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Higher-Order Abstract Syntax

e Object-level binders as meta-level binders
e Vx.(x =1) as forall Ax.(eqx 1)
e fnx =x as fMMAx.x

e Twelf, AProlog, Elphin, Delphin,
Abella, Bedwyr, ...



... Beluga

beluga

e Data layer (LF) + Computation layer
e A language for programming and writing proofs

e Explicit contexts characterized by schemas



Beluga: the usual suspects

beluga

o Coverage checking (this paper)

e Termination checking (ongoing work)



Coverage (Closed Data)

Does case mof Zero = ... | Sucu = ...
cover

nat

where  nat : type.
Zero : nat.
Suc : nat — nat. ?

e Does every inhabitant of nat match some guard in
{Zero, Suc u}?



Higher-order Data (Open)

e In contextual modal type theory
[Nanevski, Pfenning, Pientka 2008]

e Explicit contexts V-
Y = . |VP|Y¥Y xA

e Context variables 1 range over contexts

o If m:natlV¥ then FV(m) C dom(VY)
If m : nat[] then FV(m) = ()
If m: nathp,x:nat] then FV(m) C dom () U {x}



Contextual Coverage: Variables

Does
case m of box(x.Zero) = ... | box(x.Sucu[x]) = ...
cover nat| x:nat | where nat : type.

Zero : nat.
Suc : nat — nat.

e Does every inhabitant of nat
that is closed with respect to the context x:nat

match some guard in {x. Zero, x. Suc u[x |}?



Contextual Coverage: Variables

Does
case m of box(x.Zero) = ... | box(x.Sucu[x]) = ...
cover nat| x:nat | where nat : type.

Zero : nat.
Suc : nat — nat.

e Does every inhabitant of nat
that is closed with respect to the context x:nat

match some guard in {x. Zero, x. Suc u[x |}?

e NoO: misses x



Contextual Coverage: Variables

Does
case m of box(x.Zero) = ... | box(x.Sucu[x]) = ...
| box(x.x) = ...
cover nat| x:nat | where nat : type.

Zero : nat.
Suc : nat — nat. ?

e Does every inhabitant of nat
that is closed with respect to the context x:nat

match some guard in {x. Zero, x. Suc u[/x ], *x.x }?

e Yes (covers X)



Contextual Coverage: Parameters

Does
case M of box(\, x. Zero) = ... | box(\, x. Suc ulidy,x]) = ...
| box(P,x.x) = ...
cover  nat[ 1 , x:nat] where nat : type.

Zero : nat.

Suc : nat— nat. ?
e Does every inhabitant of nat

that is closed with respect to the context 1 , x:nat
match some guard in

{1, x.Zero, P, x.Sucu[x]|, VP, x.x }?



Contextual Coverage: Parameters

Does
case M of box(\, x. Zero) = ... | box(\, x. Suc ulidy,x]) = ...
| box(P,x.x) = ...
cover  nat[ 1 , x:nat] where nat : type.

Zero : nat.

Suc : nat— nat. ?
e Does every inhabitant of nat

that is closed with respect to the context 1 , x:nat
match some guard in

{1, x.Zero, P, x.Sucu[x]|, VP, x.x }?

e No: misses variables in 1V



Contextual Coverage: Parameters

Does
case M of box(\, x. Zero) = ... | box(\, x. Suc ulidy,x]) = ...
| box(,x.x) = ... |box(,x.plidy)) = ...
cover nat[ 1Y , x:nat] where nat : type.
Zero : nat.

Suc : nat— nat. ?
e Does every inhabitant of nat

that is closed with respect to the context 1 , x:nat
match some guard in

W, x. Zero, P, x.Sucu[x], P,x.x, U, x.plidy] }?

e Yes: covers variables in 1\



Outline

e Data and contexts

e Patterns

e Theory of coverage checking
e Summary of results

e Related work



Data

Atomictypes P = aM;...M,
Types A,B = P|TIx:A.B | Zx:A.B

Normal terms M, N 1= Ax.M | (M, N) | R
c | x| ulo] | plo] | RN | proj, R

Neutral terms R
Substitutions o = -|o; M| o, R|idy

Data always in canonical form:
(Ax. x)c ill-formed
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Contexts

Atomic types P = a M;... M,
Types A,Bu= P|TTxAB | ZxADB
Contexts Y o= .Y |V¥YxA

Meta-contexts A A, WAV | A prAlY
Schema contexts () == - | Q YW




Context Schemas

Contexts Y

Example context

x:nat, y:nat, z:nat

) ‘ll)‘\y)X:A

Schema W

(nat)*
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Context Schemas

Contexts Y

Example context

x:nat, y:nat, z:nat

X:bool, y:nat, z:bool

) ‘ll)‘\y»X:A

Schema W

(nat)*
(nat + bool)*
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Context Schemas

Contexts Y o= -.|1Y V¥ xA

Example context

x:nat, y:nat, z:nat

X:bool, y:nat, z:bool

xs:(list (Suc Zero)), ys:(list Zero)

Schema W

(nat)*
(nat + bool)*

(all n:nat.list n)*

12



Context Schemas

Contexts Y

Example context

x:nat, y:nat, z:nat

X:bool, y:nat, z:bool

) ‘1-])‘\1]>X:A

Schema W

(
(
xs:(list (Suc Zero) ), ys:(list Zero)
(

x:nat, d:(nd (Eq x x))

nat)*
nat + bool)*

all n:nat.list n)*

nat + (ally:prop.nd y))*
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Context Schemas

Contexts Y

Example context

x:nat, y:nat, z:nat

X:bool, y:nat, z:bool

(
(

xs:(list (Suc Zero)), ys:(list Zero) (all n:nat.list n)*
(

x:nat, d:(nd (Eq x x))

x:(Zn:nat.listn), . ..

b Y A

Schema W

nat)*
nat + bool)*

nat + (ally:prop.nd y))*

(Zn:nat.list n)*
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Context Schemas

Element types A

Schema elements F

Instance of some F

Schemas W

13



Patterns

Names

Patterns

Expressions

P o
C

e .

) |1-|) ‘(P>X
TTA  box(¥. M) : A'[W/]
caseeof (1 = e | - | Gy = ey

14



Patterns

Names P o RV \(J?’,x
Patterns C = ﬂA’.box(q\’. M’) : A Y]

Expressions e 1= caseeof {1 = el --- | (n = en

( u= A’.box(q\f. M) . AV
/rL / AN

pattern vars boxed term pattern type

14



Patterns

Names P o= || P x

Patterns ( u= ﬂA’.box(q\’. M’) : A Y]
Expressions e 1= caseeof {1 = el --- | (n = en
..
c::/nA’.box(fff. M) © A'Y]
pattern vars boxed term pattern type

ITuznatfp, x:nat] . box(\, x. Suc ulidy, x]) : nathp, x:nat]

14



Higher-Order Pattern Restriction
{ == TIA .box(¥.M’'): A'[Y]

e M'is a higher-order pattern (Miller [1991]):

e pattern variables declared in A’
applied to distinct sets of bound variables

e hence, pattern variables associated with
a renaming substitution

15



Coverage Judgments

context continuation

\ /
Q:AVEObj(A) > T

e

schema context meta-context type

e Obj(A) > J: Analyze A, then satisfy J

16



Coverage Judgments

context continuation

\ /
Q:AVEObj(A) > T

e

schema context meta-context type

e Obj(A) > J: Analyze A, then satisfy J
e nat[, x:nat] covered by {(y, ..., Cuf:

P:(nat+bool)™; s, x:nat - Obj(nat) >COVERED-BY {(;, . ..

ey
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Coverage Judgments

context continuation

\ /
Q:AVEObj(A) > T

e

schema context meta-context type

e Obj(A) > J: Analyze A, then satisfy J
e nat[, x:nat] covered by {(y, ..., Cuf:

P:(nat+bool)*; -;, x:nat = Obj(nat) >COVERED-BY {(3, ..., (n}

e Rules for Obj(nat) > J will lead to subderivations
... M:nat > J for various terms M of type nat

16



Example

e Rules for Obj(nat) > J will lead to subderivations
M : A > J for various terms M of type nat

0 = :(nat + bool)*
Q; A, x:nat = PVars

W :nat) >nat > J

(
Q; A, x:nat = PVars(1 : bool) > nat > J

QQ:; A, x:nat = App

Q; A, x:nat = Ap
Q; A, x:nat = Ap
Q; A, x:nat = Ap
Q; A, x:nat = Ap

(x)(nat > nat) > J

n(Zero) (nat > nat) > J
n(Suc) (nat—nat > nat) > J
n(False) (bool > nat) > J
0(True) (bool > nat) > J

Q; A, x:nat - Obj(nat) > J

Obj-split

17



Example

e Rules for Obj(nat) > J will lead to subderivations
M : A > J for various terms M of type nat

0 = :(nat + bool)*
Q; A, x:nat = PVars(1 : nat) > nat > J
Q; A, x:nat = PVars(1 : bool) > nat > J

Q; A, x:nat = App(x)(nat > nat) > J

Q; A, x:nat = App(Zero) (nat > nat) > J

Q; A, x:nat = App(Suc) (nat—nat > nat) > J
Q; A, x:nat = App(False) (bool > nat) > J
Q; A, x:nat = App(True) (bool > nat) > J

Q; A, x:nat - Obj(nat) > J

Obj-split
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Example

QOF (TTA.box({, x.x) : natl\p, x:nat])
= (IT- .box(, x.x) : nathp, x:nat])

Covered-By-(

Q; A, x:nat = App(x)(nat > nat) > COVERED-BY Z

e Coverage derivation generates terms
that match some pattern ¢ € Z

18



Example: Contextual Counting

Checking if x occurs in e : nat[, x:nat]
(sequential matching)

case e of
box (1, x. ulidy]) = false
| box(, x. u[x] )= true

19



Example: Contextual Counting

Checking if x occurs in e : nat[, x:nat]
(sequential matching)

case e of
box (1, x. ulidy]) = false
| box(, x. u[x] )= true

e Coverage derivation generates terms
that match some pattern C

e Terms must be at least as precise as user’s patterns
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Example: Contextual Counting

Checking if x occurs in e : nat[, x:nat]
(sequential matching)

case e of
box (1, x. ulidy]) = false
| box(, x. u[x] )= true

e Coverage derivation generates terms
that match some pattern C

e Terms must be at least as precise as user’s patterns

e Coverage rule MVars generates meta-variables v[o]
for various o

e including vlid,,] and v[x]

19



Summary

Declarative description of coverage checking for
contextual open data

Algorithm follows from description
e modulo deciding when to split

Coverage Soundness:

If ...WFObj(A) > COVERED-BY Z derivable,
then every M : A under V¥ is matched by some

pattern in Z

Because we use contextual types
with explicit contexts, coverage is local

20



Related Work

Coverage (in related settings)

e Closed data [Coquand 1992,
Schiirmann & Pfenning 2003]

e Open data: regular worlds [Schiirmann 2000],
Delphin worlds [Poswolsky & Schiirmann]

Beluga

e |[Pientka 2008], [Pientka & Dunfield 2008]
Contextual Modal Type Theory

e [Nanevski, Pfenning, Pientka 2008]

21



Ongoing Work

e An implementation of coverage checking for
Beluga
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The End

complogic.cs.mcgill.ca/beluga

Acknowledgments:

e The TPHOLs and LFEMTP reviewers
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Example

O: A, xnatEFnat=nat/ (0 ,-)
QAT (P, xnat) F[Ox:[0]nat > [0 1T

Q; A, x:nat = App(x)(nat > nat) > J

App-=

24



Example

;A\, x:nat F nat =
OQ; A5 [ (W, x:nat) =

nat/(°>')
[“Ix:[:Inat > [-]T

Q; A, x:nat = Ap

o(x)(nat > nat) > J

App-=

25



Example

O: A, xnatEnat=nat/ ( -, )
Q: A, x:nat=x:nat > J

App-=—
Q; A, x:nat = App(x)(nat > nat) > J PP~




Example: Contextual Matching

Counting occurrences of x in formulas
(Eq : formula — formula — formula)

case ¢ of
box(1\, x. Eq u| )
box(, x. Eq ulidy, x| v ) = recurse on u
box(,x. Equlidy] Vvlidy,x]) = recurse on v
box(\, x. Eq ulidy, x| vlidy, x]) =
recurse on u and v, sum results

27



Example: Contextual Matching

Counting occurrences of x in formulas
(Eq : formula — formula — formula)

case ¢ of
box(\, x. Eq ulidy,] vlidy] ) =0
box(, x. Eq ulidy, x| vlidy] ) = recurse on u
box(,x. Equlidy] Vvlidy,x]) = recurse on v
box(\, x. Eq ulidy, x| vlidy, x]) =
recurse on u and v, sum results

e Coverage derivation generates terms
that match some pattern C

e Terms must be at least as precise as user’s patterns

27



Example: Contextual Matching

ValidWk(nat[\, x:nat])

{(+), Q; A, venat|-] Y (v]] nat) > J
(V) Q; A, vinat)] W (viidy] :nat) > J
(x:nat), Q; A, venatix:nat) ;W (vix] nat) > J
(P, x:nat) } Q; A, venathp, xinat]; W F (v]idy, x| : nat) > J

Q; A, x:nat = Obj(nat) > J

28
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