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Abstract. Typesare often usedto control and analyze computer pro-
grams. Intersection types give great exibilit y, but have been di cult
to implement. The ! operator, used to distinguish between linear and
non-linear types, has good potential for better resource-usagetracking,
but has not been as exible as one might want and has been di cult
to use in compositional analysis. We introduce System E, a type sys-
tem with expansion variables, linear intersection types, and the ! type
constructor for creating non-linear types. System E is designedfor max-
imum exibilit y in automatic type inference and for easeof automatic
manipulation of type information. Expansion variables allow postponing
the choice of which typing rules to useuntil later constraint solving gives
enough information to allow making a good choice. System E removes
many diculties that expansion variables had in the earlier System |
and extends expansion variables to work with ! in addition to the inter-
section type constructor. We presert subject reduction for call-by-need
evaluation and discussprogram analysis in System E.

1 Discussion

1.1 Background and Motiv ation

Many current forms of program analysis, including many type-basedanalyses,
work best when given the ertire program to be analyzed [21, 7]. However, by
their very nature, large software systemsare assenbled from componerts that
are designedseparately and updated at di erent times. Hence, for large soft-
ware systems,a program analysis methodology will benet greatly from being
compositional, and thereby usablein a modular and incremental fashion.

Type systemsfor programming languagesthat are exible enoughto allow
safe code reuse and abstract datatypes must support somekind of polymor-
phic types. Theoretical models for type polymorphism in existing programming
languages (starting in the 1980sthrough now) have generally obtained type
polymorphism via 8 (\for all") [15, 6] and 9 (\there exists") quanti ers [13] or
closely related methods. Type systemswith 8 and 9 quanti ers alone tend to
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be inadequate for represering modular program analysis results, becausesuch
systemsfail to have principal typings [22, 7] where eac typable term hasa best
typing that logically implies all of its other typings. (Do not confusethis with
the much weaker property often (mis)named \principal types" assaiated with
the Hindley/Milner type system[12, 5] usedby Haskell, OCaml, Standard ML,
etc.) In cortrast, intersection type systemsoften have principal typings (see[8]
for a discussion),leading to our interest in them.

Beyond basictype safely, type-basedanalysescan nd information useful for
other purposessuch as optimization or security analysis. Linear type systems,
with a! operator for distinguishing betweenlinear and non-linear types,are good
for more accuratetracking of resourceusage,but have not beenas exible asone
might want [19, 20, 17, 16, 11]. Also, polymorphic linear type systemsusually
rely on quarnti ers and thus are not suited for compositional analysis.

Se\eral yearsago, we developed a polymorphic type systemfor the -calculus
called System| [8]. System| usesintersection typestogether with the new tech-
nology of expansion variables and has principal typings. Although the resulting
program analysis can be donein a fully modular manner, there are many draw-
badks to Systeml. The typesare nearly linear (actually a ne , i.e., usedonceor
discarded) and multiple use of anything requires having intersection typeswith
onebranch for ead use.An implication is that for any k there are simply-typable

-terms that are not typable at rank k in System|. In cortrast, rank 0 usually
has the power of simple typesand rank 2 usually cortains the typing power of
the Hindley/Milner system. System | does not have subject reduction, a basic
property desiredfor any type system.And also, quite painfully, the substitutions
usedin type inferencefor System| do not support composition.

Someof SystemI's problems seemedsolvable by allowing non-linear types.
Also, we wanted analysis systemsthat can track resourceusage.Toward these
goals,weinvestigatedcombining the (nearly) linear intersectiontypesof Systeml
with the ! operator of linear type systemsfor controlled intro duction of non-linear
types. Becauseimplemerting intersection types has historically been hard, an
additional goal was easierimplementation. Our investigation led to SystemE.

1.2 Expansion and Expansion Variables

We solve the problems mentioned above with a new type system named Sys-
tem E that improveson previous work in the way it usesexmnsion variables
(E-variables) to support expmansion. This section givesa gertle, informal intro-
duction to the needfor expansionand how E-variables help.

Considertwo typing derivations structured asfollows, where and @repre-
sert usesof the appropriate typing rules:

M - N :

< _@
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In a standard intersection type system, the derived result typescould be these:

M:f(_!{z)!_;! N:FO! AV (9 }0

1 2

In order to type the application M @N, we must somehav \unify" 1 and ».
We could rst unify the types( °! 9 and ( °! 9 to collapsethe intersec-
tion type ( %! 9\ ( Ot O but this would loseinformation and is not the
approach we want to follow for full exibilit y. Historically, in intersection type
systemsthe solution has beento do expmansion [4] on the result type of M :

Mo 2! v (20 2! ) 1)

Then, the substitution ( ;:= % 9= & ,:= 0 0= 0 .= 01 0 makes
the application M @N typable.

What justi ed the expansionwe did to the result type of M ? The expansion
operation above e ectiv ely altered the typing derivation for M by inserting a
use of intersection introduction at a nested position in the previous derivation,
transforming it into the following new derivation, where ' marks a use of the
intersection-intro duction typing rule:

f:
1
f/@\\.
VRN
X: X:
X

Expansion variables are a newtechnology for simplifying expansionand mak-
ing it easierto implement and reasonabout. Expansionvariablesare placeholders
for unknown usesof other typing rules, sud asintersection intro duction, which
are propagatedinto the typesand the type constraints usedby type inferenceal-
gorithms. The E-variable-intro duction typing rule works like this (in traditional
notation, not as stated later in the paper), where\eA" sticks the E-variable e
on top of every typein the type ervironment A:

A M:

(E-vanable)m

Type-lewel substitutions in SystemE substitute typesfor type variables, and
exm@nsions for expansionvariables. An expansionis a pieceof syntax standing for
somenumber of usesof typing rules that act uniformly on every typein ajudge-
ment. The most trivial expansion, , is the identity. Intersection typescan also
be intro ducedby expansion;for example,givenM :(e( ! )! )! , apply-
ing the substitution e= \  tothistypingyieldsM :(( ! )YV (! )! )!

. Substitutions are also a form of expansion; if we apply the substitution
e=( = 1)V ( := 2) to M, we get the expanded typing given for M in
(1) above.
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Including substitutions as a form of expansion makes expansion variables
e ectiv ely establish \namespaces" which can be manipulated separately For
example,applying the substitution (e := ( = 1); e:=( := »))to thetype
(e1 )V (e2 ) yieldsthe type 1\ .

The syntactic expansion! (introduced as expansion syntax in [3]) is also
included, along with a typing rule that assignsthe type! (introducedin [4]) to
any term. If we apply the substitution e:=! to the typing of M above, inside
the typing derivation the result type for x: x becomes! . Operationally, a term
which hastype! canonly be passedaround and must evertually be discarded.

The typesin System E are by default linear. For example, ( 1! 1)V
( 2! »)isthe typeofafunction to beusedexactly twice,onceat type ! 1,
andonceat ,! ;. The!operator createsa non-linear type allowing any num-
ber of uses,including 0. Subtyping rules for weakening (discarding), dereliction
(using once),and contraction (duplicating) givethis meaningto non-linear types.
Introduction of ! is another possiblecaseof expansionin SystemE.

The structure of expansionspervadesevery part of the designof SystemE.
The main sorts of syntactic ertities are types,typing constraints, skeletons(Sys-
tem E's proof terms), and expansions.Each of thesesorts hascasedor E-variable
application, intersection, ! , and the ! operator. Other derived notions such as
type environments also e ectiv ely support ead of these operations. This com-
mon sharedstructure is the key to why System E works.

1.3 Summary of Contributions

We intro duce System E and presert its important properties. The proofsare in
a separatelong paper. SystemE improveson previous work as follows:

1. SystemE isthe rst typesystemto combine expansionvariables,intersection
types, the ! operator, and subtyping. Although not formally proved, we are
con dent that nearly every type systemfrom the intersection type literature
(without 8 quarti ers) can be embeddedin SystemE by putting enough!s
in the types. System E has the polyvariant analysis power of intersection
typestogether with the resourcetracking power of linear types.

2. SystemE more cleanly integratesthe notion of expansionfrom the intersec-
tion type literature (see[18] for an overview) with substitution. Unlike in
System I, expansionis interleaved with substitution and, as a result, both
expansionsand substitutions are composable.Non-composablesubstitutions
in System| made both proofs and implementations di cult.

3. SystemE cleanly supports assaiativit y and commutativit y of the intersec-
tion type constructor together with related laws that smoothly integrate
intersection typeswith the ! type constructor.

4. SystemE generalizegprevious notions of expansion. In SystemE's approach,
expansionvariables stand for any useof typing rules that operate uniformly
on the result and environment typesand do not changethe untyped -term
in the judgemernt. In SystemE, sud rules include not only the intersection
intro duction rule but alsorules for ! and type-lewel substitution. System E
is the rst to support such exible expansion.
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5. System E removes other di culties of its predecessorSystem |. There are
no restrictions on placemern of expansionvariables or intersection type con-
structors. System E has subject reduction for call-by-need evaluation. (It
does not have subject reduction for call-by-name evaluation becausethe
type system can track resourceusageprecisely enoughto distinguish.)

6. The uniform handling of expansion variables throughout System E makes
implemenrtation simple. Demonstrating this, we presen output in this paper
from our type inferenceimplementation, which can be usedat this URL:
http://www.macs.h w.ac.uk /ultr a/conposi tio nal- analys is /sy st em E/

7. SystemE is parameterizedon its subtyping relation. We presen 3 di erent
subtyping relations relations with di erent amounts of typing power.

8. SystemE hasadditional featuresfor exible use.lts typing judgemerts have
separate subtyping constraints to support either eageror lazy constraint
solving together with its suspendedexpansionrule. To help both proofsand
implemenrtations, System E's judgemerts have two dierent kind of proof
terms, one for the analyzed program and one for the proof structure.

2 Preliminary De nitions

This section de nes generic mathematical notions. Let h, i, j, m, n, p, and q
rangeoverf0; 1; 2;:::g (the natural numbers). Givena function f , let f [a7! b] =
(f nf (a;c)|(a;c) 2 f g)[ f(a;b)g. Givenarelation I ,let " beits transitiv e,
re exiv eclosure,w.r.t. the right carrier set. Givena context C, let C[U] stand for
C with the singleoccurrenceof replacedby U. For example,(x: )[x]= x: X.
If S namesa setand' is de ned as a metavariable ranging over S, let S
be the set of sgguenes over S as per the following grammar, quotiented by the
subsequeh equalities, and let '~ be a metavariable ranging over S :

=~  (~1 =2) =3="=1 (=2 =3)
For example,n rangesoverf0; 1;2;:::g (sequence®f natural numbers). Length
1 sequencesre equal to their sole member.

3 Syntax

This section de nes the syntactic entities by starting from the abstract syn-
tax grammars and metavariable convertions in g. 1 and then modifying those
de nitions by the equalities and well-formednessconditions that follow.

Operator precedenceis de ned here, including for ordinary function appli-
cation (f (a)) and modi cation (f [a7! b]), and for operations de ned later suc
as expansion application ([E]X) and term-variable substitution (M 1[x:=My3]).
The precedencegroups are as follows, from highest to lowest:
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The sorts and their abstract syntax grammars and meta variables:
X;y;z2 Term-Variable::= X
V2 Value:= xj xx M
M:;N;P 2 Term:= VjM @N
C'2 Term-Context:= jx:C'jC'@M jM @C!
e;f;g2 E-Variable::= g
2 T-Variable::= &
2 Env-Subtyping::= x:
2 ET-Assignment:= = je:=E
S 2 ET-Substitution ::= i S
2 Type:= 1\ 2 je j! jl j jai! 2
E 2 Expansion::= E;1 ' E; jeEj!Ej! |S
2 Constraint:= 1% 2je j! j! j 1l 2
Q2 Skeleton:= Q: ¥ Q2jeQj!Qj!'"jQ
Q 2 SimpleSkleton::= x j x QjQ:1@Q2jQ jQ jhQ;Ei
Meta variables ranging over multiple sorts:
vVi= ej Tu= W:=MjJEjQ Uus=Mj jJEj jQ
= Ej Y= JE] X:= jEj jQ

Fig. 1. Syntax grammars and metavariable conventions.

groupl: Q ,Q ,f(a),f[a7! b, Mi[x:=My], v:=
group 2: eX,!X,[E]IX,(; S)

group 3: X1\ X,, e=S

group4: 1! >, M @N, Q1 @Q>

group5: 1l 2, xx M, x: Q

Forexample,e 1\ 2! 3= ((e 1)V 2)! 3,and(e 1l 2)=((e 1)L 2),
and x: X' 1@y 2 = x: (X ' @y 2). Application is left-assaiative so that
M @M, @M3 = (M1 @M,) @M 3 (similarly for skeletons) and function types
areright-asscciativesothat ;! 2! 3= 1! (2! 3).

3.1 Equalities

Terms and skeletons are quotiented by -cornversion as usual, where x: M and
x: Q bind the variable x.

For types and constraints, the de nition provided by g. 1 is modied by
imposing seeral equalities for E-variable application, the ' and ! operators, and
the ! constart. The \ operator is assaiative and commutativ e with ! asits
unit. E-variable application and ! both distribute over ' and! . (The constart
! can be viewed as a 0-ary version of \'.) The ! operator is idempotent and
applications of E-variablesand ! can be reordered. Formally, theserules hold:

Ty \ T, =T, \ T1 el =1 e(T]_ \ Tz) =eT; \ eT,
T \ (Tg \ T3) = (Tl \ Tg) \ T3 =1 !(T]_ \ T2) =1T \ 1T,
VT =T NT=1T elT = leT
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Both -conversion and the additional rules for types and constraints are
imposedas equalities, where\=" is mathematical equality (asit should be). For
example,! ' = . After this modi cation, the syntactic sorts are not initial
algebras.The underlying formalism to realize this could be, e.g., that typesare
equivalenceclassesclosedunder the rules. This level of detail is left unspeci ed.

Becausewe have imposedequalities ( -conversion and the rules for \', !, !,
and E-variable application in typesand constraints), we can not use structural
recursionand induction for de nitions and proofs. To solve this, we de ne a size
function and prove an induction principle. Details are in the long paper.

3.2 Additional Notions

Extending E-variable application to sequenceslet X = X and (e ¢ X =
e(eX). Similarly, for environment subtyping, let Q = QandQ ~=(Q )".
Let M [x := N] denote the usual notion of term-variable substitution in un-
typed terms. Let FV(M ) denote the free term variablesof M .
Let term be the least-de ned function such that:

term(x: ) =X term(Q- ) = term(Q)
term(x: Q) = x: term(Q) term(Q ) = term(Q)
term(Q1 @Qz) = term(Q1) @term(Qz)  term(! Q) = term(Q)
term(hQ; Ei) = term(Q) term(! M) =M
term(eQ) term(Q)

term(Q1 v Q2) = term(Q,) if term(Q1) = term(Q2)

A skeleton Q is well formed i term(Q) is de ned. For example,Q = x* 1 \ y* 2
is not well formed if x 6 y, becauseterm(Q) is not de ned.

Convention 3.1 Henceforth, only well formed skeletonsare considered. O

4 Expansion Application and Type-Level Substitution

This sectionde nes the fundamenrtal operation of expmnsion application which is
the basisof the key features of SystemE. Expansion is de ned, basic properties
of expansionare preserted, syntactic sugar for writing substitutions (a special
caseof expansions)is de ned, and then examplesare presened.

De nition 4.1 (Expansion Application). Figure 2 de nes the application of
an exmnsion to E-variables, types, expansions, constraints, and skeletons. [

Lemma 4.2 (Expansion Application Prop erties).

1. X and [E]X havethe samesort ( , E, , or Q).

2. Expansion application preservesuntyped terms, i.e., term([E] Q) = term(Q).

3. The substitution constant  acts as the identity on types, exmnsions, con-
straints and skeletons,i.e.,, [ ]X = X. O
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[ ] = [vi=; S]v =

[ ]e = e [vi= ; S]v® = [S]v0ifve V0
[S](X1V X2) = [S]X1V [S]X2  [E1V E2]X = [E1]X \ [E2]X
[S]eX = [[S] €] X [eE]X = e[E]X

[S]!X = 1[S] X [E]X = 1[E]X

[S]! =1 Y =1

[S]I M =1 M [I ]Q =1 term(Q)
[SIC+! 2) =1[S] 1! [S] 2 [SIC:1 2) =[S]1L[S] 2
[S]x’ = x5 [S] =S

[S] x: Q = x [S]Q [SI(v:=; 8% = (v:=[S]; [S]S)
[S1(Q: @Q2) = [S]Q: @[S]Q2  [S]Q = (s1Q)™!
[SIQ;Ei = hQ;[S]Ei [S1Q* = ([S]Q)***°!

Fig. 2. Expansion application.

Lemma 4.3 (Expansion Application Comp osition). Givenany E;;Ez; X,
[[E1]E2]X = [E1][E2] X. O

Let E;; E> = [E2] E1 (composition of expansions).By lem. 4.3, the \;" oper-
ator is assaiative. Although Ej; E, is not much shorter than [E,] E1, it allows
writing, e.g.,S1; Sp; Ss; Ss; Ss, Which is easierto follow than [S5][S4][S3][Sz2] S1-

An assignmem may stand for S = (; ) and is to be interpreted that
way if at all possible.The higher precedenceof (v:= ) over(; S) applieshere.
For example,e; := e, := Sp; e3:= Sz standsfor (e; := (e := Sp)); €3 := Sz which
standsfor (e1 == ((e2:= Sp); )); (&3:= S3);

Let e=Sstandfor (e:=eS). Thus, e=Sstandsfor ((e:= eS); ) whenpossible.
The \ =" notation builds a substitution that a ects variables underneath an E-
variable, becausde=5eX = e[S]X and[e=§ X = X if X 6 eX 2 For example,
S= (&=(a1:= 1); @:= o) standsfor S= (=& (= 1; ), a:= o )
and in this case[S](epa! &) = & 1! (. We extend this notation to E-
variable sequencesothat € e=S standsfor e=e=Sand =S stands for S.

Example 4.4. E-variables e ectiv ely establish namespacesand substituting an
expansionfor an E-variable can merge namespacesDe ne the following:

1=ea! @ Si=(e:= ) S2=(0:= 2)
Then thesefacts hold:

[S2] 1 Zea! [S1] 1= a! a
[S2][S1] 1= 2! 2 Si;S =(er:=(ap:= 2);a:= 2)

In [S2] 1, the T-variable ay inside the E-variable e; is e ectiv ely distinct from
the T-variable ap outside e;, so the substitution only replacesthe outer ag.
The operation [S;] 1 replacese; by the empty expansion (which is actually
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the identity substitution), and this e ectiv ely lifts the inner a into the root
namespacesothat [S;][S1] 1 replacesboth occurrencesof ag. O

Example 4.5. The composition S;S° may take operations in one namespacein
S and duplicate them to multiple namespacesn S; S° De ne the following:

1=ea! a Sz=(ee=e ) Si=(e=(a:= 1))
Then thesefacts hold:
[Sil[S3] 1= €& 1! a  S3S4=(e1:= & (ap:= 1); &=(a0:= 1))

Both S, andits assignmen (ag:= ;) appearin Sz; S4. In general,arbitrary pieces
of S® may appear in S;S° copiedto multiple places. Thus, an implemertation
should either composelazily or share common substructures. O

Example 4.6. Substitutions can act di erently on distinct namespacesand then
merge the namespacesafterward. This is essetial for composing substitutions.
The key designchoice making this work is making substitutions be the leavesof
expansions.De ne the following:

=ea! & Ss=exa= 9 Ss=(a:= )
Thesefacts hold:

[Ss] =e °! a
[Se] =a! a [Sel[Ss] = °! a
S5;Se = (e1:= (0= 9= ) [S5;S6] = O ag

A \at" substitution notion (as in System| [8]) which does not interleave ex-
pansionsand substitutions can not expressthe composition Ss; Sg.

The substitution Ss; Sg hasan extra assignmei (e;:= ) at the endwhich has
no e ect (other than uglifying the example), becauseit follows the assignmen
(e1:= (a:= 9). The substitution Ss;Sg is equivalert to the substitution S; =
(e1 := (a0 := 9), in the sensethat [Ss;Se]X = [S7]X for any X other than
a skeleton with suspended expansions.Expansion application could have been
de ned to cleanup redundant assignmeits, but at the cost of complexity. O

5 Type Environmen ts and Typing Rules

This section preserts the type ervironments and typing rules of SystemE. Also,
the role of skeletonsis explained.

A type environment is a total function from term variables to typeswhich
mapsonly a nite number of variablesto typesother than ! . Let A and B range
over type ervironments. Make the following de nitions:

[E]A = f (x; [E]A(X)) | x 2 Term-Variableg
AN B =1 (AX) Y B(x))|x 2 Term-Variableg
eA=[e JA="f(x;eA(x))|x 2 Term-Variableg
TA= JA =1 (x!A(X))|x 2 Term-Variableg
eny = f (x;!)]|x 2 Term-Veariableg
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M.Q:hA" i=
(xx M. x Q) :PAX7TH!I]T AX)! i=
(Ml.Ql):hAl‘ 5 | 1= 1 (Mz.Qz)ZhAz\ 20 = 2
(M1 @M2. Q1 @Q2) : ALY Ay 1i= 1V

(abstraction)

(application)

(variable) ) )T e (omega) (M 1V tenw  1i=t

(M. Qi) :hPAL" 4i= 1; (M. Q2):PAx" 2i=
(M. Q1VQ2):PAIV A" 1} 2i= 1V

(intersection)

(bang) (M.Q):mA 1= (E-variable) — M- QA 1=
M .1Q):hRA I =!I (M.eQ):leA e i=e

(suspended M.Q):MA" i=

expansion) (M . hQ;Ei) : HEJA " [E] i =[E]

(result M.Q):hA" 4i=

subtyping) (M . Q" 2):hA> Li= \ (1l »)

(environment M.Q):hA" 4i=

subtyping) (M . Q% 2) :PA[x 7! 2]° 1i= ¥ (2L A(X))

Fig. 3. Typing rules.

Let (x1: 1; ;Xpn: () abbreviate env [x1 7! 1] [xn 7! n]. Obsene, for ev-
ery Eq, Eo, A, and x, that [E1 V E2]A = [E1]AYN [E2]A, that (eA)(x) = eA(X),
that (1 A)(x) = TA(x), that eny = [! ]A, that [E]JAx 7! ]= ((E]JA)[x 7' [E] 1.
and that [E](AY B) = [E]A\ [E]B.

The typing rules of System E are given in g. 3. The typing rules derive

judgements of the form (M . Q) : PA~ i = . The pair A~ i of a type
ervironment A and a result type is called a typing. The intended meaning of
(M.Q):hA" i= isthat Qisaproofthat M hasthe typing PA™ i, provided

that the constraint  is solval w.r.t. somesubtyping relation.

The precisesemartic meaningof a typing A~ i dependson the subtyping
relation that is used. The typing rules avoid specifying whether a constraint  is
solved to allow the useof di erent subtyping relations, depending on the user's
needs.Subtyping relations for SystemE are discussedin sec.6.

A skeleton Q is a special kind of term that compactly represens a tree of
typing rule usesthat derivesa judgemert for the untypedterm givenby term(Q).
Thus, a skeleton is basically a typing derivation.

De nition 5.1 (Valid Skeleton). A skeletonQ is valid i there exist M, A,
,and suchthat (M . Q):PA~ i= . O

Lemma 5.2 (Valid Skeletons Isomorphic to Typing Deriv ations). If
(M]_.Q):I"Al\ 1i: 1and(M2.Q):hA2‘ 2i: z,thenterm(Q): Mi= My,
Ar=Az, 1= 2and 1= . O
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Subt yping rules for e ; nin; ex:

— (re - ) L 22 3 (trans- ) = e2 (e- )

13! 2l 23! 44 ¢-) ﬁ(\:- ) ﬁ(!- )

Subt yping rules for  nin;  ex:

] ! (weak ) ! (deret ) T v (contr- )

Subt yping rules for  e:

e(1! 2) eq! eg(e-! ") I(1! o) 14! !2(!'! ")
T ) T v o (v ot (v )

Fig. 4. Subtyping rules.

Convention 5.3 Henceforth, only valid skeletonsare considered. O

Let typing, constraint tenv, and rtype be functions s.t. (M . Q) : A~ i =
implies typing(Q) = PA™ i, constrain{Q) = , tenv(Q) = A, and rtype(Q) =

6 Subtyping and Solvedness

This sectionde nes whether a constraint  is solved w.r.t. a subtyping relation
, and presernts three interesting subtyping relations. Sec.7 will show that if
is solvedw.r.t. oneof theserelations, then the judgemert (M . Q) : hA™ i= is
presened by call-by-need evaluation of M ( may changeto somesolved 9).
Let be a metavariable ranging over subtyping relations on types. A con-
straint  is solval w.rt. i solved ; ) holds by this de nition (where the
double bar is meart as an equivalence):

1 2 solved ; 1) solved ; »)
solved ; 1l 2) solved ; 1\ 2)
solved ; ) solved ; )
solved ;e ) solved ;! ) solved ;!)

A skeleton Q is solvad i constrain{Q) is. Solved skeletonscorrespond to typing
derivations in traditional presertations.

Fig. 4 preserts subtyping relations . (\re exiv e"), nin (\non-linear"),
and ¢ (\exible") for usewith SystemE.
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Mop——————— >M;—————=— > My e >M,
1 1 1
initial l term ; initial term ; initial term ; initial
\ \ \
(~ Qo= Q} Qf Q2 Qn
A /' Treadback Treadback Treadback
readback re-1 ! re -1 ! re-1 !
Q1 Qp o >Qn

Fig. 5. Correspondencewith -reduction of a particular type inference process.

The ¢ subtyping relation only allows using subtyping in trivial ways that
do not add typing power. When using (e , SystemE is similar to System| [8],
although it types more terms becauseit has!. We have implemented type
inferenceusing [ that always succeeddor any term M that hasa -normal
form and that allowsthe -normal form to be reconstructed from the typing.

Fig. 5 illustrates the type inference process.The full details will appear in
a later paper. First, we build an initial skeleton Qg from the untyped term Mg
by giving every term variable the type agp and inserting E-variables under every
abstraction (ep) and application (e; for the function, e, for the argumert). Then,
the rule re -1 is applied to constrain{Qg) to generatea substitution Sy which is
usedto calculate Q1 = [Sp] Qo. This is repeated as long as possible.

The dashededgesin the diagram in g. 5 show a correspondencewith un-
typed -reduction. The function invocation readbackQ) looks only at tenv(Q),
rtype(Q), and constrain{Q) to produce an initial skeleton. In addition to -
reduction following constraint solving, the converse also holds and constraint
solving can follow any -reduction sequence,e.g., the normalizing leftmost-
outermost strategy. Thus, our algorithm typesall -normalizing terms. Once
the -normal form is reached, if it contains applications, an additional constraint
solving rule re -2 solvesthe remaining easyconstraints.

Example 6.1. ConsiderMo = (z:z@(X: Yy :X) @(( X: X @x) @2))@(Yy :y @Y).
The normal form of Mg is M5 = Xx: y :X. Note that Mg is not strongly normal-
izing. The initial and nal skeletonsfor My are

Qo= e(z:g( e(ez% @6 (X & Y:gXx®))
@ e, (e (X & (6, X* @6, x*)) @e, %))
@6, (Y& (e y® @e,y®))

Qs= (z:(z2)@(x: y:x )V (X ey e (x%)) @ x@)@z)
@(y:(y " @y )

where ;= gy ay! (! ga)and ,=(, ! ' Vv 1 11 The
nal judgemert isthat (Mg. Qs) : reny ~ ;i = for somesolved . O

The qin subtyping relation addsthe power of idempotent intersections:

! nlin (! ! ) niin !
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This allows many interesting terms to be typed at lower ranks. In particular, the
system of simple types, the Hindley/Milner system, and the rank-k restrictions
of traditional intersectiontype systemscan all be embeddedinto SystemE when
using nin by simply putting ! nearly everywherein types.

Example 6.2. Usingthe iy subtyping relation, SystemE can encale arbitrar-
ily imprecise usageinformation, unlike with . where it must be exact. For
example, considertwice= f : x; f @(f @x), and someof its typings:

(1) hrenu;!'(a! a)! a! ai

(2) renv;(a! ag)V (! a&)! a! asi
(3) bkenv;(ar! a))V (ag! a1)! a! ai
4) benv;(a! a)V (! a)! a! ai

Typing (1) is like a typing with simple types; asin Linear Logic, the use of !
erasescourting information, i.e., twicemay useits rst argumert any number of
times. Typing (2) looks like a typing in a traditional intersection type system.
However, becauseSystem E typesare linear by default, the typing gives more
information, e.g.,this typing statesthat the rst argumernt is usedexactly twice.
Typing (3) is in a sensebetweentypings (1) and (2): the rst argument is used
exactly twice, at the sametype. In System E, even when intersection types are
not usedfor additional exibilit y, they canstill encade preciseusageinformation.
(In an implementation, the linear part of typesmay of coursebe represened as
a multiset.) Finally, typing (4) contains what we call a \m ust-use" type. The
presenceof ! on part of the argumert's type erasessomecounting information.
However, there is still onelinear use:the rst argumert is usedat least once. [

The ¢« subtyping relation allows embedding all type derivations of the
very exible BCD type system|[2], again by putting ! operators in nearly every
position in types. The BCD system's subtyping rules are not satised by
but every BCD rule can be transformed into one satised by ¢ by putting !
at all positions mertioned by the rule. The ¢ relation also allows skeletons
to hold the information present in Levy-labeled -terms, such that constraint
solving simulates labeled reduction. Our experimentation tool implemerts this.

Example 6.3. Considerthe following variant Levy-labeledreduction where eact
subterm is marked with an integer sequence For an initial labeling, we use a
distinct length-1 sequenceor eat subterm. The labeled reduction rule is this:

(x: M) @N | M[x:=N]J"

L evy-labels(which we model with E-variables) track reduction history, and allow
information o w for the original term to be extracted from the normal form (in
SystemE, from the typing). Consider this labeledterm and its normal form:

M = ((x: (x* @x*)%)* @(z :(z° @y°)")®)°
M : (yGS@y6)7825781349
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If we ask about the original term \what owsto z>?", we cantell, by collecting
labelsimmediately precedinglabel 5, that the subtermsannotated 6 and 2 both
ow to z°. We can also tell which subterms in uence the result. Similar to
the way re -1 corresponds to ordinary -reduction, we have a rule ex-1 that
solves constraints in a way corresponding to labeled reduction. Again, the full
details will appear in a later paper. By using distinct E-variables throughout
the initial skeleton, applying rule ex-1 until it no longer applies, and doing
readbad on the typing and constraint at that point, we get this skeleton from
our implemertation:

€€ 656,636, 656,65€; (856 (y2)* ™ %) @g; (y%))

This skeleton has exactly the information in the reducedlabeled term. O

7 Subject Reduction

This section presens subject reduction results for call-by-needreduction for the
three subtyping relations preseried in sec.6.

Remark 7.1. In general,subject reduction doesnot hold for call-by-namereduc-
tion in SystemE. Considerthe following example:

M = term(Q) = (y :x1 @y @y) @(x> @z)

Ql - Xl:al! ap! .ag @y:al @y:al

Q2 - X2:a2! (a1\ a1) @Z:az

Q=(y:Q1) @Q

typingQ1) = hix1ta! a! agy:aV &) a

typingQ2) = h(xz :ax! (a1 V a1);z:a) a1V ai

typingQ) = hixy tay! a! ag;xg:a! (Vv a);z:a) asi

M ! N = term(Q)[x = term(Qz)] = X1 @ (X2 @z) @(x> @z)

The skeleton Q is valid sincertype(Q2) = tenv(Q1)(y), and it is solved w.r.t. any
subtyping relation sinceits constraint is! . If subject reduction holds, we expect
that there exists someQ®sud that term(Q% = N, and that hasthe sametyping
asQ. In particular, we expect that tenv(Q)(z) = tenv(Q9(z) = a,. Howewer, the
sub-skeletons of QP corresponding to z must both have type a,. This makes it
impossibleto construct Q°since,in general, 6 \ (i.e, solved ; | \ )
doesnot hold for any  we use). Note that if we use qin, OF ex, and replace
a; by 'a; and a, by !a,, then we could construct the neededskeleton Q°, O

Call-by-needreduction on untyped terms is performed by theserules:

(xx M)@v  M[x:=V]
(x: M) @(N1 @Nz)) @P ¥ (x: M @P) @(N1 @N3) if x 62FV(P)
M @((x: P)@(N1 @N2)) * (x: M @P)@(N1@Ny) if x 62FV(M)

Let ™" be the smallest relation such that M " N implies C'[M] ™" C![N].
Call-by-need evaluation is then a speci ¢ strategy of using these rules [1]. We
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do not include any rule for garbagecollection, becauseit doesnot a ect subject
reduction.

Theorem 7.2 (Sub ject Reduction). Given 2 f e nin; eg anda
skeletonQ; suchthat (M. Q) :PA"~ i= 4, solved ; 1), andM; “" Mo,
there exists Q2 s.t. (M. Q2) :PA™ i= , andsolved ; »2). O

Proof. The theorem is proved by induction on Q;. The proof usesinversion
properties for variant subtyping de nitions without explicit transitivit y. O
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