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Abstract

Labeling a histopathology image as having cancerous regiomot is a critical
task in cancer diagnosis; it is also clinically importansggment the cancer tis-
sues and cluster them into various classes. EXxisting sigeeihapproaches for
image classi cation and segmentation require detaileduabannotations for the
cancer pixels, which are time-consuming to obtain. In tlapgy, we propose
a new learning method, multiple clustered instance legr@nCIL) (along the
line of weakly supervised learning) for histopathology gaasegmentation. The
proposed MCIL method simultaneously performs image-lelssis: cation (can-
cer vs. non-cancer image), medical image segmentatiorcécars. non-cancer
tissue), and patch-level clustering (different classédf® embed the clustering
concept into the multiple instance learning (MIL) settingladerive a principled
solution to performing the above three tasks in an integrégmework. In ad-
dition, we introduce contextual constraints as a prior faCIM which further
reduces the ambiguity in MIL. Experimental results on tpsthiology colon can-
cer images and cytology images demonstrate the great adyant MCIL over
the competing methods.
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learning, histopathology image.

1. Introduction

Histopathology image analysis is a vital technology foraamecognition and
diagnosis (Tabesh et al., 2007; Park et al., 2011; Esgidr, @20®2; Madabhushi,
2009). High resolution histopathology images provideatdk information dif-
ferentiating abnormal tissues from the normal ones. Inghjger, we use tissue
microarrays (TMAs) which are referred to histopathologwagas here. Figure (1)
shows a typical histopathology colon cancer image, togetli a non-cancer
image. Recent developments in specialized digital miciescranners make
digitization of histopathology readily accessible. Autmin cancer recognition
from histopathology images thus has become an increasingigrtant task in
the medical imaging eld (Esgiar et al., 2002; Madabhusb02). Some clinical
tasks (Yang et al., 2008) for histopathology image analysiside: (1) detecting
the presence of cancer (image classi cation); (2) segmgrthages into cancer
and non-cancer region (medical image segmentation); (3jeiing the tissue re-
gion into various classes. In this paper, we aim to develdptegrated framework
to perform classi cation, segmentation, and clusteririggether.

(a) cancer image (b) non-cancer image

Figure 1: Example histopathology colon cancer and noneraintages: (a) positive bag (cancer
image); (b) negative bag (non-cancer image). Red rectangtesitive instances (cancer tissues).
Green rectangles: negative instances (non-cancer tjssues

Several practical systems for classifying and grading eahéstopathology
images have been recently developed. These methods ary feosised on the
feature design including fractal features (Huang and L889) texture features
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(Kong et al., 2009), object-level features (Boucheron, 20&&d color graphs fea-
tures (Altunbay et al., 2010; Ta et al., 2009). Various ¢lass (Bayesian, KNN
and SVM) are also investigated for pathological prostateceaimage analysis
(Huang and Lee, 2009).

From a different angle, there is a rich body of literature apesvised ap-
proaches for image detection and segmentation (Viola andsJ®004; Shotton
et al., 2008; Felzenszwalb et al., 2010; Tu and Bai, 2010). é¥ew supervised
approaches require a large amount of high quality annotittd which are labor-
intensive and time-consuming to obtain. In addition, thernatrinsic ambiguity
in the data delineation process. In practice, obtainingéng detailed annotation
of cancerous regions from a histopathology image could bea#lenging task,
even for expert pathologists.

Unsupervised learning methods (Duda et al., 2001; Loeff.eP@05; Tuyte-
laars et al., 2009), on the other hand, ease the burden afdhavanual annota-
tions, but often at the cost of inferior results.

In the middle of the spectrum is the weakly supervised legyrscenario.
The idea is to use coarsely-grained annotations to aid aittorexploration of
ne-grained information. The weakly supervised learningedtion is closely re-
lated to semi-supervised learning in machine learning (2008). One particular
form of weakly supervised learning is multiple instancertéag (MIL) (Diet-
terich et al., 1997) in which a training set consists of a nemdf bags; each
bag includes many instances; the goal is to learn to preditt bag-level and
instance-level labels while only bag-level labels are giwetraining. In our case,
we aim at automatically learning image models to recogrexeers from weakly
supervised histopathology images. In this scenario, ange-level annotations
are required. Itis relatively easier for a pathologist twellea histopathology image
than to delineate detailed cancer regions in each image.

In this paper, we develop an integrated framework to clagsgtopathology
images as having cancerous regions or not, segment casggegifrom a cancer
image, and cluster them into different types. This systetoraatically learns
the models from weakly supervised histopathology imagé@sgusultiple clus-
tered instance learning (MCIL), derived from MIL. Many preus MIL-based
approaches have achieved encouraging results in the rhddioain such as ma-
jor adverse cardiac event (MACE) prediction (Liu et al., 20Xblyp detection
(Dundar et al., 2008; Fung et al., 2006; Lu et al., 2011), mmary emboli valida-
tion (Raykar et al., 2008), and pathology slide classi catiundar et al., 2010).
However, none of the above methods aim to perform medicajénsagmentation.
They also have not provided an integrated framework fordkk bf simultaneous
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classi cation, segmentation, and clustering.

We propose to embed the clustering concept into the MILrsgtiThe current
literature in MIL assumes single cluster/model/classier the target of interest
(Viola et al., 2005), single cluster within each bag (Babegekal., 2008; Zhang
and Zhou, 2009; Zhang et al., 2009), or multiple componefise object (Dolar
et al., 2008). Since cancer tissue clustering is not alwegiadle, it is desirable
to discover/identify the classes of various cancer tisgped; this results in patch-
level clustering of cancer tissues. The incorporation o$tdring concept leads to
an integrated system that is able to simultaneously perforage segmentation,
image-level classi cation, and patch-level clustering.

In addition, we introduce contextual constraints as a gfoocMCIL, which
reduces the ambiguity in MIL. Most of the previous MIL metisathake the as-
sumption that instances are distributed independenttitout considering the cor-
relations among instances. Explicitly modeling the inseamterdependencies
(structures) can effectively improve the quality of segtagan. In our experi-
ment, we show that while obtaining comparable results isstleation, cMCIL
improves the segmentation signi cantly (over 20%) compawCIL. Thus, it is
bene cial to explore the structural information in the loigathology images.

2. Related Work

Related work can be roughly divided into two broad categofiBsapproaches
for histopathology image classi cation and segmentat&ng (2) MIL methods in
machine learning and computer vision. After the discusaloout the previously
work, we show the contributions of our method.

2.1. Existing Approaches for Histopathology Image Classien and Segmen-
tation

Classi cation There has been rich body of literature in medical image clas-
si cation. Existing methods for histopathology image dasation however are
mostly focused on the feature design in supervised setti@géor graphs were
used in (Altunbay et al., 2010) to detect and grade coloneraimchistopathol-
ogy images; multiple features including color, textured amorphologic cues at
the global and histological object levels were adopted ostate cancer detec-
tion (Tabesh et al., 2007); Boucheron et al. proposed a maibod) object-
based information for histopathology cancer detection (Bewon, 2008). Some
other work is focused on classi er design: for instance, Bagt al. developed
a boosted Bayesian multi-resolution (BBMR) system for autaradyi detecting
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prostate cancer regions on digital biopsy slides, which ieeessary precursor
to automated Gleason grading (Artan et al., 2012). In (Moretcal., 2010), a
Markov model was proposed for prostate cancer detectiorstolbgical images.
Segmentation A number of supervised approaches for medical image seg-
mentation have also been proposed before, for example tophibology images
(Kong et al., 2011) and vasculature retinal images (Soaras,e2006). Struc-
tured data has also been taken into consideration in theopiework. (Wang
and Rajapakse, 2006) presented a conditional random elds ¢oREdel to fuse
contextual dependencies in functional magnetic resonamaging (fMRI) data to
detecting brain activity. A CRF-based segmentation methalalso proposed in
(Artan et al., 2010) for localizing prostate cancer from tasibectral MR images.

2.2. MIL and Its Applications

Compared with fully supervised methods, multiple instaregning (MIL)
(Dietterich et al., 1997) has its particular advantagesutomatically exploit-
ing the ne-grained information and reducing efforts in hammannotations. In
the machine learning community, many MIL methods have beamldped in
recent years such as Diverse Density (DD) (Maron and LoR&mez, 1997),
Citation-kNN (Wang et al., 2000), EM-DD (Zhang and Goldmaf0®), MI-
Kernels (Grtner et al., 2002), SVM-based methods (Andrews et al.3RGhd
ensemble algorithms MIL-Boost (Viola et al., 2005).

Although rstintroduced in the context of drug activity mhetion (Dietterich
et al., 1997), the MIL formulation has made signi cant sugxén the area of
computer vision, such as visual recognition (Viola et a2, Babenko et al.,
2008; Galleguillos et al., 2008; Dalt et al., 2008), weakly supervised visual cat-
egorization (Vijayanarasimhan and Grauman, 2008), andstobbject tracking
(Babenko et al., 2011). Zhang and Zhou (2009) proposed apilauitistance
clustering (MIC) method to learn the clusters as hidden téegto the instances.
Zhang et al. (2009) further formulated the MIC problem urtdlermaximum mar-
gin clustering framework. MIC however is designed for datashat have no neg-
ative bags and it assumes each bag containing only one rclig®enko et al.
(2008) assumed a hidden variable, pose, to each face (oelyioran image.
In our case, multiple clusters of different cancer typeshnap-exist within one
bag (histopathology image). In addition, segmentatiomoabe performed. In
(Dollar et al., 2008), object detection was achieved by learmidiyidual compo-
nent classi ers and combining these into an overall classiwhich also differs
from our work. Multiple components were learned for a sirgjdgect class. How-
ever, we have multiple instances and multiple classesmvgach bag in our work.
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The MIL assumption was integrated into multiple-label feag for image/scene
classi cation in (Zhou and Zhang, 2007; Zha et al., 2008;etial., 2009) and for
weakly supervised semantic segmentation in (VezhnevetBahmann, 2010).
Multi-class labels were given as supervision in their md&an our method, mul-
tiple clusters are hidden variables to be explored in a wesilgbervised manner.

The MIL framework has also been adopted in the medical intagiomain
with the focus mostly on the medical diagnosis (Fung et &0,72. In (Liu et al.,
2010), an MIL-based method was developed to perform meniicade classi ca-
tion; in (Liang and Bi, 2007), pulmonary embolisms among thedidates were
screened by an MIL-like method; a computer aided diagn@4d€X) system (Lu
et al., 2011) was developed for polyp detection with the nfagus on learn-
ing the features, which were then used for multiple instaregeession; an MIL
approach was adopted for cancer classi cation in histagatly slides (Dundar
et al., 2010). However, these existing MIL approaches westgthed for medical
image diagnosis and none of them perform segmentation. dergto the best of
our knowledge, the integrated classi cation/segmentdtilistering task has not
been addressed, which is the key contribution of this paper.

2.3. Our Contributions

Although several tasks in computer vision and medical danaive been
shown to benet from the MIL setting, we nd that the cancerage classi -
cation/segmentation/clustering task is a well-suited io@@dmaging application
for the MIL framework. We propose a new learning method, ipldtclustered
instance learning (MCIL), along the line of weakly superdissarning. The pro-
posed MCIL method simultaneously performs image-levelstleastion (cancer
VvS. non-cancer image), medical image segmentation (carscemon-cancer tis-
sues), and patch-level clustering (different classes)eliveed the clustering con-
cept into the MIL setting and derive a principled solutionpterform the above
three tasks in an integrated framework. Furthermore, weodstrate the impor-
tance of contextual information by varying the weight of mxtual model term.
Finally, we try to answer the following question: is timeprsoming and expen-
sive pixel-level annotation of cancer images necessaryitd & practical working
medical image analysis system, or could the weaker but mueaper image-level
supervision achieve the same accuracy and robustness?

Earlier conference versions of our approach were presantédu et al.,
2012b,a). Here, we further illustrate that: (1) the MCIL nuetltould be applied
to analyze image types other than histopathology, such tadogy images, (2)
additional features such as gray-level co-occurrenceixn@t CM) are added to
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this paper, and (3) a new subset of histopathology imagebd&screated in this
experiment. In this paper, we focus on colon histopatholomgge classi cation,
segmentation and clustering. However, it is noted that o@GilMormulation is
general and it can be adopted to other image modalities.

3. Methods

We follow the general de nition of bags and instances in thdtiple instance
learning (MIL) formulation (Dietterich et al., 1997).

In this paper, theth histopathology image is considered as a baghej th
image patch densely sampled from an image corresponds tostancex;; . A
patch of cancer tissue is treated as a positive instafce (L) and a patch without
any cancer tissues is a negative instange £ 1). Theith bag is labeled as
positive (cancer image), namejy = 1, if this bag contains at least one positive
instance. Similarly, in histopathology cancer image asialya histopathology
image is diagnosed as positive by pathologists as long asb gant of image is
considered as cancerous. Figure (1) shows the de nitiorositpe/negative bags
and positive/negative instances.

An advantage brought by MIL is that if an instance-level si&s is learned,
the image segmentation task then can be directly perforinag:level (image-
level) classi er can also be obtained.

In the following sections, we rst give the overview of the Mliterature,
especially recent gradient decent boosting based MIL aghes; then we in-
troduce the formulation for the proposed method, MCIL, whictegrates the
clustering concepts into the MIL setting; properties of M@ith various varia-
tions are provided. In addition, we introduce contextuaistoaints as a prior for
MCIL, resulting in context-constrained multiple clusteiadtance learning (cM-
CIL). Figure (2) and Algorithm 1 shows the ow diagram of ougatithms. The
inputs include both cancer images and noncancer imageseamages are used
to generate positive bags (red circles) and noncancer snageused to gener-
ate negative bags (green circles). Within each bag, eacepatch represents
an instance. cMCIL/MCIL is used as a multiple instance leagriramework to
perform learning. The learned models generate severali @esfor patch-level
cancer clusters. Red, yellow, blue and purple colors reptediéferent cancer
types while green represents the noncancer patches. Thalovege-level clas-
si cation (caner vs. non-cancer) can be obtained basedeprdiction from the
patch-level classi cation.



Figure 2: Flow diagram of our algorithms. The inputs inclid¢h cancer images and noncancer
images. Cancer images are used to generate positive bdgsr@ies) and noncancer images are
used to generate negative bags (green circles). Withinkegreach image patch represents an in-
stance. cMCIL/MCIL is used as a multiple instance learniagrfework to perform learning. The
learned models generate several classi ers for patcH-taugcer clusters. Red, yellow, blue and
purple colors represent different cancer types while grepresents the noncancer patches. The
overall image-level classi cation (caner vs. non-canaam be obtained based on the prediction
from the patch-level classi cation.

Algorithm 1 Algorithm
Input : Colon histopathology images
Output: Image-level classi cation models for cancer vs. noncamacel patch-
level classi cation models for different cancer classes
Stepl: Extract patches from colon histopathology images.
Step2: Generate bags for models using extracted patches.
Step3: Learn models in a multiple instance learning frantewo
(MCIL/cMCIL).
Step4: Obtain image segmentation and patch clusteringtsineously.

3.1. Review of the MIL Method

We give a brief introduction to the MIL formulation and focas boosting-
based (Mason et al., 2000) MIL approaches (Viola et al., 2@8@®benko et al.,
2008), which serve as the building blocks for our proposed IMCI
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number of instances, for clarity of notation, we usdor all the bags here). Each
Xi is associated with alabg] 2 Y = f 1;1g. Itis assumed that each instance
Xj in the bagx; has a corresponding labg] 2 Y, which in fact is not given as
supervision during the training stage. As mentioned befareag is labeled as
positive if at least one of itm instances is positive and a bag is negative if all its
instances are negative. In the binary case, the assumatiobecexpressed as:

yi = max (i ) (1)

wheremax s essentially equivalent to an OR operator sincg/ifoR Y , max; (y; ) =
109 | sty =1.
The goal of MIL is to learn an instance-level classik(x;) : X 'Y
A bag-level classierH (x;) : X™ 'Y could be built with the instance-level
classier:
H(x) = m?x h(xj ): (2)

To accomplish this goal, MIL-Boost (Viola et al., 2005) wasposed by com-
bining the MIL cost functions and the AnyBoost framework (Mat al., 2000).
The general idea of AnyBoost (Mason et al., 2000) is to mingntie loss func-
tion L (h) via gradient descent on thein the function space. The classi éris
written in the form ofh; as:

X
h(xj) = the (X ); 3

t=1

where  weighs the weak learners' relative importances.

To nd the besth,, we proceed with two steps: (1) computing the weak clas-
si er response, (2) selecting the weak classi er from a@hble candidates which
achieves the best discrimination. We consitleas a vector with components

h;; h(xj). To nd the optimal weak classi er in each phase, we compute
%h, which is a vector with components; %. Since we are limited in

the choice oh, we train the weak classi en; by minimiging the training error
weighted byjw; j, using the follow formulah; = argmin;, - ; 1(h(X; ) 6 yi)jw; j.
The loss function, a function ovér, de ned in the MIL-Boost (Viola et al.,



Table 1: Four softmax approximatioggv;) max(v;).

A1) @ (vi)=@yv| domain
NOR| 1 /(1 wv) | 4 | (o]
GM (%; |V|r)rl gl(Vl)‘yirl—vllr [0;1]
LSE | fint ' exp(v)) | o500 [[1 ;1]
ISR | o lpiv= oy | G | 0]

2005; Babenko et al., 2008) is a standard negative log liketirexpressed as:

X
L(h) = Wi(1(yi =1)logpi + 1(yi = 1)log(1 p)); (4)

i=1
wherel() is an indicator function. The bag probability  p(y; = 1jx;) is
de ned in terms ofh. w; is introduced here as the prior weight of tifetraining

sample.

A differentiable approximation of theax, namelysoftmaxfunction, is then
used. Fomm variablesfvy;:::;vng, the idea is to approximate thmax over
fvy;:::; vng by a differentiable functiog (v;), which is de ned as:

g(vi) max(vi)=v; (5)
@(Vl) Pl(vi =V ) . (6)
@Y VI(vi=v)

Note that for the rest of the papey(v,) indicates a functiomg on all variablesy,
indexed byl, not merely on one variablg. There are a number of approximations
for g. We summarizé models used here in Table 1: noisy-or (NOR) (Viola et al.,
2005), generalized mean (GM), log-sum-exponential (LFEnfjon and Raedt,
2000), and integrated segmentation and recognition (ISREglg et al., 1990;
Viola et al., 2005). The parametercontrols the sharpness and accuracy in the
LSE and GM modelse.g(v;))! v asr!l

The probability bag; is de ned asp;, which is computed from the maximum
over the probabilityy;  p(y; = 1jx; ) of all the instances;; . Using thesoftmax
g to approximatemax, p; is de ned as:

P = max (Py) = g(p) =g ( (2hy)); (7)
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whereh; = h(x;), and (v) = Wl(v)

(v) 2 [0;1]andG,= (V2 (v)).

Then the weightv; and the derivativeS.- could be written as:

is the sigmoid function. Note that

@ _ @ @p@p.

A i 4 8
" @h” epepeh ©
w; is obtained by taking three derivatives:
2 = ify=1;
@__ b )
@ >_T_ jfy= 1
1 p
. 31
31 P NOR; pRP) g,
@p_ "1 p i (P )’ (10)
P g p®PPi) o (1 P op
i exp(rpi) ol
@p
— =2p; (1 i ) 11
@h Py (1 py) (11)

Once we obtaitn, the weight ; can be found via a line search, which aims to
minimize L (h). Finally, we combine multiple weak learners into a singlersg
classieri.e. h h+ (h¢. Algorithm 2 illustrates the details of MIL-Boost.
The parametell is the number of weak classi ers in AnyBoost (Mason et al.,
2000).

3.2. Multiple Cluster Assumption

Multiple cancer subtypes with different morphological &eristics might
co-exist in a histopathology image. The single model/eluslassi er in the pre-
vious MIL method is not capable of taking the different tyjp@® consideration.
A key component of our work is to to embed clustering into thi Metting to
classify the segmented regions into different cancer f#sty Although there
are many individual classi cation, segmentation and @usg approaches in the
medical imaging and computer vision community, none ofetagorithms meet
our requirement since they are designed for doing only onthefthree tasks.
Here we simultaneously perform three tasks in an integssstem under weakly
supervised learning framework.
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Algorithm 2 MIL-Boost

Output: h
fort=1! Tdo
Compute weightsy; = %g_wg_h

Train weak clgssi erd; using weightgw; j
he = argmin, - ; 1(h(x;) & yi)jw; ]
Find ; vialine search to minimize (h)
t=argmin L(h+ hy)
Update strong classiers  h+ h;
end for

We integrate the clustering concept into the MIL setting §suaning the exis-
tence of hidden variablyﬁ 2 Y which denotes whether the instange belongs
to thek™ cluster. If an instance belongs to onelofclusters, this instance is
considered as a positive instance; if at least one instareéag is labeled as pos-
itive, the bag is considered as positive. This forms the MG&uanption, which
is formulated as:

yi = max mkax(yi'j‘): (12)

Again themax is equivalent to an OR operator whemgax, (yilj() =1
9k; s.t.yf =1.

Based on this multiple cluster assumption, next we discusgribposed MCIL
method. The differences among fully supervised learning,,NMnd MCIL are
illustrated in Figure (3). The goal of MCIL is to discover anglisthe positive
instances int& groups by learning< instance-level classi er*(x;j) : X 'Y
for K clusters, given only bag-level supervisign The corresponding bag-level
classi er for thek™ cluster is therH¥(x;) : X™ 'Y . The overall image-level
classi eris denoted abl (x;) : XM 'Y

H(x;) = max H K(xi) = max mjaxh"(xi,- ) (13)
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Standard MIL

X €y Xi={xi1, - Xim}
Xij ExY

H:x->y h:X-y H: y™—>y
MCIL cMCIL

r=n" Tralnlng Xl':{xil, xlm} Xi:{xilr xlm}

1 1 i

L-a Input Xij EX Xij EX

| —l Goal h* X -y, H: ym >y h*:X >y, H . y™ >y

Figure 3: Distinct learning goals between (a):Standardestiged learning, (b):MIL, (¢):MCIL
and (d):cMCIL. MCIL and cMCIL could perform image-level ek cation (x; ! f  1;19)),
patch-level segmentatiowj( ! f  1;1g) and patch-level clusteringf ! f yi]1 pii ;yi'f o yi']-‘ 2

f 1;1g). cMCIL studies the contextual prior information among thetances within the frame-
work of MCIL and correctly recognizes noises and small imalaareas. Red and yellow squares
and regions represent different type of cancer tissues.

3.3. The MCIL Method

In this section, based on the previous derivations, we gigdull formulation
of our MCIL method. The probability;  p(y; = 1jx;) now is computed as the
softmaxof the probabilityp; p(y; = 1jx; ) of all the instances; ; thep; is
obtained as theoftmaxof pff = p*(y; = 1jx; ), which measures the probability
of the instance; belonging to the&k™ cluster. Thus, using theoftmaxg in place
of themax in eqn. (12) we compute the bag probability as:

p=g(p)= g(g(p)) (14)
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Table 2: MCILWi'Jf =w; with differentsoftmaxfunctions

Wi =W yi= 1 yi =1
20K (1 pi
NOR 2pk R
2p ()" (PF)™T k)" (k)T
GM 1np ik (IOI} ) 2 ik (pﬁ )
2pf (L pf)  exp(rpf) 2pf (L pf)  exp(rpf)
LSE 1 pi ik eXp(fP!}) Pi ik eXp(rpﬁ)
2XKp Kk _ PE XKW p). Kk — P
ISR Eox R T T S K T T

g (a(P)) = g (PF) = ge(g (P)) (15)
p = g ( (2hi)); (16)
wherehk = h¥(x; ). Again, the function ofy (p ) can be deduced from Table 1;
it indicates a functiorg which takes alb}} indexed byk; similarly, g (p}j) could
be understood as a functigrincluding allp!} indexed byk andj . Veri cation of
this equation is shown in Remark 1 in the appendix.

The next step is to computel’ with derivative:w = 8-, Using the chain

ol
rule we get:
wk = @: @@@_ﬁ) (17)
1T @b~ @pa@pah
The form of@cl‘f—‘?p is dependent on the choice of theftmaxfunction, which can be

deduced from Table 1 by replaciggv;) with p; andv; with p!} . Derivative@% is

the same as eqn. (9), ag% is expressed as:

@b _

ali

We further summarize the Weighl\z§ =w; in Table 2. Recall thaty, is the given
prior weight for thei'" bag.

2pS (1 pb): (18)

the coordinate descent method cycling throkglwvhich is a non-derivative opti-
mization algorithm (Bertsekas and Bertsekas, 1999). In ehabgwe add a weak
classi er toh* while keeping all other weak classi ers xed. Details of tMCIL
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are demonstrated in Algorithm 3. The paramédteis the number of cancer sub-
types, and the parametéris the number of weak classi ers in Boosting. Notice
that the outer loop is for each weak classi er while the intoap is for thek™
strong classi er.

In summary, the overall MCIL strategy can be described asval We in-
troduce the latent variablqg’i‘, which denotes the instaneg belonging to the
k™ cluster; we encode the concept of clustering by re-weightire instance-
level weightw] . If clusterk™ can classify an instance to be positive, thus the
corresponding weights of the instance and bag for othetersiglecrease in re-
weighting. Thus, it forms a competition among differentstérs.

Algorithm 3 MCIL-Boost

fort=1! Tdo
fork=1! K do

Compute weightsv$ = @%’@@_ﬁ%

Train weak classi er using weightgw |
h¥ = arg miny, i 1(h(x}) 6 yi)jwi |
Find  via line search to minimize (:; h;:)
K=argmin L(;hk+ h{;:
Update strong classi erg®  hk + Xhk
end for
end for

3.4. Contextual Constraints

Most existing MIL methods are conducted under the assumtiat instances
within a bag are distributed independently, without coesitly the inter-dependences
among instances; this leads to some degree of ambiguity.eanple, an in-
stance considered to be positive in a bag may be an isolatetiqganoise. In this
situation, it will lead to incorrect recognition of cancé&sues. Rich contextual
information has been proven to play a key role in fully supssse image segmen-
tation and labeling (Tu and Bai, 2010). To further improve algorithm, we
take into consideration such contextual information toaeme the robustness of
the MCIL. For convenience, this extension is called contaxistrained multiple
clustered instance learning (cMCIL). The key to the cMCIL isariulation for
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introducing the neighborhood information as a prior for Bh€IL. Note that the
cMCIL is still implemented within the framework of the MCIL. €hdistinction
between MCIL and cMCIL is illustrated in Figure (3).

We de ne the new loss function in cMCIL as:

L(h)=La(h)+ Ls(h); (19)

whereL 4 (h) is the standard MCIL loss function taking the form as eqgn. (4).
L s (h) imposes a neighborhood constraints (in a way a smoothniesy @rer the
instances to reduce the ambiguity during training; it emagas the nearby image
patches to be within the same cluster.

X X X
Lg(h) = W, Vim Kpj  Pim K5 (20)
i=1 (:m)2E;

where weighs the importance of the current instance and its neighty; is the
weight of thei " training data (thé™" bag).E; denotes the set of all the neighboring
instance pairs in thid" bag.vj, is the weight on a pair of instances (patcHeahd

m related to the Euclidean spatial distance (on the imageatddmag,, ) between
them. Nearby instances have more contextual in uence thstamnces that are far
away from each other. In our experiment, we chgse= exp( d ), such that
higher weights will be put on closer palrs

According to eqgn. (19), we rewrit ) as

@m)_@uﬁo+<@ﬂm.

= : 21
@h ~ @F @h b
and @.(h) X

P = w, 2Vim (PF Pifn): (22)

@kp (m)2E; J !

we further rewrite the derivative wi,k = @"j as:

k. @ _ @a,@p@p = @s(h),

Wi @h Cepepeb " b (23)

The derivatives—b— and have been given previously (see the subsection of
MCIL). @5 takes the same form &2 in eqn. (9).
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The optimization procedure for cMCIL is similar to MCIL. Withé weight
Wi‘j‘ , we can train the weak classi @t by optimizing weighed error to obtain a
strong classi er:h®  h%+ kh¥. The details of cMCIL are similar to those of
MCIL as demonstrated in Algorithm 3 except that the weivytjﬁt is replaced by
eqgn. (23).

4. Experiments

To illustrate the advantages of MCIL, we conduct experimenttwo med-
ical image datasets. In the rst experiment, without losgyeherality, we use
colon tissue microarrays to perform joint classi catioegsentation and clus-
tering. For convenience, tissue microarrays are calledpéshology images. In
the second experiment, cytology images (Lezoray and Ca200f) are used to
further validate the effectiveness of MCIL. All the methodghe following ex-
periments, unless particularly stated, are conductedrithdesame experimental
settings and based on the same features, which are dectai@tbavs.

4.1. Experiment A: Colon Cancer Histopathology Images

Settings For the parameter setting, we set 20, andT = 200. As men-
tioned before, the parametecontrols the sharpness and accuracy in the LSE and
GM model. The parametdr decides the number of weak classi ers in boosting.
The parametelK decides the number of cancer classes when performing cluste
ing task.K is set to4 in the colon cancer image experiment because the dataset
contains four kinds of cancer types. For the value of parametised in the loss
function of cMCIL, 0:01is selected according to an segmentation experimental
result based on a cross validation.

We assume the initial equal weights for the positive and tieg#aining data.
Under this assumption, the initial weigiw for theit" bag is set as uniform. In
our experiments, we use the GM model as sh&maxfunction, except for one
classi cation experiment part, in which we use four modelsdomparison. The
weak classi er we use is the Gaussian function. All the expental results are
reported with 5-fold cross validation. The number of tragidata and test data
are always the half of the total number of all the data useblerexperiment.

Features Each instance is represented by a feature vector. In thik wer
focus on an integrated learning formulation rather tharfeh&ure design. Also to
demonstrate the generality of our framework, we opt for garfeatures instead
of adopting or creating our own disease speci c featuresecbpally, we use
widely adopted features includirig a b Color Histogram, Local Binary Pattern
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(Ojala et al., 2002; Ahonen et al., 2009), and SIFT (Lowe,0MNote that de-
signing disease speci c features is an interesting andemgihg research topic
itself due to the fact that cell appearance of different $qpiecancers may be very
difference in terms of shape, size and so on. While using sksspeci ¢ features
may potentially improve the performance further, we leaverifuture work.

In histopathology images, recent studies use some comnubusaful features
from gray-level co-occurrence matrix (GLCM), Gabor Iterapltiwavelet trans-
forms, and fractal dimension texture features (Huang ared 2609). Therefore,
we also added the similar features.

Datasets Colon histopathology images with four cancer types are used,
cluding Moderately or well differentiated tubular adenmiaoma (MTA), Poorly
differentiated tubular adenocarcinoma (PTA), Mucinousreaxtarcinoma (MA),
and Signet-ring carcinoma (SRC). These four types are thecooshon types in
colon cancer. Combined with the Non-cancer images (NC), assés of colon
histopathology images are used in the experiments. We asathe abbreviations
for each type in the following sections.

To better re ect the real world situation, we designed ourdat in an unbal-
anced way to match the actual distribution of the four tydesaacer. According
to national cancer institute (http://seer.cancer.gatg,incidence of Moderately
or well differentiated tubular adenocarcinoma account3 @86-80% , Poorly dif-
ferentiated tubular adenocarcinoma accounts for 5%, Mwsradenocarcinoma
accounts for 10%, and Signet-ring carcinoma accounts $artlean 1%. The im-
ages are obtained from the Nano Zoomer 2.0HT digital slieaser produced by
Hamamatsu Photonics with a magni cation factor of 40. Iratptve obtain 50
non-cancer (NC) images and 53 cancer images. First we domplsdhe images
by 5 times to reduce the computational overhead. Our segti@mtherefore is
conducted on the down-sampled images rather than the akigiages. We then
densely extract patches from each image. The size of each &84 64. The
overlap step size i82 pixels for training and} pixels for the inference. Note that
each patch corresponds to an instance, which is represepnteteature vector.

We use all the images to construct four different subsbktsary, multi 1,
multi 2, andmulti 3. The constituents of the four subsets are shown in Table 3.
In the rst three subsets, each subset contains 60 diffénstipathology images.
binary refers to the subset containing only two classes: the NG dasl the
MTA class. It contains 30 non-cancer and 30 cancer image&scan be used to
test the capability of cancer image detectionulti 1 andmulti 2 each includes
three types of cancer images and one type of non-cancer sragéti 3 contains
all four types of images. In the all four subsets, we demaistthe advantage of
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Table 3: Number of images in the subsets.

NC | MTA | PTA | MA | SRC
binary | 30 | 30 0 0 0
multil | 30 | 15 9 0 6
multi2 | 30 | 13 9 8 0
multi3 | 50 | 28 8 8 6

the MIL formulations against the state-of-the-art supsdiimage categorization
approaches. Imulti 2, we further show the advantage of MCIL in an integrated
classi cation/segmentation/clustering framework.

Annotations To ensure the quality of the ground truth annotations, irmage
are carefully studied and labeled by well-trained expe&eci cally, each image
is independently annotated by two pathologists; the thath@logist moderates
their discussion until they reach the nal agreement on #wult. All images
are labeled as cancer images or non-cancer images. Fudteerfar the cancer
image, cancer tissues are annotated and their corresgpealiter subtypes are
identi ed.

4.1.1. Image-level Classi cation

In the experiment, we measure the image-level classi catar being can-
cer or non-cancer images. First, the performance of the MGithod based on
differentsoftmaxmodels as mentions in Table 1 are compared.

Second, to evaluate the performance of our methods, sewetabds are im-
plemented as baseline for comparison in this experimentcelhe source codes
of most algorithms presented in the colon cancer image sisaliyerature are
not always available, the image classi cation baseline \se bere is multiple
kernel learning (MKL) (Vedaldi et al., 2009) which obtainsry competitive im-
age classi cation results and wins the PASCAL Visual Obje@ssks Challenge
2009 (VOC2009) (Everingham et al.). We use their implememaind the same
parameters reported in their paper. For the MIL baselinesse MI-SVM (An-
drews et al., 2003), mi-SVM (Andrews et al., 2003), and MILeBb(Viola et al.,
2005). Moreover, we use all the instancgsto train a standard Boosting (Ma-
son et al., 2000) by considering instance-level labelyddrirom bag-level labels

In total seven methods for colon cancer image classi caiom compared,
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including cMCIL, MCIL, MKL, MIL-BOOST, Boosting, mi-SVM and MISVM.
Notice that MKL utilizes more discriminative features thahat we use in MIL,
MCIL and cMCIL, including the distribution of edges, dense apérse visual
words, and feature descriptors at different levels of spatiganization.

Moreover, to further validate the methods, special expenitsionmulti 3 is
conducted. In these experiments, some other featuresuding Hu moment and
Gray-Level Co-occurrence Matrix (GLCM) (Sertel et al., 20@9% added into the
original feature set to demonstrate how the feature seeinags the classi cation
result.

Computational complexity The machine (Processor: Intel(R) Core(TM)2
Quad CPU Q9400 @ 2.66GHz 2.67GHz; RAM: 8G; 64 Operating System)
used to evaluate the computational complexity. The datdMsdi2 is used in
the experiment. The feature code is C++ implementation ithalke algorithms
except MKL. The MKL code, including features and models, I&TMAB/C im-
plementation front. The mi-SVM and MI-SVM codes are JAVA implementation
from 2. The other codes are C++ implementation written by the asthable 4
shows time consuming from various algorithms. Noted thabhreans mi-SVM
and Ml means MI-SVM. The numerical unit is minute except MKs&ing hour.
For the computational complexity, it takes several daysaimian MKL classi er
for a dataset containing 60 images while it only takes abewtsl hours using
an ensemble of MIL. Compared with MIL and MCIL, because MCIL addisop,
the training time of MCIL is more than that of MIL. The time of &BIL is slightly
more than that of MCIL due to the different loss function.

http://www.robots.ox.ac.uk/ ~ vgg/software/MKL/
2http://weka.sourceforge.net/doc.packages/
multilnstanceLearning/weka/classifiers/mi/package-s ummary.htmi
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Figure 4. ROC curves for classi cation in (a) and (b): (a): ®@urves for foursoftmaxmodels

in MCIL; LSE model and GM model t the best for the cancer imageognition task. (b):
Comparisons of image (bag)-level classi cation resultthgitate-of-the-art methods on the three
datasets: ROC curves for different learning methods; oop@ed methods have the apparent
advantages.
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Table 4: Run time in various algorithms (minute)

cMCIL | MCIL MKL MIL-Boost | Boosting| mi MI

Features 90 90 90 5 90 90

Model 35 32 8 2 15 16
Total 125 122 70hour 95 7 105 | 106
Language| C++ C++ | Matlab/C C++ C++ JAVA | JAVA
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two different feature set. (d): The F-measures for segntientat varying number of images with

pixel-level full supervision.

22




Evaluation Receiver operating characteristic (ROC) curve is used taatal
the performance of classi cation. The larger the area utitecurve is, the better
the corresponding classi cation method is.

Results The ROC curves for fousoftmaxmodels in MCIL are shown in
Figure (4.a). According to the curves shown in the guresisiafely to say that
the LSE model and GM model t the best for the cancer image gaitmn task,
which is the reason why GM model is chosen in all the followaxgeriments.

Figure (4.b) shows the ROC curves for different learninghads in the three
datasets. In the datadeihary, cMCIL, MCIL and MIL-Boost outperform well
than developed MKL algorithm (Vedaldi et al., 2009) and d&d Boosting(Mason
et al., 2000), which shows the advantage of the MIL formalatio the cancer
image classi cation task. cMCIL, MCIL and MIL-Boost achievarsiar perfor-
mance on thdinary dataset of one class/cluster; however, when applied to the
datasetsnulti 1 and multi 2, cMCIL and MCIL signi cantly outperform MIL-
Boost, MKL, and Boosting. This reveals that the multiple chuisty concept
integrated in the MCIL/cMCIL framework is able to successfudeal with the
complex situation in cancer image classi cation.

Figure (5) further demonstrates the advantages of MCIL/cMftdimework
than other methods. Furthermore, the three results in thee ghow that MCIL/cMCIL
method based on new feature set can hardly outperform weatl the method
based on the old feature set that is very general and smadl ré@$ult demonstrate
that the MCIL/cMCIL method effective to detect cancer imageageneral fea-
ture set rather than using special medical features.

Discussion In classi cation, we show the performance of both MCIL and
cMCIL compared to others. Note that the performance of cMCHm@asure:
0.972) is almost identical to that of MCIL (F-measure: 0.96Bhis is expected
because the contextual models mainly improve patch-legghgntation and have
little effect on classi cation.

Different cancer types, experiment settings, benchmariggevaluation meth-
ods are reported in the literature. As far as we know, the emakimages used
in (Huang and Lee, 2009; Tabesh et al., 2007; Esgiar et d&2)28e not publicly
accessible Hence, it is quite dif cult to make a direct comparison beémedif-
ferent algorithms. Below we only list their results as refees. In (Huang and

3We have also tried to contact many authors working on medeginentation related to our
topic to validate our method. Unfortunately, they eithet ot answer our email, cannot share the
data with us, or tell us that their method will fail in our task
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Lee, 2009), 205 pathological images of prostate cancer efersen as evaluation
which included 50 of grade 1-2, 72 of grade 3, 31 of grade 4,5hdf grade 5.
The highest correct classi cation rates based on BayesiaiN Knd SVM classi-
ers achievedd4:6%, 94:2% and94:6%respectively. In (Tabesh et al., 2007), 367
prostate images (218 cancer and 149 non-cancer) were ctwodetect cancer or
non-cancer. The highest accuracy W& %. 268 images were chosen to classify
gleason grading. The numbers of grades 2-5 are 21, 154, 88,ardpectively.
The highest accuracy wa&i % In (Esgiar et al., 2002), a total of 44 non-cancer
images and 58 cancer images were selected to detect canoen-cancer. The
sensitivity 0f90%95%and the speci city 0f86%93%were achieved according
to various features.

4.1.2. Image Segmentation

We now turn to an instance-level experiment. We report mctdevel results
in the datasetnulti 2 that contain80 cancer images ar@D non-cancer images in
total. Instance-level annotations for cancer images aréiged by three patholo-
gists with the procedure (two pathologists marking up anel more pathologist
mediating the decision) described before.

Unsupervised segmentation techniques cannot be used @ecaaimparison
here since they cannot output labels for each segment. Tmesgation base-
lines are MIL-Boost (Viola et al., 2005) and standard Boosf{ihtason et al.,
2000), both taking the image-level labeling as supervisMareover, in order to
compare with the fully supervised approach with pixel-wasmotation, we pro-
vide a pixel-level full supervision method by implementiagtandard Boosting
method that takes the pixel-level labeling as supervisieguire laborious label-
ing work). Experiment on varying numbefs; 5; 7; 10) of images of pixel-level
full supervision are conducted.

Evaluation For a quantitative evaluation, the F-measure is used taatal
the segmentation result. Each approach generates a prgbadaip P; for each
bag (imagek; and the corresponding ground truth map is name@;a3 hen we
compute F-measure as follows: PrecisonP;\ G;j5P;j, Recall= jP;\ G;j5G;j
and F-measure Z;Precsion Recall

Results and discussionTable 5 shows the F-measure values of four methods,
cMCIL, MCIL, MIL-Boost and standard Boosting. Again, standardoBting is
a supervised learning baseline that utilizes image-leupkesrision by treating
all the pixels in the positive and negative bags as positidereegative instances
respectively. The high F-measure values of cMCIL displaygteat advantage of
contextual constraints over previous MIL-based methods.iMfoduce context

24



Table 5: Colon cancer image segmentation results in F-measgdour methods. Note that stan-
dard Boosting(Mason et al., 2000) is trained under the irlegel supervision.

Method | Standard Boosting MIL-Boost | MCIL | cMCIL
F-measure 0.312 0.253 0.601| 0.717

constraints as a prior for multiple instance learning (cMCikhich signi cantly
reduces the ambiguity in weak supervision (a 20% gain).

Figure (6) shows some segmentation results of test dataordicg to the
test results, standard Boosting with image-level supemigends to detect non-
cancer tissues as cancer tissues since it considers atigfaaces in positive bags
as positive instances.

Since our learning process is based on image-level lalbedantrinsic label
(cancer vs. non-cancer) for each patch/pixel is ambigudssg contextual infor-
mation therefore can reduce the ambiguity on the i.i.d.gpehdently identically
distributed) assumption. Compared with MCIL, cMCIL improvegsentation
quality by reducing the intrinsic training ambiguity. Due neighborhood con-
straints, cMCIL is able to reduce noises and identify smalbied areas in cancer
images to achieve cleaner boundaries.

The corresponding F-measure values of the varying numifeirsages of
pixel-level full supervision are shown in Figure (5.d), wihidemonstrates that
cMCIL is able to achieve comparable results (around 0.7) hiltout having de-
tailed pixel-level manual annotations. Although our wgasklipervised learning
method requires more images (30 positive), it eases theehuofl making the
pixel-wise manual annotation. In our case, it often taRes 3 hours for our
expert pathologists to reach the agreement on the pixel-gound truth while it
usually costsonlf. 2 minutes to label an image as cancerous or non-cancerous.
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4)

Figure 6: Image Types: from left to right: (a): The originadages. (b)(c)(d)(e)(f): The instance-
level results (pixel-level segmentation and patch-levettering) for standard Boosting + K-
means, pixel-level full supervision, MIL + K-means, MCIL&GMCIL. (g): The instance-level

ground truth labeled by three pathologists. Different colstand for different types of cancer
tissues. Cancer Types: from top to bottom: MTA, MTA, PTA, Nid NC.
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4.1.3. Patch-level Clustering

With the same test data mentioned in segmentation, we ataeld the clus-
tering results. For patch-level clustering, we build twedaes: MIL-Boost
(Viola et al., 2005) + K-means and standard Boosting + K-med&asticularly,
we rst run MIL-Boost or standard Boosting to perform instarieeel segmenta-
tion and then use K-means to obtdinclusters among positive instances (cancer
tissues). Since we mainly focus on clustering performarmee,twe only include
true positive instances.

Evaluation The purity measure is used as the evaluation metric. Given a
particular clusteiS; of sizen,, the ,Qurity is de ned as the weighted sum of the
individual cluster puritiequrity = lr(zl P u(S;), whereP u(S,) is the purity
of a cluster, de ned aP u(S;) = ni max; n!. Larger purity values indicate better
clustering results.

Results and discussionThe purities of cMCIL and MCIL are respectively
99.74% and 9892% while the purities of MIL-Boost + K-means and standard
Boosting + K-means are on§6:21%and84:37% respectively. This shows that
an integrated learning framework of MCIL is better than sepag the two-steps,
instance-level segmentation and clustering.

We also illustrate the clustering results in Figure (6). Aswsn in the gure,
MCIL and cMCIL successfully discriminate cancer classes. dihginal MCIL
method divides MTA cancer images into three clusters. Coatpaith MCIL,
the patch-level clustering is less noisy in cMCIL. The PTA @antissues are
mapped to blue; the MTA cancer tissues are mapped to gredowyand red.
Both MIL-Boost + K-means and standard Boosting + K-means divigke tissue
class into several clusters and the results are not consistethe histopathology
images, the purple regions around cancers are lymphocimssome patients,
it is common that lymphocytes occur around the cancer catisseldom appear
around non-cancerous tissues although lymphocytes tihesssare not consid-
ered as cancer tissues. Since a clear de nition of all ckassstill not available,
our method shows the promising potential for automaticalploring different
classes with weak supervision.
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Figure 7: Image Types: from left to right: (a): The origina&lldmages. (b)(c)(d)(e): The seg-
mentation results for pixel-level fully supervision, MBeost, MCIL and cMCIL. (f): The ground
truth images. The two bottom images are generated backdlimages. Cytology Image Classes:
from top to bottom: CELL, CELL, CELL, BG and BG.

4.2. Experiment B: Cytology Images

Datasets Ten cytology images together with their corresponding saga:
tion results (as the ground truth) are obtained from the p@d@zoray and Cardot,
2002). We also generate additional ten background (negativages. These im-
ages have the same background texture as the ten cytologye it without
cells on them. Details of the method for texture image gditarare presented in
(Portilla and Simoncellt, 2000), in which a universal paedine model for visual
texture, based on a novel set of pairwise joint statisticalstraints on the coef-
cients of a multiscale image representation is describEdr convenience, we
name the cytology image as cell image (CELL) and texture inssgeackground
image (BG).
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Table 6: Cytology image segmentation results in F-meadiléferent methods.

Method | full supervision| MIL-Boost | MCIL | cMCIL
F-measure 0.766 0.658 0.673 | 0.699

Experiments design To evaluate the pixel-level segmentation, we test these
20 images with 4 different methods, including pixel-levall Supervision, MIL-
Boost, MCIL, and cMCIL. All the four methods correctly classtfye 20 images
into the cell image and background image. Since all nucl&rgeto the same
type, the cluster concept that divides different instanogs different classes is
rather weak in this case. Therefore, in Experiment B we fotuthe segmentation
task.

Results and discussionThe results are shown in Figure (7). Same as before,
supervised method with the full pixel-level supervisiomiages the best perfor-
mance. By comparing weakly supervised methods in Figuren@)pbserve: (1)
some nuclei are missed by MIL-Boost; (2) MCIL removes somersrboit also
brings up noises; and (3) cMCIL further improves the resuftsdalucing the in-
trinsic training ambiguity. The F-measures calculatedifquantitative evaluation
are shown on Table 6, which is consistent to the qualitatiustration in Figure
(7).

The experimental results demonstrate the effectivenesMG@iIL in cytol-
ogy image segmentation. MCIL signi cantly improves segnagioh over other
weakly supervised methods and it is able to achieve accu@mparable with a
fully supervised state-of-the-art method.

5. Conclusion

In this paper, we have presented an integrated formulatioittjple clustered
instance learning (MCIL), for classifying, segmenting, ahdstering medical im-
ages along the line of weakly supervised learning. The adgas of MCIL are
evident over the state-of-the-art methods that performritieidual tasks, which
include easing the burden of manual annotation in which ange-level label
is required and perform image-level classi cation, pil&lel segmentation and
patch-level clustering simultaneously.

In addition, we introduce contextual constraints as a pieorMCIL which
reduces the ambiguity in MIL. MCIL and cMCIL are able to achieeenparable
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results in segmentation with an approach of full pixel-lestgoervision in our ex-
periment. This will inspire future research in applyingfeiient families of joint
instance models (conditional random elds(Lafferty et, &001), max-margin
Markov network(Taskar et al., 2003), etc.) to the framewofMIL/MCIL, as
the independence assumption might be loose.

Appendix A. Veri cation for Remark 1

We verify Remark 1 (eqn. (L5) (g(P§ ) = g (Pf) = ak(g (b} )) for each
model. Given the number of clustelks and the number of instances in each
bag, we develop derivations for four models respectively:

For the NOR model:

Y Y
ag()=1 @ @ B
Yoy oy (A1)
=1 ( m)=1 P = g (p})
k] ik

For the GM model:

X L X X L
0GB = G =(e (0 @I
kX k j (A.2)

1 1
=(— ()7 = gu(p)
For the LSE model:

11X
ag(P))= “In(-  exppf)
k

1, 1 X 1, 1X y
= Fln(f k exp(rFIn(E | exp (rpj; )))) (A.3)
11 X
= TKm N exp (rp!}) = Ok (p!})
For the ISR model:

X k X K

_ P pi
ag(P)= 7 'pik—(1+ 1 'pik (A4)

k
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pk ~(1 pk .
X po X i1 i1 X p
l K p.K pK = 1 K (AS)
S T B B
P P o
KT pF ik T pf
gg(P)= —p— = —p = g (P) (A.6)
1+ Pi pl]

kT It T

Now we showg (p¥) = acg (pk ) for eachsoftmaxmodels.g (p5) = g g (pij )
could also be given in the same way. Thus Remark 1 (eqn. (16} &e veri ed.
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