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Hybrid gystems Gﬂ

Hybrid System

@ Continuous evolutions
(differential equations)

@ Discrete jumps
(control decisions)
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Velocity Controller ~ CSD

t>7AN=-30<v <15

] 15 < v < 30 t:=0Na:=15Ax:=0
v <15 v>15 Q
x:=0 X = - t>7A-15<v <15
v=a
Y 7 t =0
Y —Est X = X+ TV
— v = —0.001x — 0.052v t<rt = B

-

v <-—15 v > —15
x =0 x:=0 t>7A15 <v <30

Vo= 15 t:=0ANa:=-2Ax:=0

-30 < v < -15
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Velocity (specification)
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© Hybrid Systems and Simulation
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Xample 1or the Semantics
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ustration or the Similarity Notion

Example
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Hetlmlng &

Definition (e-Retiming)

A left-total, surjective relation t C R™ x R* is called e-retiming iff

V(it,(f)erv:|t—t <eAV(t, F)er:(t<t—>T<T¥).
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Be!lmtlon o! 8—(I)—S|mu|at|on @

Definition

For two streams o; : R™ x N — RP with i € {1,2}, given two
non-negative real numbers ¢, §, we say that oy is e-0-simulated by stream
o2 (denoted by oy <0 o7) iff there is a e-retiming t such that

V(t, 1) € v: [|c(o1)(t), c(o2)(B)l] <0

where for k € {1,2}: (o) is defined by c(ok)(t) := limg—o0 0k(t, q).
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BellnI!IOn O| 8—!!-S|mu|a!|on 5

Definition

A hybrid system A is e-0-simulated by another system B (denoted by

A <% B) iff for all input streams 14 and for all input streams ¢p

ta <50 1g implies that for all output streams wyq € =(14) of A, there is an
output stream wp € =(15) of B such that wy <% wp holds.
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Eoglc !E l !yn!ax’ &

Definition (Syntax of Lf)

The basic formulas are defined by
$u=x€L|f(x1,....,xn) 0| =d |1 Ab2| d1Ush2

where Z C R, J C R, f is a Lipschitz continuous function and the x; are
variables. )
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Eoglc !E l!emantlcs’ 5

Definition (Valuation)

We define the valuation of a variable x at time t on a run £ as
Ce(t,x) = lim &(¢,n)lx

where y|. denotes the projection of the vector y to its component
associated with the variable name x. )
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Eoglc ZE ’!emantlcs; @

Definition (Semantics of Lf)

We define for a run & and some t € R the semantics of a formula ¢ by:
0 {,t=xeTiff((t,x) el
o & tEf(xy,...,xn) <Oiff F(C(t,x1),...,C(t,xn)) <O
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Definition (Semantics of Lf)

We define for a run € and some t € R the semantics of a formula ¢ by:
0 {,t=xeTiff((t,x) el
@ &t l=1(x1,...,xn) < Oiff F(C(E, x1),...,¢(t,xn)) <O
e {,tE¢iffnot &, t = o
o LitEPNYIffE tlEpand it =
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Definition (Semantics of Lf)

We define for a run € and some t € R the semantics of a formula ¢ by:
0 {,t=xeTiff((t,x) el
@ &t l=1(x1,...,xn) < Oiff F(C(E, x1),...,¢(t,xn)) <O
e {,tE¢iffnot &, t = o
o LitEPNYIffE tlEpand it =

° {,tFoUsy
iff 3 e T & max{t'+t,0} Eyand Vit <t' <t/ +t:{t" ¢
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Eogic ZE :gemantics; @

Definition (Semantics of Lf)

We define for a run € and some t € R the semantics of a formula ¢ by:
0 {,t=xeTiff((t,x) el
@ &t l=1(x1,...,xn) < Oiff F(C(E, x1),...,¢(t,xn)) <O
e {,tE¢iffnot &, t = o
o LitEPNYIffE tlEpand it =

° {,tFoUsy
iff 3 e T & max{t'+t,0} Eyand Vit <t' <t/ +t:{t" ¢

Additionally we define for a set of runs =:

=, t = ¢ iff for all runs £ € = holds &, t = ¢

A hybrid system H satisfies a formula denoted by H |= ¢ iff =4,0 = ¢.
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!reservatlon l |n!orma| ’ 5

Formula: x € {0,1,2}
X
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Formula: x € {0,1,2}, 6 =1~ x € [-1, 3]
x
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Formula: ¢Uy; 2319
X
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Formula: ¢U{172’3}d), e=1~ ¢/U[0,4]w/
X
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Breservanon : !ormal ; @

Theorem (Preservation of logical properties)
If hybrid systems A and B satisfy A <° B and B |= ¢ then A |= ¢
where ¢1% := re. 5(¢) and re. 5 is defined by:
o re.s(xel):=xeTI' , wherel'={a|3beZ:ac[b—6 b+ 4]}
o re.5(f(x1,...,xn) <0):="f(x1,...,%s) — - M <0 where M is the
Lipschitz constant for f.

where Z C R and J C R holds.
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Theorem (Preservation of logical properties)
If hybrid systems A and B satisfy A < B and B |= ¢ then A |= aﬁg
where ¢1% := re. 5(¢) and re. 5 is defined by:
o re.s(xel):=xeTI' , wherel'={a|3beZ:ac[b—6 b+ 4]}
o re.5(f(x1,...,xn) <0):="f(x1,...,%s) — - M <0 where M is the
Lipschitz constant for f.
o re. 5(—¢) := —ro. 5(¢).
o re. 5(¢ N) := re. 5(P) A re- s(¢).

where Z C R and J C R holds.
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Theorem (Preservation of logical properties)
If hybrid systems A and B satisfy A < B and B |= ¢ then A |= aﬁg
where ¢1% := re. 5(¢) and re. 5 is defined by:
o re.s(xel):=xeTI' , wherel'={a|3beZ:ac[b—6 b+ 4]}
o re.5(f(x1,...,xn) <0):="f(x1,...,%s) — - M <0 where M is the
Lipschitz constant for f.
o re. 5(—¢) := —ro. 5(¢).
o re. 5(¢ N) := re. 5(P) A re- s(¢).

o re. s(pUsv) := rec 5(¢)U g rec 5(1)), where
J ={a|dbeJ:acb—¢eb+e]}.

where Z C R and J C R holds.
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Formula: —x € [-1, 3]
X
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Formula: —-x € [-1,3], 0 =1~ —x € [0,2]
x
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Theorem (Preservation of logical properties)

The transformation function ro. s is given by:
o ro.5(x€Z):=xe€T whereT' ={a|Vbe[a—d,a+0]:be I}
o ro.5(f(x1,...,xn) <0):=f(x1,...,xp) +6-M <0 where M is the
Lipschitz constant for f.

where Z C R and J C R holds.
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Theorem (Preservation of logical properties)

The transformation function ro. s is given by:
o ro.5(x€Z):=xe€T whereT' ={a|Vbe[a—d,a+0]:be I}
o ro.5(f(x1,...,xn) <0):=f(x1,...,xp) +6-M <0 where M is the
Lipschitz constant for f.
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where Z C R and J C R holds.
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Theorem (Preservation of logical properties)

The transformation function ro. s is given by:
o ro.5(x€Z):=xe€T whereT' ={a|Vbe[a—d,a+0]:be I}
o ro.5(f(x1,...,xn) <0):=f(x1,...,xp) +6-M <0 where M is the
Lipschitz constant for f.
® rog5(—¢) == —rec ().
® ro. 5(¢ N P) = roc5(¢) A roc5(1).
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@ Determining Similarity
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Elassical Relation Gﬂ

Simulations can be defined in terms of games.

N |

o

Controller synthesis is a game as well, i.e. the question whether the
controller can win against an malicious environment.

Quesel, Franzle, Damm Crossing the Bridge between Similar Games



Elassmal Relatlon m

Controller synthesis is a game as well, i.e. the question whether the
controller can win against an malicious environment.

A,
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ybrid Game

Definition (Hybrid Game)

A hybrid game HG = (S, E., U, ) consists of

@ a hybrid automaton S = (U, X, L, E, F, Inv, Init),
@ a set of controllable transitions E. C E,

@ a set of controllable variables U. C U,
@ and a location / € L.

The environment wins, if it can force the game to enter the location / or if
the controller does not have any more moves. The controller wins, if he
can assert that the location / is avoided.
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Velocity Controller ~ CSD
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----> Controlled
—> Uncontrolled
C Commited

Ue = {s} Invariant: 0 < s <2
v = —0.001x — 0.052v ~ v = s - (—0.001x — 0.052v)
v=a~v=(2-5)-a
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gimilarity ana aames @

The systems that we compare are inputless, i.e. U = ().

Theorem
Given two hybrid systems A and B. If there is a winning strategy for the
controller in the game (A < B, E., {s}, bad) then A <% B holds.

| A\

Observation
If system B is deterministic and a retiming strategy is given, model
checking can be used to show that the winning strategy exists.

A,
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© Conclusion
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We . ..

@ ...defined a notion of similarity for
hybrid systems.

@ ...showed properties that are preserved
by this notion.

@ ...established the classical relation
between simulations and games for this
notion.

@ ...established some preliminary results
for solving these games.
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