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Ab ar ov process model for contour curvature is introduced via a stoc astic dif
ferential e uation e analy e t e distri ution of suc curves, and s ow t at its mode is t e
Euler spiral, a curve minimi ing ¢ anges in curvature To pro a ilistically en ance noisy and
low contrast curve images e g, edge and line operator responses , we com ine t is curvature
process wit t e curve indicator random eld, w ic is a prior for ideal curve images n partic
ular, we provide an e pression for a nonlinear, minimum mean s uare error lter t at re uires
t e solution of two elliptic partial di erential e uations nitial computations are reported,
ig lig ting ow t e lter is curvature selective, even w en curvature is a sent in t e input

Images are ambiguous. ne unp easant conse uence o t is singu ar actist at e cannot compute
contours it out making assumptions about image structure. Inspired b  estat ps c oog 1 ,
most previous ork as de ned t is structure as good continuit in orientation, t at is to sa ,
curves it var ing orientation ig curvature are re ected, and, converse , straig ter curves
are en anced. isis natura p rased in terms o an energ unctiona on curves t at minimi es
curvature. In t is paper, e present astoc astic mode t at instead aims to en orce good continuation
in curvature, and t us minimi es changes in curvature.

o understand e beieve t at good continuation in curvature is important, imagine t e
situation o a bug tr ing to track t e contour in Fig. 1. Suppose t e bug is specia in t at it
can on  searc  Or its ne t piece o contour in a cone in ront o it centered around its current
predicted position and direction i.e., orientation it poarit 2, . isstrateg is appropriate
So ong as t e contour is re ative straig t. o ever, ent e bugis on a portion o t e contour
veering to t e rig t,it 1 constant aste time searc ing to t e et, per aps even mistracking
comp ete i t e curvature is too arge. In estimation terms, t e errors o our searc ing bug are
corre ated, ate taecuet att e assumption t at t e contour is straig t is biased. A good mode

oudon ead to an unavoidab e uncorre ated error. We present a  arkov process t at mode s
not on t e contour s direction, but a so its oca curvature.

It ma appear t at one ma avoid t ese prob ems atoget er b a o ing a ig er bound on
curvature. o ever,t is orcest e bug to spend more time searc ing in a arger cone. In stoc astic
terms, t is arger cone is amounts to asserting t at t e current position, direction state as a

eaker in uence ont ene t state in ot er ords,t e prior on contour s apeis eaker ess peaked



C

istrac ing wit out curvature ug grey dot attempts to trac t e contour, loo ing int e
cone of searc directions centered around its current direction t point a , t e curve is straig t and t e
ug is successful, alt oug at ,curveis veeringtot erig t andt e ugcan arely still trac t c,te
curvature is so ig t at trac ing fails etter model would e plicitly include t e curvature of t e contour,
givingrise toa ent searc cone d fort e ug T esamedi culty arises in contour en ancement, w ic
is t e application considered in t is paper

or broader . ut a eaker prior i be ess ab e to counteract a eak ikei ood ig noise it i
not be robust to noise. = us e must accept t at good continuation mode s ased ony on contour
direction are orced to choose et een a o ing high cur ature or high noise t e cannot ave it
bot a s.
At oug stud ing curvature is ard ne in vision, mode ing it probabi istica is. In ,2
1 and , 1 ., measuring curvature in images ast e ke probem.In 1 | curvature is used
or smoot interpo ations, o o ing on t e ork on e astica in 20,10 and ater 1 . e cosest
ork in spirit to t isis re a ation abeing 2 | severa app ications o ic inc ude a deterministic
orm o curvature 1 ,11. arkovrandom eds or contour en ancement using orientation 1 and
co circu arit  ,21 ave been suggested, but t ese ave no comp ete stoc astic mode o individua
curves. e e picit stud o stoc astic but direction on modes o visua contours as initiated
b  umord 1 and as been an e tended e ort o Wi iams and co orkers 22,2
is paper is organi ed as o o s. We rst introduce a curvature random process and its di u
sion e uation et en present e amp e impu se responses, ic act iket e bent searc cones.
Second, e reatet e mode o t e distribution or t e curvature process to an energ unctiona
on smoot curves. Ne t erevie a mode o an idea curve image e.g., per ect edge operator
responses ca ed t e curve indicator random ed I F, ic as introduced in 2 and t eo
retica deveopedin 1,butint econte to um ord s direction process 1 . ere eapp t e
I F tot e curvature process, and t en report a minimum mean s uare error ter or en ancing
image contours. We conc ude it some e amp e computations.

eca t at a p anar curve is a unction taking a parameter to a point int epane
. Its direction is de ned as arg 1 ere t e dot denotes di erentiation it respect
serve in t e road trac ing e amples in 6 ow all t e roads ave fairly low curvature ile t is is

realistic in at regions suc as t e area of rance considered, ot ers, more mountainous per aps, ave
roads t at wind in t e illsides



tot earc engt parameter 1is assumed . urvature ise ua to ,t erateo c ange
o direction.
No e introduce a arkov process t at resuts rom making curvature a ro nian motion.
et be random , it reai ation . ongsider t e
0 o ing stoc astic di erentia e uation

cos sin
ere is t e standard deviation in curvature ¢ ange see and denotes standard
ro nian motion. e corresponding Fokker ank partia di erentia e uation E , describing

t e di usion o a partic e s probabi it densit , is

— ——— c¢cos — sin — — 1

2

—— cos sin 0

2
ere 0 t e conditiona probabiit densit t at t e
partic eis ocated at at time givent atit startedat attime0O. bservet att is  E describes
probabi it transportint e cos sin 0 direction at point ,and di usionin .An
e tra deca term 1 ,22 is aso incuded to penaie engt see . We avesovedt is paraboic

e uationb rstana tica integratingt e time variab e andt en discrete computingt e so ution
tot eremaining e iptic E. etais i bereportedin 1. See Fig.2 or e amp e time integrated
transition densities.

02 01 0 01 02

Curvature di usions for various initial curvatures or all cases t e initial position of t e particle
is an impulse centered vertically on t e left, directed ori ontally to t e rig t S own is t e time integral
of t e transition density of t e ar ov process in curvature 1 , integrated over direction and curvature

t erefore, t e rig tness displayed at position indicates t e e pected time t at t e particle spent
in nly a linear scaling is performed for displays in t is paper no logarit mic or ot er nonlinear
transformation in intensity is ta en serve t at t e solution veers according to curvature, as soug t in
t e ntroduction Contrast t is wit t e straig t searc cone in ig T e PDE was solved on a discrete
grid of si e 2 2 2 5, wit 001 and an e ponential decay of ¢ aracteristic lengt 10 see

for lengt distri ution

Capitals will often e used to denote random varia les, wit t e corresponding letter in lower case denoting
a reali ation However, capitals are also used to denote operators later in t e paper



0 get more insig t into our random process in curvature, consider one 0 t e simp est aspects o its
probabi it distribution its mode. First, et us consider t e situation or um ord s direction based
random process in , Or

CcOoS sin

ere ist e standard deviation in curvature and isstandard ro nian motion. is process
ast e o o ing Fokker ank di usion e uation

— —— c¢cos — sin — 2
2
ere is t e transition densit or time .As wumord ass o n 1 ,t emodeo
t e distribution o t is direction process is described b e astica, or p anar curves t at minimi et e
0 0 ing unctiona

ere and are nonnegative constants. Wit suc an eegant e pression or t e mode o t e
um ord process, e ask Ist ere a corresponding unctiona or t e curvature process I so, at
is its orm

0

Solutions to umford s di usion E uation 2 was integrated over time and t en solved for a slig tly
lurred impulseona 0 0 grid, wit parameters 12 100, and at discrete directions 0 left
and rig t Depictedist eintegral over ,croppedslig tly T e met od used 1 responds accurately at all
directions Note t at t ese responses are straig t, analogous t e searc cone descri ed in t e ntroduction

iven t eir initial direction, particles governed y t e direction process move roug ly straig t a ead, in
contrast to t ose descri ed y our curvature process ig 2

oans ert ese uestions, e o o a ineo ana sisdirect anaogousto umord 1 . First,
e discreti e our random curve into  subsections. en e rite out t e distribution and observe
t e discreti ation o a certain integra t at i orm our desired energ unctiona .

is also called space, t e unit tangent undle, and orientation space 1



Suppose our random curve rom t e curvature process as engt , distributed it t ee
ponentia densit ep , and independent o t e s ape o t e contour. Eac
stepo t e ink appro imation to t e curve as engt . sing t e de nitiono t e

derivatives, or e amp e,

e can make t e appro imation eca ing t e stoc astic di erentia e uation
1, et ereore ett e curvature process be appro imated in discrete time b

CoS sin
ere 1 . ecause ro nianmotion asindependentincrements ose standard deviation
gro s it t es uare root o t etime increment ,t e c ange in curvature or t e discrete
process becomes
ere is an independent and identica  distributed set o 0 mean, aussian random variab es
o standard deviation . et t e discrete contour be denoted b
0
iven an initia point ,t e probabiit densit ort e ot er points is
e 2 ep —
P 2
ic , b substitution, is proportiona to
1
€p 5
2
We immediate recogni e ——— as an appro imation to — and so e conc ude t at
as
ere t e energ o continuous curve is
ere 2 and
a imi ers o t e distribution or t e curvature random process are p anar curves t at
minimi e 0 t e energ unctiona . Suc curves are kno n as Euer spiras, and ave been
studied recent in 1 . A ke aspect o t e Euer spira unctiona is t at it penai es changes

in curvature, pre erring curves it so var ing curvature. In contrast, t e e astica unctiona
penai es curvature itse , and t ereore a 0o s on reative straig t curves,tot e disma o t e
imaginar bug o t e Introduction.



iven our stoc astic s ape mode or contours, e no introducet e cur e indicator random ed
I F, ic natura capturest enotiono anidea curveimage, and provides a precise de nition
ort ekindo output e oud ike rom an edge operator, ore ampe. oug ,t israndom edis
non ero va ued a ongt etruecontours,and ero vauedese ere. eactua measurededge ine
map is t en vie ed as an imper ect 1 F, corrupted b noise, b ur, etc. e goa o tering, t en,
is to estimate t etrue I F givent e imper ect one. For comp eteness, erevie t et eor o t e
I Fno proosand more detais can be ound in 1.

For generait , e s a de ne t e curve indicator random ed or an continuous time arkov

process 0 taking va ues in a nite or at most countab e set o cardina it . Asin
, t e random variabe is e ponentia  distributed it mean va ue 0, and represents t e
engt o acontour. oensuret e nitenesso t ee pressionst at o o , e assume . Sites
or states it in i be denoted and . ink o as a discrete appro imation to t e state
space ere t e curvature random process takes va ues. et 1 denote
t e indicator unction t at takes on vaue 1 i is true, and t e vaue 0 ot er ise. Wit

t ese notations e de net e cur e indicator random ed or a sing e cur e to be
1

bserve t at is t ¢ random amount o time t at t e arkov process spent in state . In
particuar, is erounesst e arkov process passed t roug site .Int e conte t o ro nian
motion or ot er s mmetric processes, is various kno n ast e occupation measure or t e oca
time o ,

enera i ing to mu tip e curves, e pick a random number , oisson distributed it average
vaue . Wet en ¢ oose independent copies o t e arkov process , it
independent engt s , eac distributed as . ode net e mutipe curve I F, e
take t e superposition o t e singe curve I Fs ort e curves.

he cur e indicator random ed is de ned to e

us ist etota amount o timet ata o t e arkov processes spent in site . Again, observe
t at t is de nition satis es our desiderata or an idea edge inemap 1 non erovaue eret e
contours are, and 2 erovaueese ere. e probabiit distribution o i become our prior
or in erence.

robabi istic mode s in vision and pattern recognition ave been speci ed in a number o a s. For
e amp e, arkov random ed modes are speci ed via ci ue potentias and aussian mode s



are speci ed via means and covariances. ere, instead o providing t e distribution o t e curve
indicator random e d itse , e report its moment generating unctiona , rom ic a moments
can be computed straig t or ard
e ore doing so, eneed to deve op more arkov processt eor . We rstde net einner product
e generator o t e arkov process ist e matri and is
t e instantaneous rate o ¢ ange o t e probabiit transition matri or .Fort e
curvature process, e et be a discreti ation o t e partia di erentia operator on t e rig t and
sideo 1,or

- cos — sin — — curvature process ,

and or t e direction process, ist e discreti ation o t e corresponding operator in 2 , or

- cos — sin — direction process
oincude t e e ponentia distribution over t e ietime o eac partice, e constructa i ed
arkov process it generator . Forma , edot isb adding a singe deat
state tot e discrete state space . W en ,t e process enters and it cannot eave. Sig t
¢ anging our notation, es a no use tomeant eki ed arkovprocess it generator . e
reen s unction matri o t e arkov processist e matri
ere denotest e matri e ponentia o matri . e entr int e reens
unction matri represents t e e pected amount o timet att e arkov processspentin be ore
deat , given t at t e process started in . necans o t at . iven a vector
avingsu cient sma entries , ede net e reens unction matri it spatia var ing
creation ast e reens unction matri ort eki ed arkovprocess it e traki ing ,i.e.,
aving generator diag , ere diag is a diagona matri it t e entries o vector
aongt e diagona in particu ar, diag
eca ingt at eac arkov process is distributed as , et t e oint distribution
o0 t einitia and na states o be

ere and are vectors in eig ting initia and na states, respective , and
ist e imit o or approac ing rombeo . ereore,vectors and mustsatis t e
norma ization constraint 1. For genera purpose contour en ancement, et pica ave
no a priori pre erence or t e start and end ocations o eac contour, and so e set t ese vectors
proportiona to t e constant vector 1 1 For e ampe, b setting ,
t e normai ation constraint is satis ed.
e o o ing ke t eoretica resut is used in t is paper but is deve oped in 1, and is most
cose reatedtot e orko nkin

he moment generating unctiona o the cur e indicator random ed s
€p €p

W iet is resut ma seem abstract, it is actua ver useu. et denote t e transpose o
From rop.1 eobtaint e rstt ocumuantso t e I F 2



Suppose the he mean o the cur e indicator random ed
18 he co ariance matri o 18 COV

Severa coumns o t e covariance matri or t e curvature process are i ustrated in Fig. , b
taking its impu se response or severa positions, directions and curvatures. In addition, using rop. 1



it site ,and 0 ot er ise, and so  is a binar random ed on . Int is paper e consider

conditiona independent, oca ikei oods .Fo o ing ,2 ,
e consider t o distributions over measurements at site 1 and
0 toos2 tatn n No et bet eaverage

amount o time spent b t e arkov processes in a site, given t at t e site as it observe t at

and are t ere ore e ua on average. is suggests t at e rep ace it above to
generate a ikei ood in , in particu ar,

n ere n
Ass o nin 1,t e posterior mean in t is case becomes
— €D
ere ist esoution tot e or ard e uation
diag 0
and ist e so ution to t e back ard e uation
diag 0

Note t at e uations and are inear s stems in 0 ever, since , eret e
generator is t e discreti ation o an e iptic partia di erentia operator, e vie t e or ard
and back ard e uations as inear e iptic partia di erentia e uations, b rep acing it its
undiscreti ed counterpart, and and it corresponding possib generai ed unctions
on a continuum, suc as or t e direction process, or or t e curvature process.

bserve t at t o non inearities arise in t is posterior mean in e uation . First, t ere is a
product o t e or ard and back ard so utions. Second, at oug bot t e or ard and back ard
e uations are inear, t e represent non inear mappings rom input to output or . For
e ampe,it o0 0 st at diag diag i.e., isapo nomia and

t us non inear unction o t e input

We ave imp emented a pre iminar versiono t e I F posterior mean ter. For our initia e per
imentation, e adopted a standard additive  ite aussian noise mode ort e ikei ood

As a conse uence, e ave , a simp e trans ormation o t einput , ere and
are constants. e direction dependent input asset tot eresut o ogica inear edge
and ine operators 12. eoutputo t e ogica inear operator as inear interpo ated to a man
directions as necessar . For direction on tering, t is input interpo ation as su cient, but not
or t e curvature based tering, as cur ature as not direct y measured in the image instead, t e
directed ogica inear response as simp copied over a curvature va ues, i.e., t e input as

T is is analogous to t e source sin product in t e stoc astic completion eld 22



constant as a unction o curvature. e imit o t e invertibiit o diag and its transpose as
used to set 1. etec ni ueused tosovet e or ard and back ard I F e uations ort e
curvature process in i bereportedin 1, and are a generai ationo t e met od used or
t e or ardand back ard I F e uations ort e wum ord direction processin 1, ic
isasoused ere. arameter settings ere 1 . edirection process based
I F assovedonagridt esi eo t egivenimagebut it 2 directions. For t e curvature based
I F tering, ver e curvatures ereused or in order to keep do n computation times in

our unoptimi ed imp ementation. ness e state ot er ise,a  tering responses ic are eds
over eit er discrete space or discrete space are s o n summed over a variab es
e cept

For our rst e ampe, e considered a b ood ce image Fig. , top . o i ustrate robustness,
noise as added to asma portiono t eimaget at containedt oce s top et ,and as processed
it t e ogica inear edge operator at t e de aut settings . eresut as rst tered usingt e
I F posterior mean based on um ord s direction process top center . espite using t o ver
di erent bounds on curvature, t e direction based tering cannot c ose t e b ood ce boundaries
appropriate . In contrast, t e I F posterior mean it t e curvature process top rig t as
more e ective at orming a comp ete boundar . o i ustrate in more detai, e pottedt e ter

responses or t e direction based ter at 002 or o t e 2 discrete directions in t e
midd e o Fig. . e brig tness in eac o t e sub images is proportiona to t e response or
t at particu ar direction as a unction o position . bservet e over straig teninge ects o n

b t e eongated responses. e curvature ter responses ere p otted as a unction o direction
and curvature bottom . espite t e input aving been constant as a unction o curvature, t e
resut s o s cur ature se ecti ity. Indeed, one can cear seeint e Oro Fig. ,bottom t at
t e boundar o t e top et bood ce is traced out in a counter c ock ise manner. In t e 0
ro ,t e same ce is traced out in t e opposite manner. Since t e parameteri ation o t e curve
is ost en orming its image, e cannot kno ic a t econtour as traversed our resut is
consistent it bot a s. eresponse ort e o errig t bood ce  as some at eaker but
ua itative simiar. nike t e direction on process, t e curvature process can e ective dea
it ig  curved contours.

For our ne t e ampe, e took t o subimages o a o contrast angiogram top o Fig.
sub images rom et and top rig t o origina . e rst subimage top et contained a straig t
structure, ic asen anced b our curvature based I F ter summed responses at top rig t .

e distinct responses at separate directions and curvatures s o curvature se ectivit as e , since
t e straig t curvature at ad t e greatest response center . e second sub image bottom
et 0 a oop structure a so produced a reasonab e ter response bottom rig t t e individua
responses bottom asos o some curvature se ectivit .

As argued in t e Introduction, t e bug it a direction on searc cone ou d mistrack on a

contour as curvature bui ds up. o maket is point computationa , e consider an image top et o
Fig. o an Euer spira e tending rom a straig t ine segment. bservet att e contour curvature
begins at ero straig t segment and t en buids up gradua . o produce a dimensiona input

to our direction based ter, t is origina 2 d image as copied to a directions i.e.,

Code and settings availa le at ttp www aisricom leei loglin tml
e used formula 16 of 1imia et al 1 , and created t e plot in at ematica wit all parameters 0,
e cept 01 imia et al s notation T e resulting plot was gra ed, com ined wit a line segment,
lurred wit a aussian, and t en su sampled
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Curvature ltering for an angiogram see te t



image ora .Simiar ,t eimage as copied toa directions and curvatures to produce a
d input to t e curvature based ter. For t is test on , our 2 dimensiona outputs ere produced
b taking, at eac position , t e ma imum response over a directions or t e direction based
tering or over a directions and curvatures or t e curvature based tering . e direction
based 1 F posterior mean it parameters 002 10 it directions  as computed
center , s o ing an undesirab e reduction in response as curvature bui t up. e curvature based
I F posterior mean rig t, it parameters 00 10 directions, and curvatures
0 00 01 01 s o sstrongresponse even att e ig er curvature portions o t e contour.
o test robustness, 0 mean aussian noise o standard deviation 0. as added bottom et tot e
image Otol ast esigna range be ore adding noise . e resuts bottom center and rig t s o
t at t e curvature based ter per orms better in ig curvature regions despite noise.




arkov process a 0 s ig  curving contours, and on penai es ¢ anges in curvature. e cur
vature process can be used direct int e curve indicator random ed 2,1 to construct a prior or
curve images. 0 en ance nois images o contours, e present a non inear ter detaisin 1 t at
appro imates t e posterior mean o t e curve indicator random e d. ur initia computationss o
t att e ter responds e aongsmoot contours,event ose aving arge curvature.
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