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Abstract

Bidirectional typechecking has become popular in advarigpd
systems because it works in many situations where inferienge
decidable. In this paper, | show how to cleanly handle patame
polymorphism in a bidirectional setting, even in the presenf
subtyping. The first contribution is a bidirectional typestgm that
supports first-class (higher-rank and impredicative) padgphism
but is complete for predicative polymorphism (including Mtyle
polymorphism and higher-rank polymorphism). This powenes
from bidirectionality combined with a “greedy” method ofding
polymorphic instances inspired by Cardelli's early workSystem
F... The second contribution adds subtyping; combining badire
tional typechecking with intersection and union typesuiaisly
yields a simple but rather powerful system. Finally, | prasa
more powerful algorithm that forms intersections and usianto-
matically. This paper demonstrates that bidirectionatitg strong
foundation for traditionally vexing features like firstasks polymor-
phism and subtyping.

1. Introduction

To check programs in advanced type systems, it is often Lsefu
split the traditional typing judgment : A into two forms,e I A
read ‘e synthesizes typd” ande || A read ‘e checks against type

A”. This technique has been used for dependent types (Cdquand

1996;| Abel_et all 2008:_Loh et &l,_2008); subtyping (Pierod a
Turner 2000; Odersky etlal. 2001); intersection, unioneked and
refinement types (Xi_1998: Davies_and _Pfenhina 2000; Dunfield
and Pfenning_2004); termination checkirlg_(Abel 2004); kigh
rank polymorphism|(Pevton Jones eflal. 2007); refinemerdstyp
for LF (Lovas and Pfenning 2007); contextual modal typegiPi
tka|200B; Pientka and Dunfield 2008); and compiler intermtedi
representations_(Chlipala efal. 2005).

Bidirectional typechecking isiecessarybecause annotation-
free type inference, which works well for the lambda calsukith
prenex polymorphism, becomes difficult (if not undecidaiaben
we add first-class polymorphism, subtyping, intersectypes, and
so forth. Bidirectional typechecking igce because reports of type
errors are better localized, which is useful even when tyferénce
is feasible.

In earlier work, we gave a concise recipe for bidirectioppkt
checking I(Dunfield and Pfennirig 2004). But we left out a vital
feature: parametric polymorphism. So what are the projmérec-

A version of this paper was submitted to ICFP 20009.
www.cs.cmu.edu/” joshuad/papers/poly/

tional introduction and elimination rules for parametric polymor
phism? It turns out that the introduction rule is easy, batahmi-
nation rule is hard. For example, if we have a polymorphicfiom
f:Voa. o = a — «, to find the right instantiation ok in the ap-
plicationf x y we must look ai’s type (and, for certain mixes of
type system featuresg’'s type as well). Clearly, we do not know
how to instantiatex from the termf alone.

How can we find polymorphic instances in a bidirectional type
system that is simple to formulate, implement, and use—ewitla
heavy type annotation burden? | adapt an idea_of Cerdel@i),9
greed thefirst constraint on a type variable determines the instan-
tiation. Forf x y, this meansx is determined by the type of

In this paper, | show how to use a “greedy method” to find
polymorphic instances in System|F (Gilard 1986; Reyhold& 19
where polymorphism is first-class (higher-rank and imprative).
This yields a remarkably simple algorithm that is complete f
predicative polymorphism (including ML-style prenex poigr-
phism). That is, if a typing derivation exists that instatds type
variables at monomorphic types, the user gives no morerirdor
tion than the annotations already present if there were honmo-
phism. The algorithm handles some uses of impredicativg- pol
morphism (where type variables are instantiated with polyhic
types) without extra help; for the rest, | provide a versatiint”
mechanism.

| then show how to use intersection and union types to extend
the method to systems with subtyping. Cardelli devised tesdy
method for such systems, but without intersections andnsniloe
method is weak: to find the instancewfor f x y under subtyping,
consideringc alone may not suffice. Suppose A andy : B where
A is a proper subtype df. The first term visited (aftef)) is x, so we
greedily takeA as the instance at. Buty does not check against
A, and typechecking fails. However, with union types the wser
split « into two type variables, rewriting the type as

f:Var, 0. 000 — a2 — (1 V x2)

Now, inf x y wherex : A andy : B, the variablesx; anda, will
be instantiated separately 2oandB respectively, and the union of
A andB is synthesized as the type bk y. Alternatively, we can
automatically “unionize’, reducing the user’s burden.

Taken together, these systems demonstrate that firstpdhss
morphism and subtyping, while tricky with tyjigference are man-
ageable in a bidirectional typeeckingapproach. Rather than start-
ing with Damas-Milner inference, perhaps eventually tgyio glue
on some bidirectionality for the season’s latest type festuwe
get simplicity and power by making things bidirectionalrfrahe
ground up.

I will begin by giving a point of reference: a bidirectiongbe
system that assumes polymorphic instances are found niiggica
(Section[®). Next, | explain in Sectidd 3 a decidable versién
that system (inspired by Cardelli's greedy algorithm), adw
that it is complete, with respect to the Sectidn 2 systempyfipr
ing derivations that use only predicative polymorphismct®a[4
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Type variables «, B
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Ele'l — Ele”]

[v/x]e
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(Ax.e)v —r
casec(v)of ...c(x) = e... —r

Figure 1: Grammar and operational semantics for System Bi

adds “real” subtyping, intersection types, and union tyjmethe
“magical” system, which Sectidd 5 makes decidable. Sefide-
scribes its implementation. Finally, Sect[dn 7 presentsxension
that automatically constructs intersections and uniorniapoly-
morphic instances where necessary, which is very helpfteitain
situations.

2. System Bi

System Bi is a very simple bidirectional type system withtfirs

FV(A) C dom(T")
I+ Awf

- wf

x ¢ dom(I")
I x:A wf

' Awf

Figure 2: Well-formedness of types and contexts

The ruleanno is read as “ifN = (I'" - A’) matches the
typing (I' = A) ande checks againsh, then(e : (I’ F A’))
checks againsf”. The matching relation< handles the renam-
ing between™ andT’, and betweerA and A’. Thesecontextual
annotationsare discussed below.

VI introduces a universal quantifier—with a value restrigtio
since my primary goal is a foundation for call-by-value laages
with side effectsVE is an “oracular” elimination rule; it assumes
someone has revealed to us the instaiiéeOf course this is not
practical—indeed, it begs the question that we want to answe
and we will address this in System“Bi

Figure[3 gives the rules for the limited subtyping used by the
rule sub. We continue to omit the rules for datatypes, and further
assume that all polymorphic datatypes are covariant. Inrdle
VL, we write[A’ /oA to mean the substitution o’ for o in
the typeA. Following|Dunfield and Pfennihd (2003), reflexivity
and transitivity are admissible and so need no explicitstukeor
examplel’ + Va. A < VB. [B/a]A—which is the same as +
Va. A < V. A—is derivable by (1) deriving, p + [B/a]A <

class polymorphism. System Bi does not touch the problem of [B/a]A; (2) applyingVL<, givingT, 8 + V. A < [B/alA; (3)

finding polymorphic instances; that is left to Systenf Bibi ex”),
described in the next section. But it is a good referencetfom
proving things about System Bi

Figurel gives the syntax of terms, types, etc. For simpliaie
omit some constructs such as fixed point recurfiion. e, which is
easy to handle as in previous work (Dunfield and Pfemnhing/p004
We also gloss over datatyp@s 5 whereb is the name of am-
argument inductive datatype ardis a sequence af types. For
example, given a base tyjpe and the one-argument datatyis,
we can writeint list. Term-level data constructors hasenstructor
type A" = B — & 6—no GADTs here. Datatypes are not
particularly interesting in System Bi; while we give the & of
case arms (matchess) and constructorg(e), we omit details
such as the typing rules for case expressions.

applying VR<. (To prove transitivity, measure the derivations by
the lexicographic ordering of (1) the number\df< applications

in the secondderivation, with (2) the height of both derivations.
This measure makes thR</VL < case work.)

2.1 Contextual annotations

Annotations arecontextual(Dunfield_and Pfenning_2004): when
checking(e : (T’ F A’)) under the contexf, the context™’
establishes the relationship between type variables detia I'
and type variables used &', the annotated type ef For example,
the following fragment uses the type oto establish that the in
the inner annotation (oky. Cons(y, Nil)) is the same as the used
in the outer annotation. The type variablés bound by, and its
scope isc:a = ..., but the program variablkein x:« is free (and

The operational semantics (defined under type erasure) isin the scope ohx).

straightforward, making use of evaluation contetg’] is a term
with e’ in evaluation position.

Figurd2 has the rules for well-formedness of types and gtsite
In general, we assume every context we write is well-fornfoed,
tend to explicitly say when individual types are well-fordne

The bidirectional typing judgments afé - e 1+ A, read
“e synthesizesA”, and " + e | B, read ‘e checks against
B”. (The arrows correspond to the flow of type information in
an abstract syntax tree representationedf Figure[B gives the
typing rules. Introduction and elimination rules followetpattern
we introducedi(Dunfield and Pfennihg 2004): the conclusioano
introduction rule is checked against a given type, and teenfge
of an elimination rule—where the type being eliminated @ppe-
synthesizes a type. This yields the smallest sensible satles,
and means that annotations are needed only on redexed{inglu
declarations of recursive functions).

The rulesub expresses a subsumption principlee gynthesizes
a typeA that is at least as polymorphic Bs—the known type that
e is being checked against—then Ancan be used where R is
expected. For example, a function of type.« — « can be passed
to a function expectingnt — int. We write this limited form of
subtyping ag” - A < B.

(Ax.)\n.
((Ay.Cons(y,Nil)) : (¢, x:x F @ — oclist))...)
: V. oo — int — « list

This avoids the need for a term-level binder for type vagablThe
tactic of writing

(Ax.Am. ..

does not sit well: the underlined is not within the most natural
scope ofx, which is justae — int — « list. Simply saying that
« is in scope within the body of the annotated term breaks down
when we add intersection types (Dunfield and Pfenhing|2004).

In practice,I' can be omitted where empty; the type variable
declarations ifl" could be omitted (writingdx:oc - o — « list)
instead of( o, x:« - o« — « list); and (at least in a system without
intersection types) one could even say thas within the scope of
its annotation. For this paper, contextual annotationg’\Heue is
robustness: they work well with or without intersectionagpindex
refinements, and other features. ~

Contextual annotations also set the stage for SystemiBien
we addhint declarationshint (T'a - A) in e. These are suggestions
from the user to the typechecker: under a confexthen examin-

(era)...) @ Vo o — int — oclist
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' et A| esynthesizes typd
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I'FVYa.A<B = Tr'+-A<VR.B

Figure 3: Typing and subtyping in System Bi

ing e, the typechecker can tmk when instantiating a quantifier
V3. B—with the typing annotation’s conteXta establishing the
mapping between free type variablesArand type variables ifi.

2.2 The metatheory of System Bi
Type safety can be proved in a three-step process:
1. Define a type assignment version of System Bi.

2. Show that every derivation in System Bi has a correspgndin
derivation in the type assignment system.

3. Prove a type safety theorem for the type assignment system

For Step 1, dropnno and change allff” and “{}” symbols to “".
Step 2 consists of erasing annotations and removing afiplissof
anno, followingDunfield and Pfenning (2004).

We defer discussion of Step 3 until we discuss Systefm Bi
which has richer subtyping, intersections, and unionst €ami-
nation will also apply to System Bi.

3. System B Explicit Existential Variables

In this section, we will add to System Bi existential var'mnlhgt
represent unsolved polymorphic instances, yielding Sy&&
(“bi ex”). After extending the syntax, we explain the typiagd
subtyping rules, discuss th@nt construct, and then prove (with
respect to System Bi) soundness and a limited form of complet
ness.

Types A == ...|«
Contexts Q == ... |Ta|l,a=A|Thint(l" = A’)
Terms e u= ...|hint(lrkF A')ine

We write &, 3, and so on for existential type variables, created in
situations corresponding to théE andVL< rules of System Bi.
We createx by addinga to the contexf’. When the system finds a
solution (e.g. when trying to derive < A) the declarationx is re-

FV(A) C dom(T") x ¢ dom(lh) Ti,&x b+ Twf
I Awf M= ahwf
xgdom(l) T HAwf T,a=AF Iwf
Ik - wf M+ a=AT wf

Figure 4: Well-formedness of existential contexts and types

placed byx=A, indicating that the solution @t is A. Contexts are
ordered: the position of the declaratiandetermines which vari-
ables can appear in a solution: in the confgxtx=A, I'; the solu-
tion type A must be well-formed unddt; , without using anything
declared inl,. This prevents circularity, and allows rules liké
that add non-existential declarations to remove them witheak-
ing dangling references. Similarlg, x:x is well-formed because
« is declared before:a.

Since the rules need to add and replace thindg ime modify
judgment forms likd" + e || C:

I''-ellC becomesT Fel CHT’
''-efC becomesT ke CHT’
'-A<B becomesT - A<B AT’

The output context™’ is like T' but may have more_information,
containing Qew& and a=A elements, and varioug elements
replaced by3=B elements. (I chos¢ and - to suggest the fact
thatT" andT"’ are equivalent in a declarative sense: if all the
a=A, hint(...) declarations are dropped fromandT'’, those
contexts are equal.)

A contextl" is well-formed,- + T wf, if each variable occurs
once in its domain (defined below) and each typd irs well-
formed under the declarations to its left.

Definition 1 (Domain ofl"). The domairdom(T") of a context" is:

dom(-) =0

dom(T, x:A) = dom(T") U{x}
dom(T; ) = dom(T") U{a}
dom(T, &) = dom(T") U{a}
dom(T, a=A) = dom(I") U{a}
dom(T, hint(l" - A’)) = dom(I)

To prove properties of System Biit will be useful to view
existential contexts as iterated substitutions, so that

[G=A,p=al(@ = p)=A — A

The context is applied from the right, so fik%treplacesﬁ, giving
& — &, and thenA replacesy, yieldingA — A.

We only apply contexts that complete the context in which the
type lives, so all existential variables disappear: givem B, well-
formed in the contextp=x, &), applying[f=x, x=1] & — B
yields 1 — 1. To apply a context) to another context’, the
contexts must be the same except fohaving more unsolved
variables (and ignoring hints in both):

[Q,xA](TTx:A) = [Q]x[Q]A
[, () = [QIF
[Q,a=AlTx ) = [Q(A/XIT)
[Q,a=Al(Ta=A) = [Q]([A/XIT)
QI hint(T" - AY)) = [QT
[Q, hint(T" - ANT = [QI

Definition 2 (Solved contexts) A contextl'” is solvedif it contains
no unsolved existentials.
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(x—bool)
— « list
I+ filter f V. = alist T F int wf

(int—bool)
— int list

Ik fqint—

I'int<int T F bool < bool
—<
I' F int—bool -
bool < int—bool

I' - filter ) — int list

su

'+ fl int—bool

—

I' = filter f 1} int list — int list

I' = xs | int list
—E

I - filter f xs 1 int list
(a—bool) I F intwf -
— « list — _ &L N o
I + filter f V. — alist 4 T Nx - a<int 4T &=int [ &—int - bool < bool I T &—int .
(x—bool) vEX int—bool =
— & list & + {1 int—bool 4 I N& F < &—bool 4 I &=int

I filter f — xlist 4 T &

su

&k fl & — bool 4 I, a=int

I' + filter f {p a list — & list - T, @=int

—E . . .
[Lx=int - xs || «list 4 T, ax=int
—E

I' + filter

xs + & list - T, x=int

Figure 5: Typing derivations fofilter f xs in System Bi, above, and SystemBibelow

Definition 3. We writel" C Q if (1) each declaration ifi is either
in Q or its solution is (e.gx is in T while x=A is in Q), and (2) if
two declarations appear Ihthey appear in the same ordertn

Definition 4 (Completion of contexts) A context(Q completesa
contextl’ iff dom(Q) = dom(T") andl" C Q and(Q is solved.

How these existential contexts behave is best shown with an
example. Suppose thBff) = int — bool. At the top of Figurdb
is a derivation in System Bi, which “guesses™= int. -

At the bottom of the figure is a derivation in Systen{Bit
has three interesting parts; the names of the involved rares
shaded, along with changes in the existential context. fidsvine
left we applyVEX, adding an unsolved existenti@lto the output
context. Along the upper right is a use ®f L <, which expresses
the essence of the greedy method: if we need to satisfyB, take
B as the solution. In this examplB,is int. The premise oft~ L<
checks that the solution is well-formed in the context tolgfeof
xinT, &.

Existential contexts flow “in-order”, starting in the counslon
on the left of thet, up to the first premise (left of the-), into
the first premise’s derivation, then back into the first pianitself
(right of the ), over to the second premise (left of the), etc.,
and finally back to the conclusion on the right of tHe

Finally, while omitted from the figure, within the subdettiza
of I &=int + xs | « list o T, a=int we would apply a rule to
replacex with int; this is not done implicitly.

3.1 Hints

We could have an explicit instantiation constra¢fA ‘1, such that
if e # V. A, thene[A’] 1 [A’/a]A. In effect, this gives
an explicit version ofvE. But we also have the subtyping rule
VL, which can be used on a deeply nested quantifier—and then
where would we put théA’]? We might write a type annotation
(e:[A’/a]A), but this is verbose when the typeis long.

So, instead of a construct that only works witB, we add one
that lets the user suggest an instancevigor VL. The syntax is

hint (T" - A')ine

When encountered, the typii§’ - A’)is putinl:

<- t
(FA) <(TFA) ~omPY

F-T(x)SBy (o FAp) S (TFA)
(XZB(),F() |— Ao) S (F }— A)

<-pvar

M=o’ wh ([a/adlo F o' /a]Ao) < (T A)
<-tyvar
(o, To = Ao) S (T'F A)
o Ay) S(THA
(To o) S ) < hint

(hint(T" F A"),To F Ap) < (T F A)

~

Figure 6: Contextual matching, used in the hint mechanism and in type
annotations

Thint(T' - A’) F el C
I'F hint (T’ - A’)inel C

hint

The type is then available to the rulE-hint andvL-hint<. As
with contextual annotations, the conté&Xtguides the interpretation
of A’. For examplehint (o, x:x F VB. o — f)in e constrains
« to be the type variable that is the typexfOn the other hand,
hint (e« F VB.a — B)in e is unconstrainedx could be replaced
by any type variable. This is managed through the contestuia
typing rules in Figur&l6.

To ensure decidability, each hint can be used at most onéein t
derivation?

3.2 Typing and subtyping rules

Many of the typing and subtyping rules of SystenBFigure[T)
are the same as System Bi, overlaid with existential costéXe
discuss typing first.

From the top,var, sub, anno, —l, —E andVI clearly corre-
spond to the rules in FiguE& 3. Note that andVI add declarations
x:A and «, respectively, and in their conclusions drop some exis-
tential declarationg’z. Those declarations are out of scope, and
since they appear on the right, nothing else refers to théx.

10therwise, writinghint (- + VB. B)in f x wheref has typevVo. ois
fatal. Using the hint, we replace with V3. 3, resulting inv3. 3, on which
we can use the hint again, and again. . .
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adds a freshx to the existential context and synthesiZg@gx]A.
The rules ExSubgt and ExSubgt apply the solution tax in the
checking and synthesizing direction, respectively. ExHlloes
not apply[A/&] toT', because if we have, say.x in ', we can ap-
ply ExSubst after applyingvar. The rule—1a is syntax-directed:
if checking aA againstx, thenx = a7 — &3 for some new vari-
ablesaxy, &;. Rule—Ex is dual.

In the subtyping rules, we chang& < as we changedE, to
add anx. As in —I and VI, the declarations following the added
« declaration are dropped; the notati@h . . ] represents either an
unsolvedx or a solvedx=A. The subtyping rules ExSult,R}<
correspond to the typing rule ExSufystWhen there is an arrow on
one side and an existential variable on the othefL </ &R
split the existential (similar te~1x). Eventually an “atomic” type
is reached, and&~L</ &~ R< can be applied. These rules greed-
ily instantiate the existential to the atomic type on thesotide of
<. “Atomic” is a misnomer here: it could be a polytype. A; the
point is to keep it from being an arrow, which would compleat
the proof of predicative completeness. The premises df< and
&~ RS check that the solution is well-formed under the declara-
tions that precede the variable.

3.2.1 Greed and contextual matching<

The rules for < do not change from System Bi to System®Bi
despite thes premise in<-pvar.

When we add richer subtyping in later systems, we will need
several typings in a single annotation. For example, in gt
(e : ((x:pos F A),(x:neg - B))) we checke againstA when
x:pos IS in the context, and againBtwhenx:neg is in the context.
But what if x:& is in the context? Greedily mapping to pos
would defer to a perhaps arbitrary orderifhgpos + A)-before-
(x:neg F B). It seems best to refuse such curiosities, so that when
you write a contextual annotation that depends on the type of
you must make the type of explicit, by writing an annotation
elsewhere.

This leads to an embedding of System Bi's subtyping system
within System Bf, and questions arise about how we instantiate
polymorphic types within that premise gf-pvar. Our simple so-
lution is to weaken that embedded subtyping system by degriv
it of VLS andVR<, and replacing those two rules with

LB FIB/xASB
Mk Va. ASVB.B

This applies only for theS premise in<-pvar; the < premise of
sub uses the rules in Figufé 7.

3.3 Preliminaries

For the metatheory, we will use a functibrthat drops existential
variable information and hints frof, yielding an “ordinary”T’
consisting only of variable declaratiorsA and type variables.

T = . rx = T
TxA = T,xA Na=A = T
Ta = T« T, hint(T' - A’) T

The next three lemmas are by induction on the given derivatio
I'; and Ty, respectively. Subsequently omitted proofs are in the
appendix.

Lemmab. IfTy = J - T, thenly =T5.

Lemma 6. If Ty, Tz = T2 wherelz has the form:A or « then
=15 ,rz, PP Whererzz =-.

Lemma7. (I H A) < (T, T2 F A).
Corollary 8 (Reflexivity). (I' = A) < (I' - A).

Lemma 9. If Q completed” thendom([Q]T) C dom(T).

Corollary 10. Given a context) that complete§, if T = A wf
then[QIT" F [Q]A wf.

Lemma 11. Given a contextQ that completed”, if [Q]I'
[Q]JA wf thenl - A wf.

Lemma 12 (Well-Formedness) If D = T + ... - T’ then for
any solvedx € dom(TI"), it is the case thdt = 'y, x=A,T, and
I+ A wf, and likewise for any solved ¢ dom(T"’).

Lemma 13(Monotonicity) If D:T + ... - T’ then for any
« € dom(T""), one of the following holds:

}7

(1) & is unsolved in botfr andr’; or

(2) there existd\’ such thatx is unsolved il and
I =T1{,a=A" Ty or

(3) there existd\’ such thaf" = 'y, a=A",T, and
r=r/,a=A"T;.

3.4 Decidability

We prove that System Biis decidable. To concisely define an
ordering on judgments such that the premises of each rule are
smaller than its conclusion, we need several definitions:

(i) A1 < A, iff Ay is a proper subexpression &f,, or if, by
replacing one or morés with «s in A;, we get a proper
subexpression ol ;.

(i) {C1,C2} < {Dy,Dy}iff Cx # D¢ forall k,£ € {1,2}, and
there exisk, { such thatCyx < D,.

(iii) The weight of an existential variabléx in T is the number
of existential variables i whereAF = FL,A&[. ..1,---, plus
itself. For example, the weight ¢f in &, =1 is 2. Solved
and unsolved variables are counted alike. Weights arealatur
numbers, ordered by.

(iv) Theangstthat a type has with respectfas the weight of its
heaviest existential variable, again ordered<dy

The last two criteria are motivated by ExSubsExSubsf, and
ExSubs{L,R}<. For example, the type in ExSuljs$ premise is
I'(&) while its conclusion hag. In the sense of part (i);(x) could
be much larger thatt. Counting the number of free existentials in
the type doesn’t work, becausés solution could bex; — &3,
which has two existential variables. Baf — & doeshave less
angst thanx, becausex; and a; must be declared befor@ in
I'—otherwise they could not appeards solution.

In each rule, a term gets smaller, a type gets smaller (in the
ordinary sense, e.cA smaller thanA — B, or in the sense of
becoming less angstful), the set of available hints getdlemar
we introduce a solution for an existential variable. Whemparing
two synthesis judgments we flip the ordering of types bectuse
types are output rather than input.

The appendix has a full definition of the ordering of judgnsent
and a proof.

3.5 Soundness of System Bi

Each System Bi derivation corresponds to a Bi one. In combina-
tion with type safety for a type assignment version of SysBm
this means that a well-typed-in-Systent'Bprogram won't go
wrong.

Theorem 14 (Soundness of System®i. IfT - 7 -+ I'" and
Q completesT’ then[QIT' + [QlJ’, whereJ' is J with
anyhint ... in e subterms replaced byand hints in annotations
removed.
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Note thatQ is an input to the theorem. Consider the Systerh Bi
derivation of- + (Ax.x : (Vo (a—a) — o — a)Ay.y - & To
create the corresponding System Bi derivation, one musteian
Q that instantiate&. Fortunately, one can instantiate it to anything,
including 1.

3.6 Completeness of System Bi

We will show that, with respect to System Bi, Systenf B$ in-
complete for impredicative polymorphism, complete whents
are added to the term, and complete for predicative polyhisnp.

3.6.1

A small example shows that SystenfBis incomplete for im-
predicative polymorphism. We abbreviat@. 3 — ( asID. Let
' = fVa. x - a — 1, x:(int—int) —» 1,y:D — 1. The
derivation in System Bi, shown at the top of Figlife 8, has me-hi
free analogue in System Bi Below it, the failed derivation in
System Bt makes the problem clear: the first constraintdis
that it be a supertype ofs type, (int — int) — 1, so that type is
used, greedily, as the solution af (For clarity, we substitute for
« in the rest of the derivation.) But the second constrainadsid)
requires thaint — int be a subtype ofD, which is false. All the
choices of rules are fully determined, so no derivationtexis

Impredicative incompleteness

3.6.2 Hinted completeness

The weakest completeness result says that for every System B

derivation involvinge, there exists a System Bilerivation involv-
ing e, wheree™ is e enclosed irhint declarations.

Theorem 15. If T+ J in System Bi andy consists of hints,
thenTy,IY,,T = J - Ty, T in System Bf wherelY, consists of
hints.

Proof. By induction on the given derivation.

We show thevVE case. Lef'yy = (I'y, hint(l = A’)). By
IH, Tuu,T,,T - e f Ya. A A Tun,T. By Corollary[3,
(r= A" < (M, I = A'). Finally, by VE-hint, Ty, Ty, T+
e 1 [A'/x]A - Ty, T, whichisTy, hint(T - A’),TY,,T F e 1t
[A’/x]A 4 Ty, T, which was to be shown. O

Corollary 16 (Hinted Completeness)If - - e |} A in System Bi
then- + et | A - - in System Bf, wheree™ = hint (I}
Ai)in...hint (I F Ay)ine.

Proof. By Theoren[Ibl'y F e L A - - wherely consists ofn
hints. The result follows by applying thent rule n times. |

3.6.3 Predicative completeness

In this section, we show that SystentBis predicatively com-
plete given a derivation in System Bi in which all polymorphic
instancesA’ used inVE andVvL< are monomorphic (contain no
V), we can derive the same judgment in Systeffi.Blonsequently,
System Bfi is complete for prenex or ML-style polymorphism, in
which instances are monomorphic avislappear only on the out-
side of types. -

We show completeness by building a Systerfi Bierivation
from any System Bi one. Where we have a derivation in System Bi
of ' - J’, we create a derivation dff - 7 - Ty, whereJ
is like 7’ but may have more existential variables. Specifically,
J' = [Q]J for someQ representing solutions embedded in the
System Bi derivation.

Moreover, I/ and I'; must correspond td). The example
derivations from Figur€l5 give some intuition for this capen-
dence. Another example appears in the appendix.

When every arrow appearing @ has the formy — oz, we
say thatQ is articulated System Bf keeps contexts articulated
by restrictingx = L< anda ™ R<, which instantiate existential vari-
ables, to non-arrows.

We define the articulation ai=A" as follows:

Artic(a=1) =1
~ B

Artic(ax=f)
Artic(d=B1—B2) x=R1—p2,Artic(31=B1), Artic(.=B2)

Q) Q)

Since we require the System®Bdlerivation to be predicative, there
is no need to define the articulation\k. A. The proof of the next
theorem is in the appendix.

Theorem 17 (Predicative Completeness)-or any(Q andly and
predicative derivatio® :: T + [Q].J in System Bi, provided that

(1) Q is predicative (for any, the typeQ () is monomorphic)
and articulated
(2) Q completed, and[QIl'{ =T

then [QIIY F [QJA’ <[QIB’ = T/ FA'<B 4Ty
[QIry F el [QJA’ = T FellA 4T
Q) Fef C = T/ FefC 4T

for someC’ such that
C =[Q]C’

4. System BF with subtyping, intersection types,
and union types

In this section, we extend System Bi with intersection anbmin
types, replacing the weak relation with a richer subtyping re-
lation <. The atomic subtyping relation on datatypes is defined
using a datasort relation; =< 6,. For example, we can de-
fine nonempty lists as a subsort of all list&nempty =< list.
Thenint nonempty < int list. (In this paper, we assume that all
datatypes are covariant, €06 is a subtype oB b iff A is a sub-
type of B; extension to co-, contra-, and bivariant type arguments
is straightforward.)

A value has intersection typAd A B if it has type A and
type B. Intersection types can express combinations of propertie
of functions and data constructols (Reynadlds 1996; Davies 2
Dunfield and Pfennita 2004); here, their central role is foregs
combinations of constraints on existential type variab\&ere
we need bottx < B; andx < B, we can replacex with the
intersection of new type variables; A «,. Then we must satisfy
o A o < Byanday A &z < Bj; greedy instantiation yields
o7 = By anda; = B;. (In Sectiorl¥, we formulate a system that
instantiatesx to By A B, automatically.)

Union types |[(Pierck 1991 Dunfield and Pfenhina 2004; Dun-
fieldi2007b) are dual to intersection types; a value has Aypé B
if it has type A or type B (or possibly both). Here, they serve a
symmetric purpose: whereAwe neAAd < pandA; < B, we
can instead Lgplac/é with 31 V_p2, leading to the obligations
A1 < B1 VB2 andA; < f1 V B2, satisfied by instantiating
to A7 andp, to A,.

The typing rules for intersection and union types are theesam
as in|Dunfield and Pfenning (2004). As before, introductiokes
check and elimination rules synthesize. The rMIE reasons by
cases: ife’ A V B, then&[e’] |l C if, assumingx:A, the term
Ex]—&[e’] with x in place ofe—checks against and also, as-
sumingy:B, the term&[y] checks agains€. The “tridirectional
rule” direct, a unary version of/E, is needed for technical rea-
sons|(Dunfield 2007b, p. 60) not especially pertinent here.
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Figure 8: Derivation in System Bi using impredicative polymorphisab¢ve), and a failed derivation in SystenfBpelow)

5. System BF%: System Bi with existential
contexts

Just as we added existential contexts to System Bi to gee@yB{*,

we add existential contexts to Systeni*Bb obtain System Bi¥.

The rules are given in FiguEEIL1. This step is easy; howeveitew
there are various new rules for intersections and uniopsetire no
new rules corresponding te|a/—EX. The reason is that intersec-
tion and union introduction are type-directed, not syrdaected.

We can have- & concludingAx. e || & because tha is a marker
saying thatx should be an arrow, but our language has no syntax
to mark where intersections and unions should be introduced

5.1 Type safety
To prove type safety, we:

1. Define “System E”, a type assignment version of SysteniBi
2. Show that System Biis sound with respect to Systent F

3. Prove type safety (and several lemmas) for Systémwith
respect to the operational semantics.

The first task is very easy: remove the raleno and replace
all “t” and “}” in the typing judgments with:". For example,
' ejez ) Bbecomes' F eje,:B.

For the second task, soundness, we must show that given
derivation of" - e | A (orof "' - e {4 A) in System Bi, we
can construct a derivation &f - e’ : A in System F, wheree’
is e with annotations erased. This is an easy proof by induction o
the derivation, and | proved it in my dissertation Dunfiel@@2b,
Ch. 2) for a system similar to Systeni*Fand System Bi. The
only novelty here is parametric polymorphism. But that pris no
difficulties—in fact, the cases fofl and VE almost exactly follow
the cases fofTl and TTE (those are the rules for universal index
quantification, a feature | omit here to avoid distraction).

The third task is not easy to undertake from scratch, biatah
easy extension of the proof in my dissertation (Dunfield 20@h.

2). Again the reasoning forl and VE follows the reasoning fdfl
andTTE. In particular, there is no need to exteterivation rank
andvalue definitenes{Dunfield{2007b, pp. 36—38), nor the other
concepts used in the type safety proof; all of those are tiedth
so-calledndefinitetypes (L, V), andV¥ is not among those.

5.2 Decidability

Decidability of subtyping in System BF can be proved as before
in System Bf". Decidability of typing can also be proved as before,
with one exception: indirect, if ¢’ is itself som variabley, the
second premise is not smaller than the conclusion. It shbald
straightforward to obtain a proof of decidability by desigma “left

tridirectional” system following Duntfield and Ptennirig (%) (and
proving such a system equivalent to SysterfiBi. Informally,

it suffices to observe that if we never applyrect whene’ is

a variable, System Bi* is decidable by the same reasoning as
System Bf.

6. Implementation

| implemented a version of System®} as an extension of Star-
dust [Dunfield 2007a), a typechecker for a subset of Staridard
with intersection types, union types, datasort refinemeand in-
dex refinements.

The example in FigurEZ12 begins with a simple application of
higher-rank predicative polymorphism, used in short-afocesta-
tion (Gill et alli199B). Types are quantified explicitly iretfunction
type annotationg*[ ... 1*). foldr uses only prenex polymor-
phism and can of course be written in SML, buti1d uses rank-

2 polymorphism. The rest of the example is adapted from Heije
(2009), showing impredicative polymorphism.

6.1 Complexity of typechecking

If hints are used, typechecking a function can be exporleintia
the number of hints: at each opportunity to apghx or VE-hint,

8there is a choice between applyinEx, applying VE-hint with

the first available hint, with the second, etc. However, wa ca
show the complexity is exponential evervEx is never used: As
formulated,VE-hint drops a hint after use. First there arénints
andn choices; at the next opportunity to appie-hint there are
n — 1 hints andn — 1 choices; and so on. If the last sequence of
hints chosen is the only one to yield a valid derivation, weeha
done work proportional ta - (n — 1) -... - 2, or roughlyn™.

| have not analyzed the complexity of typechecking, but con-
sider the functiorfun nonlinear2a b a’ b’ = () with type anno-
tationVe, 3, y.c = f = v = o« — f — vy — 1. Given the con-
textid : V5. 6—6,uf : 1 — 1, synthesizing a type for the applica-
tion nonlinear2 uf ufid idnvolves several nondeterministic choices
of when to instantiate each of tigtypes. Still, this can be checked
with only a few calls to the function that attempts to deriveud-
typing judgment, and this continues to hold as we add argtsnen
according to the same pattern. But if we introduce a type ggven
an obvious one like an extra argumaonlinear2 uf uf id id idthen
by the time we reach the 14-argument functimnlinear7it takes
87,000 subtyping calls and 49 seconds to reject the prograis.
is a contrived example, and | have not yet tried a real exathple
makes typechecking unacceptably slow.

Note that intersection types make these systems PSPAGE-har
(Reynolds 1996), even if parametric polymorphism is newsdy
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Figure 10: Subtyping rules in System Bi

and typechecking can be very slow when intersections arahani
are used extensively (Dunfigld 2007a).

7. A More Automatic System

A shortcoming of System Bi* is that the user must often rewrite
types, adding unions and intersections, as in our intratyex-
ample:choose V. ¢ — o« — o must to be changed to

choose Vo, 0. 001 — a2 — o1 V a2

There is some compensation: the rewritten type seems nimre in
mative (to the user) than the original. Moreover, the systeioys

a subformula property_(Gentzén 1869, p. 87) because it does n
fabricate intersections and unions.

But while in first-order functions such atioosethe user can
rewrite the type once and for all, higher-order functions kess
cooperative. Say we want to compase (B1 — Ci) A (B2 —
Cz) andf : A — By V B,. These types do not fit the usual type

of compose
compose Ve, B,v. (B = v) =2 (x = B) =5 ax—y

In fact, System Bf would instantiate to B; andy to C;, not
matching theB, — C; part of g’s type, and typechecking would
fail.

Now, one can rewrite the type abmposeo handle the above
situation:

compose Ve, 1, $2,v1,v2.
(B1—v1 A P2—v2)
= (= B1VP2) = a—(v1Vy2)

But this is only a (verbose) stopgap: it breaks downgor (B; —
Ci) A (B2 — Cz2) A (B3 — C3). Thus, manually rewriting
types is not sustainable.

We can address this by automatically conjoining unions and
intersections to solutions. This yields Systens B1“© (Figure[TB).
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Figure 11: System BF&

datatype ’a list = Nil | Cons Of ’a * ’a list ;

(x[ val foldr : -all ’a,’b- (Pax’b — ’b)
— b — ’a list — ’b 1%)
fun foldr f u xs = casexs of

Nil = u | Cons(x, xs) = f (x, foldr f u xs)

(*[ val build : -all ’a- (-all ’b- (Ca*’b—’b)—’b—’b)

— ’a list 1%)
fun build £ = f Cons Nil
([ val map : -all ’a,’b- (’a—’b)—’a list—’b list 1%*)
fun map f xs = build (fn ¢ = fn n = foldr

(fn (x,ys) = c (f x, ys)) n xs)

fun id x = x
fun inc x = x + 1

-all ’a- ’a — ’a  1%)
int — int %)

(x[ val id :
(x[ val inc :

(x[ val poly : (-all ’a- a—’a) — int * bool %)
fun poly £ = (f 1, f true)

(x[ val single : -all ’a- ’a — ’a list ]%*)
fun single x = Cons(x, Nil)

(x[ val append : -all ’a- ’a list—’a list—’a list ]%)
fun append xs ys = ...

val _ = poly id

val _ = poly (fn x = x)

val ids = single id

val map poly ids

val append (single inc) ids

Figure 12: Example of first-class polymorphism

10

I have not yet proved any soundness or completeness pregpéoti
this system.

The basic idea is tprovisionallyset type variables to solutions.
Instead of only having unsolved variablaésand solved variables
«=B, we have four classes of elements in existential contexts:

o (completely) unsolved variablég as before;
e open intersection solution%/\:(Bl A ... A\Bn);
e Open union sqution@v:(& A ... \Bn);
e closed solution&=B, as before.
Traversing derivations in-order, the “transition relatidor the

existential context element for sorxeis no longer simply fronx
to x=B as it was in the earlier systems, but is now

R
IN

<&

Q)
IN

AT
...—/

o<

R)

x=...

N

IN
Q)

X

IN

where the loops indicate additional types being interseae
unioned with an open solution, and the two rightmost arreeys r
resent what happens when we hit a subtyping obligation thes g
against the grain of the previous obligations. For exanipl€, A4
followed by & < A; results ind™=A; A A,; these are upper
bounds on the instantiation. If we then need to satisfy a towe
bound likeB < &, we “close” the solution and end up in the right-
most node. This is necessary in the following situation. f®se
we encounteix < A7, thenx < A,, thenA; A A, < &, and
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Figure 13: Rules of the “more automatic” SystemBfAuto

finally & < Ajs. If we left the solutiond”=A; A A, open, the
A1 A Az < « obligation could be “satisfied” despite the later
constraintx < Asj. Closing the solution cuts off this source of
unsoundness.

The rules ExSubgt, ExSubsf, ExSubs{L,R}< remain, with
the understanding th&{ &) is defined only fol" = 'y, a=A. The
new rules ExSubgt Close etc. handle th€ = ', & =A, T, and
I'=Ty,&"=A,T, cases.

This mechanism has a slight resemblancexpansionn pure
type inference in intersection type systems (Ronchi Debeda
and Venneril(1984); Carlier and Wells (2004), for instanedjich
creates intersections with fresh type variables,®.g» « becomes
(OC] — 0(1) AN (0(2 — Ocz).

8. Related Work
8.1 Systems without subtyping and intersections

For impredicative System F without annotations, type ierfiee is
undecidablel (Well5_19D9); it becomes decidable if quansifsee
restricted to rank 2 or less (Kfoury and Wells 1994).

Peyton Jones et al. (2007) developed a bidirectional sysgtam
supports arbitrary-rank, but predicative, polymorphismuantifiers
can appear anywhere in types, but polymorphic instances lpeus
monotypes). Their system does not support subtyping, éxoep
“at least as polymorphic as” subtyping (which we writesgs

MLF (Ce_Botlan_and Rémi{ 20D3), a type inference system in

the Damas-Milner tradition, supports impredicative pobyphism,
with annotations needed only for impredicative instaitia (sim-
ilar to the predicative completeness of our syste).’ is more
powerful than our systems, in the sense that our bidireatiap-
proach requires annotations on more terms (including alttion
declarations), but appears substantially more complicateen in
its revised forml(Remy and Yakobowski 2008).

HML (Leilen 2009) extends Damas-Milner and has similar

goals toML". HML infers flexible typespolymorphic types that
are bounded below, a4 > Va. a—«). B — . HML requires

simpler thanMLF. It is robust under many simple transformations,
such agevapp ez e; in place ofe; e> (whererevapphas type
Va,B. x — (x—p) — B). In contrast, System Biis sensitive to
the ordering of terms when impredicative polymorphism iedjs
in the failed derivation in Figurl 8, switching the argunsentind

y would result in success.

8.2 Polymorphic instantiation under subtyping

In systems with subtyping, several approaches to inferpoly-
morphic instances have been presented. The most impoitient d
ence from the subtyping systems in this paper is the lacktef-n
section and union types (Davies’ work has intersections,not
unions, and both are essential to System’Bi We discuss some
of these approaches here.

¢ In local type inferencgPlerce and Turner 2000), instances are
found by computing upper and lower bounds on types, using
information propagatetbcally within the program.

Colored local type inferencéOdersky et al. 2001) is broadly
similar to Pierce and Turner's approach, but also allows dif
ferent parts of type expressions to be propagated in different
directions. My approach gets a similar effect by manipaofati
type expressions witkx-variables, which allows us to fix part
of the type expression (the part that is Pdtwhile & remains
flexible.

Davies' Refinement MLL(DaviEs 2005), an extension of Stan-
dard ML with intersection types (but not union types) andadat
sort refinements (but not index refinements), hasfimement
restrictiort A A B can be formed only ifA andB are refine-
ments of the same simple type. It is thus possible in hisnggtti
to do ordinary SML type inference to find simple-type insesic
of polymorphic variables. There are only finitely many datas
refinements of a given simple type, and therefore finitelyynan
subtypes of it, so the instance that will make typechecking s
ceed can be found, in theory, by exhaustive search. (Inipeact

there can be too many refinements for an exhaustive search, so

in some cases an explicit annotation is needed.)

Davies also sketches a proposal fioodes in which types can
be marked with the desired direction of typechecking, ssnth
sis or checking. This would lead to somewhat verbose types;
writing T— for functions in which the argument is to be syn-
thesized, the type afhoosewould beVa. (« T— o — «) A

(« = o T— «). In the second party — « — &, we must
somehow skip the first argument so we can get to the second,
but Davies does not propose creating an existential variinl
stead, it seems necessary to use a two-step process, inthich
first step is simple Damas-Milner inference, giving an agpro
mation of the first argument’s type.

9. Conclusion

I have presented a new approach to inferring polymorphiantes
in bidirectional type systems. The simplest applicatiorihi$ ap-
proach is to first-class polymorphism, without subtypinchéi in-
tersection and union types are available, the approachecegabily
extended to systems with subtyping.

The type systems in this paper might seem odd at first. Systém B
which is not inherently exotic—it lacks intersections amioms—
looks quite different from previous approaches to firssslpoly-
morphism._Even those that use bidirectionality, such agdpey
Jones et ali(2007), are rooted in the Damas-Milner inferdre:
dition. My work here is rooted elsewhete_(Dunfield and Pfagni
2004). 1 would attribute the virtues of my work to the essanti

annotations only on polymorphic arguments, and is a goodl dea simplicity of bidirectional typechecking, plus dumb ludkhad no
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inkling that intersections and unions (together) woulghweith the
problem of finding polymorphic instances.

The systems in this paper, like those in its immediate ances-
tors (my dissertation and the works of Xi, Davies, Pfenniragg
meant for typechecking, not elaboration/compilation. yrtle not
insert explicit polymorphic abstractions and applicasiolt seems
easy to change System®Biinto an elaboration system, but for
System BF* we would need to elaborate intersections and unions.

In addition to investigating elaboration and compilatibplan
to extend this work to GADTs. With bidirectionality and ebestial
type variables, | expect this to be relatively straightfard:

At first, my goal was simply to add parametric polymorphism
to the type systems described in my dissertation. For saitgli
| have omitted from this paper many interesting featureshofe
“full” type systems. | have proved type safety for the fulssym,
but | have not proved most of the other properties, e.g. those
respect of let-normal form_(Dunfield 2007b, Ch. 5).

To designers of languages and type systems, consider &idire
tional typechecking; as your type system becomes more [hokver
you will likely outgrow Damas-Milner inference, and makiiitg
bidirectional from the beginning should lead to a cleanet more
logical system than what you get after retrofitting bidirecality.

If you don’t need subtyping, polymorphism is nearly freehwiour
purchase of bidirectionality; if you do need subtyping, ynoor-
phism is nearly free with your purchase of intersectionsaridns.
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