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Newton-Type Algorithms for Dynamics-Based
Robot Movement Optimization

Sung-Hee Lee, Junggon Kim, F. C. Park, Munsang Kim, and James E. Bobrow

Abstract—This paper describes Newton and quasi-Newton
optimization algorithms for dynamics-based robot movement
generation. The robots that we consider are modeled as rigid
multibody systems containing multiple closed loops, active and
passive joints, and redundant actuators and sensors. While one
can, in principle, always derive in analytic form the equations of
motion for such systems, the ensuing complexity, both numeric
and symbolic, of the equations makes classical optimization-based
movement-generation schemes impractical for all but the simplest
of systems. In particular, numerically approximating the gradient
and Hessian often leads to ill-conditioning and poor convergence
behavior. We show in this paper that, by extending (to the general
class of systems described above) a Lie theoretic formulation of
the equations of motion originally developed for serial chains,
it is possible to recursively evaluate the dynamic equations, the
analytic gradient, and even the Hessian for a number of physically
plausible objective functions. We show through several case studies
that, with exact gradient and Hessian information, descent-based
optimization methods can be forged into an effective and reliable
tool for generating physically natural robot movements.

Index Terms—Closed chain, movement optimization, multibody
system dynamics, Newton’s method, redundant actuation, robot
dynamics.

I. INTRODUCTION

AMONG the many innate physical abilities of humans,
motor control is the skill that is most often taken for

granted, as it seems to require very little conscious effort on
our part. Only when a particular motor skill is impaired or lost
does one then begin to fully appreciate the difficulty of motor
control. It comes as no surprise that these exact same difficulties
are encountered, indeed, even magnified, when attempting to
endow robots with a movement-generation capability like that
of humans.

The broad aim of this paper is to emulate the low-level ca-
pabilities of human motor coordination and learning within the
framework of optimal control theory. Our approach is based on
the simple observation that, in nearly all of the motor learning
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scenarios that we have observed, some form of optimization
with respect to a physical criterion is taking place.

There is ample biological evidence to justify an optimiza-
tion-based approach to movement generation. In the literature,
one can find many optimal control-based studies of various
human motions, e.g., maximum-height jumping [1], voluntary
arm movements [2], maintaining postural balance [3], min-
imum-time running and swimming [4], and even wheelchair
propelling [5]. Besides some of the more obvious optimization
criteria like minimum energy or control effort, strategies that
involve minimizing the derivative of acceleration (or jerk) [6],
as well as muscle or metabolic energy costs [7], have also been
examined in the context of specific arm motions. Models for
human motor learning and control that take into account both
the muscle dynamics and features of the neural system have
been proposed, e.g., in [8]–[10].

Some researchers have also presented biological evidence
suggesting that the nervous system implicitly performs inverse
dynamics to generate feedforward motor commands [11], par-
ticularly for fast motions. Previous research also shows that it
is possible to identify accurate internal models from movement
data, and that such strategies can be successfully implemented
in robots (see [12] and the references therein). Approaches to
motor coordination and learning based on equilibrium and hi-
erarchical approaches inspired by biological systems [13], [14]
and dynamical systems theory [15] have also been presented.

From an engineering perspective, an optimization-based ap-
proach to movement generation usually strikes one as the first
reasonable thing to try. The reason that such approaches have
been largely unsuccessful, it seems, is that the complexity of the
dynamic equations inevitably lead to intractable optimization
problems. Indeed, the intractability of the optimization seems at
least partly, if not largely, responsible for the recent flurry of at-
tention given to, e.g., neural networks, genetic algorithms, and
other evolutionary optimization approaches to motor learning
(see, e.g., [16]–[18]).

One of the arguments put forth in this paper is that movement
generation based on dynamic models and classical descent-type
optimization methods is indeed a computationally feasible
paradigm. In addition to our work, [19] has also demon-
strated the feasibility of this approach to generate motions for
tree-structure-like animated characters, by a suitable choice
of physics-based constraints and objective functions. Stable
open-loop motions for performing forward somersaults have
also been obtained via numerical solution of an optimal control
problem in [20].

Aside from the complexity of the nonlinear dynamics, an-
other reason classical descent methods, despite their reliability
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(indeed, in many cases, these algorithms are the only ones that
can guarantee local optimality and convergence), are bypassed
in many of today’s motion-learning schemes is their reliance on
gradient and Hessian information. Although, in principle, one
can numerically approximate these quantities, for problems in-
volving even moderately complex multibody systems, approx-
imated gradients and Hessians more often than not lead to ill-
conditioning, instability, and poor convergence behavior, not to
mention a significant increase in computation.

One of the primary contributions of this paper is that, by ap-
pealing to techniques from the theory of Lie groups, it is possible
to formulate the equations of motion of even complicated antag-
onistic multibody systems, like the human body, in such a way
as to render the optimization problem tractable. In many cases,
the optimized motions can even be obtained quite efficiently and
in a numerically robust way. The key lies in the ability to recur-
sively evaluate the nonlinear dynamics, and also to recursively
compute exact analytic gradients and Hessians without resorting
to numerical approximations. The resulting algorithms are still
computation-intensive by today’s standards, but are with
respect to the number of rigid bodies comprising the system, and
perhaps most important of all, robust.

We begin by describing the dynamic modeling and optimiza-
tion algorithms developed using techniques from Lie group
theory. Some of the preliminary results specific to serial chains
have been reported in [21], including the recursive computation
of analytic gradients for serial chains [22], [23]. In this paper,
we considerably enlarge the class of candidate mechanisms,
to chains containing multiple closed loops and an arbitrary
number of actuators; this includes antagonistic, redundantly
actuated systems like the human body. We also develop general
recursive algorithms for obtaining higher order derivatives of
the dynamics for this class of chains.

Based on these new algorithms, recursive Newton-type opti-
mization algorithms are then developed for generating optimal
movements. As is well known, Newton methods have quadratic
convergence properties, and offer superior performance over
purely gradient-based optimization methods like steepest de-
scent. Examples of minimum-effort motions for various multi-
body systems are provided to demonstrate that these algorithms
can serve as a basis for generating efficient, physically natural
movements in a robust, computationally effective manner.

II. PROBLEM STATEMENT

The equations of motion for our systems, which are modeled
as a set of coupled rigid bodies, are of the form

(1)

where is the mass matrix, is the
Coriolis matrix, and includes gravity and other
forces (for the moment, we consider only holonomic systems
in which the equations of motion are expressed in independent
coordinates). One should not be deceived by the apparent sim-
plicity of (1); for even kinematically straightforward structures
like standard six-axis industrial robots, analytic expressions for

, and are extremely complicated.

We will be interested in minimizing cost functionals of the
form

(2)

subject to (1) and the boundary conditions

(3)

(4)

where, for some of our examples, penalizes deviations from
the desired final condition. For most of our examples, the ef-
fort captures the desire to minimize the exerted joint
torques. The final time may be either free or fixed in our for-
mulation; for the examples presented in this paper, is assumed
fixed. For the case of free final time, it is possible to modify the
equations developed below to include a time-scale parameter,
as shown in [24]. We also note that the Newton method devel-
oped in this work applies to systems with no hard constraints on
actuator torques or workspace motion. Soft constraints can be
straightforwardly added to the problem by adding penalty func-
tions to handle motor torque limitations; again, see [24].

Numerical methods for solving optimal control problems
of the above form can be classified into direct and indirect
methods. Indirect methods attempt to solve the optimality con-
ditions, which are expressed in terms of the maximum principle
[25], the adjoint equations, and the tranversality (boundary)
conditions. Various relaxation and shooting methods have been
developed to solve the associated two-point boundary value
problem.

Despite the well-documented successes of the indirect ap-
proach, they have been displaced in recent years by direct
methods. The primary reasons are that the region of conver-
gence for indirect methods is relatively small, and it is difficult
to incorporate path inequality constraints. For direct methods,
the state and control variables are adjusted directly to optimize
the objective function. In this paper, we focus exclusively on
the direct approach; the reader is referred to, e.g., [26] and
[27] for a survey of developments in numerical optimal control
since the 1960s.

For our approach, a local solution to the optimal control
problem is found by assuming that the joint coordinates in
(1) are parameterized by B-splines and varying these parame-
ters in the following manner. The B-spline curve depends on
the blending or basis functions and the control points

, with . The joint trajectories then
have the form with

(5)

The control points of the spline have only a local effect on the
curve geometry, so given any , there will a maximum of four
nonzero in (5) for a cubic spline. In addition, the convex
hull property of B-splines makes them useful for smoothing or
approximating data. The fact that also gives
the desirable property that limits on joint displacements can be
imposed through limits on the spline parameters . That is, if
one constrains , then it follows that .



LEE et al.: NEWTON-TYPE ALGORITHMS FOR DYNAMICS-BASED ROBOT MOVEMENT OPTIMIZATION 659

It should also be noted that the use of B-spline polynomials as
the basic primitives in terms of which our motions are expressed
is consistent with recent results in neuroscience. In [28], it was
clinically observed that when human subjects move their hand in
a circular motion, the trajectory obtained can be best described
as a summation of “bell-shaped” basis functions. These func-
tions are then translated and scaled to find the best match to the
human movement. In essence, we achieve the same basic effect
through (5).

By parametrizing the trajectory in terms of B-splines, the
original optimal control reduces to a parameter optimization
problem of the form

Minimize (6)

subject to (7)

where , and are all given functions of and
from (5) and its time derivatives, and becomes an explicit

function of the spline parameters through (1). By a proper choice
of spline basis functions at both ends of the joint trajectory, the
path end conditions (3) and (4) can be satisfied.

By converting the original problem into a parameter opti-
mization problem with no nonlinear constraints, efficient de-
scent methods can then be used to minimize the cost function.
However, to assure convergence of these algorithms, two con-
ditions must be met: the second derivatives of must be
bounded, and every approximate Hessian (found, for example,
from a BFGS update [29]) used in a quasi-Newton algorithm
must remain positive definite with bounded condition number
[30]. When one uses finite difference approximations for the
gradient of , it is usually not possible to ensure a bounded
condition number for the approximated Hessian; most often, the
result is that the algorithms terminate prematurely [31].

We note that the gradient and Hessian of the cost functional
are given by

(8)

(9)

The most computationally difficult step in the evaluation of the
gradient and Hessian is determining the derivatives of the joint
torques with respect to the path parameters . These evaluations
require that the dynamic equations be differentiated twice with
respect to the joint variables. In a later section, we show how
to compute these derivatives recursively for the general class of
multibody systems addressed in this paper.

III. RECURSIVE DYNAMICS

We now present the recursive dynamics formulation for
multibody systems based on Lie group techniques. We begin
with a brief review of serial chain dynamics, as presented in
[21], followed by the dynamics of exactly actuated closed
chains, as presented in [32]. We then present a recursive formu-
lation of the dynamics of redundantly actuated closed chains.

A. Geometric Preliminaries

We begin with some geometric preliminaries. The Special
Euclidean group of rigid body motions, denoted , is rep-
resented by matrices of the form

(10)

where is a 3 3 rotation matrix, and . El-
ements of will also be denoted by the pair . The
corresponding Lie algebra then admits the matrix repre-
sentation

(11)

where . Elements of will alternatively be denoted
by for notational convenience. Later, and will be in-
terpreted physically as an angular velocity and linear velocity,
respectively. In this case, we refer to as a generalized ve-
locity or twist.

The exponential map can be computed
by the following closed-form formula. If , where

and , then

(12)

where

(13)

(14)

Given an element , we also recall the adjoint map-
ping , defined as .
Given an element , the Lie bracket

is given by . The two adjoint map-
pings can also be represented in matrix form by

(15)

(16)

where and . The
corresponding dual adjoint mappings
and can be represented in matrix form
as

(17)

(18)

where has the form

(19)
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with . In what follows, and will be interpreted
physically as a moment and force, respectively. In this case, we
refer to as a generalized force or wrench.

B. Serial Chains

Given an -link serial chain, let be the trans-
formation from link frame to link frame
the joint twist associated with joint the value
of when joint the six-dimensional
(6-D) generalized velocity of the link frame expressed in
frame the 6-D generalized force exerted by link
on link expressed in frame the 6 6 generalized in-
ertia matrix of link , and the torque exerted at joint .1

has the following structure:

(20)

where is the rotational inertia of link about the
center of mass,2 is the 3-D vector from the frame origin to
the center of mass, is the mass of link , and I is the 3 3
identity matrix. With these definitions, the inverse dynamics can
be computed recursively as follows.

• Initialization

• Forward recursion: for to

(21)

(22)

(23)

• Backward recursion: for to

(24)

(25)

A recursive formulation of serial chain forward dynamics
based on the same geometric concept is given in [33], the de-
tails of which we omit for space reasons.

C. Exactly Actuated Closed Chains

The traditional approach to solving the inverse dynamics of
closed chains is to first solve the inverse dynamics of the re-
duced system, followed by an application of D’Alembert’s Prin-
ciple to solve for the actuated joint torques of the closed-chain
mechanism. By adopting the Lie theoretic framework, we can
exploit the recursive algorithms for the serial-chain case, and
derive a similar set of recursive algorithms for exactly evalu-
ating the closed-chain dynamics [32].

To illustrate the approach, let us consider the mechanism of
Fig. 1. The motion of this mechanism is generated by the actu-
ator at joint 1 and the external applied force . We can think
of another identical mechanism that generates the same motion,

1F is the external force, e.g., tool force, applied to link fng expressed in
frame fn + 1g.

2I is calculated with respect to a frame attached at the center of mass, with
the same orientation as frame fkg.

Fig. 1. Reduced system. (a) Actual system. (b) Reduced system.

but and every joint is assumed actuated;3 this is essen-
tially the concept of the reduced system. Note that the internal
forces in the reduced system are different from those of the ac-
tual system.

Since the actual system and the reduced system produce the
same motion, the work performed by each system is the same.
Let and be the work done by the actual and reduced sys-
tems, respectively. Likewise, let and be the torque vectors,
and and be the actuated joint angle vectors of the actual
and reduced systems, respectively. is the generalized velocity
of the tool frame. Then

(26)

(27)

where is partitioned into , with corresponding
to the passive (unactuated) joint of the actual system. is par-
titioned into , with the torque at joint
and the torque at joint . Using the fact that

4 and (26), we get

(28)

Since and are independent, the following relations hold:

(29)

(30)

(31)

Note that must be nonsingular; if it is singular, the mecha-
nism is in a configuration corresponding to an actuator singu-
larity [34].

With the above, we are now ready to describe the dynamics
algorithm for exactly actuated closed chains. For a closed-chain
mechanism, and is the constraint force applied to the
mechanism so as to satisfy the constraint equations. The inverse
dynamics can be computed using the recursive inverse dynamics
algorithm of the reduced system as follows.

• Initialization

• Forward recursion: for to

(32)

(33)

(34)

3F is the external applied force of the actual system, while F is that of
the reduced system.

4J = [J J ] is the Jacobian matrix, where J is the Jacobian matrix of the
actuated joint, and J that of the passive joint of the actual system.
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• Backward recursion: for to

(35)

(36)

• Solve constraint force

(37)

• Backward recursion: for to

(38)

(39)

If one needs to solve only , one can use (31) without per-
forming the last backward recursion. See [32] for a discussion
of the recursive forward dynamics formulation for exactly actu-
ated closed chains.

D. Redundantly Actuated Closed Chains

A system is redundantly actuated when the number of actu-
ated joints is greater than the degrees of freedom of the mech-
anism. In this case, the inverse dynamics will, in general, not
have a unique solution. Equations (26) and (27) are still valid
for the redundantly actuated case, however. Using

, we have

(40)

(41)

where in (26) is replaced with . Therefore

Null (42)

Null (43)

where is the Lagrange multiplier, Null is a null-space basis,
and .

We now determine the relationship between the torques of a
redundantly actuated system and its corresponding exactly actu-
ated system. Let the actuated joints and corresponding torques
of the redundantly actuated system be and , respectively,
and the actuated joints and corresponding torques of the ex-
actly actuated system be and , respectively. Then, from
D’Alembert’s Principle, we have

(44)

Now let us partition and into and
, where is not actuated in the corresponding exactly

actuated system, and its torque is . From ,
let for some . Then

(45)

from which it follows that

(46)

Note that is required to be nonsingular. In the event that it is
singular, one can simply construct the corresponding exactly ac-
tuated system in such a way that is nonsingular, by choosing
the appropriate set of actuated joints. We will use the above re-
lation in Section IV-B.

IV. DIFFERENTIATION OF THE EQUATIONS OF MOTION

To obtain the gradient and Hessian of the objective function, it
is necessary to differentiate the equations of motion with respect
to the joint variables. In this section, we derive recursive algo-
rithms to compute the gradient and Hessian for both open-loop
and closed-loop systems.

A. Serial Chains

Let , where and . Also let
. Then the following identities can be estab-

lished by a straightforward but involved calculation:

(47)

(48)

(49)

(50)

(51)

(52)

An earlier, more complicated version of the above identities was
also obtained in [22].

Using these results, we can differentiate the inverse dynamics
of a serial chain with respect to the joint parameter vector via
the following algorithm.

• Initialization

• Forward recursion: for to

(53)

(54)

• Backward recursion: for to

(55)

(56)

By differentiating the above recursive gradient algorithm, the
second derivatives of the dynamics can, in turn, be analytically
computed via the following recursive algorithm.

• Initialization
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• Forward recursion: for to

(57)

(58)

• Backward recursion: for to

(59)

(60)

It should be noted that many of the computations embedded in
the forward and backward recursions above need only be eval-
uated once, thereby reducing the computational burden.

B. Exactly Actuated Closed Chains

Recall that for an exactly actuated closed chain

(61)

Differentiating (61) with respect to using our earlier basic
identities, we obtain5

(62)

5Here we use the fact that (@(J ))=(@p ) = �J (@J )=(@p )J .

Differentiating again yields

(63)

C. Redundantly Actuated Closed Chains

To differentiate the equations of motion for a redundantly
actuated closed chain, we can differentiate either (43) or (44);
here, we choose the latter, since this form is more convenient
for torque optimization. Suppose we want to minimize a suit-
ably weighted torque, e.g., suppose

(64)

where is a suitable weighting matrix. We wish to minimize

(65)

(66)

(67)

where , and ; specifically, we seek
the and that minimize . This leads to an unconstrained
calculus of variations problem of the form

(68)

where and in our formulation. Noting that
and are independent, the first-order necessary conditions for
optimality are

(69)

(70)

In particular, the last condition leads to

(71)

from which we obtain

(72)

(73)

The derivative of the torque with respect to is

(74)
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Let . Then we obtain

(75)

(76)

Differentiating the above equations once again, we get

(77)

(78)

The above formulas can be used to analytically compute the gra-
dient and Hessian for the class of objective functions considered
in this paper.

V. ALGORITHM FOR GENERATING OPTIMAL MOTIONS

In this section, we present the general iterative procedure for
computing optimal motions of the various classes of kinematic
chains. The algorithm is expressed in sufficiently general form
so as to allow for different (unconstrained) optimization algo-
rithms, although the primary ones we will be interested in are
steepest descent and Newton-type methods.

The algorithm below describes the motion-optimization pro-
cedure for a serial-chain mechanism.

• Given: Initial and final values of the joint angle displace-
ment, velocity, and acceleration.

• Step 1: Choose the number of control points and the order
of the B-spline curve.

• Step 2: Make an initial assumption of the joint angle pro-
files.

• Step 3: For time to :
— Compute the spline function to get the status of joint

angle [(5)].
— Solve the inverse dynamics to determine the torque

[(25)].
— Solve for the gradient and Hessian [(56) and (60)].

• Step 4: Compute the objective function, gradient, and
Hessian [(6), (8), and (9)].

• Step 5: Check convergence. If yes, terminate. If no, line
search for the next point and go to Step 3.

We next present the algorithm for generating optimal mo-
tions of a redundantly actuated closed chain; exactly actuated
closed chains can be considered as a special case of this gen-
eral case.

• Given: Initial and final values of the joint angle displace-
ment, velocity, and acceleration for an independent set of
joints.

• Step 1: Choose the number of control points and the order
of the B-spline curve.

• Step 2: Make an initial assumption of the kinematically
independent joint angle profiles.

• Step 3: For time to :
— Compute the spline function to get the status of the joint

angles [(5)].
— Solve for the remaining joint angle displacements, veloc-

ities, and accelerations.
— Solve for the inverse dynamics, gradient, and Hessian of

the reduced system. [(25), (56), and (60)].
— Solve the inverse dynamics to determine the torque [(72)

and (73)].
— Solve for the gradient and Hessian of the torque [(75),

(76), (77), and (78)].
• Step 4: Compute the objective function, gradient and Hes-

sian [(6), (8), and (9)].
• Step 5: Check convergence. If yes, terminate. If no, line

search for the next point and go to Step 3.
Kinematic chains containing closed loops must satisfy a set

of loop-closure constraint equations, and it would seem nat-
ural to attempt to apply a constrained optimization procedure
rather than solving the constraint equations at each iteration.
However, for the class of mechanisms of interest to us, the
passive joint values can, in general, be determined from the
values of the actuated joint values without too much difficulty;
in this regard; there exist a number of procedures (i.e., the
Paden–Kahan subproblems—see [35]) for solving in closed
form the inverse kinematics of a large class of serial chains,
as well as efficient and reliable numerical methods. In this
case, it is often simpler and more efficient to directly solve the
constraint equations and apply the unconstrained optimization
methods above.

VI. CASE STUDIES

In this section, we present case studies of optimal motions
generated for a number of representative kinematic chains. All
of the simulations were performed on a Pentium II 392-MHz
computer, and any performance statistics given are with respect
to this computer specification.

A. Two-Link Open Chain

We first consider the minimum torque lifting motion for a
two-link planar open chain in the presence of gravity. The mo-
tion was obtained in 13 iterations, with a stopping criterion of
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Fig. 2. Exactly actuated closed-loop manipulator.

, and took 1.1 s.6 The final value of the objective
function was 314.069. Nine control points were used for each
joint, together with a third-order curve.

To evaluate the performance of the modified Newton’s al-
gorithm, we optimize the motion using both steepest descent
and the BFGS quasi-Newton method. In the case of steepest de-
scent, the number of iterations was forcefully terminated after
229 after the algorithm failed to meet the stopping criterion. The
final value of the objective function was 314.069. For the BFGS
quasi-Newton method, the algorithm was forcefully terminated
after 45 iterations, and convergence was extremely slow near the
solution. The total elapsed time was 1.27 s, and the final value of
the objective function 314.069. The BFGS method, on the other
hand, approached the vicinity of the solution in the shortest time
among the three methods.

B. Exactly Actuated Closed Chain

We now consider the exactly actuated closed chain of Fig. 2.
Joints 1–3 are actuated, where joint 2 rotates both and
together, and joint 3, lying coaxially with joint 2, rotates only

. The actuated joint angles in the initial pose are given by
, while in the final pose, the angles are ( ,

, ). We seek the minimum torque motion such that the
manipulator moves between two poses symmetrically situated
about the workspace in exactly 1 s. For our test case, the Mod-
ified Newton method converged after seven iterations, with a
total computation time of 6.94 s.

The convergence speed and number of iterations are com-
pared for the steepest descent, Newton method, and the BFGS
quasi-Newton method. Fig. 3 shows the number of iterations for
each method, while Table I shows the computation time of each
optimization method. As is evident from the figure, the steepest
descent method failed to converge due to ill-conditioning, while
both the BFGS quasi-Newton method and the modified Newton
method showed good convergence. Although the number of it-
erations for the modified Newton method is smaller than that for
the BFGS quasi-Newton method, for this example, the overall
computation time is slightly greater due to the computation of

6Using the norm of the gradient normalized with respect to the objective func-
tion value does not significantly alter the convergence behavior in this or any of
the other examples.

Fig. 3. Comparison of optimization methods.

TABLE I
NUMBER OF ITERATIONS AND TIME CONSUMED FOR EACH METHOD

Fig. 4. Schematic picture of rowing. (a) Human on rowing machine. (b) Corre-
sponding mechanism.

the analytic Hessian at each step. In general, for complex exam-
ples, we have found that the total computation time increases ap-
proximately linearly with the number of parameters. The reason
for this is that for Newton’s method, the asymptotic conver-
gence rate is quadratic and also independent of the number of
parameters [29]. Hence, the computation time is dominated by
the time needed to compute the objective function, gradient,
and Hessian, all of which increase linearly with the number of
parameters.

C. Redundantly Actuated Closed Chain: The Rower

As our final example, we consider the minimum-torque
rowing motion of a human consisting of two closed loops.
Fig. 4(b) shows the planar kinematic chain used to model the
human. The mechanism has five kinematic degrees of freedom
and seven actuated joints. In the figure, the circles represent
rotational joints and rectangles represent prismatic joints;
filled-in circles imply that the joint is actuated. The prismatic
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TABLE II
MASSES AND MOMENTS OF INERTIA FOR THE HUMAN MODEL

joints and the base link are not shown explicitly in the figure
for visualization purposes.

A 40-N m torque is applied clockwise at the joint to which the
oar is attached. Table II shows the masses and rotational inertias
of the various links, obtained from [36] to closely approximate
the actual values for a typical human. The top row of Fig. 5
depicts the initial motion, obtained by linear interpolation of
the joint values between the initial and final poses, while the
optimized motion is shown in the bottom row.7 It is interesting to
note the similarity between the optimized motion and the actual
rowing motion exerted by a human.

For this example, the optimized motion was obtained after 38
iterations using the BFGS quasi-Newton method, with a total
computation time of 54.43 s. Ten control points were used for
each joint trajectory, with a B-spline of order three for the inter-
polating curves. The same optimal motion was obtained with
the modified Newton algorithm, but with a longer computa-
tion time. Our experience simulating a wide array of multi-
body systems indicates that, in general, the BFGS quasi-Newton
method requires between 10%–50% less computation time than
the modified Newton method.

VII. CONCLUSION

In this paper, we have presented an optimization-based
methodology for motor learning that emulates the low-level
capabilities of human motor coordination and learning. The
systems we address include chains containing multiple closed
loops and an arbitrary number of actuators; this includes antag-
onistic, redundantly actuated systems like the human body.

Previous classical optimization-based approaches to motor
learning were limited in their effectiveness to kinematically
simple, low degree-of-freedom systems; for even moderately
complex systems, these algorithms typically led to ill-condi-
tioning, instability, and poor convergence behavior because
of their inability to deal with the complexity of the nonlinear
dynamics, and their reliance on approximated gradient and
Hessian information.

In this paper, we have shown that by appealing to tech-
niques from the theory of Lie groups, both the equations of
motion and gradient and Hessian information can be exactly
and recursively computed for even complicated antagonistic
multibody systems. The resulting algorithms are still computa-
tion-intensive, but are with respect to the number of rigid
bodies comprising the system. Examples of minimum-effort
motions for various multibody systems demonstrate that these

7The movie file can be downloaded from http://ieeexplore.ieee.org.

Fig. 5. Initial and optimized motions for rowing.

algorithms can serve as a basis for a robust, computationally
effective, model-based motor learning capability.

Our initial results suggest a number of topics for further study.
First, as shown from our case studies, the number of control
points and the order of the curve play an important role in both
the computational efficiency and final shape of the optimized
motions. From this point of view, B-spline wavelets are also
worth considering in that the trajectory is represented hierarchi-
cally instead of in terms of a B-spline basis [37]. Other objec-
tive functions, e.g., minimum-time motions, also deserve further
attention.
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APPENDIX

We provide formulas for obtaining the derivatives of the con-
straint Jacobian (note that the Jacobian in space frame coordi-
nates is used throughout). Let

(79)

(80)

Then

if
if

(81)

if

if
elsewhere

(82)

(83)

(84)

(85)

(86)
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