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Abstract

Layersareoneof the mostwell studiedwaysof representing 3D scene.Althoughman-
madesceneften containconstantintensity planarregions (texturelesslayers),it is almost
alwaysassumedhatthereis enoughtexturein eachlayerto computethe motion of the layer
usingimagealignmentandto baselayer assignmenbn pixel-wise differencing. Since (the
interior of) ary texturelessregion is consistentwith the motion of ary layer mostexisting
algorithmsassigrconstantntensityregionsto thedominantiayer, or to arandomnearbylayet
The onesourceof informationthat could be usedto resole the inherentambiguity namely
thelinesseparatinghe constanintensityregions,is insteadoftentreatedasanoutlier. In this
paperwe studythe questionof what canand cannotbe computedin a 3D world consisting
of a setof constantintensity planarregions (texturelesslayers). We derive an algorithmto
determinewhenthe shapeof the scenas unique,whenit is inherentlyambiguousandif so,
whatthe setof possiblesceneshapess.
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1 Intr oduction

Layersare one of the mostwell studiedways of representinga 3D scene[Bergenet al., 1992,
WangandAdelson,1993,Hsuetal., 1994,DarrellandPentland1995,Savhney andAyer, 1996,
Weissand Adelson,1994. In suchpapersit is usuallyassumedhatthereis enoughtexturein
eachlayerto computea homographyor af ne warp for thatlayer usingimagealignment[Lucas
and Kanade,1981,Bemenet al., 1994. In man-madesceneshowever, thereare often mary
texturelessregions (layers.) Walls and ceilings are usually painteda single color. The tops of
tables,andthe sidesof cabinetsarealsousuallytextureless.

(Theinterior of) ary texturelessregion is consistenwith the motion of ary layer. Most algo-
rithmsthereforetendto grouptexturelessegionswith the dominantlayer, or with a large nearby
layer. A goodexampleis containedn Figure13in Savhney andAyer's seminalpaper[Savhney
andAyer, 1996. This gure containsa personbouncinga table-tennisball on their bat. Also
visible is a large backgroundplane. In the bottomof the gure partof the table-tennigable can
alsobe seen.Conceptuallythe sceneconsistf threelayers,the dominantbackgroundayer, the
layer of thetable-tennigable,andthe layer of the bat, ball, andarm. The dominantiayer estima-
tion algorithmin [Savhney andAyer, 1996, however, groupsthe (mostly)texturelesgable-tennis
tablewith thedominantbackgroundayer. In the 2D video codingdomainof [Savhney andAyer,
1994, thisinterpretatiorof the scends valid. Thetexturelesgable-tennigableis consistentvith
the motion of the backgroundplane. As a 3D interpretationof the sceneit is not correct. The
backgroundandthetable-tennigablelie in distinct3D planespnehorizontal the othervertical.

In this examplethe only visual information that could be usedto determinethat thereare
two layersratherthanoneis the line that separateshem; i.e. the edgeof the table-tennidable.
Whenimagealignmentis usedto computethe motion of layers,and pixel-wisedifferencingthe
consisteng of pixelswith layers,theinformationin thelinesbetweerconstanintensityregionsis
givenlittle very weight. As aresult,the line betweerthetable-tennidgableandthe backgrounds
treatedasanoutlierin [Savhney andAyer, 1996 ratherthananimportantsourceof information.

In this paperwe abstracthe above problemandstudythe questionof whatcanandcannotbe



computedn a 3D world consistingof a setof constanintensity(textureless)olygonal,planarre-
gions(layers).In particular we askwhenthe 3D shapeof suchasscengthelayerplaneequations)
canberecovereduniquely andwhenthe 3D shapes inherentlyambiguous.Note thatour ideal
world of constantntensity polygonalplanarregionsis similarto the“Origami World” of [Kanade,
198d. Our analysishowever, is ananalysisof whatcanbe computedrom multiple imagesusing
3D vision, ratherthana 2D analysisof junctionlabeling.

We assumehattheconstantntensityregionshave beensggmentedtheir polygonalboundaries
have beendetected,and the correspondencelsetweenthe lines boundingthe regions, and the
regionsthemseles,have beencomputed We derive analgorithmto computethe 3D shapeof the
sceneandthe assignmenof thelinesto thelayers. Thesetwo taskscorrespondo thetraditional
layerstasksof layermotionestimatiorandpixel assignmento layers.In generaltherearemultiple
solutionsfor the shapeestimateandline assignmenthatare consistentwith theinputimages.In

suchcasespur algorithmoutputsevery possibleconsistentnterpretatiorof theimages.

2 Problem Scenario

We assumehat thereis a single cameramoving througha static scene.Equivalently, the scene
couldbe moving rigidly, therecould be multiple cameraspr a non-rigidly moving scenecouldbe
imagedsimultaneoushby multiple (stereo)cameras.How to extendthe algorithmdescribedn
this paperto scenesvhereeachlayeris moving independentlybut rigidly, is left asfuture work.
We assumehatthe sceneunderconsideratiorconsistsof a collectionof polygonal,constant
intensity (andcolor), planarregions. The scenes imagedby a moving camerathat captureghe
images . SeeFigure 1 for anillustration. We assumethe input imageshave
beenprocessedthe constantintensity regions have beenseggmented,2D lines have been t to
the polygonalboundarieof the constantintensityregions,andthe correspondencdsetweenhe
regionsandthe correspondencdsetweerthelinesborderingtheregionshave beendetermined.

Denotethe constaniintensityregionsin the  image . Knowing the correspon-
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Figure 1. ProblemScenario. We assumehat the sceneunderconsideratiorconsistsof a collection of
polygonal,constanintensity(andcolor), planarregions . Thescends imagedby a moving
camerahatcapturesheimages
dencebetweertheregionsmeanghat and correspondo thesameplanarregionin thescene
forall and . Denotethis3Dregion . Denotethe lineinthe image where
is a columnvectorcontainingthe 2D imagecoordinate®f the rst vertex, and is acolumn
vectorcontainingthe 2D imagecoordinatesf the secondvertex. Knowing the correspondence
betweerthedetectedinesmeanghat and areprojectionsof thesame3D line in the scendor
all and . Denotethis3D line . Note, however, thatbecausef occlusionsthe points, and
, andthepoints, and , donotnecessarilyorrespondo thesame3D pointsin the scenefor
. Also notethatwe assumehatthelinesarebrokenatall junctions,includingt-junctions.
Eachline borderstwo regions. While the regionsandlines are being extracted,the two 3D

regionsborderingeach3D line arerecordedn thefollowing data-structure:

(1)

i.e.the3D regionsborderingthe3D line are and
Implicit in the above is the assumptiorthat the motion of the camerais small enoughso that

the topology of the lines and regions doesnot changeacrossthe input images;i.e. no lines or



regionsappeapor disappeam . We alsoassumehatthedepthorderingof theregions
remainsthe sameacrossthe images. This is hardly an additionalassumptiorsincethe ordering
would only changef thecameramovedfrom “in front of” to “behind” someof the planarregions,

in which casethetopologywould likely change.

3 3D Line and CameraMatrix Recovery

Givenenoughcorrespondin@D linesit is possibleto reconstructhe 3D projectie structureof
the lines andthe motion of the camera[Faugeraset al., 1987, Wenget al., 1993, Hartley, 1994,
TaylorandKriegman,1999. In particular if 6 lines(in generabposition)arevisible in 3 imagesit
is possibleto recoverthe 3D projective line equationsandcameramatrices| Faugerastal., 1987,
TaylorandKriegman,1999. If 13 linesarevisible, thereis evenallinearalgorithmto recoverthe
scenestructureandmotion[Wengetal., 1993,Hartley, 1994.
We assumehatthe 3D linesandthemotionof thecamerahave beerrecovered eitherusingone
of theabove algorithmsor someothertechnique.Denotethe projectve cameramatrix for image
by . Denotethe 3D line, the onethatcorrespondso the 2D lines , by
where and are(columnvectorscontaining)the 3D projective coordinatesof two pointson
theline. Notethatthereis no correspondencleetweerthe3D points and usedto denotethe

3D line andthe 2D points and

4 Layer Estimation

Thetraditionalapproacho layerestimatiorconsistof two tasks:(1) assigrthepixelsto thelayers,
(2) estimatehemotion(af ne warpor homography]Bemenetal., 1992 or planeequatior{ Baker
etal., 1999 of eachlayer Thesetwo tasksarecoupled.To estimatethe motion of the layers,we
needto know which pixelsbelongto eachlayer. To assignthe pixelsto the layers,we needknow
the motion of the layers. Layer estimationcanbe formulatedin the Expectation-Maximization

(EM) framework andis usuallyperformedby iteratingthe two tasks[Sawhney andAyer, 1994 .

4



With texturelesdayersthereare two correspondingasks. In the rst we assign3D linesto
layers(insteadof assigningpixelsto layers.) In the secondaskwe computethe motion or plane
equatiornof eachlayer. In thestaticscenescenarioof this paperthesituationis constrainegtnough
to computethe planeequationof eachlayer. (If the scenels moving non-rigidly, the situationis
lessconstrainedndinsteadve would needto computehemotionof eachlayerasahomography)
Beforewe discusseachof the two tasksin turn, we rst introducesometerminologyfor: (1) the

assignmenof linesto regionsand(2) thelayerplaneequations.

4.1 Layer Assignment

Supposehat , asin Figure2(a). Therearethreepossiblephysical
cause®ftheline : (1)theregion isin frontof andoccludingtheregion in whichcase
contains but  doesnot,(2) theregion isin front of andoccludingtheregion  in which
case contains but doesnot,and(3) thetworegions and meetatandbothcontain

theline . Therearethereforethreewaysto assignthe3D line

if only  contains
if only  contains (2)

if & meetat

In Section4.3we describehow canbecomputedncethe planeequationsaareknown.

4.2 Layer PlaneEquations

Ideally we would like to estimatea planeequationfor eachregion . Unfortunatelythis is not
alwayspossible.To computea planeequatiorwe needatleasttwo linesassignedo . If lessthan
2 linesareassignedo  we cannotuniquelycomputethe planeequation.If oneline is assigned

to wecanonly constraintheplaneof by thatline. If nolinesareassignedo theplaneis



(a) Line Assignment (b) PlaneEquationEstimation

Figure 2: (a) Line assignmentTherearethreepossibilities. (1) is occluding  in whichcase is
assigned . (2) isoccluding inwhichcase isassigned .(3) and meetattheline in
whichcase isassignedoth and . (b) Planeequationestimation.f two or morelinesareassigned
to theplaneequationof  canbeestimatedSeeSectiond.4for thedetails.

essentiallyunconstrainedLet  denotethe planeequationof ~ where:

if two linesassignedo
if oneline  assignedo (3)

if 0 linesassignedo

In this de nition  is a (column)vectornormalto the planeand is the distanceto the plane

(bothde ned upto scale);.e. thefully constraineglaneequationis de ned by:

4)
In Sectiond.4we describehow  canbecomputedncethelayerassignmenis known.
4.3 AssigningLinesto Layers
Supposéhat , asin Figure2(a). As in the traditionallayersformu-

lation, if the planeequationsof thetwo layers and  areknown, it is possibleto estimate
.If  liesintheplaneof ,then ,andsimilarlyfor . If  doesnt
lie in eitherplane,thereis aninconsisteng. The estimateof one of the planeequationamustbe

wrong. SeeSection4.5 for more details. If is fully de ned andequals , the layer



assignment canbecomputed:

)
where . If theplane isjustde ned by oneline andequals , theassignment
canbecomputed:

(6)
If theplane isunconstraineéndequals , theassignmentanbe computed:

(7)

The equivalentof the rulesin Equations(5)—(7) canalsobe appliedfor ~ to computewhether

4.4 Computing the Layer Plane Equations

Considertheregion  in Figure2(b) andthesetof lines assignedo

(8)

Theplaneequation of canthenbecomputedFirstit is checledwhether f then
. Secondt is checledif all of thelines  arethesamdine;i.e.co-linear If all of thelines
arethe samethen . Finally, if therearemorethantwo distinctlines,

is computedasfollows. The lines arede ned by the points,



. Sinceall of thesepointsmustlie in it follows that:

(9)

Theplaneequation canthereforebe computedoy performinga SingularValueDecomposition
(SvD)on . If thereisnosolutionto Equation(9),thelines  arenotco-planar Theassignment

of linesto regionsis thereforg(locally) inconsistentSeeSection4.5 for moredetails.

4.5 Layer Consistency

Layerestimations usuallyposedasoptimizinga notionof layerconsisteng. Supposeheassign-
mentof pixelsto layersandthe motion (or planeequations)of the layersare given. The layer
consisteng is afunctionthatspeci eshow gooda solutionthis is. With texturedlayers,the layer
consisteng is usuallya measureof how well the layersregeneratehe input images. With tex-
turelesdayers,layerconsisteng is booleanvalued.Eitherthelayersareconsistentvith theinput
imagesor they arenot. Supposehat hasbeencomputedor eachline  andtheplane
equation for eachregion . Therearethentwo componentso thelayerconsisteng: (1) local
consisteny, i.e.for eachregion,is theplaneequatiorconsistentvith theassignmentf linesto that
region, and(2) depthordering,i.e. is the depthorderingimplied by the planeequationsonsistent

with the occlusionorderingimplied by the assignmenof linesto regions.

4.5.1 Local Consistency

Local consisteng meanghatthe planeequationfor eachregion is consistentvith the 3D line
equationof theall of thelines thatareassignedo . We alsocheckthat

is well de ned. Local consisteng consistf checkingthefollowing conditions:
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(a) DepthOrdering®Two Lines® (b) DepthOrderingOneLine®

Figure 3: Depthorderingconsisteng checksfor planesde®nedby (a) two linesand(b) oneline.

Forall ,
Forall ,
Forall , , :
— If is de ned by two linesthen:
(10)
—If is de ned by 1 line then
— If is de ned by 0 linestheninconsistent.

4.5.2 Depth Ordering

If the depthorderingis correct,thenfor every line  assignedo  where

,theplaneof = mustbe"“in frontof” theplaneof  alongtheline . Inthisde nition,
“in frontof” mean<closerto or atthe samedistancdrom the camereacenterof projection.Because
checkingthis condition for planesjust de ned by oneline is tricky, it is easiestto checkthis
condition for eachregion in turn (ratherthaneachline ). Dependingon whether s
de ned by 2, 1, or O lines, thereis a differentconditionto be checled. We now describesachof

theseconditionsin turnfor theregion  with planeequation



PlanesDe ned by Two Lines

Supposedhatthe planeequation of  is de ned by two lines. We thenconsider

eachline  for which f istheotherregionthatborders

thesituationis asin Figure3(a). Thetwo points and aretheendpointsof the2D line in

image thatcorrespondsothe3Dline . Althoughtherearethreepossibilitiesfor ,

we only needto consider:
1. : We needto checkthatthe planeof  liesin front of the planeof
along
2. : We needto checkthat the planeof lies in front of the planeof
along
The casethatboth is thentaken careof by checkingboth conditions. The

way in which theseconditionsarechecled dependsn how mary lines , the planeequationof

,isde ned by:

1.

If is de ned by two lines, the depthorderingof the planesis checled by
checkingthe depthorderingalongthe raysde ned by the two points and . SeeAp-

pendixA for adescriptionof how to dorthis.

. Suppose is de ned by oneline. If lieson the projectionof into

we checkthe depthorderingof the plane  andtheline alongtheray de ned by

Similarlyif  lieson  we checkthedepthorderingof theplane andtheline along
therayde nedby . If equals thenbothof theseconditionsaresatis ed andsothe
depthmustbechecledfor both and . Again,seeAppendixA for a descriptionof how
to checkthe depthalonga givenray. Figure3(a)illustratesthe casethatonly liesonthe

projectionof into

If is de ned by 0 lines, thenassumingdocal consisteng hasbeenchecled, it must

bethecasethat and . Thereis thennothingto doto check
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that liesin front of

PlanesDe ned by OneLine

Supposehattheplaneequation of  isde nedby oneline. Wethenconsidereachline

for which f is the otherregion thatborders the
situationis asin Figure3(b). The2D lines and arethenintersectedo give the pixel . If
lies betweenthetwo endpoints and of the2D line the depthorderingcheckfor “planes
de ned by 2 lines” is performedfor thepoint ratherthanfor and . Thedepthof for s
computedoy intersectingwith theline . SeeAppendixA for the details. Otherwisethe depth
orderingcheckis exactly asabovefor “planesde ned by two lines” If thedepthordering
checkshouldbe madefor both  and . If exists,it usually althoughnot always,equalseither

or . Figure3(b)illustratesthecasethat doesnotequaleitherof theendpointsof

The depthorderingcheckdescribedabove checksthatevery point on theline is correctly
orderedwith respecto theneighboringplanes.Sincetheplane isjustde ned by thisone
line, this is the mainthing thatwe needto checkabout . It is notthe only thing, however. The
plane couldbeary plane“rotated” abouttheline . Althoughwe do not know the rotation
of this plane,we needto checkthatthereis a “rotation” thatis consistentvith the depthordering
implied by thelayerassignment.

In particular considerFigure 3(b) wherethe planeequationof  is de ned by the oneline

. Considetthepoint . Since then . Wethereforeknow that

theregion isinfrontof atthepoint . Thisputsaconstrainiontherotationof theplaneof

about . We determinewhetherall of theseconstraintanbe simultaneoushgatis ed
asfollows.

Considerary x edvertex of thatdoesnotlie onthe2D line correspondingo . We
thenconsidereveryline thatborders thatdoesnotequal |, asin Figure3(b). Wetherefore
know that where isthe otherregion bordering . We thenconsiderthe

two points and . Since we cancomputethe 3D locationof the pointson
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that projectto thesetwo points. For eachpointin turn we computethe planethroughtheline

andthepointon  correspondingo or . Wethencomputethe depthof theintersection
of this planewith theray through . SeeAppendixA for a descriptionof how. If  (or )is
onthesamesideof  as thisdistances alower boundon the distanceof the point  (which
implicitly constrainghe “rotation”). Similarly, if  (or )isontheothersideof from this
distanceis an upperboundon the distanceof the point . If all of theseconstraintson the depth
of (over and for each ) cannotbe simultaneouslysatis ed thenthereis a depth
orderinginconsisteng.

Notethatif  is corvex thenall of the constraintonthe depthof thepoint arein thesame
directionand so thereis no way that the “valid rotation” depthorderingconsisteng checkcan

produceaninconsisteny.

PlanesDe ned by O Lines

If the planeequation of is de ned by 0 linesthereis nothingto checkfor the depth
ordering. Sincethe planeis de ned by 0 lines, all of thelines thatborder areassignedo
otherplanes We thereforgust needto checkif it possiblethatthis planecouldbebehindall of the

otherplanes.This conditioncanalwaysbe satis ed.

4.6 Finding Consistentinter pretations

In the traditional layersformulation the goal is to nd the assignmenbf pixels to layersand
motions(or planeequationspf the layersthatoptimizesthe layer consisteng measureWith our
booleanvaluedconsisteng measurgseeSection4.5), we posethe texturelesdayersproblemas
nding thesetof consistenassignmentsf linesto layers(seeSectiord.1)andplaneequationgsee
Sectiond.2). In thetraditionalformulationthelayerconsisteng measurés optimizedusingsome
form of gradientdescensuchasthe EM algorithm[Savhney andAyer, 1994. In thetextureless
case the optimizationis a combinatorialoptimization. In both caseswe needto decidehow to

initialize the algorithm. We could eitherinitialize the assignmenor the plane equations. For
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texturelesdayers,this leadsto two algorithms:

Algorithm 1

For every possibleway to initialize for everyline ; i.e.for thethreealternatvesin

Equation(2):

1. Compute for everyregion  usingSection4.4. For eachregion, checkthatthereis an
exactsolutionof Equation(9). If thereis no exactsolution,thereis no consistensolutionso
begin the next initialization of . In thisway the local consisteng is checled for

eachregion aswe computets planeequation Hence thereis no needto checkit separately

2. Checkthedepthorderingfor eachregion . If ary  fails, begin the next initialization of

3. Outputthesetof consistenassignmentandthe correspondingomputedolaneequations.

Algorithm 2

For every possibleway to initialize the planeequations  for everyregion

1. Computetheline assignment foreveryline  usingtheproceduren Sectior4.3.
In theprocestheckthat isassignedo atleastoneof thetwo regionsin f
not, thereis no consistensolutionsobegin thenext initializationof . In thiswaythelocal
consisteng is checled for eachline aswe computethe line assignmentThereis therefore

no needto checklocal consisteng separately

2. Checkthedepthorderingfor eachregion . If ary  fails,beginwith thenext initialization

of

3. Outputthe setof consistenplaneequationsandthe correspondingomputedine assign-

ments.
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Thesetof possiblenitial planeequationsanbe generatedn thefollowing way. Givenregion
considerveryline  thatborders . Eachof thesede nesonepossibleplaneequation

de ned by oneline. Secondlyconsidereverypairof lines  and  thatborder . Thesdines
arechecledto seewhetherthey arecoplanar(using Section4.4). If they arecoplanaythe plane
equationde ned by thosetwo linesis computedusing Section4.4 andaddedto the list of plane

equationcandidatesFinally, the planede ned by O lines is addedto the candidates.

4.6.1 Choosingthe Algorithm to Use

To decidewhetherto useAlgorithm 1 or 2, we countthe numberof initializations that will be

requiredandchoosehe smallerof thetwo. For Algorithm 1 the numberwill be:

(11)

For Algorithm 2 thenumberof initializationswill be:

(12)

where is the numberof candidateplaneequationdor region . Althoughtheoretically
canbeaslargeas- where isthenumberof linesbordering , in practiceis

it usuallycloserto theminimumpossiblenhichis . Comparinghevaluesin Equation(11)and

Equation(12) we candecidewhich algorithmto use.Almost alwaysit is betterto useAlgorithm 2

becausehereareusuallyfar morelinesthanregions;i.e.
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(a) Inputimagel (b) Inputimage2 (c) 3D Lines

(d) LayerAssignment  (e) Renderingl (f) Rendering2

Figure 4. An example (a—c)with multiple globally consistentsolutions(d—f). The 9 solutionscanbe
groupedinto 5 types,eachdisplayedin a separateow. (d) The layerassignment(e—f) Rendering®f the
planes.Seehttp://www.ri.c mued u/ pr oj ects/ proj ect 528.html for y-by movies.

5 Experimental Results

5.1 lllustrati ve Examples

We rst appliedour algorithmto a variety of syntheticinputsto illustrate the variouspossible
scenarios. The most commoncase,illustratedin Figure 4, is that there are multiple globally
consistentsolutions. Two input imagesand the 3D lines are shavn in Figures4(a), (b), and

(c). The sceneconsistsof a singletrianglein 3D space,with two texturelessregions, onein-
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(@) Inputimagel (b) Inputimage2 (c) 3D Lines

(d) LayerAssignment(e) Renderingl (f) Rendering?
Figure 5: An example(a—c)with asingleglobally consistensolution(d—f).

side and one outsidethe triangle. Our algorithm nds 9 globally consistentsolutions. The so-
lutions can be groupedinto 5 types. One solution of eachtype is shavn in rows 2—6 of Fig-
ure 4. In the rst columnof eachrow we illustrate the layer assignmenby drawing arrovs
on one of the input imagesto shav which region(s) eachline is assignedo. In the other?2
columnswe presentrenderingsof the computedplane equationsfrom 2 different viewpoints.
Seehttp://www.ri.cmu.edu/project s/pr oject 528.html for y-by movies. In
the rst typeof solution(row 2, 1 solution)thereis asingleplanewith atriangularregion“painted”
onit. In thesecondype of solution(row 3, 1 solution)the triangleis a plane“ oating” in front
of a backgroundplane(which is unconstrained.)n the third type of solution(row 4, 1 solution)
thetriangleis a“hole” in a plane(with anunconstrainethackgroundplane.)In thefourth type of
solution(row 5, 3 solutions)thetriangleis planein front of abackgroundlanewhichis joinedto
thetrianglealongoneedge.In the fth typeof solution(row 6, 3 solutions)thetriangleis “hole”
in front of abackgroundglanewhichis joinedto the“hole” alongoneedge.

An examplewith a singleglobally consistensolutionis shavn in Figure5. (Note thatthere

16



(a) Inputimagel (b) Inputimage2 (c) 3D Lines

I 1

o

(d) LayerAssignment  (e) Renderindl (f) Rendering?

Figure 6: An example(a—c)with 24 locally consistensolutions,noneof which areglobally consistent
solutions.(d—f) Oneof thelocally consistensolutions.

are actually 24 locally consistentsolutions.) This caseis rare. Thereare almostalways multi-
ple solutions. The sceneconsistsof 3 layers,a quadrilateraland 2 triangles. Two input images
andthe 3D linesareshawvn in Figures5(a), (b), and(c), the assignmenbf linesto layersin Fig-
ure5(d), and2 renderingof therecoveredplanesn Figures5(e)and(f). Seetheprojectwebpage
http://lwww.ri.cmu.edu/project s/pro ject _528.html for a y-by movie.

An examplewith 24 locally consistensolutionsbut no globally consistensolutionis shavn
in Figure6. The sceneconsistsof 3 regions, 2 neighboringrectangularegions“inside” a back-
groundregion. The 3D lines consistof a rectanglewith aline “ oating” in front of it. One of
the 24 locally consistensolutionsis shavn in Figures6(d—f). This solutionconsistsof a 2 plane
“wedge” on top of the backgroundplane. This “solution” is not consistentwith the input im-
agesbecausehe geometryof the solutionin Figures6(e—f) impliesthatthe inputimagesshould
containthe edgesof the wedge. However, the 3D linesin Figure 6(c) only containthe oating
edgeandthe edgesof the backgroundectangle.Note thatif the oating edgewere“behind” the
rectanglein Figure 6(c) therewould be a globally consistentsolution. Seethe projectwebpage
http://www.ri.cmu.edu/project s/pro ject 528.html fora y-by movie.

An examplewith no locally consistentsolutionsis shovn in Figure 7. Although the input
imagesconsistof a singletrianglejust like in Figure 4, no pair of 3D lines areco-planar It is

thereforeampossibleto assignthe 3 linesto the 2 regionsandthencomputea valid planeequation
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(@) Inputimagel (b) Inputimage2 (c) 3D Lines
Figure 7: An examplewith no locally consistensolutions. The inputs (a—b)consistof a singletriangle
likein Figure4. No pair of 3D lines(c) areco-planarhowever, andsothereis no solution.

for bothregions. Seealsohttp://www.ri.cmu.edu/project s/pr oject 528.html

5.2 Resultson Reallmages

We alsoappliedour algorithmto a setof imagesof arealsceneof a“cornerwalkway”. Two input
images,with the 2D lines overlayedon them,areincludedin Figures8(a)and(b). The scenes
typical of mary encounteredh 3D reconstructiorandrobot navigationtasks. Becausdhe scene
is largely man-madethereis little, if ary, texturein any of theregions. The recorered3D lines
areshowvn in Figure8(c). Our algorithm nds 448globally consistensolutions.The solutionthat
is “most plausible”to us as humansis shovn in Figures8(d—f). The line assignments showvn
in Figure 8(d). Figures8(e) and (f) contain2 renderingsof the reconstructe@D planes. See
http://lwww.ri.cmu.edu/project s/pro ject 528.html for a y-by movie.
Figures8(g—i) shav anothersolution. In this solution, the “door” is ajar; i.e. it is a plane
de ned by the one line wherethe door is connectedo the wall. This solutionis also a valid
solution(assumingve cannotseethe small“crack” atthetop of thedoorif it is ajar) Thedegree
to whichthedooris ajaris not uniquelycomputedy our algorithm(althoughthereareconstraints
onit.) Wejustknow thatthedooris connectedo the wall alongthe appropriatdine. Also in this
solution,the “white-board”hasbecomes hole (anopeninginto theroombehind.) Althoughless
likely in practice walls canhave holesin thethemandsothis solutionis avalid 3D interpretation.
Figures8(j), (k) and(l) shawv theline assignmentsor threemoresolutions.In Figure8(j), the
“oor” isaunconstraine@lane(i.e.,ahole). Thisis unlikely in practice however, thisreasonings
basednthehigh-level knowledgethatthereis normallyagroundplane.In Figure8(k), the“wall”

is anunconstraineglane.This leavesthe “white-board” oating in mid air. This interpretations
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(@) Inputimagel  (b) Inputimage2 (c) 3D Lines
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Figure 8: A realexample(a—c)with 448 globally consistensolutions. (d) The layer assignmenof the
amostplausible%olution. (e—f) Rendering®f theplanes(g—i) Anothersolution. (j—I) Thelayerassignment
for threemoresolutions.Seealsohttp://www.ri.c mued u/ pr o] ects/ pr oj ect 528.html

19



alsounlikely, however, thisreasonings basedntheknowledgethatobjectsrarely oat in mid air.
As with all the solutionsthe layersareavalid 3D interpretatiorof theimages.

Theresultsn Figure8 aretypicalin thesensdhattherearegenerallyalargenumberof globally
consistensolutions. The main causes the large numberof solutionswith planesconstrainedy
1 line, which canexplodecombinatorially Of the 448 solutions, 434 containregionswith oneor
more planeequationsconstrainedoy a singleline. Of the remaining14 solutions,13 solutions
containlayerswith unconstraineg@laneequationsThe nal solution,whereeverylayeris de ned
by two or morelines,is theoneshown in Figure8(d—f), i.e. the“most plausible”’one.

Thedevelopmentf heuristics(suchaschoosinghe solutionwith the largestnumberof plane
equationgle ned by 2 or morelines,or the solutionwith thelargesthumberof edgeassignments)
andthe useof prior knowledge(suchasthe knowledgethatthereis normally a groundplaneand

thatplanescannotoat in mid air) is left asfuturework.

6 Conclusion

We have investigatedhe task of computinga layeredrepresentationf a scenewhenthe scene
consistsof a collection of constantintensity regions. Assumingthe sceneis static, or moving
rigidly, we have presentedn algorithmto computeevery setof layer planeequationsandlayer
assignmentthatareconsistentvith the inputs. Our world of “Texturelesd_ayers”is very similar
to the “Origami World” of [Kanade,198d. Our algorithmis similarin that: (1) the only source
of informationis a setof lines,and(2) it is a (bruteforce) combinatorialsearchfor a consistent
solution. On the otherhand,our algorithm considerghe consisteng of a setof 3D planeswith
multiple inputimagesratherthanlooking for a consisten2D junctionlabelingin asingleimage.
This paperis a rst attemptto study“Texturelesd_ayers”. Questiondor furtherstudyinclude:
(1) how to extendour algorithmto non-rigid scenesvhereeachlayer is moving independently
(2) how to combineouralgorithmwith traditionallayersalgorithmswvhenthesceneconsistof both
texturedandtexturelessregions, (3) how to extendour algorithmto copewith topologychanges

in theinputimages(4) whetherit is possibleto combineour algorithmwith [Kanade 1980, and
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(5) how to choosehe“most plausible”solution.
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A Checking Depth Ordering

At several pointsin Section4.5.2we assumedhatwe could checkthe depthorderingof planes
andlinesalongraysin spacede ned by pixelsin theinputimages.Supposéhatwe areworking
with theimage capturedwith a camerawith projectionmatrix . Theray throughthe pixel

inimage isde nedby:

(13)
where is the pseudo-imerseof the cameramatrix ,  ary vector
in thenull spaceof  ( ), isanunknovnscalarand denotesqualityupto scale.ln

Section4.5.2 is setto be oneof theendpointsof oneof the 2D lines
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As variesin Equation(13), thepoint tracesoutaline in the 3D projective space.
In orderto computedepthorderingwe needto know whether increase®r decreasesto the
scene.This canbedeterminedy: (1) Estimatethevalueof thatcorrespondso theimageplane
by settingthe bottom(4th) row of theright handsideof Equation(13)to zeroandsolving. Denote
theresultof this . (2) Intersectary ray with ary of the planego estimateanothewvalueof . See
below for how to dothis. Denotetheresultof this . If then increaseito thescene.

To completethe descriptionof how to computethe depthorderingalongtheray de ned by the
pixel in image , all we needto do is describehow the valueof in Equation(13) can

be computedor planes(andlines.) Thevalueof thatcorrespondso theintersectiorof the ray

through with theplane is the solutionof:
(14)
Thevalueof thatcorrespondso the intersectionof the ray through with theline
(ortheplane de ned by oneline) is the solutionof:
(15)
for (throwing awaytheresultsfor ,and ). Assuminghhatthepixel liesontheprojection

ofthe3Dline intotheimage (whichisalwaysthecasan Sectiord.5.2)thisover-constrained

systemof equationg4 equationsand3 unknovns) musthave anexactsolution.
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