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Abstract

This paperintroducesthe Point-BasedValue Iteration
(PBVI) algorithmfor POMDPplanning.PBVI approx-
imatesan exact value iteration solution by selectinga
small set of representative belief points, and planning
for thoseonly. By usingstochastictrajectoriesto choose
belief points,andby maintainingonly onevaluehyper-
planeperpoint,it is ableto successfullysolvelargeprob-
lems,including the roboticTag domain,a POMDPver-
sionof thepopulargameof lasertag.

1 Introduction
The value iteration algorithm for planning in partially ob-
servable Markov decisionprocesses(POMDPs)was intro-
ducedin the 1970s[Sondik, 1971]. Since its introduction
numerousauthorshave refined it [Cassandraet al., 1997;
Kaelblingetal., 1998;ZhangandZhang,2001] sothatit can
solve harderproblems.But, asthesituationcurrentlystands,
POMDPvalueiterationalgorithmsarewidely believednot to
beableto scaleto real-world-sizedproblems.

Thereare two distinct but interdependentreasonsfor the
limited scalabilityof POMDPvalueiterationalgorithms.The
morewidely-known reasonis the so-calledcurseof dimen-
sionality [Kaelblinget al., 1998]: in a problemwith � phys-
ical states,POMDPplannersmustreasonaboutbelief states
in an �������
	 -dimensionalcontinuousspace.So, naive ap-
proacheslikediscretizingthebeliefspacescaleexponentially
with thenumberof states.

The less-well-known reasonfor poor scalingbehavior is
whatwewill call thecurseof history:POMDPvalueiteration
is in many wayslikebreadth-firstsearchin thespaceof belief
states.Startingfrom the initial belief state,it grows a setof
histories(eachcorrespondingto a reachablebelief) by simu-
latingthePOMDPforward.So,thenumberof distinctaction-
observationhistoriesconsideredgrowsexponentiallywith the
planninghorizon. Variousclever pruningstrategies[Littman
et al., 1995;Cassandraet al., 1997] have beenproposedto
whittle down the setof historiesconsidered,but thepruning
stepsare usually expensive and seemto make a difference
only in theconstantfactorsratherthantheorderof growth.

Thetwo curses,historyanddimensionality, arerelated:the
higherthedimensionof a belief space,themoreroomit has

for distincthistories.But, they canact independently:plan-
ning complexity can grow exponentiallywith horizon even
in problemswith only a few states,and problemswith a
large numberof physicalstatesmay still only have a small
numberof relevant histories. In most domains,the curse
of history affectsPOMDPvalueiteration far morestrongly
than the curse of dimensionality [Kaelbling et al., 1998;
ZhouandHansen,2001]. That is, thenumberof distincthis-
torieswhich thealgorithmmaintainsis a far betterpredictor
of runningtime thanis thenumberof states.Themainclaim
of thispaperis that,if wecanavoid thecurseof history, there
aremany real-world POMDPswherethecurseof dimension-
ality is not aproblem.

Building on this insight,we presentPoint-BasedValue It-
eration (PBVI), a new approximatePOMDP planning al-
gorithm. PBVI selectsa small set of representative be-
lief points and iteratively applies value updatesto those
points. The point-basedupdateis significantly more effi-
cient than an exact update(quadraticvs exponential),and
becauseit updatesboth value and value gradient, it gen-
eralizes better to unexplored beliefs than grid-basedap-
proximationswhich only updatethe value [Lovejoy, 1991;
Brafman,1997;Hauskrecht,2000;Zhou andHansen,2001;
Bonet,2002]). PBVI is alsoguaranteedto have boundeder-
ror. Finally, exploiting aninsightfrom policy searchmethods
andMDP exploration [Ng andJordan,2000;Thrun, 1992],
PBVI usesexplorative stochastictrajectoriesto selectbelief
points,thusreducingthenumberof beliefpointsnecessaryto
find a goodsolution.

This paperpresentsempirical resultsdemonstratingthe
successfulperformanceof the algorithm on a large (870
states)robot domain called Tag, inspired by the gameof
lasertag.Thisis anorderof magnitudelargerthanotherprob-
lemscommonlyusedto testscalablePOMDPalgorithms.In
addition,we includeresultsfor threewell-known POMDPs,
wherePBVI is able to match (in control quality, but with
fewerbeliefpoints)theperformanceof earlieralgorithms.

2 An overview of POMDPs
ThePOMDPframework is a generalizedmodelfor planning
underuncertainty[Kaelblinget al., 1998;Sondik,1971]. We
assumea POMDPcanberepresentedusingthefollowing n-
tuple: �
�����������������������������! #" , where � is a (finite) setof
discretestates,� is a setof discreteactions,and � is a set



of discreteobservationsproviding incompleteand/ornoisy
stateinformation. The POMDPmodel is parameterizedby:� � �%$
	 , theinitial beliefdistribution; �&�'$(��)*��$
+,	.-0/21435�'$76�8:9�/$5; )�6</=)*��$76>/?$
	 , thedistribution describingtheprobability
of transitioningfrom state $ to state $7+ when taking action) ; �4�A@5��$(��)5	B-C/D143E�A@ 6�8:9 /D@F; ) 6 /D)*��$ 6�8:9 /G$
	 , the dis-
tribution describingtheprobabilityof observing@ from state$ after taking action ) ; �H�%$(��)5	 , the reward signal received
whenexecutingaction ) in state$ ; and  , thediscountfactor.

A key assumptionof POMDPsis thatthestateis only par-
tially observable,thereforewe rely on theconceptof a belief
state,denoted� , to representa probability distribution over
states.Thebelief is asufficient statisticfor a givenhistory:I�JLK MON>PRQASTJ�U I�V
WYXRV7W[ZR\]W�^C^C^CW!Z
JA_*\]WYXRJ%_`\�WYZ7J[a

(1)

andis updatedat eachtime-stepto incorporatethelatestac-
tion, observationpair:I�J�QAS�bca#K MedRf>QgZhW�S]b�WYX(a5ij�kml�noQAS
WYXEW!S�bga'I�J%_*\]QASTa

(2)

wherep is thenormalizingconstant.
Thegoalof POMDPplanningis to find a sequenceof ac-

tions �
)��R�7qrq7qT��) 6 " maximizingtheexpectedsumof rewards:sut0v 6  6 �H�'$ 6 ��) 6 	Yw . Given that the stateis not necessarily
fully observable,thegoalis to maximizeexpectedrewardfor
eachbelief. Thevaluefunctioncanbeformulatedas:x QgI]ayMez�Xh{5| k
}�~C� QgIrWYX(a`���5noQgIrWYXEW[I b a x QgI b a%�

(3)

When optimizedexactly, this value function hasthe prop-
erty of always being piece-wiselinear and convex in the
belief [Sondik, 1971] (seeFig. 1, left side). After � con-
secutive iterations,the solution set consistsof a set of � -
vectors: �`��/��
� � ����9h�rqcqcq,���:�&" . Each � -vectorconsistsof
an ; ��; -dimensionalhyper-plane( ; ��; =#states),anddefinesthe
valuefunctionover a boundedregion of thebelief: � � �'�T	�/���m���F���r� v�� �(� �<�%$
	��h�%$
	 . In addition,each� -vectoris asso-
ciatedwith anaction,definingthebestimmediatepolicy, as-
sumingsubsequentoptimalbehavior for thefollowing ���.���
	
steps(asdefinedrespectively by sets�m� �E��9 �7q,qcqc�����R" ).

The � -th horizonvaluefunctioncanbebuilt from thepre-
vious solution � �5��9 usingthe Backup operator, � . We use
notation �=/����&+ to denoteanexactvaluebackup:x QgI]a�M ���T�| k
}�  i j�kml � QAS
WYX(a'I
QASTaY� (4)� i¡ km¢����T�£ k
¤*¥ i j�k
l ij'¥�k
l N4QgZ(U S
W[X�a[N4QAS b U S
WYX(a'¦�QAS b a'I7QASraA§
A numberof algorithmshave beenproposedto implement

thisbackupby directlymanipulating� -vectors,usingacom-
bination of set projection and pruning operations[Sondik,
1971; Cassandraet al., 1997; Zhang and Zhang, 2001].
We now describethe moststraight-forwardversionof exact
POMDPvalueiteration.

To implementtheexactupdate�=/2����+ , wefirst generate
intermediatesets̈#©
ª « and ¨:©
ª ¬h�Y­®)u¯��&�Y­®@°¯±� (Step1):² |7³ ´¶µ ¦ |7³ ´ QASrayM � QAS
W[X(a

(5)² |
³ ¡ µ ¦ |7³ ¡· QASTaLM¸� ij[¥�kml n¹QAS
W'XFW!S b a[f>QgZhW�S b W!X(a'¦ b · QAS b a�W%ºE¦ b·�» x b

Next we creatë#© ( ­®)¼¯�� ), the cross-sumover observa-
tions,which includesone ��©
ª ¬ from eacḧ#©
ª ¬ (Step2):² | M ² |
³ ´y½ ² |
³ ¡�¾ ½ ² |
³ ¡�¿ ½ ^�^�^

(6)

Finally we take theunionof ¨ © sets(Step3):x M À | k
} ² |
(7)

In practice, many of the vectors in the final set � may
be completelydominatedby anothervector (e.g. �:Á��%$
	¸Â�yÃ(�%$
	]�!­�$Ä¯±� ), or acombinationof othervectors.Thosecan
beprunedawaywithoutaffectingthesolution.Thisgenerally
involvessolving multiple successive linear programs,which
thoughrequiring significant time, is usually worthwhile to
avoid anexplosionof thesolutionsize.

To betterunderstandthecomplexity of theexactupdate,let; ��+[; bethenumberof � -vectorsin theprevioussolutionset.
Step1 creates; �°;c; ��;c; �&+Y; projectionsand Step2 generates; �°;c; �&+[;,Å ÆÇÅ cross-sums.Thereforein theworse-case,thenew
solution ; �u; hassize ; ��;,; �&+[;,Å ÆÇÅ (time ; ��; È(; �°;c; ��+Y;ÉÅ ÆÊÅ ). Given
that this exponentialgrowth occursfor every iteration, the
importanceof pruningaway unnecessaryvectorsis clear. It
alsohighlightstheimpetusfor approximatesolutions.

3 Point-based value iteration
It is awell understoodfactthatmostPOMDPproblems,even
given arbitraryactionandobservation sequencesof infinite
length,areunlikely to reachmostof the points in the belief
simplex. Thus it seemsunnecessaryto plan equally for all
possiblebelief,asexactalgorithmsdo,andpreferableto con-
centrateplanningon mostprobablebeliefs.

Thepoint-basedvalueiteration (PBVI) algorithmsolvesa
POMDPfor a finite setof belief points ËÌ/Í�
���(��� 9 �7q,qcqc���TÎm" .
It initializesa separate� -vectorfor eachselectedpoint, and
repeatedlyupdates(via valuebackups)the valueof that � -
vector. As shown in Figure1, by maintaininga full � -vector
for eachbelief point, PBVI preserves the piece-wiselinear
convex propertiesof the valuefunction, anddefinesa value
function over the entire belief simplex. This is in contrast
to grid-basedapproaches[Lovejoy, 1991; Brafman, 1997;
Hauskrecht,2000; Zhou and Hansen,2001; Bonet, 2002].
which updateonly thevalueat eachbelief grid point.

α 0

b2 b1 b0 b3b2 b1 b0 b3

V={ ,α 1 ,α 2}

Figure 1: POMDPvaluefunctionrepresentationusingPBVI (onthe
left) anda grid (on theright).

The completePBVI algorithmis designedasan anytime
algorithm, interleaving stepsof value iteration andstepsof
beliefsetexpansion.It startswith aninitial setof beliefpoints
for which it appliesafirst seriesof backupoperations.It then
growsthesetof beliefpoints,andfindsanew solutionfor the
expandedset. By interleaving valuebackupiterationswith



expansionsof thebeliefset,PBVI offersarangeof solutions,
graduallyÏ trading-off computationtime andsolutionquality.
Wenow describehow wecanefficiently performpoint-based
valuebackups,andhow we selectbelief points.

3.1 Point-based value backup
To planoptimallyfor afinite setof beliefpointsË , wemodify
thebackupoperator(Eqn4) suchthatonly one � -vectorper
belief point is maintained.To applypoint-basedupdate�Ð/Ñ���&+ , we startby creatingprojections(exactly as in Eqn 5)­®)u¯��&�Y­®@°¯±� (Step1):² |7³ ´ µ ¦ |7³ ´ QASrayM � QAS
W[X(a

(8)² |
³ ¡ µ ¦ |7³ ¡· QASTaLM¸� ij[¥�kml n¹QAS
W'XFW!S b a[f>QgZhW�S b W!X(a'¦ b · QAS b a�W%ºE¦ b·�» x b
Next, thecross-sumoperation(Eqn6) is muchsimplifiedby
thefact thatwe arenow operatingover a finite setof points.
We construct­��o¯±Ëu�Y­�)�¯�� (Step2):² | Ò M ² |
³ ´ � i¡ k
¢ XhPrÓ����r�£ k
Ô
Õ�Ö × Qg¦�Ø�I]a (9)

Finally, wefind thebestactionfor eachbeliefpoint (Step3):x µ XhPTÓÙ���r�Ô ÕÚ ³ ÛT| k
} Q ² | Ò Ø]I�a�W?º5I »�Ü (10)

Whenperformingpoint-basedupdates,thebackupcreates; �°;c; ��;c; �°+[; projectionsasin exactVI. Howeverthefinal solu-
tion � is limited to containingonly ; Ë�; components(in time; ��;,; �°;c; ��+[;,; ��;,; ËB; ). Thusafull point-basedvalueupdatetakes
only polynomialtime, andevenmorecrucial, thesizeof the
solutionset � is constantthroughoutiterations.As a result,
thepruningof � vectors(andsolvingof linearprograms),so
crucialin exactPOMDPalgorithms,is now unnecessary. The
only pruningstepis to refrain from addingto � any vector
alreadyincluded,whichariseswhentwo nearbybeliefpoints
supportthesamevector ��Ý.¯±� (e.g. � 9 ��� È in Fig. 1).

3.2 Belief point set expansion

As explainedabove, PBVI focusesits planningon relevant
beliefs.First,PBVI initializesabeliefsetcontainingonly the
initial belief � �ßÞ Ë . From thenon, set Ë is expandedin
the following way. For any point ��¯àË , we stochastically
simulatea single-stepforward trajectoryusingeachaction,
therebygettingnew beliefs �m� ©]á ��� © ¾ �7q,qcqÉ" .1 We thenmeasure
the(Euclidean)distancebetweeneachandtheir closestpoint
in Ë , andkeeponly the new belief � ©]â Þ Ë which is far-
thestaway from any point alreadyin Ë . During eachex-
pansionphase,theset Ë at mostdoublesin size,up to some
pre-definedmaximum;this maximumcanbe selectedbased
on time constraintsor performancerequirements.Sinceeach
expansionphaseis followedby stepsof valuefunction,PBVI
offersananytimesolutionbetweeneachexpansion.

1To do a stepof stochasticsimulationfor a given action
X
, first

samplea state
S

from thebelief distribution
I
. Thensampleanob-

servationaccordingto the
f>QAS
WYXEWYZ
a

distribution for thegiven
S

andX
. Finally computethe

I |
usinga Bayesianupdate(Eqn2).

In additionto theinitial belief point set,PBVI requiresthe
numberof desiredexpansions2, andthehorizonlength3. The
algorithmterminateswhentheN expansionshavebeencom-
pleted.

3.3 Convergence and error bounds

For any belief set Ë andhorizon � , PBVI producesan esti-
mate �&ã� . The error between�&ã� and the true value func-
tion �°«� is bounded. The bounddependson how denselyË samplesthebelief simplex ä ; with densersampling,�&ã�
convergesto �°«� .4 As � Þ å , ��ã� doesnot necessarily
converge; but, our error boundstill holds. Cutting off the
PBVI iteration at any sufficiently large horizon, we know
that the differencebetween ��ã� and the optimal infinite-
horizon �°« is not too large. (Theoverall error is boundedbyæ ��ã� �o�&«� æTçuè�æ �&«� �o�°« æTç . Thefirst termisboundedbyour
theorembelow; thesecondis boundedby  � æ �°«� ����« æ .) The
remainderof this sectionstatesandprovesour errorbound.

Definethedensity é ã of a setof belief points Ë to be the
maximumdistancefrom any legal belief to Ë . More pre-
cisely, é ã / �H�h� Ý ¥ �Rêu�Hëcì Ý � ã æ �R���]+ æ 9 . Then,wecanprove:

Lemma 1 Theerror introducedbyPBVI’spruningstepis at
most phírî�ï7ðrñÊ/Gò,ó�ô�õ%ö � ó�ô�÷ ø�ù%ú%û9]�`ü .

Proof: Let �]+�¯eä bethepoint wherePBVI makesits worst
pruning error, and �e¯ýË be the closest(1-norm) sampled
belief to �]+ . Let � bethevectorwhich is maximalat � , and �:+
bemaximalat �]+ . By erroneouslypruning �#+ , PBVI makesan
errorof at most �:+`þ
�]+����ßþ
�T+ . On theotherhand,since � is
maximalat � , then �:+�þ
�oÿ ��þ7� . So,d ���������
	 ¦ b Ø]I b�� ¦�Ø�I bM ¦ b Ø]I b � ¦�Ø�I b �OQg¦ b Ø�I � ¦ b Ø�I�a

addzero	 ¦ b Ø]I b�� ¦�Ø�I b �ß¦�Ø�I � ¦ b Ø�I ¦
opt. at

IM Qg¦ b
� ¦�a�Ø
QgI b
� I]a
collectterms	 � ¦ b � ¦ ����� I b � I � \ Hölder	 � ¦ b � ¦ ������� def’n of ���	 � ô�õ%ö _ � ô�÷ ø\Y_�� � � seetext

The last inequalityholdsbecauseeach � -vector represents
therewardachievablestartingfrom somestateandfollowing
somesequenceof actionsandobservations.

Theorem 1 For anybeliefset Ë andanyhorizon � , theerror
of thePBVIalgorithm p � / æ �Äã� �O�&«� æ ç is boundedbyp � ÿ �%� � ©�� �¸� �>Á,� 	�é ã�!�.�  y	 È

2This couldalsobespecifiedasanaccuracy threshold,suchthat
expansionsproceeduntil thebeliefpointset Ü guaranteesaspecific
performancebound. Suchan error boundis describedin the next
section.

3This assumesa finite-horizonproblem. We have alsoapplied
PBVI to infinite-horizonproblems,selectingthe horizon, � , such
that

Q � � |�� � � � ·�� a%� �"! � .
4If notall beliefsarereachable,wedon’t needto sampleall of #

densely, but replace# by thesetof reachablebeliefs $# below. The
errorboundsandconvergenceresultsholdon $# .



Proof:d � M UCU x �� � x ´� UCU � def’n of
d �M UCU&%'ux �� _*\ � 'ux ´� _`\ UÉU � def’n of
'

,
%'

	 UCU %'ux �� _*\ � 'ux �� _`\ UÉU � �UCU 'ux �� _*\ � 'ux ´� _`\ UÉU � triangleineq.	 d ��������� � UCU 'ux �� _`\ � 'ux ´� _`\ UCU � def’n of
d ���������

	 d ��������� �±��UÉU x �� _*\ � x ´� _*\ UCU � contractionM d ��������� �±�5d � _`\ def’n of
d � _`\

	 ( �*)
Õ
+ _ � ) â �-,/. û\Y_
� ���Ed � _*\ lemma1

	 ( � )
Õ
+ _ � ) â �-,/. û( \Y_
� ,,¿ seriessum

4 Experimental results
Thedomainof Tag is basedon thepopulargameof lasertag,
where the goal is to searchfor, and tag, a moving oppo-
nent[Rosencrantzetal., 2003]. WhenmodeledasaPOMDP,
theplanningproblemconsistsof selectingactionsfor arobot,
suchthat it canseekandtag its opponent.In its currentfor-
mulation, the opponentmovesstochasticallyaccordingto a
fixed policy (describedby the model). Figure2a shows the
live robotasit movesin to captureanopponent.Thespatial
configurationof thedomainusedfor planningis illustratedin
Figure2b. This domainis anorderof magnitudelarger(870
states)thanmostotherPOMDPproblemsconsideredthusfar
in theliterature[Cassandra,1999], andis proposedasa new
challengefor fast,scalable,POMDPalgorithms.A singleit-
erationof optimal value iteration on a problemof this size
couldproduceover �10(È � � -vectors(beforepruning).
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Figure 2: Tagdomain(870states,5 actions,30observations)

The state space is described by the cross-product
of two features: Robot= �
$7�m�7qrqrq7��$ È�2 " ; Oppo-
nent= �m$ � �rq7qrqr��$ È32 ��$76 ©�4�46587 " . Both agents start in an
(independently-selected)random position, and the game
finisheswhentheOpponent= �
$76 ©�4�46587 " . TheRobotcanselect
from five actions: � MoveNorth, MoveSouth, MoveEast,
MoveWest, Tag " . A reward of �Ä� is imposedfor each
Move action; the Tag action results in a

è �90 reward if
the Robot and Opponentare in the samelocation, or �Ä�90
otherwise. Throughoutthe game, the Robot’s position is
fully observable, and the effect of a Move action has the
predictabledeterministiceffect,e.g.:N>P(Q � Z7I�Z;:LMOS \AV U � ZrI�Z6:LMOS V W�<OZ;=->6?�ZrP;: � a:MA@
The position of the Opponentis completelyunobservable

unlessbothagentsarein thesamecell. At eachtime-step,the
Opponent(with omniscientknowledge)movesawayfrom the

Robotwith 143Ä/B0Fq C , andstaysin placewith 143�/B0�q D , e.g.:N>PRQFEHG&G5Z;IJ>�I*:LMOS
\LK
U EHG&G5Z;I >6I*::MOS
\NM�O � ZrI�Z6:LMOSTV�aLMQPh^ RN>PRQFEHG&G5Z;IJ>�I*:LMOS6S V U EHG&G5Z;I >6I*::MOS \NM O � ZrI�Z6:LMOS V aLMQPh^ RN>PRQFEHG&G5Z;IJ>�I*:LMOS
\NM
U EHG&G5Z;I >6I*::MOS
\NM�O � ZrI�Z6:LMOSTV�aLMQPh^ T
Figure3 shows the performanceof PBVI on the Tag do-

main. Resultsare averagedover 10 runs of the algorithm,
times100different(randomlychosen)startpositionfor each
run. It shows the gradualimprovementin performanceas
samplesareadded(eachshown datapoint representsa new
expansionof thebeliefsetwith valuebackups).In additionto
PBVI, we alsoapplytheQMDP approximationasa baseline
comparison[Hauskrecht,2000]. TheQMDP approximation
is calculatedby solving a POMDP as thoughit were fully
observable: U��%$(��)E	�/Ì�H�%$(��)E	 è  và� ¥ �(� �°�%$(��)*��$
+c	��u�'$
+ 	 ,
and linearizingacrossU -valuesto obtain the valueat a be-
lief: � �%�T	�/WV�)�X © �ZY v � �(� �m�%$
	�Uu�%$(��)E	 . This approxima-
tion is quick to compute,andis remarkablyeffective in some
domains.In theTagdomainhowever, it lackstherepresenta-
tionalpower to computea goodpolicy.

5 Additional experiments
5.1 Comparison on well-known problems
To further analyzethe performanceof PBVI, we appliedit
to threewell-known problemsfrom the POMDP literature.
WeselectedMaze33,HallwayandHallway2becausethey are
commonlyusedto testscalablePOMDPalgorithms[Littman
et al., 1995;Brafman,1997;Poon,2001]. Figure3 presents
resultsfor eachdomain.Replicatingearlierexperiments,re-
sultsfor Maze33areaveragedover151runs(resetaftergoal,
terminateafter500steps);resultsfor Hallway andHallway2
areaveragedover251runs(terminateatgoal,max.251steps).
In all cases,PBVI is able to find a good policy. Table 1
comparesPBVI’s performancewith previouslypublishedre-
sults,comparinggoalcompletionrates,sumof rewards,pol-
icy computationtime, andnumberof requiredbelief points.
In all domains,PBVI achievescompetitive performance,but
with fewersamples.

5.2 Validation of the belief set expansion
To further investigatethe validity of our approachfor gen-
erating new belief states(Section 3.2), we comparedour
approachwith three other techniqueswhich might appear
promising. In all cases,we assumethat the initial belief �]�
(givenaspartof themodel)is thesolepoint in theinitial setË"[��RÁÉ6 , andconsiderfour expansionmethods:

1. Random(RA)
2. StochasticSimulationwith RandomAction (SSRA)
3. StochasticSimulationwith GreedyAction (SSGA)
4. StochasticSimulationwith ExplorativeAction (SSEA)

The RA methodconsistsof samplinga belief point from a
uniform distribution over theentirebelief simplex. SSEA is
the standardPBVI expansionheuristic(Section3.2). SSRA
similarly usessingle-stepforwardsimulation,but ratherthan
try all actions, it randomly selectsone, and automatically
acceptsthe posteriorbelief (unlessalreadyin Ë ). Finally,
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Figure 3: PBVI performancefor four problems:Tag(left),Maze33(center-left), Hallway(center-right) andHallway2(right)

Method Goal% Reward Time(s)
U Ü U

Maze33 / Tiger-Grid
QMDP[*] n.a. 0.198 0.19 n.a.
Grid [Brafman,1997] n.a. 0.94 n.v. 174
PBUA [Poon,2001] n.a. 2.30 12116 660
PBVI[*] n.a. 2.25 3448 470
Hallway
QMDP[*] 47 0.261 0.51 n.a.
QMDP [Littmanet al., 1995] 47.4 n.v. n.v. n.a.
PBUA [Poon,2001] 100 0.53 450 300
PBVI[*] 95 0.53 288 86
Hallway2
QMDP[*] 22 0.109 1.44 n.a.
QMDP [Littmanet al., 1995] 25.9 n.v. n.v. n.a.
Grid [Brafman,1997] 98 n.v. n.v. 337
PBUA [Poon,2001] 100 0.35 27898 1840
PBVI[*] 98 0.34 360 95
Tag
QMDP[*] 17 -16.769 13.55 n.a.
PBVI[*] 59 -9.180 180880 1334
n.a.=notapplicable n.v.=notavailable

Table 1: Resultsfor POMDPdomains.Thosemarked[*] werecom-
putedby us; other resultswere likely computedon differentplat-
forms,andthereforetime comparisonsmaybeapproximateat best.
All resultsassumeastandard(not lookahead) controller.

SSGA usesthe most recentvalue function solution to pick
the bestactionat the given belief � , andperformsa single-
stepsimulationto geta new belief �]+ Þ Ë .

We now revisit theHallway andHallway2problemsfrom
section5.1,aswell astheTagdomain,to comparetheperfor-
manceof thesefour heuristics.For eachproblemwe apply
PBVI usingeachof thebelief-pointselectionheuristics,and
includetheQMDP approximation,asa baselinecomparison.
Figure4 shows thecomputationtime versusthe rewardper-
formancefor eachdomain.In all cases,therandomexpansion
heuristic(RA) is outperformedby all of thetrajectoryheuris-
tics. In Hallway andHallway2, it remainsunclearwhich of
theotherthreeheuristicsis best.In thelargerTagdomain,the
explorative action selection(SSEA) appearsto be the best.
Theseresultsindicatethat SSEAis particularlyeffective at
covering large dimensionalbeliefs. In smallerdomains,the
choiceof heuristicseemsto matterless.

6 Related work
Significantwork hasbeendonein recentyearsto improve
the tractability of POMDPsolutions. First, a numberof in-

creasinglyefficientexactvalueiterationalgorithmshavebeen
proposed[Cassandraet al., 1997; Kaelbling et al., 1998;
ZhangandZhang,2001]. They aresuccessfulin finding op-
timal solutions,however aregenerallylimited to very small
problems(a dozenstates)sincethey plan optimally for all
beliefs. PBVI avoids theexponentialgrowth in plansizeby
restrictingvalueupdatesto afinite setof (reachable)beliefs.

Second,thereareapproximatevalueiterationalgorithms,
whichmostlyconsistof grid-basedmethods[Lovejoy, 1991].
They cansolve largerproblems(90 states)by only updating
the valueat discretegrid points. However they still require
full coverageof thebeliefspace,whichbecomesproblematic
asits dimensionalityincreases.Recentwork on non-regular
grids has partially alleviated this issue [Brafman, 1997;
Hauskrecht,2000], and recentwork on variable-resolution
grids [Zhou and Hansen,2001] appearsvery promising in
termsof scalability. However lack of dataon the resulting
policiespreventcomparisonsat this stage.Unlike mostgrid
approaches,PBVI doesnot includetheextremesof thebelief
simplex in its setof points(unlessoneis encounteredduring
stochasticsimulation).This leadsto asignificantreductionin
thenumberof pointsnecessary.

Third, and following a very different approach,policy
searchmethodshavealsobeenusedto optimizePOMDPso-
lutions [Baxter and Bartlett, 2000; Kearnset al., 1999; Ng
and Jordan,2000], successfullysolving multi-dimensional,
continuous-state,problems.In our view, their strengthlies in
the fact that they restricttheir optimizationto reachablebe-
liefs, which PBVI exploits in its explorative belief selection.
Unfortunately, policy searchtechniquescanbehamperedby
slow-changinggradientsandpoor local minimum,andtypi-
cally requiretheselectionof a restrictedpolicy class.

Finally, PBVI sharesmany similaritieswith the indepen-
dently developedPBUA algorithm [Poon,2001]. Both use
point-basedupdatesandthegradualadditionof beliefpoints,
however there are key differences. First, the PBVI value
updatediffers from the point-basedupdatein [Poon,2001;
ZhangandZhang,2001], which requiresbuilding ; �°;c; ��;,; ËB;
projections. PBVI, by building ; �°;c; ��;c; �°+[; projections,is
faster in those caseswhen multiple belief points support
the same � -vector (i.e. ; � ; Â ; Ë�; ). Second,PBUA
only acceptsupdatesthat improve the value: �u�'�T	 /
V�)�X t �&+%�'�T	]� Ñ����+'�%�r	[w . Finally, PBUA placesbelief pointsin
theextremesof thesimplex, andgrowsthesetof beliefpoints
from there,which asmentionedabove, often leadsto many
morepointsthanPBVI, andslowerplanningtimes(asshown
in Table1).
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Figure 4: Belief expansionresultsfor threeproblems:Hallway(left),Hallway2(center)andTag(right)

7 Conclusion
This paperpresentsPBVI, a scalableanytime algorithmfor
approximatePOMDPsolving. Thealgorithmwasappliedto
a robotversionof lasertag,whereit successfullydevelopeda
policy for capturingamovingopponent.PBVI alsocompared
favorably with other POMDP solvers on threewell-known
domains.Thesuccessof PBVI canbeattributedto two fac-
tors,bothof which directly target thecurseof history. First,
by usinga trajectory-basedapproachto selectbeliefpoints,it
focusesplanningonreachablebelief. Second,becauseit uses
a fixedsetof belief points,it canperformfastvaluebackups.

In experiments,PBVI successfullybeatsbackthecurseof
history such that we can solve POMDPswhich are an or-
der of magnitudelarger thanmostprevious algorithms: the
Tagdomainhas870states,comparedto 90 for theHallway2
problemoftenusedin POMDPscalingstudies.Having over-
comethecurseof history, we cannow identify thenext hur-
dle for POMDPresearch:it turnsout to betheold-fashioned
MDP problemof having too many distinct physicalstates.
Thisarisesin thecostof updatingthepoint-basedvaluefunc-
tion (which is quadraticin the numberof states). While
this problem is not necessarilyeasyto overcome,we be-
lieve thattheexisting literature[PoupartandBoutilier, 2003;
Roy and Gordon, 2003] containsapproacheswhich, when
combinedwith PBVI, will allow us to scalePOMDPvalue
iterationto problemswhichareat leastanotherorderof mag-
nitude larger. This is a considerablestep towardsmaking
POMDPsusablefor real-world problems.
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