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Abstract.  Here we model the e ect of non-overlapping voxels on image
registration, and show that a major defect of overlap-only models|their
limited capture range|can be alleviated. Theoretically, we introduce
a maximum likelihood model that combines histograms of overlapping
and non-overlapping voxels into a common joint distribution. The con-
vex problem for the joint distribution is solved via iterativ e application
of replicator equations that converge monotonically. We then focus on
rigidly aligning images with unknown translation, where we present a
fast FFT-based method for computing joint histograms for all relative
translations of an image pair. We then apply this method to standard
overlap-only information theoretic registration criteria such as mutual
information as well asto our variants that exploit non-overlap. Our ex-
perimental results show that global optima correspond to the correct
registration generally only when non-overlapping image regions are in-
cluded.

1 Intro duction

This paper addressesa long-standing complaint with intensity-basedimage reg-
istration methods: they generally corvergecorrectly only if givenan initial guess
within a limited \capture range" of the correct alignment. We are led to ask:
even if processingwere free but no initial guesswere given, do current regis-
tration criteria selectthe correct alignment? Unfortunately not, sincethe global
optima of information theoretic registration criteria such as entropy may be far
away from the correct result [5, p. R27]. Here we suggesta x.

Spurious global optima can arisewhen there is too little overlap of the image
pair for reliable estimation of the joint distribution of corresponding voxels. We
thus revisit the concept of overlap beginning in x2, where we review a common
probabilistic registration model that assumesfull overlap and which explains
why the joint histogram of the image pair can be used as an estimate of the
joint distribution of intensities of corresponding voxels. In x3, we generalizethis
model to allow for merely partial overlap, and it is here we seeterms in the
likelihood that depend on the non-overlapping voxels. The revised model gives
rise to ajoint distribution that tradeso the joint histogram on the overlapping
voxels with univariate histograms from the non-overlapping voxels, unlike [7,
9]. In x4, we solve for this joint distribution using a monotonically-convergert
iterativ e scheme, i.e., where no step sizeis required.



To solve for the alignmert itself, we focuson the caseof unknown translation.
In x5, we compute the glokally optimal alignment to within one voxel using a
fast FFT-based method for computing joint and non-overlap histograms over all
translations. This alsomakesit practical to visualize various registration criteria
over the ertire setof transformations, not only thosewithin alocal neighborhood
of a potential solution. These complex registration landscapes (x6) highlight
the diculties that registration seard strategies must confront, and put into
question the feasibility of local seard for fully automatic (full capture range)
image registration. We suggestthat global methods not basedon local seart
will be necessaryn the absenceof a good initial guess.In hindsight, the standard
practice of ignoring the non-overlap seemsstrange sinceit usesdi erent image
data to evaluate competing alignments that dier in overlap. This violates the
principle that all hypothesesbe comparedusing the sameinformation.

2 Idealized Registration Con guration: Full Overlap

To introduce our argumert and notation, we start with the simpler situation
where the e ects of overlap areignored. Let u: X ! f1;:::;;Mgandv:Y !

cardinality set of possiblevoxels (locations) and M (resp. N) is the number of
possibleintensities for image u (resp. v). Typically, X and Y are the vertices
of a nite lattice in 2- or 3-dimensions.Thus ux = u(x) is the intensity (in the

The goal of intensity-based image registration is to optimally choose that
spatial transformation y = T(x) that maps between the two image regions so
that ux and v (x), the intensities at corresponding voxelsx and T(x), arein some
sensecorrelated, suggestingthat their joint distribution will be important. We
assumethat the intensities for pairs of corresponding voxels are independert and
identically distributed (11D), i.e., if x°6 x, then (ux; VT (xy) and (uxo; vt (xo)) are
IID, eadh pair having joint distribution (probability massfunction) p(m;n) =

the mapping T : X ! Y isone-to-oneand onto, the likelihood (joint probabilit y)
of the two imagesis therefore

Probf u; vjfull overlapg = P(Ux; VT (x));
x2 X
and the log likelihood is
X
L = log p(ux; Vr (x)): 1)
x2 X

P
Recall the identity |, (k;n) = 1, where the Kronecker delta function (k;n)
is equalto 1 if k = n and is 0 otherwise. We apply this identit y twice to obtain
" " #

X X
L = (uy; m) (Vr(x):n) logp(ux; VT (x)): )

X2 X m n



By changing the order of summation (permissible becauseall sumsare nite),
we can write
X

X
Lt = @pn 10gPmn; Whereal, = amn = (Ux;m) (vrxy;n) (3)
m;n x2X

is the joint histogram (raw, unnormalized courts) lgf intensity pairs at corre-
sponding voxelsfor transformation T. Obserethat .. amn = jX], the num-
ber of voxelsin X . To determine the unknown joint distribution p, we solve an
optimization problem: maximizing the (log) likelihood. We rst show Ly is well
behaved, and then shaw the solution is the normalized histogram.

Prop osition 1. Lgy is a concave function of p.

Proof. Obsenein (3) that Ly, is a nonnegatively-weighted sum of the concave
function log [4]. 2

Let S be the simplex of distributions !

S:=fp2RMN:
S){n;n 0;8m; n; [Nonnegativity constraint] 4)
Pmn = 1g: [Normalization constraint] (5)
m:n

Obsene that setS is convex.

Prop osition 2. Fix transformation T and suppseay,,, > 0; for all m; n. Then
normalized histogram p = a' 5Xj is the glokal optimum of the convex problem

mngfu” (T;p) subjetto p2 S:

Proof. We rst ignore the nonnegativity constraint but later ched that it is sat-
is ed. Applying the method of Lagrangemultipliers to the constrained optimiza-
tion problem (now with only the normalization equality Constrainbhaving the La-
grangemultiplier ), we seekthe maximumof (p; )= Lun+ ( .y Pmn 1)
Recall that the rst-order necessaryconditions for optimality are obtained by
setting to zerothe partial derivativesof with respectto the unknowns. Di er-

ertiating W.rt. pmn , wegetal., =p,, + = 0; and thereforep,, = al.,= .
Di erelgtiating w.rt. we getthe normalization constraint (5), and thus p,,,, =
ann= 8 = amn X . Sinceay,, is strictly positive, sois py,, , and there-
fore the nonnegativity constraint is not active at p and can be ignored. Since
L is concavein p, the unique stationary point p is the global maximizer. 2

The following consequencef Prop. 2 may be viewed as a justi cation, rst
shown in [7], for the use of minimum entropy for (fully overlapping) image reg-
istration: the transformation T that minimizes the empirical entropy of distri-
bution a’ 5jX j maximizesthe likelihood.

Corollary 1. Ly, (T) := maxp L (T;p) = j Xjentropy(a’ 5Xj):

! Here all distributions are normalized and histograms are unnormalized, unless oth-
erwise stated.



3 Realistic Registration Con guration: Partial Overlap

Now we include the e ect of partial overlap of the two images.There are three
regionsto consider:(a) the voxelsthat overlap, asbefore;(b) the voxelsin image
u that do not map to voxelsin image v; and (c) the voxelsin image v that do
not get mapped to from image u. Even if the only dependenciesare between
corresponding voxel intensities, as before, what distributions should be usedfor
the non-overlapping regions (b) and (c)? We suggestthat no new information
about the non-overlapping voxels should be assumed;a non-overlapping voxel is
to be treated just the sameas an overlapping voxel pair, but where one voxel of
the pair was not obsenred. In other words, the reasonwhy there are no corre-
sponding v-voxels for the non-overlapping u-voxels is that we have limited our
region of interest (ROI) for image v, and vice versa. Thus we obtain the prob-
ability for intensity uy at non-overlapping voxel x by marginalizing the joint
distribution: sum the joint probability of uy and vy over all possible values of
the unknown vy. Speci cally, if p(m;n) = pm;n is the joint distribution for in-
tensitiesuy = m and vy = n at corresponding voxelsx andy, then the intensity
Uy = m abnon-overlapping voxel x is distributed accordingto the marginal dis-
tribution | p(m; n). Similarly, the intensity vy = n at non-overlapping voxel y
is distributed accordingto the marginal distribution ~  p(m;n).

Region X Region

Y\T(A )

Image v

Fig. 1. Partially overlapping imagesu and v represert di erent regions of interest in
the patient. Seetext for notation.

When we explicitly consider partial overlap, both the domain of de nition
and the mapping rule can vary (Fig. 1); thus the alignment transformation is
T:Atr ! Y,wheredomain At X is the set of voxelsin image u that map
to voxelsin imagev. Note that T(At) Y is the setof voxelsin image v that
get mapped to. Thus the non-overlapping portion of imageu is X nAr, i.e.,
everything in X but At; similarly, the non-overlapping part of image v(y) is
Y nT(At). Again assuminglID distributions, the probability of the image pair



u; v at transformation T is
Probf u; vjpartial overlgpg
n #

Y Y X Y X
= pUiVry) 4 p(u;n)d 4 p(m; vy)S
X2AT X2XnAt n y2YnT(At) m

3 2 3

Again using the Kronecker identit y and changing order of summation asin the
fully-overlapping case,the log likelihood is
X

L partial = |ng(ux;VT(x))
X2Aty X X X
+ log  p(ux;n) + log  p(m;vy) (6)
X2 X nAt n y2YnT (A7) m
= a;;n log Pm;n
m;n
X T X X T X
+ by, log Pm;n + c, log Pm;n ; (7)
m n n m
where we de ne X
amn = 8mn = (ux;m) (Vr(x);n) ®)
Bl = by = (ux; m) 9)
X2X nAT
T X
o =gy = (VT (x);N); (10)
y2YnT(AT)

the (T -dependert) joint histogram for the overlapping region, and the histograms
for the non-overlapping regions of image u and v, respectively. Again we can
maximize this likelihood L paiai to determine the unknown joint distribution

p. But unlike x2, clearly somesort of numerical optimization will be neededto
compute this p 2 S: we have to trade o the e ects of the overlapping versus
the non-overlapping histograms. Fortunately, objective function L paria  is well-
behaved, leading to a corvex problem for p.

Prop osition 3. Lpatiar IS & concave function of p.

P P
Proof. Sincelogis concareand Pm;n isane inp, their compositionlog |, Pmn
is concave in p; similarly for log ., Pmn [4]. Thus, Lpaiar , @ Nnonnegatively-
weighted sum of concave functions, is concave. 2

Beforeintroducing our optimization strategy in x4, we suggesthow this optimal
p be used.

Prop osal 1 (Non-Ov erlap Imp erativ €) Given partial ly overlapping images
u and v, to evaluateinformation-theoretic image comparison measures such as
joint entropy and mutual information, use the distribution p that maximizes
Lpartiar  instead of the overlap-only-asel normalized joint histogram.



4 Replicator Equations for Combining Histograms

Now we presert an iterativ e method for estimating the distribution p that max-
imizes the log likelihood L paiar  for partial overlap. We suppressT for now as
it will be optimized for after we have optimized for p at eadh xed T. Sinceour
problem is to maximize concave L patiai  OvVer corvex set S, we could attempt
to exploit the arsenal of corvex programming. Instead, we suggestan iterativ e
technique with a simple implementation, where the iteration costis low (unlik e
other second-ordermethods that might apply) and which requires no tuning of
parametersat all. Speci cally, the replicator equations for updated distribu-
tion p°are similar to a gradient ascer on the log likelihood, exceptthe gradient
multiplicativ elyjnot additively|lup dates the previous distribution p, and the
result is normalized to sum to oneto remain in the simplex of distributions:

B, = PPmn-mn Lmn . where Ly = @parial _ 3mn , p P, pG
' ij P Li; @min Pm;n j Pmi i Pin

(11)
Obsenwe that this simplex-preservingmultiplicativ e update method convergesin
one step to the the result in Prop. 2 if band c are both zero. More importantly,
in contrast to the undesirableinstabilit y of (additiv e) gradient ascent whentoo
large a step sizeis chosen,eath multiplicativ e update increaseshe log lik elihood
without chaosing a step size

De nition 1. Continuous mappingf : D ! D is growth transformation
for objective function :D ! Rif (f(p) (p), for all p2 D.

The conceptof growth transformation wasusedin papers by Baum and cowork-
ers [2,3] and Pelillo [6] to characterize the dynamics of replicator equations,
which are a particular classof relaxation labeling processeg8], for certain poly-
nomial objective functions that arise in ewolutionary game theory, computer
vision and parameter estimation for Markov chains. Although our objective func-
tion Lparia IS NoN-polynomial, we have obtained the sameresult.

Prop osition 4. Update (11) is a growth transformation for L pariar : S! R.

Explicitly , this states that L partal (P L partial (p), for any distribution p 2 S
and its update p° from (11): we can depend on the update to monotonically
improve the log likelihood. We have proved Prop. 4 using the log-sum and
arithmetic-geometric meansinequalities [1].

Becausethe replicator equationsdescribe a growth transformation for L partial
the choiceof initial distribution pP that starts the iterations is unimportant, but
to avoid degeneraciesve suggestthat all componerts be non-zero. We use the
normalized version of overlap histogram a asthe initial condition in our experi-
merts. To maximize L pariai , We iterativ ely apply the replicator equations until
a termination condition is satis ed. In our experiments, we simply stopped after
completing only two iterations.



5 FFTs for Global Optimization of Translation

Designersof information theoretic objective functions for imageregistration have
not insisted that global optima approximate the true solution, and have instead
focusedon local optima. Perhapsthis bias stemsfrom the seemingintractabilit y
of computing the global optimum. To illustrate, even when T is restricted to a
translation and n = jXj 10° to 10° is the number of voxels, O(n) operations
arerequired to computethe joint histogram at ead of O(n) possibletranslations,
for an apparert total of O(n?) operationsto nd the global optimum! Thesetwo
onerousO(n) are usually [10] reducedto O(1) by (i) using statistical sampling
to approximate the joint distribution and (ii) abandoning global optimization
entirely for local, greedy seard.

Herewe intro duce a method to allow exact global optimization of translation
for information theoretic objectivesin only O(k nlogn) operations, where k =
M N is the number of bins in the joint histogram. This technique applies to
both the full overlap and partial overlap likelihoods, aswell asto any registration
method that that requirescomputation of the joint distribution, such asentropy,
mutual information [10], and normalized mutual information [9]. The trade-o
is histogram resolution for image resolution, which is often acceptablebecause
the joint histogram requires crude quantization just to maintain sucient bin
courts for reliabilit y.

The main idea isPthat the (m; n)-th bin of the joint histogram is the cross-
correlation aj,, = , f(x)g(x + t) =1 corrig(t) betweentwo binary vectors
f(x) := (ux;m)andg(y) = (vy;n), wherey = T(x) := x+ t for translation t.
The translation is a 2- or 3-dimensionalvector depending on the dimensionality
of imagesu and v. Zero-paddingf and g to an appropriate sizel? or I3 for 2-
or 3-d, resp., we can avoid wrap around artifacts in assumingtheir periodicity,
and thus apply Fourier methods. Spegi cally, if the discrete Fourier transform
of f at frequencyvector! isf(!):=  f(x)e 2" *;andz isthe complex
conjugateof z 2 C, we know that dorrs (! ) = * (1)§(! ): Thusfor the (m; n)-th
bin, computing aL;n over all translations takesO(n logn) work using the FFT.
By performing this over all k bins we can calculate the joint histogram over all
translations in O(k nlogn) time.

The non-overlap histograms b’ and c™ require a similar approad, because
they depend on the non-constart region of overlap At. (We cannot simply com-
pute the histograms for eac image; we needa histogram for eac possibleover-
lap.) For b", our computation is basedon a cross-correlationbetweenf and a
mask (of ones)the size of image v. For c', the cross-correlationis between a
u-sizedmask and g. Each alsorequires O(k nlogn) computations.

Given the overlap and non-overlap histograms, for ead translation we can
solve the optimization problem for p in x4 with O(k) work, and all translations
with O(kn) work. Evaluating any of the optimization criteria L, L partial »
entropy, mutual information or normalized mutual information is only O(k n)
more work and the selection of its global optimum takes O(n) time for a grand
total of O(k nlogn) operations.



6 Exp erimental Results

To test the e ect of including non-overlapping image portions, we evaluated
seweral registration criteria over all 2-d translations, thus computing a \reg-
istration landscape". For joint distribution estimates using overlapping image
portions only, the criteria included mutual information, normalized mutual in-
formation, and L, . For the non-overlap-basedjoint distribution computed by
optimizing Lpatia W.r.t. p, these criteria, as well as L paria , Were also used
to form landscapes. For joint disggbution d = (Gmn )s Ift,he formula for mutual
information is Ml (q) = erntropy ( , Gn;n ) + entropy (|, Gnin ) I:gzrtropy(q),
and for rprmalized mutual information it is NMI (q) = [ertropy (., Onn) +
entropy (-, Gm;n )]=ertropy (). All joint histograms had 16 uniformly-spaced
bins to which we added 0.1 to avoid degeneracy Computations (in Numeri-
cal Python under GNU/Lin ux) used up to 0.5GB and took tens of seconds
on a 2.4GHz Intel Xeon. We began with a synthetic example where eat im-
age started as a common uniform(0,1) noise eld, to which independen uni-
form(0,1) noise was added (Fig. 2). Figs. 3, 4, and 5 show registration re-
sults for T1-, T2-, and PD-weighted MRIs of the same brain (images from
http://www.bic.mni.mcgill.ca/brain web). To combat the spatially nonhomoge-
neous statistics induced by the black background, the imagesin Fig. 4 and 5
were thresholded at 2 out 256 gray levels, and the supra-threshold mask was
regularized by morphologically closing and then opening by a 3-pixel disk, with
the background of the resulting masked image indicated by a chederboard. His-
tograms were then computed using only non-badkground pixels. In cortrast to
the concave dependencyof L paiar and Ly on distribution p, obsene that the
landscapes are highly non-concave functions of translation T. Thus it will be
dicult to signicantly increasethe capture range of standard methods that
locally seard for T. Unsurprisingly, local seard usually nds only local optima.
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Fig. 3. T2- and PD-weighted MRIs images of human head with restricted ROIs. Top
3x3 image grid shows erntire registration landscapes (seeFig. 2 for explanation), while
bottom 3x3 grid shows zoom of vicinity of ground truth showing nearby local peak.
Most current registration methods use a local seard strategy for nding this peak.
However, the many spurious peaks, especially in overlap-only landscapes, confound
local seard unless a close initial guessis provided. The large background in image v
is a major violation of the homogeneity/l ID assumption. Fig. 5 reducesthese artifacts
by automatically masking out the background.
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Fig. 4. T2- and PD-weighted MRIs images of human head with restricted ROIs, with
background elimination via thresholding. Chedkerboard indicates background, which
was masked out of histogram computations to ensure greater statistical spatial ho-
mogeneity. Registration landscapes using non-overlap pixels (middle row and bottom
right) have correct global optima; overlap-only landscapes still have only correct local
optima.
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Fig. 5. T2- and PD-weighted MRIs (top 3x3 grid) and T2- and T1l-weighted MRIs
(bottom 3x3 grid), with full ROI and background-elimination. The spurious global
optima for overlap-only landscapes occur on the outer rim of the Mink owski sum of
the masks of the two brain regions and are due to small sample e ects, similar to
the noisy corner/b order responsesin Fig. 2. Registration landscapesusing non-overlap
pixels here also have correct global optima, as well as much smoother responsein the
periphery.



