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}We are given a data set, and are told that it was 

generated from a mixture of Gaussian distributions.

}Unfortunately, no one has any idea how manyGaussians 

produced the data.
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What to do?
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}We can guess the number of clusters, run Expectation 

Maximization (EM) for Gaussian Mixture Models, look at 

the results, and then try againé

}We can run hierarchical agglomerative clustering, and cut 

the tree at a visually appealing levelé

}We want to cluster the data in a statistically principled 

manner, without resorting to hacks.



Other motivating examples
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}Brain Imaging: Model an unknown number of spatial 

activation patterns in fMRIimages [Kim and Smyth, NIPS 

2006]

}Topic Modeling: Model an unknown number of topics 

across several corpora of documents [Tehet al. 2006]

}é
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The Dirichlet Distribution
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}Let 

}We write:

}Samples from the distribution lie in the m-1 dimensional 
probability simplex
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The Dirichlet Distribution
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}Let 

}We write:

}Distribution over possible parameter vectors for a multinomial 
distribution, and is the conjugate prior for the multinomial.

}Beta distribution is the special case of a Dirichlet for 2 
dimensions.

}Thus, it is in fact a òdistribution over distributions.ó



Dirichlet Process
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}A Dirichlet Processis also a distribution over distributions.

}Let G be Dirichlet Process distributed:

G ~ DP(h , G0)

}G0 is a base distribution

} ihs a positive scaling parameter

}G is a random probability measure that has the same support 

as G0



Dirichlet Process
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}Consider Gaussian G0

}G ~ DP(h , G0)



Dirichlet Process
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}G ~ DP(h , G0)

}G0 is continuous, so the probability that any two samples are 
equal is precisely zero.

}However, G is a discrete distribution, made up of a countably 
infinite number of point masses [Blackwell]
} Therefore, there is always a non-zero probability of two samples colliding
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Samples from a Dirichlet Process
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G ~ DP(h , G0)

Xn | G ~ G for n = {1, é, N}  (iid given G)

Marginalizing out G introduces dependencies

between the Xn variables
G

Xn

N
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Assume we view these variables in a specific order, and are interested in the 

behavior of Xn given the previous n - 1 observations.

Let there be K unique values for the variables:

Samples from a Dirichlet Process



Samples from a Dirichlet Process
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Notice that the above formulation of the joint distribution does 

not depend on the order we consider the variables.

Chain rule

P(partition) P(draws)



Samples from a Dirichlet Process
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Can rewrite as:

Let there be K unique values for the variables:



Blackwell -MacQueen Urn Scheme

18

G ~ DP(h , G0)

Xn | G ~ G

}Assume that G0 is a distribution over colors, and that each Xn

represents the color of a single ball placed in the urn.

}Start with an empty urn.

}On step n:

} With probability proportional to h , draw Xn ~ G0, and add a ball of 
that color to the urn.

} With probability proportional to nð1 (i.e., the number of balls 
currently in the urn), pick a ball at random from the urn.  Record its 
color as Xn, and return the ball into the urn, along with a new one of 
the same color.

[Blackwell and Macqueen, 1973]



Chinese Restaurant Process
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Consider a restaurant with infinitely many tables, where the Xnõs

represent the patrons of the restaurant.  From the above 

conditional probability distribution, we can see that a customer is 

more likely to sit at a table if there are already many people 

sitting there.  However, with probability proportional to h, the 

customer will sit at a new table.

Also known as the òclustering effect,ó and can be seen in the 

setting of social clubs. [Aldous]



Chinese Restaurant Process
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Stick Breaking
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}So far, weõve just mentioned properties of a distribution 

G drawn from a Dirichlet Process

}In 1994, Sethuramandeveloped a constructive way of 

forming G, known as òstick breakingó



Stick Breaking
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1. Draw X1* from G0

2. Draw v1 from Beta(1, Ŭ)

4. Draw X2* from G0

3. 1́ = v1

é 

5. Draw v2 from Beta(1, Ŭ)

6. 2́ = v2(1 ïv1)



Formal Definition (not constructive)
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}Let h be a positive, real-valued scalar

}Let G0 be a non-atomic probability distribution over 

support set A

}If G ~ DP(h , G0), then for any finite set of partitions                                    

of A:

A1 A2 A3 A4 A5 A6 A7
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Finite Mixture Models
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}A finite mixture model assumes that the data come from a 

mixture of a finite number of distributions.

cn

yn

n=1éN

ɖ*
k

k=1éK

G0ˊ

Ŭ

ˊ~ Dirichlet(Ŭ/K,é,Ŭ/K)

cn ~ Multinomial( )́

ɖk ~ G0

yn | cn, ɖ1,éɖK ~ F( · | ɖcn
)

Component 

labels



Infinite Mixture Models
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}An infinite mixture model assumes that the data come 

from a mixture of an infinitenumber of distributions

cn

yn

n=1éN

k=1éK

G0ˊ

Ŭ

ˊ~ Dirichlet(Ŭ/K,é,Ŭ/K)

cn ~ Multinomial( )́

ɖk ~ G0

yn | cn, ɖ1,éɖK ~ F( · | ɖcn
)

Take limit as K goes to Ð

Note: the N data points still come from at most N

different components [Rasmussen 2000]

ɖ*
k



Dirichlet Process Mixture
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G

ɖn

n=1éN

yn

G0

Ŭ

countably infinite number 

of point masses

draw N times from G to get 

parameters for different mixture 

components

If ɖn were drawn from, e.g., a Gaussian, no two values 

would be the same, but since they are drawn from a 

Dirichlet Process-distributed distribution, we expect 

a clustering of the ɖn

# unique values for ɖn = # mixture components



CRP Mixture
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