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Abstract. How should one lter very noisy images of curves? While
blurring with a Gaussianreducesnoise, it also reducescontour contrast.
Both non-homogeneousand anisotropic di usion smooth images while
preserving contours, but these methods assumea single local orientation
and therefore they can merge or distort nearby or crossing contours. To
avoid these di culties, we view curve enhancemeri as a statistical esti-
mation problem in the three-dimensional (x;y; )-space of positions and
directions, where our prior is a probabilistic model of an ideal edge/line
map known as the curve indicator random eld (cirf ). Technically, this
random eld is a superposition of local times of Markov processeshat
model the individual curves;intuitiv ely, it is an idealized artist's sketch,
where the value of the eld is the amount of ink deposited by the artist's
pen. After reviewing the cirf framework and our earlier formulas for the
cirf cumulants, we compute the minimum mean squared error (mmse
estimate of the cirf embeddedin large amounts of Gaussianwhite noise.
The derivation involves a perturbation expansion in an innite noise
limit, and results in linear, quadratic, and cubic (Volterra) cirf lters
for enhancing imagesof contours. The self-avoidingnessof smooth curves
in (x;y; ) simplied our analysis and the resulting algorithms, which run
in O(nlogn) time, where n is the size of the input. This suggeststhat the
Gestalt principle of good continuation may not only expressthe likely
smoothness of contours, but it may have a computational basis as well.

1 Intro duction

Is noisea help or a hindrance? Despite intriguing phenomenasud as stochastic
resonance,noise is largely viewed a necessaryevil for applied science.Filter-
ing images of cortours, the problem studied here, is especially susceptible to
noise becausespatial di eren tiation is often involved in obtaining initial mea-
suremens (Fig. 1, top). Large noise levels, however, can actually simplify the
ltering problem analytically, making di cult problems (asymptotically) man-
ageable[22]. For example, here we derive nonlinear contour enhancemen lters
that operate in a neighborhood of an in nite noise limit.

This work is part of a larger project to understand visual contour computa-
tions asthe Bayesianinferenceof a random eld [2]. Beginning with a random
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processmodel of individual curves, we have developed a prior for images of
thesecurves,which we call the curve indicator random eld (cirf ), and we have
obtained the complete cirf  statistics. The main contributions of this paper are
three new linear and nonlinear Volterra lters for computing the posterior mean
of the cirf for noisy contour images.
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Fig. 1. (a) (Left) A guide wire imaged uoroscopically during surgery. Finding the
wire in noise is important [11] becausesurgery can take hours, all the while exposing
the patient to radiation. Reducing exposuresincreasesthe noise level, however, and
makeslocal lItering perform poorly (e.g., logical/llinear positive-cortrast line operator
response tuned to thin curve, certer, and its thresholding, right). In addition, local
operators often employ numerical di eren tiation, which increase noise. (b) Crossing
contours (left) in noise (center left) are distorted by Gaussian blurring (center right
and right with blur sizes5 and 10, respectively), revealing loss of distinction among
overlapping contours, as well as reduced contrast. In this paper we exploit a model
of random images of contours to derive nonlinear Iters for overcoming noise without
merging or attenuating contours.

Thresholding

Giventhe apparertly slight distinction betweena setof random curvesand an
image of them (the cirf ), it is not surprising that the cirf hasbeenoverlooked
as an object of study in vision. But there are signi cant advantagesto making
the cirf a focus for understanding visual contours. First, it provides an exact
notion of an ideal edgeor line map (Fig. 1, top), satisfying the two desiderata
of being (a) nonzero-\alued along the true cortours, and (b) zero-valued else-



where. The cirf therefore provides a basis for formalizing saliency [24,13] as
the problem of estimating the cirf . Second,unlike dictionary-based relaxation
labeling [8] and line processed$n Markov random elds [7,14], the cirf doesnot
require an explicit and arbitrary enumeration and weighting of local eld con-
gurations to specify its joint statistical structure. Instead, by formally de ning
the eld asa function of the curvesdepicted by it, the statistical properties of
the eld becomea derivable consequenceof those of the contours. Third, being
a eld, the cirf makesit possibleto formalize what is even meart by observing
contours under various forms of corruption. Without the cirf , a conceptof a
noisy contour might mean a smooth curve made rough; with the cirf , a noisy
image of a contour is simply the pointwise addition of one eld (the cirf ) with
another (white noise), for example. Fourth, the lters we derive provide a dif-
ferent notion of blur scalethan cornvolution by a Gaussian(Fig. 1, bottom), or
linear scale-spacd12]. In particular, smoothing will take place along the (puta-
tive) contours, and unlike nonhomogeneouq19] and anisotropic di usion [26],
it allows for multiple, nearby and crossingcurves. Finally, the cirff provides a
local represertation of contour intersections;in contrast, parameterized curves
require a strictly global computation to determine intersections. As ink builds
up where cortours crossin an artist's sketch, sotoo doesthe (local) value of the
cirf increaseat intersections.

There are two major sourcesof inspiration for this project. The rst isthe set
of relaxation labeling [21] approachesto cortour computation, which explicitly
emphasizethe needto include contextual interaction in inference, in contrast
to purely local techniques[4] that detect edgeslargely independerily. Theseap-
proachesformalize cortour inferenceasa labeling problem using a notion of label
compatibilit y derived from good cortin uation in orientation [28] or curvature as
well [18,10]. The secondsource of inspiration is the work on curves of least
energy[9] or elastica[16] and its probabilistic expressionas stochastic comple-
tion elds [27]. The cirf wasintroducedto unify theseworks in a probabilistic
framework.

2 A Prior on Images of Curv es

Our random eld inference framework for contour enhancemenh begins with
a Markov processmodel for ead contour. Mumford [16], Williams and co-
workers [27] imagined a particle at R; (in the spaceof positions (x;y) and di-
rections in 2 ) whosedirection is slightly perturbed at eadh time instant t
beforetaking its next step forward. The particle's probability density p(x; y; ;t)
di uses accordingto 2 = Qp; where Q := 72@@5 cos @ sin & lis
the generatorof Markov processR; (the direction process,  boundsthe direc-
tion perturbations and is the mean of the (exponertially-distributed) contour
length T. In our framework the Markov processR; models all image contours,
irrespective of how they are obsened. Indeed, the particular (stationary) Markov
processcontour model is unspeci ed in our framework; more exotic processes,
which include scale[25] or curvature [3] can be used as well. At this level of



generality, the Markov processR; takeson values (states or sites) i in a nite

state spacel , e.g.,i = (X;y; ) (where spaceis discretized). The Markov pro-
cessis summarized by its Greeris operator G = (g; ), for i;j 2 |, whereg; is
the averageamount of time the processspendsin site j given that it started
in site i (Fig. 3). A natural image will have an unknown number N (assumed
to be Poisson-distributed with mean N) of contours, Rf}) i ;Rt('N“), which are
independert and identically distributed (i.i.d.) with lengths Ty;::: ;T .

Sofar we have only described the individual contours, but we know of them
only through a (spatially distributed) eld of measuremets M = (M;) from an
image (e.g., orientation-selective edge operator responses),which are corrupted
due to noise and blur. To cope with such ambiguity, we suggestthat contour
organization be formalized as the estimation of an ideal eld U of assertionsof
local contour existence.

De nition 1. The curve indicator random eld (cirf ) U = (U;) is:

X 2,
Ui = fRM = igdt,;  8i21:
n=1 O

Here, the integral over t, is called the local time at i for processRE;’); the
di erent processegcurves) are combined via superposition. In words, U; is the
(random) amourt of time that particles spert in state i, and sonon-zerovaluesof
Ui indicate that a contour passedthrough i (Fig. 2). We suggestthat the cirf
be used a prior on images of curves not only becauseit captures an intuitiv e
notion of the \p erfect" edgemap, but alsobecausets can be tractably and fully
characterized. In particular, the following is a formula for the cirf cumulants?|
a complete set of joint statistics of this priorland provides, in e ect, an exact
description of contextual interactions in an image of curves.

Prop osition 1. Suppsethe Markov processR; is spatially homaeneus and
the endmint distributions are spatially uniform. Let the contour density be =

N jlj i Thek-th (joinlt_) cumulant of the cirf at sitesiq;::: ;i is cumy, ;... ;i, =
cumfU ;:::; U, 9= Oi.i G 1jx» Wherthe sumis overall permutations
Juiiisje of gy oo ik

The proof requiresthe Feynman-Kac formula, a broadly-applied result in quan-
tum physics (see[2] for details). Sincecirf cumulants of order greater than two
are (generally) nonzero,the cirf is therefore a non-Gaussianrandom eld [17].
The cumulants are the coe cien ts of a Taylor seriesexpansion of the cumu-
lant geneating functional cgf y(c) := Inmgfy(c) of U, where mgfy(c) :=

exphc;Ui is the moment geneating functional of U at ¢ and ha;bi denotes
the inner product betweenvectorsa;b2 I, We now turn the main question
for this paper: how canthe cirf be usedin a lter?

! Cumulants are a function of the moments of a distribution, but can be easierto work
with. The lowest-order cumulants are the mean and covariance.
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Fig. 2. Modeling images of curveswith the cirf prior. The contours in these images
(left: angiogram (top) and surface of a Jupiter moon (bottom)) are primarily char-
acterized by their number (N ), smoothness ( 1), and extent ( ). Given only noisy
local measuremens m = (m;);i = (x;y; ); (center: logical/linear line operator re-
sponses[10]), we seekto enhance contours using a prior on images of curves. Seweral
random samplesof the cirf prior in 2 (right: various parameter settings) resenble
(up to N, , and ) the qualitativ e structure of the local responses,but without the
corruption. These random samples of the prior are intended only to re ect the \con-
tourness" of the local responses, not the particular contours, which are modeled by
the posterior. At ead (X; y), the maximum over was taken for both local responses
and the cirf . The goal is to bias the enhancemen method toward contour images (as
opposedto pebble or sand texture images, for example).

3 Estimating Noisy CIRFs

3.1 The Lik eliho od

The likelihood represeris how our ideal contour image U relates to the mea-
suremens M, characterizing the corruptions in local edge and line operator
responses.We focus on noise contamination in the measuremets because(1)
edge/line detection requires di erentiation, which ampli es noise and (2) the
local signal-to-noiseratio (snr) dropsfor xed sensornoise,when the local con-
trast (i.e., signal) is low. For concretenes&nd simplicity, our measuremei model
isM = U+ N, whereN is white GaussiannoiseN with zero-meanand variance
2, and the likelihood is

: P— i , ;
pmju)= (2 n)" Texp  WFim o ujj® 1)
By a changein variables in m, other obsenation models with i.i.d. noise can

be included, including those estimated from histograms of edge/line operator
responsesboth on and o the actual corntours [6,2].



3.2 The Posterior

Using Bayes'rule, the posterior distribution P (dujm) is proportional to p(mju)
times P (du); wheredu is an in nitessimal region around realization u. The cirf
prior is written P(du) := fU 2 dug becausea density for U exists only in
a generalizedsensé. Expanding the norm in the likelihood (1), the posterior
therefore becomes

P (du):=Z 'exp( hm  u;ui)P(du) = P(dujm);

wherethe subscript = N2 (the inverse noise variance) indicates conditioning
on the measuremets m, and the normalizing constant is
z
Z = exp(hm u;ui)P(du):

Although we do not have an explicit expressionfor the prior P(du) (and so
neither for the posterior), in 4 we shall nd that we canindirectly usethe prior
through its cumulants in order to obtain Volterra lIters.

3.3 Bayes Estimation

Filtering here meansthe estimation of the (unknown) cirf U given a noisy re-
alization m. In Bayesdecisiontheory, estimation is formalized by specifying the
posterior and a lossfunction losqU;u) that penaltizesestimate u when the true
unknown is U; the Bayesestimate is then & := argmin, [losqU;u)jm]. Maxi-
mum a posteriori (map) estimation correspondsto the 0/1 lossfunction, which
penalizesall errors equally; this lossis zero only when the estimate is perfect
(at all sitesi), and 1 otherwise. Despite the popularity of the map estimator,
we believe an additiv e lossfunction suc asthe squarederror jjU  ujj? is more
appropriate for high-noise Itering becauset penalizessmall errors at a few sites
much lessthan large errors at many sites, unlike the 0/1 loss function (map).
Therefore we de ne our ltering task to be the computation of the minimum
mean squaed error (mmse estimate

a=argmuin v uji% (2

where again denotesthe conditioning on m. By a standard argumert [5], the
mmse estimate @& is equal to the posterior mean U of the cirf U.

Since the posterior mean is generally di cult to compute, we seeksimpli-
cations. A typical approach would be to approximate the cirf prior with a
Gaussian, giving rise to mmse linear ltering [2]. We avoid this method, how-
ever, becauset ignoresall the cirf cumulants beyond the meanand covariance.
Instead, we focus on an aspect of our problem that we have not yet considered:
extremely noisy conditions. In this way we can simplify our ltering problem
tremendously, while exploiting the higher-order statistical structure of the cirf .

2 Speci cally, at eadh site i there is positive massfor u; = 0.



4 Volterra Filtering at Large Noise Levels

Volterra Iters constitute one classof nonlinear lIters that subsumeslinear I-
ters [23]. By de nition, the output of a k-th order Volterra lter is a k-th degree
polynomial® function of the input signal. Analogousto the connection between
mmselinear lters and second-orderstatistics, mmse Volterra lters are related
to higher-order statistics. In particular, a mmsek-th order Volterra lter gen-
erally requires up to the (2k)-th order momerts of the input and unknown [1,
20]. Unfortunately, the computational complexity of simply applying the gen-
eral k-th order Volterra is O(nk*1), wheren = jl j; solving for the mmse lIter
coe cien ts is much more costly in general.

Here we derive linear, quadratic and cubic Volterra Iters for approximating
the posterior mean of the cirf corrupted by large amounts of white Gaussian
noise. Our approach is basedon the following obsenation: in suc noisy condi-
tions, the inversenoisevariance will be small. This suggeststhat we consider
the in nite noise limit where approades zero; in particular, we perform a
Taylor seriesexpansionof the posterior mean U around = 0. We then ex-
ploit simplifying aspects of the cirf , especially the self-avoiding nature of the
direction process,to obtain Volterra lIters that run in in O(nlogn) time.

Now we proceedwith the derivation. Obserwe that the posterior mean can
be computed by di erentiating the logarithm of the normalizing constart, or

Z Z
@nz _ . @exp( m u; ui) _ ‘ _ »
@m =Z amn P(du) = uiP (du) U: (3

Thereforeto geta Taylor seriesfor the posterior mean, we needonly get a Taylor
seriesfor InZ and then di eren tiate with respectto m;.

Where do we get a Taylor seriesfor InZ ? Obsere that the normalizing
constant Z is just the momert generating functional of the random vector
W = hm  U;Ui in disguise, or, equivalertly, W has the cumulant generat-
ing functional cgf w () sud that

Z

InZ =In  exp(w)P(du) = Inmgfw ()= cgf w():

But the coe cien ts in a Taylor seriesexpansionof a cumulant generating func-
tional are by de nition the cumulants, and therefore we need to obtain the
cumulants of W, a (quadratic) polynomial in U. We now only sketch the rest of
our derivation, asthe full versiontakes20 pages[2].

Since the cumulants of W are not directly known, we computed them in
terms of McCullagh's so-called generalized cumulants (an algebraic structure
that easescomputations of polynomials of momerts and cumulants) of U [15].
Wethen di eren tiated with respectto m; to getthe rst fewtermsin the Taylor
expansionof U; asa function of the generalizedcumulants of U.

% Note the distiction betweenthe (nonlinear) polynomial lters here and those linear
Iters whosekernel is based on some (e.g., Hermite) polynomial.



Besides spatial homogeneiy, two properties of the cirf played a signi -
cant role in simplifying our calculations. First, the contour density is small
(0] 1) in a large number of images,as contours constitute a small fraction
of the total image (which is why pen ink doesnot run out quickly). In the con-
tinuum, an extreme form of this claim certainly holds: the bounding cortours
in an image of smooth surfacesin an occlusion relationship constitute a set of
measurezero (with respect to the standard areameasurein the plane). This low
density is even more appropriate for the cirf basedon the direction process,
where the curveslive in a three-dimensionalspace.The low density of the cirf
was crucial for simplifying McCullagh's formula for expressinggeneralizedcu-
mulants in terms of a sum of products of (ordinary) cumulants: we neglect all
terms which are a product of two or more cirf cumulants (having magnitude
O( ?) by Prop. 1). Thus the low density of the cirf allowed us to expressthe
p,osterior mean as a weighted O( )-sum of cumulants of U, eat of the form

ik gl CUMEijk MM kl

The secondcirf property that simplied our derivation is the approximate
self-avoidingnessof the direction process If our Markov processesvere perfectly
straight, they would never return to their starting points, evenif in nitely long.
We obsene in Fig. 3 that the direction processrarely returns to its starting
position. Many permutations in cumulants of the cirf (Prop. 1) could therefore
be neglected.

To support the error-prone task of explicitly summing over the permutations
in the cirf cumulants in the O( )-sum for the posterior mean, we constructed a
diagram corresponding to eat permutation (Fig. 4). Nodesindicate sites, arrows
indicate ordering in the permutation, and multiplicativ e constargs such as are
}-_emporarily suppressed.In Fig. 4a, permutation (r;i) of term , cum,; m; is

i &rim; = (Gm),, or\ G actsoninput m, and the result is evaluated at readout
r* (G is understood for arrows away from r, G is understood for arrows toward
r, and \X" represeris an input m at a node). Using the diagram we seethat the
reversepermutation (i;Fg) givesriseto G m (evaluated at r). In Fig. 4b, permu-
tation (j; i;r) of term ~ ; cumri; mim; is G diag(m)G m, where diag(m) is
a diagonal matrix with m along the diagonal; the reverse permutation (r;i;j)

is Gdiag{m)Gm using the reverseddiagram. In Fig. 4c, permutation (r;i; j; k)
of term ik CUMeijk My jk has a loop, which represerts corntour intersection
(at node j = k) and arisesfrom the Kronecker delta i, which in turn comes

from the quadratic term in W. Termsthat have larger loops can require taking
componertwise products of operatorssuch asG G , and are neglecteddue to
the self-avoidingnessof the direction process.See[2] for details.

These diagrams are loosely analogousto Feynman diagrams, which support
perturbation calculations in statistical physics and quantum eld theory. Inde-
pendenly of this work, Ruderman [22, pp. 29{33] used Feynman diagrams to
calculate the posterior mean of an underlying signal obsened in Gaussianwhite
noise, where the perturbation is in terms of the non-Gaussianunderlying sig-
nal. In cortrast, the perturbation used here is due to the Gaussiannoise; the
underlying non-Gaussiansignal (the cirf ) is modeled exactly.
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Fig. 3. (Left) The Green's operator of the direction process(see 2); brightness indi-
cates averagetime spent at a site, given that processstarted near lower left, traveling
diagonally to the upper right (parameters: = 1=24 with 44 directions; = 100
throughout this paper). (Right) The self-avoidingness of the direction process:a com-
parison of averagenumber of returns to starting location for various Mark ov processes
(chains), plotted as a function of total contour length. The average number of returns
is at least one becausethe rst visit is included. Unlik e random walks on the line, in
the plane, or even in space, the average number of returns of the direction process
(\plane with orientation") doesnot increasewith contour length; the direction process
is therefore (approximately) self-avoiding. Spatial stepsize (x , etc.) is one, except

= 2 =(number of directions); also, throughout this paper unless speci ed
explicitly .
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Fig. 4. Diagrams dramatically simplied the cumulant permutation computations in
the lengthy derivation of the Volterra cirf Iters. Seetext.

Using this diagram-basedtechnigue, we obtained linear, quadratic, and cubic
Volterra lters which asymptotically approximate the posterior meanof the cirf .
Let a bdenotethe vector which is the componentwise product of vectorsa and
bie,(a b= ab.

Result 1 (High-noise MMSE Volterra CIRF Filters). Suppsethat the curve
indicator random eld U (for approximately self-avoiding Markov processes)is
corrupted with additive Gaussian white noise of variance 2 =: ! to produce
measurement vector m. Let := g; , wher is the averagecurve length. Then

the minimum mean squaed error estimate of U given m has the following ap-
proximate asymptotic exmnsionas ! 1 (! 0):



Linear Filter:
g = f1 2 + (Gm+ G m)g+ O( %+ 2) (4)
Quadratic Filter:

#? = f1 2 +322+ (1 2 )Gm+ G m)
+ 2(G diagim)Gm+ Gm G m+ G diag(m) G m)g
+O( *+ ?) (5)

Cubic Filter:

w® = f1 2 +322 433
+ (1 2 +322)(Gm+ G m)
+ 21 2 )G diag(m)Gm+ Gm G m+ G diag(m) G m)
+ 3(G diag(m) G diag(m) Gm + G diag(m) Gm G m
+Gm G diag(m) G m+ G diag(m) G diag(m) G m)g
+O( *+ %) (6)

These Iters compute quickly: by implementing the operator G in the Fourier
domain [2], its computational complexity is O(n logn) for the direction process,
where n = jl j. Since multiplying a diagonal matrix with a vector has O(n)
complexity, the net complexity for all of these Iters is therefore O(nlogn) for
the direction process.This is far better than for the generalk-th order Volterra
lters, which have O(n**1) complexity.

5 Results

Here we apply our high-noisemmseVolterra cirf lters to somenoisy synthetic
and real images.To test robustness,we evaluated responsesto image of a hori-
zontal straight line under varying noisevariance 3. For the sythetic imagesin
this paper, we mapped from the planar imageto a discrete 2 by copying
the imageto ead direction, sothat our measuremets m = m(x;y; ) werecon-
stant in . Noise was quanti ed using the peak signal-to-noiseratio (snr), or
101094 (1 max iy 2 2 (in decibels), for animagel having minumum value | i,

and maximum | nax . The 0 dB result is shown in Fig. 5 (left), shawing signi cant
noise cleaning (at ead (x;y), maximum responseover is shown). The error
between noisy and noisy-free responses(Fig. 5, right) shows improvemert for
increasing order of nonlinearity.

Next we tested the lter's responseon both open and closedcurves(Fig. 6).
Obsene that the responseis well resolved at the contour crossings;even though
we have no initial estimate of local direction. Fig. 7 is a more strenuous test
at contour crossings.Unlik e isotropic, nonhomogeneouspr even anisotropic dif-
fusion, the Volterra Iter performs smoothing along even overlapping contours,



Volterra cirf Filter Performance
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Fig. 5. Noisy image of a line (top left) is cleanedvia linear, quadratic, and cubic cirf

Iters (secondfrom top to bottom, respectively; parameters: = 10; = 0; = 1=10;
with 64 directions). (Right) Noise performance of the high-noise mmse Volterra Iters
in 2 . Plotted is the angle between the mean-shifted noisy and noise-free Iter

responsesfor each lter type and at eac noise level. Angle is measured between two
vectorsin . Notice the advantage of the cubic lter over the others.

and therefore the presenation of junctions is possible.In addition, quite power-
ful orientation-selectivity is apparernt (xed slicesof the responseare shown in
bottom rows). We studied the e ect of parameter variations in Fig. 8. For most
examples,we let 0 be small (usually 0) and let > 0 be about 10, although
the exact settings did not appear to have a great e ect.

To apply the Volterra Iters to real images, we set the lter input m to
be the (directional) output of a logical/llinear operator (with parameter degree
d= 0:1in Iverson'simplementation 4, and other valuesat their default), instead
of copying over direction. For the ship's wake in Fig. 9 (top left), we zoom
in the highlighted portion (top right) and then obtain logical/linear negative-
contrast line responsesand their thresholding (secondrow). Responsesto high-
noise Volterra Iters ( = 105, = 0; = 1=15; = 100, and 96 directions) is
shown in the bottom three rows of Fig. 9. Obsere how the many bogusresponses
in the thresholdedlocal responsesare not presert in the quadratic and cubic cirf
Iter responses. A prostate boundary is enhancedwith the cubic cirf Iter in
Fig. 10. Returning to our opening example of a noisy guide wire image (Fig. 1),
we seethat the cirf Volterra Iters reducenoisewhile enhancingthe guide wire
(Fig. 11).

4 Code and settings available at http://www.ai.sri.com/~leei/l oglin.html.



Noisy Image of Contours Linear cirf Filter Cubic cirf  Filter

Fig. 6. Filtering a noisy image of a circle with a diagonal line (top left, peak snr =4.2
dB) with linear and cubic cirf Iters (responsesat top certer and right, resp.). The
cubic response was thresholded and the resulting isosurfacein 2 is shawn from
dierent viewpoints (bottom, with 2 [0; )). The Iter is orientation selective and
separatesthe contours in 2 . Parameters were = 1055, = 0; = 1=5, with 32
directions.

6 Conclusion

In this paper we took a Bayesianestimation approach to contour enhancemen
at large noiselevels, wherewe usedan exact prior for imagesof curves,the cirf .
Exploiting both the high-noiselimit and the approximate self-avoidingnessof the
direction processmodel of random, smooth curves, we obtained mmse Volterra
Iters for contour enhancemen that run in O(nlogn) time, where n is the size
of the input. These lters perform well even for crossingor nearby curves,thus
this might be interpreted as an extension of anisotropic di usion ideas where
multiple local directions are allowed.
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Fig. 7. Crossing lines are teased apart with the cubic cirf Iters. From left to right
in top row: original image, image corrupted with additiv e white Gaussian noise (peak
snr=8 dB), and cubic cirf lter response (parameters were = 105, = 0; =
1=10; with 64 directions). Observe the noise reduction without merging the nearby
junctions, unlik e Gaussianblurring (Fig. 1). The direction-specic (i.e., without taking
the max over direction) cubic responses(middle row, left to right: = 0 ;:::;135)
and the corresponding thresholded responses (bottom row) reveal that the initially

strong responsesat the inappropriate directions are chiseled away by the action of the
Iter.

Fig. 8. The e ect of parameter varations. Since amounts to a simple threshold, we
only varied and in cubic cirf lter (6) applied to Fig. 6 (top left), asfollows: =0
(a,b,c), 1 (d,e,f), 50 (g,h,i); = 05 (a,d,g), 10.5 (b,e,h), 50 (c,f,i). At large , cubic
responses(g,h,i) resenbled linear response (Fig. 6, certer); otherwise, the cubic cirf
Iter wasinsensitive to parameter changes.
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Fig. 10. To nd the boundary of a prostate imaged with ultrasound (left), we obtained
blurred, directed local edgemeasuremeris (center, region around transducer and upper
corners were cropped out), and then applied the cubic cirf lter (right).
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Fig. 11. Finding a guide wire in the image of Fig. 1. Responsesto high-noise Volterra
cif lters ( = 105, = 0; = 100 = 1=10; with 64 directions). Observe how
the cubic Iter at = 1=10 enhancesthe guide wire, by increasing, not reducing,
contrast (cf. Fig. 1). To produce these two dimensional imagesfrom the actual discrete
(X;y; )-spaceresponses,the maximum over was taken.
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