshavebeensegmented,theirpolygonalboundaries

have beendetected,and the correspondencesbetweenthe lines boundingthe regions, and the

regionsthemselves,have beencomputed.We deriveanalgorithmto computethe3D shapeof the

scene,andtheassignmentof thelinesto thelayers.Thesetwo taskscorrespondto thetraditional

layerstasksof layermotionestimationandpixelassignmentto layers.In general,therearemultiple

solutionsfor theshapeestimateandline assignmentthatareconsistentwith the input images.In

suchcases,ouralgorithmoutputseverypossibleconsistentinterpretationof theimages.

2 ProblemScenario

We assumethat thereis a singlecameramoving througha staticscene.Equivalently, the scene

couldbemoving rigidly, therecouldbemultiple cameras,or a non-rigidly moving scenecouldbe

imagedsimultaneouslyby multiple (stereo)cameras.How to extendthe algorithmdescribedin

thispaperto sceneswhereeachlayeris moving independently, but rigidly, is left asfuturework.

We assumethat the sceneunderconsiderationconsistsof a collectionof polygonal,constant

intensity(andcolor), planarregions. Thesceneis imagedby a moving camerathat capturesthe

� images
���������	�	
�
	
����
�

. SeeFigure 1 for an illustration. We assumethe input imageshave

beenprocessed,the constantintensity regions have beensegmented,2D lines have been�t to

thepolygonalboundariesof theconstantintensityregions,andthecorrespondencesbetweenthe

regionsandthecorrespondencesbetweenthelinesborderingtheregionshavebeendetermined.

Denotetheconstantintensityregionsin the ����� image ���

�

�

���

�

�	
	
�
��

�

� �

. Knowing thecorrespon-
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Figure 1: ProblemScenario.We assumethat the sceneunderconsiderationconsistsof a collectionof
polygonal,constantintensity(andcolor),planarregions �

���

�

�����������

� � . Thesceneis imagedby a moving
camerathatcapturestheimages 

�

�

 

�

���������

 

�

.

dencebetweentheregionsmeansthat �
� ! and �#"

! correspondto thesameplanarregion in thescene

for all � and $ . Denotethis 3D region %

! . Denotethe & � � line in the �
��� image ' �
!)(+*-,

�
!

��.

�
!�/ where

,��
! is a columnvectorcontainingthe2D imagecoordinatesof the �rst vertex, and

.

�
! is a column

vectorcontainingthe 2D imagecoordinatesof the secondvertex. Knowing the correspondence

betweenthedetectedlinesmeansthat ' �
! and '

"

! areprojectionsof thesame3D line in thescenefor

all � and $ . Denotethis 3D line 0

! . Note,however, thatbecauseof occlusions,thepoints, ,�� ! and

,

"

! , andthepoints,
.

�
! and

.

"

! , do not necessarilycorrespondto thesame3D pointsin thescenefor

�21
(

$ . Also notethatweassumethatthelinesarebrokenatall junctions,includingt-junctions.

Eachline borderstwo regions. While the regionsand lines arebeingextracted,the two 3D

regionsborderingeach3D line arerecordedin thefollowing data-structure:

3547698;:<69=?>A@

*
0

!

/B( C
%

�

�

%

"

D

(1)

i.e. the3D regionsborderingthe3D line 0

! are %

�

and %

"

.

Implicit in theabove is theassumptionthat themotionof thecamerais small enoughso that

the topology of the lines and regions doesnot changeacrossthe input images;i.e. no lines or
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regionsappearordisappearin
� � � � � �	
	
	
���� �

. Wealsoassumethatthedepthorderingof theregions

remainsthe sameacrossthe images.This is hardly an additionalassumptionsincethe ordering

wouldonly changeif thecameramovedfrom “in front of” to “behind” someof theplanarregions,

in which casethetopologywould likely change.

3 3D Line and CameraMatrix Recovery

Given enoughcorresponding2D lines it is possibleto reconstructthe 3D projective structureof

the lines andthe motion of the camera[Faugeraset al., 1987,Wenget al., 1993,Hartley, 1994,

TaylorandKriegman,1995]. In particular, if 6 lines(in generalposition)arevisible in 3 imagesit

is possibleto recover the3D projective line equationsandcameramatrices[Faugerasetal., 1987,

Taylor andKriegman,1995]. If 13 linesarevisible, thereis evena linearalgorithmto recover the

scenestructureandmotion[Wengetal., 1993,Hartley, 1994].

Weassumethatthe3D linesandthemotionof thecamerahavebeenrecovered,eitherusingone

of theabove algorithmsor someothertechnique.Denotetheprojective cameramatrix for image
�

�

by �

�

. Denotethe & ��� 3D line, the onethat correspondsto the 2D lines ' �
! , by 0

!

( *��

!

���

!

/

where �

! and
�

! are(columnvectorscontaining)the 3D projective coordinatesof two pointson

theline. Notethatthereis no correspondencebetweenthe3D points �

! and
�

! usedto denotethe

3D line andthe2D points ,
�

! and
.

�
! .

4 Layer Estimation

Thetraditionalapproachto layerestimationconsistsof two tasks:(1) assignthepixelsto thelayers,

(2) estimatethemotion(af�ne warpor homography)[Bergenetal., 1992] or planeequation[Baker

et al., 1998] of eachlayer. Thesetwo tasksarecoupled.To estimatethemotionof thelayers,we

needto know which pixelsbelongto eachlayer. To assignthepixelsto thelayers,we needknow

the motion of the layers. Layer estimationcanbe formulatedin the Expectation-Maximization

(EM) framework andis usuallyperformedby iteratingthetwo tasks[Sawhney andAyer, 1996].
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With texturelesslayerstherearetwo correspondingtasks. In the �rst we assign3D lines to

layers(insteadof assigningpixelsto layers.) In thesecondtaskwe computethemotionor plane

equationof eachlayer. In thestaticscenescenarioof thispaperthesituationis constrainedenough

to computethe planeequationof eachlayer. (If thesceneis moving non-rigidly, thesituationis

lessconstrainedandinsteadwewouldneedto computethemotionof eachlayerasahomography.)

Beforewe discusseachof thetwo tasksin turn, we �rst introducesometerminologyfor: (1) the

assignmentof linesto regionsand(2) thelayerplaneequations.

4.1 Layer Assignment

Supposethat
35476 8A:<6 = >A@

*
0

!

/ ( C
%

�

�

%

"

D

, as in Figure2(a). Thereare threepossiblephysical

causesof theline 0

! : (1) theregion %

�

is in front of andoccludingtheregion %

"

in whichcase%

�

contains0

! but %

"

doesnot, (2) theregion %

"

is in front of andoccludingtheregion %

�

in which

case%

"

contains0

! but %

�

doesnot,and(3) thetwo regions %

�

and %

"

meetat andbothcontain

theline 0

! . Therearethereforethreewaysto assignthe3D line 0

! :

�����

= @ >

*
0

!

/B(

��

�

�

�

�

�

�

�

��

C
%

�

D

if only %

�

contains0

!

C
%

"

D

if only %

"

contains0

!

C
%

�

�

%

"

D

if %

�

& %

"

meetat 0

! .

(2)

In Section4.3wedescribehow
���	�

=?@7>

*
0

!

/ canbecomputedoncetheplaneequationsareknown.

4.2 Layer PlaneEquations

Ideally we would like to estimatea planeequationfor eachregion %

! . Unfortunatelythis is not

alwayspossible.To computeaplaneequationweneedat leasttwo linesassignedto %

! . If lessthan

2 linesareassignedto %

! we cannotuniquelycomputetheplaneequation.If oneline is assigned

to %

! we canonly constraintheplaneof %

! by thatline. If no linesareassignedto %

! theplaneis
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Figure 2: (a) Line assignment.Therearethreepossibilities.(1) �

�

is occluding �

"

in which case
�

! is
assigned�

�

. (2) �

"

is occluding�

�

in which case
�

! is assigned�

"

. (3) �

�

and �

"

meetat theline
�

! in
whichcase

�

! is assignedboth �

�

and �

"

. (b) Planeequationestimation.If two or morelinesareassigned
to �

! theplaneequationof �

! canbeestimated.SeeSection4.4 for thedetails.

essentiallyunconstrained.Let �

! denotetheplaneequationof %

! where:

�

!

(

��

�

�

�

�

�

�

�

�
�

*
	

!

���

!

/�
 if two linesassignedto %

!

0

�

if oneline 0

�

assignedto %

!

�

if 0 linesassignedto %

! .

(3)

In this de�nition 	

! is a (column)vectornormalto the planeand
�

! is the distanceto the plane

(bothde�ned up to scale);i.e. thefully constrainedplaneequationis de�ned by:

*
�������#/

��

�

	

!

�

!

���

�

( �




(4)

In Section4.4wedescribehow �

! canbecomputedoncethelayerassignmentis known.

4.3 AssigningLines to Layers

Supposethat
354 698A:�69= >;@

*
0

!

/�( C
%

�

�

%

"

D

, as in Figure2(a). As in the traditional layersformu-

lation, if the planeequationsof the two layers %

�

and %

"

areknown, it is possibleto estimate
�����

=?@7>

*
0

!

/ . If 0

! lies in theplaneof %

�

, then %

� �

���	�

=?@7>

*
0

!

/ , andsimilarly for %

"

. If 0

! doesn't

lie in eitherplane,thereis an inconsistency. Theestimateof oneof theplaneequationsmustbe

wrong. SeeSection4.5 for moredetails. If �

�

is fully de�ned andequals *
	

�

���

�

/

 , the layer
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assignment
���	�

=?@7>

* 0

!

/ canbecomputed:

=��

��

�

� 
! �

�


! �

���

�

��

�

	

�

�

�

���

�

( �����

:�>

%

� �

���	�

= @7>

* 0

!

/ (5)

where 0

!

( * � 
!

� �


! / . If theplane �

�

is just de�ned by oneline andequals0

���

, theassignment

canbecomputed:
=	�

0

!

( 0

�
�

���

:�>

%

� �

�����

=?@7>

* 0

!

/




(6)

If theplane �

�

is unconstrainedandequals
�

, theassignmentcanbecomputed:

=	�

�

�

(

�

���

:�>

%

�

1

�

���	�

=?@7>

*
0

!

/




(7)

The equivalentof the rulesin Equations(5)–(7) canalsobe appliedfor %

"

to computewhether

%

"

�

���	�

=?@7>

*
0

!

/ .

4.4 Computing the Layer PlaneEquations

Considertheregion %

! in Figure2(b)andthesetof lines 0

���

�	
	
	
 �

0

��


assignedto %

! :

%

!

�

���	�

= @7>

*
0

���

/

� 476

$
( �

�	
	
	
�� 


(8)

Theplaneequation�

! of %

! canthenbecomputed.First it is checkedwhether
�

( � . If
�

( � then

�

!

(

�

. Secondit is checkedif all of thelines 0

���

arethesameline; i.e.co-linear. If all of thelines

0

���

arethesamethen �

!

(
0

���

. Finally, if therearemorethantwo distinct lines, �

!

( *
	

!

���

!

/�


is computedasfollows. The
�

lines 0

�
�

�	
	
�
��

0

�



arede�ned by the ���

�

points, �

�
�

� �

�
�

�	
	
	
��

�

�



,
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��


. Sinceall of thesepointsmustlie in �

! it follows that:
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�

�

�
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�

�

�

�

�
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!

�

!

���

�

(

�

!

�

!

( �




(9)

Theplaneequation�

! canthereforebecomputedby performinga SingularValueDecomposition

(SVD)on
�

! . If thereisnosolutiontoEquation(9), thelines 0

�
�

arenotco-planar. Theassignment

of linesto regionsis therefore(locally) inconsistent.SeeSection4.5for moredetails.

4.5 Layer Consistency

Layerestimationis usuallyposedasoptimizinganotionof layerconsistency. Supposetheassign-

mentof pixels to layersand the motion (or planeequations)of the layersaregiven. The layer

consistency is a functionthatspeci�eshow gooda solutionthis is. With texturedlayers,thelayer

consistency is usuallya measureof how well the layersregeneratethe input images. With tex-

turelesslayers,layerconsistency is booleanvalued.Eitherthelayersareconsistentwith theinput

imagesor they arenot. Supposethat
�����

=?@7>

*
0

!

/ hasbeencomputedfor eachline 0

! andtheplane

equation�

! for eachregion %

! . Therearethentwo componentsto thelayerconsistency: (1) local

consistency, i.e.for eachregion,is theplaneequationconsistentwith theassignmentof linesto that

region,and(2) depthordering,i.e. is thedepthorderingimplied by theplaneequationsconsistent

with theocclusionorderingimpliedby theassignmentof linesto regions.

4.5.1 Local Consistency

Local consistency meansthattheplaneequationfor eachregion %

! is consistentwith the3D line

equationsof theall of the lines 0

�

thatareassignedto %

! , %

!

�

�����

=?@7>

*
0

�

/ . We alsocheckthat
�����

=?@7>

*
0

�

/ is well de�ned. Localconsistency consistsof checkingthefollowing conditions:
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Figure3: Depthorderingconsistency checksfor planesde®nedby (a) two linesand(b) oneline.
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(10)

– If �

!

(
0

���

is de�ned by 1 line then 0

���

(
0

�

.

– If �

!

(

�

is de�ned by 0 linestheninconsistent.

4.5.2 Depth Ordering

If the depthorderingis correct,then for every line 0

! assignedto %

�

where
35476 8A:<6 = >A@

*
0

!

/ (

C
%

�

�

%

"

D

, theplaneof %

�

mustbe“in front of” theplaneof %

"

alongtheline 0

! . In thisde�nition,

“in front of” meanscloserto or at thesamedistancefrom thecameracenterof projection.Because

checkingthis condition for planesjust de�ned by one line is tricky, it is easiestto checkthis

condition for eachregion %

�

in turn (rather than eachline 0

! ). Dependingon whether %

�

is

de�ned by 2, 1, or 0 lines, thereis a differentconditionto bechecked. We now describeeachof

theseconditionsin turn for theregion %

�

with planeequation�

�

.
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PlanesDe�ned by Two Lines

Supposethat theplaneequation�

�

( * 	

�

���

�

/ 
 of %

�

is de�ned by two lines. We thenconsider

eachline 0

! for which %

� �

354 698A:�69= >;@

* 0

!

/ . If %

"

�

3547698;:<69=?>A@

* 0

!

/ is theotherregionthatborders

0

! thesituationis asin Figure3(a).Thetwo points ,�� ! and
.

� ! aretheendpointsof the2D line ' � ! in

image
�

�

thatcorrespondsto the3D line 0

! . Althoughtherearethreepossibilitiesfor
���	�

=?@7>

* 0

!

/ ,

weonly needto consider:

1. %

� �

���	�

= @7>

* 0

!

/ : We needto checkthat the planeof %

�

lies in front of the planeof %

"

along 0

! .

2. %

"

�

���	�

= @7>

*
0

!

/ : We needto checkthat the planeof %

"

lies in front of the planeof %

�

along 0

! .

The casethatboth %

�

�

%

"

�

�����

= @ >

*
0

!

/ is thentakencareof by checkingboth conditions.The

way in which theseconditionsarecheckeddependson how many lines �

"

, theplaneequationof

%

�

, is de�ned by:

1. If �

"

( *
	

"

���

"

/�
 is de�ned by two lines, the depthorderingof the planesis checked by

checkingthe depthorderingalongthe raysde�ned by the two points ,
�

! and
.

�
! . SeeAp-

pendixA for adescriptionof how to do this.

2. Suppose�

"

(
0

�
�

is de�ned by one line. If ,
�

! lies on '

�

�
�

the projectionof 0

�
�

into
�

�

we checkthe depthorderingof the plane �

�

andthe line 0

�
�

alongthe ray de�ned by ,
�

! .

Similarly if
.

�

! lieson '

�

�
�

wecheckthedepthorderingof theplane�

�

andtheline 0

�
�

along

theray de�ned by
.

� ! . If 0

���

equals0

! thenbothof theseconditionsaresatis�edandsothe

depthmustbecheckedfor both ,��
! and

.

�
! . Again, seeAppendixA for a descriptionof how

to checkthedepthalonga givenray. Figure3(a) illustratesthecasethatonly
.

�
! lies on the

projectionof 0

�
�

into
�

�

.

3. If �

"

(

�

is de�ned by 0 lines, thenassuminglocal consistency hasbeenchecked, it must

bethecasethat %

� �

�����

= @ >

*
0

!

/ and %

"

1

�

���	�

= @7>

*
0

!

/ . Thereis thennothingto doto check
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that %

�

lies in front of %

"

.

PlanesDe�ned by OneLine

Supposethattheplaneequation�

�

( 0

�

� of %

�

is de�ned by oneline. We thenconsidereachline

0

! for which %

���

3 47698A:�69=?>A@

* 0

!

/ . If %

"

�

3547698;:<69=?>A@

* 0

!

/ is theotherregion thatborders0

! the

situationis asin Figure3(b). The2D lines '

� ! and '

�

�

�

arethenintersectedto give thepixel � . If �

lies betweenthe two endpoints , �! and
.

� ! of the2D line ' � ! the depthorderingcheckfor “planes

de�ned by 2 lines” is performedfor thepoint � ratherthanfor , �! and
.

� ! . Thedepthof � for %

�

is

computedby intersectingwith the line 0

�

� . SeeAppendixA for thedetails.Otherwisethedepth

orderingcheckis exactlyasabovefor “planesde�nedby two lines.” If 0

!

(
0

�

� thedepthordering

checkshouldbemadefor both ,
�

! and
.

�
! . If � exists,it usually, althoughnot always,equalseither

, �

! or
.

�

! . Figure3(b) illustratesthecasethat � doesnotequaleitherof theendpointsof '
�

! .

Thedepthorderingcheckdescribedabove checksthatevery point on the line 0

�

� is correctly

orderedwith respectto theneighboringplanes.Sincetheplane�

�

(
0

�

� is justde�nedby thisone

line, this is themainthing thatwe needto checkabout %

�

. It is not theonly thing, however. The

plane �

�

couldbeany plane“rotated” aboutthe line 0

�

� . Althoughwe do not know the rotation

of this plane,we needto checkthat thereis a “rotation” that is consistentwith thedepthordering

impliedby thelayerassignment.

In particular, considerFigure3(b) wherethe planeequationof %

�

is de�ned by the oneline

�

�

(
0

�

� . Considerthepoint
.

� ! . Since0

!

1
(

0

�

� then
�����

=?@7>

*
0

!

/ ( C
%

"

D

. Wethereforeknow that

theregion %

"

is in front of %

�

at thepoint
.

�
! . Thisputsaconstrainton therotationof theplaneof

%

�

about �

�

(
0

�

� . We determinewhetherall of theseconstraintscanbesimultaneouslysatis�ed

asfollows.

Considerany �x edvertex � of %

�

thatdoesnot lie on the2D line '

�

�

�

correspondingto 0

�

� . We

thenconsiderevery line 0

! thatborders%

�

thatdoesnotequal0

�

� , asin Figure3(b). Wetherefore

know that
�����

= @ >

*
0

!

/ ( C
%

"

D

where %

"

is theotherregion bordering 0

! . We thenconsiderthe

two points
.

�
! and ,

�
! . Since

���	�

= @7>

*
0

!

/ ( C
%

"

D

we cancomputethe3D locationof thepointson
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%

"

thatprojectto thesetwo points. For eachpoint in turn we computetheplanethroughthe line

0

�

� andthepoint on %

"

correspondingto
.

� ! or , �! . We thencomputethedepthof theintersection

of this planewith the ray through � . SeeAppendixA for a descriptionof how. If , �! (or
.

� ! ) is

on thesamesideof 0

�

� as � this distanceis a lower boundon thedistanceof thepoint � (which

implicitly constrainsthe“rotation”). Similarly, if , �! (or
.

� ! ) is on theothersideof 0

�

� from � this

distanceis anupperboundon thedistanceof thepoint � . If all of theseconstraintson thedepth

of � (over , �

! and
.

�

! for each 0

!

1( 0

�

� ) cannotbe simultaneouslysatis�ed thenthereis a depth

orderinginconsistency.

Notethatif %

�

is convex thenall of theconstraintson thedepthof thepoint � arein thesame

directionandso thereis no way that the “valid rotation” depthorderingconsistency checkcan

produceaninconsistency.

PlanesDe�ned by 0 Lines

If the planeequation�

�

(

�

of %

�

is de�ned by 0 lines thereis nothingto checkfor the depth

ordering. Sincetheplaneis de�ned by 0 lines,all of the lines 0

! thatborder %

�

areassignedto

otherplanes.Wethereforejustneedto checkif it possiblethatthisplanecouldbebehindall of the

otherplanes.Thisconditioncanalwaysbesatis�ed.

4.6 Finding ConsistentInter pretations

In the traditional layersformulation the goal is to �nd the assignmentof pixels to layersand

motions(or planeequations)of thelayersthatoptimizesthelayerconsistency measure.With our

booleanvaluedconsistency measure(seeSection4.5),we posethe texturelesslayersproblemas

�nding thesetof consistentassignmentsof linesto layers(seeSection4.1)andplaneequations(see

Section4.2). In thetraditionalformulationthelayerconsistency measureis optimizedusingsome

form of gradientdescentsuchastheEM algorithm[Sawhney andAyer, 1996]. In thetextureless

case,the optimizationis a combinatorialoptimization. In both cases,we needto decidehow to

initialize the algorithm. We could either initialize the assignmentor the planeequations. For

12



texturelesslayers,this leadsto two algorithms:

Algorithm 1

For every possibleway to initialize
���	�

= @7>

* 0

!

/ for every line 0

! ; i.e. for the threealternativesin

Equation(2):

1. Compute�

�

for every region %

�

usingSection4.4. For eachregion, checkthat thereis an

exactsolutionof Equation(9). If thereis noexactsolution,thereis noconsistentsolutionso

begin thenext initialization of
���	�

=?@7>

* 0

!

/ . In this way the local consistency is checkedfor

eachregionaswecomputeits planeequation.Hence,thereis noneedto checkit separately.

2. Checkthedepthorderingfor eachregion %

�

. If any %

�

fails,begin thenext initializationof
���	�

=?@7>

*
0

!

/ .

3. Outputthesetof consistentassignmentsandthecorrespondingcomputedplaneequations.

Algorithm 2

For everypossibleway to initialize theplaneequations�

�

for every region %

�

:

1. Computetheline assignment
�����

=?@7>

*
0

!

/ for everyline 0

! usingtheprocedurein Section4.3.

In theprocesscheckthat 0

! is assignedto at leastoneof thetwo regionsin
354 698A:�69= >;@

*
0

!

/ . If

not,thereis noconsistentsolutionsobegin thenext initializationof �

�

. In thiswaythelocal

consistency is checkedfor eachline aswe computetheline assignment.Thereis therefore

noneedto checklocal consistency separately.

2. Checkthedepthorderingfor eachregion %

�

. If any %

�

fails,beginwith thenext initialization

of �

�

.

3. Output the setof consistentplaneequationsandthe correspondingcomputedline assign-

ments.
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Thesetof possibleinitial planeequationscanbegeneratedin thefollowing way. Givenregion %

�

considereveryline 0

���

thatborders%

�

. Eachof thesede�nesonepossibleplaneequation�

�

( 0

���

de�ned by oneline. Secondly, considereverypair of lines 0

���

and 0

���

thatborder %

�

. Theselines

arechecked to seewhetherthey arecoplanar(usingSection4.4). If they arecoplanar, theplane

equationde�ned by thosetwo lines is computedusingSection4.4 andaddedto the list of plane

equationcandidates.Finally, theplanede�ned by 0 lines �

�

(

�

is addedto thecandidates.

4.6.1 Choosingthe Algorithm to Use

To decidewhetherto useAlgorithm 1 or 2, we count the numberof initializations that will be

requiredandchoosethesmallerof thetwo. For Algorithm 1 thenumberwill be:

������� 	 ��
��

(11)

For Algorithm 2 thenumberof initializationswill be:

�




���

�����

>A8

*
%

�

/ (12)

where
���

>A8

*
%

�

/ is thenumberof candidateplaneequationsfor region %

�

. Althoughtheoretically

���

>A8

*
%

�

/ canbeaslargeas
�

�

*
'

���

'

�

�
/ where' is thenumberof linesbordering%

�

, in practiceis

it usuallycloserto theminimumpossiblewhichis '

�

� . Comparingthevaluesin Equation(11)and

Equation(12)wecandecidewhichalgorithmto use.Almostalwaysit is betterto useAlgorithm 2

becausethereareusuallyfarmorelinesthanregions;i.e.
>A4��?= >A:

��� �

.
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(a) Input Image1 (b) Input Image2 (c) 3D Lines

(d) LayerAssignment (e)Rendering1 (f) Rendering2

Figure 4: An example(a–c)with multiple globally consistentsolutions(d–f). The 9 solutionscanbe
groupedinto 5 types,eachdisplayedin a separaterow. (d) The layerassignment.(e–f) Renderingsof the
planes.Seehttp://www.ri.c mu.ed u/ pr oj ec ts/ pr oj ec t 528.html for �y-by movies.

5 Experimental Results

5.1 Illustrati veExamples

We �rst appliedour algorithm to a variety of syntheticinputs to illustrate the variouspossible

scenarios. The most commoncase,illustrated in Figure 4, is that thereare multiple globally

consistentsolutions. Two input imagesand the 3D lines are shown in Figures4(a), (b), and

(c). The sceneconsistsof a single triangle in 3D space,with two texturelessregions, one in-
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(a) Input Image1 (b) Input Image2 (c) 3D Lines

(d) LayerAssignment(e)Rendering1 (f) Rendering2

Figure5: An example(a–c)with asinglegloballyconsistentsolution(d–f).

sideandoneoutsidethe triangle. Our algorithm�nds 9 globally consistentsolutions. The so-

lutions can be groupedinto 5 types. One solution of eachtype is shown in rows 2–6 of Fig-

ure 4. In the �rst column of eachrow we illustrate the layer assignmentby drawing arrows

on one of the input imagesto show which region(s) eachline is assignedto. In the other 2

columnswe presentrenderingsof the computedplaneequationsfrom 2 different viewpoints.

Seehttp://www.ri.cmu.edu/project s/pr oject 528.html for �y-by movies. In

the�rst typeof solution(row 2,1 solution)thereis asingleplanewith atriangularregion“painted”

on it. In thesecondtypeof solution(row 3, 1 solution)the triangleis a plane“�oating” in front

of a backgroundplane(which is unconstrained.)In the third typeof solution(row 4, 1 solution)

thetriangleis a “hole” in a plane(with anunconstrainedbackgroundplane.)In thefourth typeof

solution(row 5, 3 solutions)thetriangleis planein front of abackgroundplanewhich is joinedto

thetrianglealongoneedge.In the�fth typeof solution(row 6, 3 solutions)thetriangleis “hole”

in front of abackgroundplanewhich is joinedto the“hole” alongoneedge.

An examplewith a singleglobally consistentsolutionis shown in Figure5. (Note that there
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(a) Input Image1 (b) Input Image2 (c) 3D Lines

(d) LayerAssignment (e)Rendering1 (f) Rendering2

Figure 6: An example(a–c)with 24 locally consistentsolutions,noneof which areglobally consistent
solutions.(d–f) Oneof thelocally consistentsolutions.

areactually24 locally consistentsolutions.) This caseis rare. Therearealmostalwaysmulti-

ple solutions. The sceneconsistsof 3 layers,a quadrilateraland2 triangles. Two input images

andthe3D linesareshown in Figures5(a), (b), and(c), theassignmentof lines to layersin Fig-

ure5(d),and2 renderingsof therecoveredplanesin Figures5(e)and(f). Seetheprojectwebpage

http://www.ri.cmu.edu/project s/pro ject 528.html for a �y-by movie.

An examplewith 24 locally consistentsolutionsbut no globally consistentsolutionis shown

in Figure6. The sceneconsistsof 3 regions,2 neighboringrectangularregions“inside” a back-

groundregion. The 3D lines consistof a rectanglewith a line “�oating” in front of it. Oneof

the24 locally consistentsolutionsis shown in Figures6(d–f). This solutionconsistsof a 2 plane

“wedge” on top of the backgroundplane. This “solution” is not consistentwith the input im-

agesbecausethegeometryof thesolutionin Figures6(e–f) implies that the input imagesshould

containthe edgesof the wedge. However, the 3D lines in Figure6(c) only containthe �oating

edgeandtheedgesof thebackgroundrectangle.Notethat if the �oating edgewere“behind” the

rectanglein Figure6(c) therewould be a globally consistentsolution. Seethe projectwebpage

http://www.ri.cmu.edu/project s/pro ject 528.html for a �y-by movie.

An examplewith no locally consistentsolutionsis shown in Figure 7. Although the input

imagesconsistof a single triangle just like in Figure4, no pair of 3D lines areco-planar. It is

thereforeimpossibleto assignthe3 linesto the2 regionsandthencomputea valid planeequation

17



(a) Input Image1 (b) Input Image2 (c) 3D Lines

Figure 7: An examplewith no locally consistentsolutions.The inputs(a–b)consistof a singletriangle
like in Figure4. No pairof 3D lines(c) areco-planar, however, andsothereis no solution.

for bothregions.Seealsohttp://www.ri.cmu.edu/project s/pr oject 528.html .

5.2 Resultson Real Images

Wealsoappliedouralgorithmto asetof imagesof a realsceneof a “cornerwalkway”. Two input

images,with the2D lines overlayedon them,areincludedin Figures8(a)and(b). The sceneis

typical of many encounteredin 3D reconstructionandrobotnavigationtasks.Becausethescene

is largely man-made,thereis little, if any, texture in any of the regions. The recovered3D lines

areshown in Figure8(c). Our algorithm�nds 448globally consistentsolutions.Thesolutionthat

is “most plausible” to us ashumansis shown in Figures8(d–f). The line assignmentis shown

in Figure 8(d). Figures8(e) and (f) contain2 renderingsof the reconstructed3D planes. See

http://www.ri.cmu.edu/project s/pro ject 528.html for a �y-by movie.

Figures8(g–i) show anothersolution. In this solution, the “door” is ajar; i.e. it is a plane

de�ned by the one line wherethe door is connectedto the wall. This solution is also a valid

solution(assumingwe cannotseethesmall“crack” at thetop of thedoorif it is ajar.) Thedegree

to whichthedooris ajaris notuniquelycomputedby ouralgorithm(althoughthereareconstraints

on it.) We just know thatthedooris connectedto thewall alongtheappropriateline. Also in this

solution,the“white-board”hasbecomesa hole(anopeninginto theroombehind.)Althoughless

likely in practice,wallscanhaveholesin thethemandsothissolutionis avalid 3D interpretation.

Figures8(j), (k) and(l) show theline assignmentsfor threemoresolutions.In Figure8(j), the

“�oor” is aunconstrainedplane(i.e.,ahole).Thisis unlikely in practice,however, thisreasoningis

basedonthehigh-level knowledgethatthereis normallyagroundplane.In Figure8(k), the“wall”

is anunconstrainedplane.This leavesthe“white-board”�oating in mid air. This interpretationis

18



(a) Input Image1 (b) Input Image2 (c) 3D Lines

(d) LayerAssignment (e)Rendering1 (f) Rendering2

(g) LayerAssignment (h) Rendering1 (i) Rendering2

(j) AnotherSolution (k) AnotherSolution(l) AnotherSolution

Figure 8: A real example(a–c)with 448 globally consistentsolutions. (d) The layer assignmentof the
ªmostplausibleºsolution.(e–f)Renderingsof theplanes.(g–i) Anothersolution.(j–l) Thelayerassignment
for threemoresolutions.Seealsohttp://www.ri.c mu.ed u/ pr oj ec ts/ pr oj ec t 528.html .
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alsounlikely, however, thisreasoningis basedontheknowledgethatobjectsrarely�oat in mid air.

As with all thesolutions,thelayersarea valid 3D interpretationof theimages.

Theresultsin Figure8aretypicalin thesensethattherearegenerallyalargenumberof globally

consistentsolutions.Themaincauseis the largenumberof solutionswith planesconstrainedby

1 line, which canexplodecombinatorially. Of the448solutions,434containregionswith oneor

moreplaneequationsconstrainedby a single line. Of the remaining14 solutions,13 solutions

containlayerswith unconstrainedplaneequations.The�nal solution,whereevery layeris de�ned

by two or morelines,is theoneshown in Figure8(d–f), i.e. the“mostplausible”one.

Thedevelopmentof heuristics(suchaschoosingthesolutionwith thelargestnumberof plane

equationsde�ned by 2 or morelines,or thesolutionwith thelargestnumberof edgeassignments)

andtheuseof prior knowledge(suchastheknowledgethat thereis normallya groundplaneand

thatplanescannot�oat in mid air) is left asfuturework.

6 Conclusion

We have investigatedthe taskof computinga layeredrepresentationof a scenewhenthe scene

consistsof a collection of constantintensity regions. Assumingthe sceneis static, or moving

rigidly, we have presentedan algorithmto computeevery setof layer planeequationsandlayer

assignmentsthatareconsistentwith theinputs.Our world of “TexturelessLayers” is very similar

to the “Origami World” of [Kanade,1980]. Our algorithmis similar in that: (1) theonly source

of informationis a setof lines,and(2) it is a (bruteforce) combinatorialsearchfor a consistent

solution. On the otherhand,our algorithmconsidersthe consistency of a setof 3D planeswith

multiple input imagesratherthanlooking for aconsistent2D junctionlabelingin asingleimage.

Thispaperis a �rst attemptto study“TexturelessLayers”.Questionsfor furtherstudyinclude:

(1) how to extendour algorithmto non-rigid sceneswhereeachlayer is moving independently,

(2)how tocombineouralgorithmwith traditionallayersalgorithmswhenthesceneconsistsof both

texturedandtexturelessregions,(3) how to extendour algorithmto copewith topologychanges

in theinput images,(4) whetherit is possibleto combineour algorithmwith [Kanade,1980], and
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(5) how to choosethe“mostplausible”solution.
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A CheckingDepth Ordering

At several pointsin Section4.5.2we assumedthat we could checkthe depthorderingof planes

andlinesalongraysin spacede�ned by pixelsin theinput images.Supposethatwe areworking

with the image
�

�

capturedwith a camerawith projectionmatrix �

�

. The ray throughthe pixel
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is de�ned by:
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where *
�

�

/

�
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is thepseudo-inverseof thecameramatrix �

�

,
�

�

any vector

in thenull spaceof �

�

( �

�

�

�

( � ),
�

is anunknown scalar, and � denotesequalityup to scale.In

Section4.5.2 *��

���

/ 
 is setto beoneof theendpointsof oneof the2D lines '
� ! ( * , �!

� .

� !</ .
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As
�

variesin Equation(13), thepoint * �

�

�

�

�

�

�#/ 
 tracesouta line in the3D projectivespace.

In order to computedepthorderingwe needto know whether
�

increasesor decreasesinto the

scene.Thiscanbedeterminedby: (1) Estimatethevalueof
�

thatcorrespondsto theimageplane

by settingthebottom(4th) row of theright handsideof Equation(13) to zeroandsolving.Denote

theresultof this
���

. (2) Intersectany raywith any of theplanesto estimateanothervalueof
�

. See

below for how to do this. Denotetheresultof this
�

� . If
�

���

���

then
�

increasesinto thescene.

To completethedescriptionof how to computethedepthorderingalongtherayde�ned by the

pixel *��

���

/�
 in image
�

�

, all we needto do is describehow the valueof
�

in Equation(13) can

becomputedfor planes(andlines.) Thevalueof
�

thatcorrespondsto the intersectionof theray

through *��

���

/�
 with theplane �

�

( * 	

�

���

�

/�
 is thesolutionof:
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Thevalueof
�

that correspondsto the intersectionof the ray through *��
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 with the line 0
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de�ned by oneline) is thesolutionof:
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for
�

(throwing awaytheresultsfor � , and



). Assumingthatthepixel *��

���

/ 
 liesontheprojection

of the3D line 0

�

into theimage
�

�

(whichis alwaysthecasein Section4.5.2)thisover-constrained

systemof equations(4 equationsand3 unknowns)musthaveanexactsolution.
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