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Abstract

In this paper we examine a fundamental problem in many tnackasks: track
initiation (also called linkage). This problem consistdaking sets of point observa-
tions from different time steps ariishking together those observations that fit a desired
model without any previous track estimates. In general phidblem suffers from a
combinatorial explosion in the number of potential tradiest inust be evaluated.

We introduce a new methodology for track initiation thataustively considers all
possible linkages. We then introduce an exact multiplerkd-algorithm for tractably
finding all of the linkages. We compare this approach to apesdhversion of multiple
hypothesis tracking using spatial data structures and sloanthe use of multiple trees
can provide a significant benefit.
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1 Introduction

The fundamental task in tracking is to determine which okeéns at different time
steps correspond to the same underlying object. The linkltack initiation problem
consists of making these determinations without any prsAmack estimates. Figure 1
illustrates the computational problem that we are tryingdtve. Observations from
five equally spaced time steps are shown on a single imageolgkrvations from
different time steps represented as different shapes. ®akigto take the raw data
(Figure 1.A) and find sets of observations that correspotidgaesired motion model
(Figure 1.B). The difficulty arises from the combinatorié¢soch a search.
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Figure 1: The linkage problem is to find one point at each titap such that the points
fit the model for a candidate track. Points from each of the diffierent time steps
are shown as different shapes (squareircle — triangle— diamond— plus). Two
linear linkages are shown (B) and a third is left as an exeffcisthe reader.

This is an important problem in such fields as target trackimgjcomputer vision,
but our primary motivating example in this paper is the astElinkage problem. Here
we wish to determine which observed objects correspondatedime true underlying
object from a series of visual observations of the night sKyese linkages can then
be used to determine tentative orbits, attribute the olasiemns to a known orbit, and
assess the potential risk of an asteroid. The use of new \@ig®r techniques and
equipment has increased the scope and accuracy of thissprpptoviding the poten-
tial to track hundreds of thousands of asteroids. The nex¢igtion of sky surveys,
such as PanSTARRS or LSST, are designed to provide vast asnofunbservational
data that can be used to search for potentially hazardoeo#ts. Further, these sur-
veys have the potential to allow us to detect and track famitgects. However, these
improvements greatly increase the combinatorics of thelpro reinforcing the need
for tractable algorithms.

Below we introduce a new methodology for track initiatiomstead of treating
track initiation as a sequential decision problem, we estiegely consider all possible
linkages. Thus we provide an exact algorithm for linkages. tién introduce a mul-
tiple tree algorithm for tractably finding the linkages. Wantpare this approach to an
adapted version of multiple hypothesis tracking usingiapdata structures and show



how the use of multiple trees can provide a significant benefit

2 Problem Definition

The track initiation problem consists of taking sets of abagons from different time
steps andinking together those observations that fit a desired model withniti!
estimates of the track parameters. Figure 2 shows a simpleliomensional example
with five time steps and a linear model. The sets of linked oladi®ns are shown as
open circles with their linear models as dashed lines.

X

Figure 2: A set of one dimensional observations linked tiogeby linear tracks. The
white circles are the observations that correspond to tigatitracks (dashed lines).

Formally the linkage problem can be phrased as a filteringlpro. At each time
stepk we observéNy points from both the underlying set of tracks and noise. Gie
set of observations & distinct time steps, we want to return all tuples of obséovest
such that:

1. the tuple contains exactly one observation per time steg,

2. itis possible for a single track to exist that passes wigfiven thresholds of each
observation.

Thus we wish to filter theﬂEz1 Nk possible tuples down to just those tuples that could
be feasible tracks.

The observations consist of real-valued coordinatd3 @dimensional space, with
X; indicating theith observation. These coordinates are the dependent kerialthe
track. We usd; to indicate the independent variable of iltie observation. Although
in many of the applications belotywill correspond to the time of the observation, it
can be used to represent any independent variable.

The second condition specifies a constraint on the obsengfiit to the underly-
ing model. A tuple of observatior(s,, --- , X, ) is valid only if there exists a trac
such that:

8" [d] < x,[d] — g(ty)[d] < &"[d] vd,i 1)



Equation 1 states that a tragkis feasible for a tuple of observations if it falls within
some boundfy(t;,)[d] +8"[d], g(t;,)[d] + & [d]] of each observation, in each dimen-
siond. The threshold$" andd" provide upper lower bounds on the fit. Figure 3
shows an example of a feasible triplet using linear tracld @me feasible track for
these points. The track is allowed to pass anywhere with@rethor bars around each
point.

Figure 3: Three points that are compatible for linear tracks

The above definition of feasibility is compatible with a rangf statistical noise
models. For example, we can define an arbitrary observatise model for the points
on a track and set the thresholds in each dimension to be thec8&fidence interval
for the noise in this dimension. Figure 4 shows an exampldisf tFurther, we can
vary 8- andd" to account for systematic or time varying errors.
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Figure 4: An arbitrary probability distribution and the wésng bounds. The circle
denotes the observed location and the upper and lower baisata the acceptable
locations for the track.

In contrast to the flexibility for noise models, it should beted that the above
criteria does not allow for a concept known precess noise. This means that we
assume the tracédways follows the model. For example, a linear track model cannot
account for changes in velocity. This is briefly discusse8éwction 8.

Our discussion below focuses on two major types of trackeali and quadratic.
The quadratic track is simply a quadric function of time:

gt)=a-t?’+b-t+c 2)



and can be used to describe physical motions of objects goihgrconstant accelera-
tion. The linear track is a linear function of time:

gt)=b-t+c (3)

and can be used to describe the physical motion of objeesling at a constant veloc-

ity. In addition, the linear model can be used for such qeexgefinding lines or edges

described by the observations. While much of our discussimhtechniques presented
below will also apply to other track models, we restrict tligcdssion to the linear and

quadratic models to keep the discussion simple and consiste

3 Previous Work

There are a variety of different approaches to the probletraok initiation. Below we
briefly discuss some of the more common ones. These appodiffez from our own
in several important ways. First, we are asking a differgpétof query. Specifically,
we are asking foall sets of observations that could feasibly belong to a patborgg
we provide an exact algorithm for answering this query.

3.1 Sequential Track Initiation

One common approach to track initiation is sequential tiaitlation (for a good in-
troduction se¢Blackman and Popoli, 199@nd references therein). The unassociated
points are treated as new tracks and projected to the laterdteps where they are
associated with other points to form longer tracks. Theeenaany variations to this
type of approach. One common and often successful varist@mery simple form of
multiple hypothesis tracking. When a tentative track masamultiple observations at
a given time step, multiple hypothesizes (tentative trpaeks formed and the decision
is delayed to a later time step. This process is illustrate€igure 5. The single point
matches three other points at the second time step. Thests @oe used to create
three hypothesized tracks. This process continues to ittakathd fourth time step with
“bad” hypotheses being pruned away.

In order to reduce the number of candidate neighbors exahgiteng is used. As
shown in Figure 6, neighbors are first filtered by whether ttadlywithin a window
or gate around the track’s predicted position. This apprdeas also been used in
conjunction with kd-tree structures to quickly retrieve ttandidate observations near
the predicted position of a tra¢k)himann, 1992, Uhimann, 201

There are several potential disadvantages of this type mioagh that arise from
the sequential nature of the search itself. It does not userewe from later time steps
to aid early decisions. Early “good pairs” may be easily gainsing a lack of further
points along the track. Further, this approach has the piatar being thrown off by
noise early in the track. Multiple hypothesis tracking wipes to mitigate this problem
by allowing multiple tentative tracks, but introduces dratproblem, the possibility
of a high branching factor causing a significant computatitoad.
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Figure 5: A multiple hypothesis tracker starts from a teméatrack (A) and sequen-
tially checks the later time steps. If multiple points fit andalate track then several
hypothesis are created (B) and (C).

Figure 6: Gating can be used to ignore points that could nptieof the current track.
The predicted position of the track is shown as an X and thetpdiat fall within the
gate are shaded.

It should be noted that sequential track initiation has theaatage that it can be ap-
plied to multiple tracks simultaneously. This gives thipagach the ability to discount



Figure 7: Early noise in a track can significantly throw-affgdicted positions. The true
points are shown as open circles and the observed pointh@anass shaded circles.

observations that are “obviously” members of other tracks.

3.2 Parameter Space Methods

Another approach to the problem of track initiation is torsbdor tracks in parameter
space. One popular algorithm is the Hough transfifimugh, 1959. The idea behind
these approaches is that for many simple models, individosérvations correspond
to simple regions or curves in parameter space. An examgleaviinear model is
shown in Figure 8. The points are shown in Figure 8.A and tha&iresponding lines
in parameter space in Figure 8.B. If a series of observatieradong a line, then their
lines in parameter space will intersect at a common poiné Hibugh transform looks
for lines by using grid-based counts of the number of lines$ ¢o through a particular
region of parameter space (Figure 8.C and 8.D).

There are several major downsides to the parameter spaceagpp First, main-
taining and querying the parameter space representatioheaxpensive in terms of
both computation and memory. There are many possible adgosis to check and
storing occurrences in a grid structure may require sigantiamounts of space. Sec-
ondly, the level of discretization of parameter space castidrally affect the accuracy
of the algorithm. If the grid is too tight then a small amoufioise can cause in-
tersections to spread out over several bins and be missétk ¢rid is too loose then
coincidental occurrences can accumulate and cause falgasal Although the false
alarms can be filtered out in post-processing, this stepduihcreases the computa-
tional cost.

4 Multiple Tree Algorithm

Our solution to the problem of track initiation is to buitdultiple kd-trees over ob-
servations and traverse them simultaneously. Specificatiybuild one tree for each
time-step that we wish to use. This approach allows us to nlytlook for pruning
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Figure 8: Under a linear model observations (A) correspotidiés in parameter space
(B). If several observations lie along a line, their lineparameter space will intersect
at one place. Such clusters of intersections can be foundibyg grid based counts (C
and D).

opportunities at the next time step, but also to considemipgiopportunities resulting
from future time-steps. Further, by considering multifihee steps together, we may
be able to reduce redundant computation that can arise fronir for similar points
or initial tracks.

Figure 9 shows a one dimensional example of this approacte tfe is built
independently on each of tietime-steps. The algorithm starts at the root of each tree
and begins a depth first search of combinations of tree né@desch level of the search
the algorithm picks one node and recursively searchesiidreh (Figure 9.B). When
the search reaches a point wherekalirees are at leaf nodes, the algorithm explicitly
tests the points at these nodes and returns those tupletd puat fit the criteria for
being potential tracks (Figure 9.C). Figure 10 shows a dmatpsf this traversal on two
dimensional data. Figure 10.A and Figure 10.B show treel foam points at two
different times. The dashed boxes indicate the currents\bdeg examined.

In the above form, the algorithm would search all combirragiof they K, Ny leaf
nodes, requiring Cmﬁzl Nk) time. The benefit of using the tree-based algorithm is that
we can prune off a section of the search space if we can evertbladit is not possible
to to fit a track through th& nodes. We call such sets of nodefeasible. Such a



case is shown in Figure 9.D. This pruning criteria allowsapassibly ignore large
numbers of the tuples that would have been tried under a fotde approach.
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Figure 9: The multiple tree algorithm descends the treesdepth first search (A and
B). If it reaches the leaf nodes, it explicitly tests the k®¢C). The search can be
pruned if it is not possible to fit a track through each of thdew(D).

There are multiple ways to choose which tree to descend. &arwe use an
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Figure 10: Two KD-trees built on two dimensional points dtatent times.

approach that chooses the tree with the most points belowuhent node. Other
methods are discussed below.

It should be noted that the use of multiple trees has beerregbfor quickly an-
swering spatial querielGray and Moore, 2001 However, this work is so far been
restricted to simple spatial proximity queries on points.cbntrast, we consider the
application of multiple trees to a more complex spatial feobwith an inherent tem-
poral component.

5 Pruning

In order for the multiple tree algorithm to be effective, weed to accurately and effi-
ciently prune infeasible sets of nodes. Pruning is equitdteasking: “Can there exist
any track that passes through &llregions?” If no such track can exist, then we can
safely stop searching these subtrees. In general, proo$tich a track does or does
not exist may be non-trivial to find.

Formally, the pruning question is equivalent to finding aafetrack parameters
(a,b,c) that satisfy the constraints imposed by each node or prdkatguch parame-
ters do not exist. We construct each KD-tree so that eachinoligles a bounding box
that encloses the points that it owns. The bounds oftthiee define P constraints
on what qualifies as a feasible track, an upper badpdnd lower bound.; on the
position at that time. In the quadratic case, these conssrare:

a[l]-t2+b[1] -t +c[1]

<Hi[1]
a2 -t+b[2) -t +¢[2] < Hi

i2]

aD] -2+ b[D] -t + D]
a[l]-t?+b[1] -t +c[1]
a2 -t +b[2)-t + 2]

< H;[D]
Li[1] “)
Li[2]

>
2

a[D] -2+ b[D] -t +¢[D] > L;[D]



Thus we wish to find a vectdg, b, ¢) that satisfies allRD such constraints.
We can greatly reduce the complexity of the problem by trgagiach dimension
independently. This reduction is justified by the followithgorem:

Theorem 1 (a,b,c) is afeasible track if and only {fa[i], b[i], c[i]) satisfies
the constraints in thgh dimension for all I<i < D.

Proof: The proof of Theorem 1 follows from the independence of the-c
straints. For each dimensiongld < D, we can create a set of constraints
that only depend on the variablafd], b[d], andc[d]. These sets can be
solved independently by choosing values for just thoseatsées in the set.
Since none of the other sets depend on those variablesattie(#&; b, c)

is feasible if and only if(a[i], bli],cli]) satisfies the constraints in tlih
dimension for all I<i < D.

Theorem 1 allows us to consider each dimension separagelycing the pruning
query with KD constraints td sub-queries of R constraints. Further, the separation
means that each sub-query consists of significantly feweahias. For example, in
the case of quadratic tracks each sub-query now consistisios jvariables instead of
3D.

Below we discuss a “smart brute force” search for answeltiegptruning queries.
Although we restrict the discussion to the cases of linear quedratic tracks, the
results and discussion can be applied to tracks of otherdofiine computational cost
of pruning tracks of other forms may vary depending on theglerity of the track.

5.1 Brute Force Search

We use a “smart brute force” search to test for the existehaéaasible point. It should
be noted that the constraints above can also be checked lirs#@g programming.
Despite this, the low number of variables and constraindglaa existence of additional
structure in the problem makes the smart brute force searipatationally attractive.

Before describing the search algorithm, it is helpful to ip&tition for the proce-
dure by interpreting each constraint as a hyper-plane iarpater space. In the case of
one dimensional quadratic tracks, the constraint formsaein 3-dimensional space
(a,b,c) and for linear tracks the constraint forms a line in 2-dimenal space€b,c).
Each constraint thus defines a partitioning of parameteresipaio a half-space of fea-
sible points, which lie on one side of the hyper-plane, an@dl&dpace of infeasible
points, which lie on the other. If the intersection of thedibée half-spaces is not
empty, then there exists a track that satisfies all of thetcaings. An example with
linear tracks and 6 constraints is shown in Figure 11. Thekréhat satisfy all of the
constraints occupy the unshaded region of parameter space.

In its simplest form, our search consists of checking therfecs” of the constraints
for a feasible point. In &£-dimensional parameter space, t@adimensional hyper-
planes intersect at @ — 1)-dimensional hyper-plane ai@non-parallel hyper-planes
will intersect at a point. We call this point a corner. Sinbe hyper-planes define the
boundary of the feasible region, this region is non-nulliflanly if one such corner
exists and is feasible:

10



Figure 11: Tracks that conform to all of the constraints tidhe region of parameter
space that is defined by the intersection of the constrailfitshaces. The feasible
half-spaces are the unshaded regions.

Theorem 2 The intersection oK half-spaces defined by at le&nhon-
parallelC-dimensional hyper-planesis not empty if and only if thetists
a pointx such thak is feasible and lies on at leaSthyper-planes.

Proof: It is easy to see that if there exists a feasible trattken the inter-
section of theK half-spaces is not empty regardless of whelies. Thus
we only need to show that if the intersection is not empty thene exists
a feasible track such thak lies on at least hyper-planes.

Lety be an arbitrary feasible track, which by definition lies ie thtersec-
tion of K half-spaces. Assume thaties onc < C nonparallel boundary
hyper-planes. Since thehyper-planes intersect atGli = C — ¢ dimen-
sional hyper-planey can be any feasible point on th@t-dimensional
hyper-plane. Therefore we can moyeo be a new poiny’ by sliding
y along this hyper-plane until it intersects a new constragoich an inter-
section must exist because there are at I€asbnparallel hyper-planes.
Further, if we constrairy to move to the intersecting hyper-plane that
is closest (requires the least translation along@hdimensional hyper-
plane), then we do not cross any other hyper-planegasdtill a feasible
point. Thusy’ is a feasible point that lies az4- 1 boundary hyper-planes.
We can continue to push the feasible point in this mannet itifids onC
nonparallel hyper-planes. Thus if the intersection is mopty then there
exists a feasible track such thaik lies on at least hyper-planes.

It should be noted that Theorem 2 does not require that trethlearegion is fully

enclosed by the hyper-planes. Instead, it only requirasiieae exists at lea& non-
parallel hyper-planes. Under this condition there will béeast one corner to search
and the theorem holds. Figure 12 shows such a set. If thergyis<Co< C nonparallel
hyper-planes then by the same reasoning the feasible resgimm-empty if and only
if any point on the intersection of tho& nonparallel hyper-planes is feasible.

We can use Theorem 2 to define a brute force search for a fegmibit. Specif-

11



Figure 12: The search algorithm will work as long as thereaaeastC nonparallel
planes, even if the feasible region is unbounded.

ically, we can test eacB-tuple of nonparallel hyper-planes and calculate the pafint
intersection. We can then test whether this point is feasHy testing it against each
of the constraints. This search require&¢(*)) operations, O) feasibility tests for
each of the ) corners. Below we discuss ways that we can exploit the sireof
the problem to reduce this cost.

Above we make the implicit assumption that the planes aralhparallel or in an-
other degenerate configuration. In general these additiasas can easily be handled
as special cases. Itis important to note though that mareqgfianes will have at least
one corresponding parallel plane. Specifically, the uppdraewer constraints for any
node in any dimension form two parallel planes:

ald] - t2+ b[d] -t + c[d]

< Hi[d]
ald)-t2+b[d] -t +cld] > L,

id] (5)

5.2 Utilizing Structure in the Search

In general the above brute force search is too computatjoegbensive to be used for
the pruning query. We can mitigate this cost by noting thatttke search provides a
significant amount of structure that can be exploited:

1. At each level of the search, the constraints for all tredesoexcept one are
identical to the previous level.

2. At each level of the search, the constraints for the orgertogle that changed are
tighter than at the previous level.

The first observation follows from the fact that we are onliitspg one node at each
level of the search. Thus all of the other nodes and their d®emain unchanged. The
second observation follows from the fact that each time wi¢ smode, the position
bounds of the children nodes are strictly contained withm position bounds of the
parent node. Therefore the constraints defined by theseds@iways get tighter.

12



The first observation indicates that we can avoid the contipataltogether if the
feasible track found at the previous level is compatibléhwiite few new constraints.
We must have already found a feasible track for the last leyelirtue of the fact we
did not prune at the previous level of the search. Thus we eap khis point and test
it against the new constraints. If it remains compatiblege@ot need to resolve all of
the constraints.

The first and second observation also indicate that we ordgl teesearch a limited
number of corners if the old point is not feasible. Specifical the old point is not
compatible with a new constraint then either the new set n§taints are not compat-
ible or a new feasible point lies on a corner where one of the plartes imcompatible
constraint. This is shown below in Theorem 3.

Theorem 3 If the feasible track from the previous level is not combplati
with a new constraint then either the new set of constrasm®i compati-
ble or a new feasible point lies on the plane defined by the new cainstr

Proof: We prove this by showing that if the set of constraints is patible
and the feasible track from the previous lexeis not compatible with
the new constraint then there exists a new feasible pdithat lies on
the plane defined by the new constraint. kdbe any point in the new
feasible region. Since the new constraint is strictly t@glyt also lies in
the previous feasible region. We can define a line segmdmgtweenx
andy. Since the feasible regions are convex, all pointd.die within
the feasible region from the previous level. Further, bseauis not in
the new feasible region, the line segment must intersechyper-plane
defined by the new constraint. This point of intersectioxf is

Theorem 3 indicates that we do not need to search all corbetrsather only the
corners that contain the infeasible constraint. Furthercan add new constraints one
at a time and only do the search if the previous point is natifde. This reduces the
cost of handling an infeasible point from K1) to O(K©).

5.3 Combining Operations

We can further reduce the cost of pruning by combining theckéeg and checking
steps. Here we can take advantage of the fact that withdanensional parameter
spaceC — 1 nonparallel hyper-planes intersect at a line. Insteadaxiching all corners
we can instead search all lines. Then in order to check fiisitand find a specific
feasible point) we can test the other constraints agaiastitihe. Each constraint will
either be parallel to the line, and can be checked direatlyjlbintersect the line. Each
intersection provides a signed point on the line. We can é@xamll of these signed
intersections asking whethany point on the line is feasible. An example is shown in
Figure 13.

This joint searching and merging steps means that we only toegheck OK¢1)
lines instead of G{®) corners. Further, it can be combined with the tricks in Sec-
tion 5.2 to reduce the cost of handling iameasible point from OK®*1) to OK*1).
While this savings may not appear significant, for the reddyi simple task of quadratic

13



Figure 13: We can check for feasibility along a line by chegkhe signed intersections
of each constraint and the line.

tracks C = 3) and five time stepK(= 5) these improvements provide a factor of 25
speedup.

5.4 Additional Constraints

The above pruning methodology provides a simple and fornasl tw provide addi-
tional constraints for the tracks. For example, we may wglprovide bounds on
the minimum and maximum accelerations that a target canrgod@hese additional
constraints can be specified directly:

ald] < a“X[d]

ald] > a"'N[d]
and fit into the pruning algorithm without modification. Thiows the user to seam-
lessly provide potentially valuable domain knowledge.

(6)

5.5 Missing Observations

Up to this point, our discussion has assumed that each trackipes one observation
every time step. There are several simple approaches to handigsimm observations.

Perhaps the easiest approach is include “missing” as aesiegl node in the tree as
shown in Figure 14. Additional logic can be added to prunest@ch if too many

trees are at the “missing” node, preventing such problemstasning tracks without

sufficient support. Here care must be taken to avoid addibgets of valid tracks

that have already been found. Finally, allowing too manysimig points may greatly

increase the computational load by performing the seambatedly.

6 Relation to Conventional Track Initiation

The multiple tree algorithm can be adapted to function in ameasimilar to sequential
track initiation, albeit with a different search order tiamormally used. Consider the

14



Figure 14: One approach to handling missing points is ta timéssing” as another
tree node. Here the new tree is shown is a new root R’ and angisside M.

following rule for descending thk trees:
Always descend the earliest tree that is not already at anlmae.

This rule descends the first tree until it reaches a leaf nibtleen searches the second
tree for points compatible with those in the first tree’s Ieafle. The algorithm con-
tinues on in this manner, searching subsequent trees, aadstibsequent time steps,
looking for points to confirm the tentative track. Pruningigly done in relation to
whether the trees traversed so far allow a valid track. Theglecent rule makes the
multiple tree algorithm perform like the sequential tragkiation algorithms.

Itis important to note that although this algorithm perfersimilarly to the sequen-
tial track initiation, it is still an exact algorithm for datting potential tracks. Unlike
many proposed sequential track initiation algorithmsoisinot try to fit a track to the
first few points and project this track ahead in time. Instéathintains the same fea-
sibility criteria as the general multiple tree algorithrdaill always return the same
result. For this reason, we use this descent rule for cosmaiin the below experi-
ments.

7 Experiments

7.1 Algorithms

In the below experiments, we examine a series of variationhe multiple tree al-
gorithm, denoted MT-1 through MT-K. Specifically, we use &rsimilar to the one
described in Section 6:

Descent Rule for MT-k: If one or more of the firsk trees are not at a leaf
node, descend the tree in the fikshat owns the highest number of points.
Otherwise descend the earliest tree that is not alreadyeatf abde.
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This rule runs a multiple tree algorithm on the fikstees and then confirms the poten-
tial tracks by sequentially examining the remainder of tlee$. Wherk = 1, this al-
gorithm is the one described in Section 6 and mimics secgldrdack initiation. These
approaches cover the spectrum from a conventional tratiktinn approach to a full
K-tree algorithm.

7.2 Simulated Data

For the first set of experiments we used observations getefiadm artificial tracks
in order to examine the algorithms’ relative performancearra variety of conditions.
The data was generated by first creafigrtificial quadratic tracks:

e C~ uniform(0, 1)
e b ~ uniform(—bmax, bmax)

e a~ uniform(—amax, avax)

The bounds on velocity and acceleration were included astints on feasible tracks.
Observations were then generated by sampling the traclechttine step:

x}[d]:%a;[d]t2+bi[d]t+ci[d]+sVd:1§d§D )

wheree is drawn uniformly from[8"[d],5"[d]] for all d. In the below experiments
8-[d] = —0.01 andd"[d] = 0.01.

Using the simulated observations, we can then ask aboutthefibof using mul-
tiple trees as we vary different parameters in the data $eteShe algorithms are all
exact algorithms, they will return the same set of solutidrtsee major difference then
is the number of pruning computations that are performealinout the run.

7.2.1 Number of Tracks

The primary factor that we would expect to influence the penmce of the algorithms
is the number of tracks. We varied the number of tracks frono&®D00 and compared
the number of pruning queries from each of the algorithms aerage results over
30 trials are shown in Table 1. As shown, MT-3 consistentl§petforms the other

algorithms.

Unfortunately, the performance benefit is largely offsetthy increased density
of points. The high density of points means that there are ‘lesipty” regions of
space and thus less pruning is done because more of thé firsitiks appear feasible.
Table 2 shows the same experiment as Table 1, but with “slansaks. The decrease
in maximum velocity and acceleration effectively redudas tiensity of the points
relative to their motion. As shown this change significarigls all algorithms, but
especially helps the multiple tree algorithms.
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N | MT-1 MT-2 MT-3 MT-4
50| 2.86x10° 2.54x10° 2.28x10° 2.59x10°
100 | 7.60x10® 6.85x10° 6.21x10° 8.37x103
500 | 1.11x10° 1.05x10° 8.41x10* 1.52x10°
1000 | 4.66x10° 4.50x10° 3.30x10° 5.81x1C°
2000 | 2.37x10° 2.32x10° 1.72x10° 2.60x1CP
5000 | 2.57x10° 2.56x10" 2.08x10" 2.24x10’

Table 1. The average number of pruning tests for simulateicaiic tracks as the
number of tracks increases. These tests use “fast” tratid}| < 0.1 and|a[d]| <

0.05.

N | MT-1 MT-2 MT-3 MT-4 MT-5
50 | 2.46x10° 2.09x10° 1.73x10° 1.39x10° 1.07x10°
100 | 5.74x10° 4.83x10° 4.02x10° 3.30x10° 2.60x10°
500 | 3.88x10% 3.22x10* 2.62x10* 2.21x10* 2.01x10%
1000 | 8.73x10* 7.24x10* 5.95x10* 5.35x10* 5.56x10%
2000| 1.98x10° 1.65x10° 1.36x10° 1.33x10° 1.60x1C°
5000 | 6.11x10° 5.17x10° 4.25x10° 4.87x10° 7.28x10°

Table 2: The average number of pruning tests for simulatedicaiic tracks as the
number of tracks increases. These tests use “slow” trdbkd}| < 0.01 and|a[d]| <
0.005

7.2.2 Gap Between Observations

Without an initial estimate of velocity or accelerationettime between observations
may significantly affect performance. If either the movetsen the temporal gaps are
small, then the next point on the track will often be closefte Ibcation of the last
point even without accounting for the movement. As the gapgetocities increase
we may have to trynany neighbors at the next time step to find the true neighbor. We
would expect to see an increased benefit from using multipkstas the velocity or
time between observations increases. To test this, we gteakartificial linear tracks
with a fixed range of velocities{0.1 < b[d] < 0.1) and increased the spacing in time
of the observations. The results are shown in Table 3.

Table 3 shows one of the primary benefits of the multiple tpgg@ach. As the gap
in time increases, the number of pairs of observations irffiteetwo time steps that
comply with the velocity constraints increases. The uséd trees prevents us from
having to examine many of these pairs by incorporating imfttion from later time
steps. However, after three trees the track is relatively eamfirmed and additional
trees do not help.
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At MT-1 MT-2 MT-3 MT-4 MT-5
0.01] 5.16x10° 4.16x10° 3.20x10° 2.32x10° 1.51x1C°
0.05| 5.79x10° 4.86x10° 3.88x10° 3.86x10° 4.38x1(°
0.10| 7.61x10° 6.69x10° 4.86x10° 6.00x10° 8.56x1C°
0.20| 1.44x10° 1.34x10°f 7.22x10° 1.15x10° 2.09x1(P
0.50| 5.30x10° 5.75x10° 1.97x10° 3.95x10° 8.18x1(P
1.00| 2.08x10" 2.06x10°" 5.52x10° 1.13x10" 2.27x107

Table 3: Average results for the simulated data sets witbalirtracks ljmax[d] =
0.1vd > 1) with 5000 observations at 5 times with varied temporatsya

K| MT-1 MT2 MT-3 MT4
4| 232.38 232.30 213.40 108.10
5

6

69.19 69.11 58.17 38.77
2893 28.86 2191 19.68

Table 4: The number of pruning tests (in millions) for the@asbmy data with varying
numbers of observation and time step size.

7.3 Astronomy Data

In addition to completely artificial data, we examined siatatl data from the astron-
omy domain in order to test whether this algorithm provideseaefit on tracks of
the distribution of real asteroids. Specifically, we sintethorbits for approximately
1,000,000 main belt asteroids and 1,800 near earth objHutse orbits were then ap-
proximated by a quadratic track over a period of 16 nightsabseérvations were gener-
ated from this track. Each observation consisted of two aomepts, Right Ascension
and declination, that gave the object’s location in the Skie used this approach to
generate observations from 4, 5, and 6 time steps equalbedpaver the 16 nights
and covering a 1 square degree region of the sky. This reg@nded observations for
1,768 different objects.

Table 4 show the results of this experiment. The differehedaeen performance
of differentK is due to both a varying number of observations and the diffiespacing
between observations. As shown, the use of multiple treedezal to a significant
reduction in the number of pruning queries needed.

As discussed in Section 7.2 and indicated by the previousrarpnt, the spacing
in observation times can have a significant effect on the rarmineighbors we need to
search at the next time step. To examine this trend on therastry data, we examined
how many observations fell between the projected positimhthe true position using
the simulated astronomy data. Observations were gendratedhe quadratic tracks
at varying time intervals. Each observation was then ptefeto the next time step
(without velocity) and the distance to the location of theetnext observation was
calculated a. Finally, the number of points closer to the predicted positvas
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calculated. Figure 15 shows an illustration of the test.

AT

Figure 15: Without using velocity we would have to try at e@seighbors at the next
time step to find the true next point along the track.

Figure 16 shows the results of varying the time between ohfiens. For each
spacing, the graph indicates a histogram of the positiohefrue closest neighbor. At
a spacing of 1 day most of the observations are very closettvik next point. As the
gap in time increases the distance to the closest pointlyapizteases and more neigh-
bors at the next time step would have to be searched with aeéqlalgorithm. With
a spacing of 4 days, many of the tracks would require seagahieny observations to
find the true completion of the track. Further, the right haiti# of the graph shows a
sharp increase in the number of tracks whose neighbjortiser than 100 points away.
It should also be noted that since we are dealing with onlybsetuof the sky, these
histogram provide aoptimistic estimate. In real data the points lying along the edge
of the region will also have interference coming from outdide region.

The trend shown in Figure 16 confirms one of the primary achges of using mul-
tiple trees. As the spacing in time increases, many neighinary have to be searched
in the early time steps. The use of multiple trees mitigatesgroblem by combining
pruning information for later time steps, thus contribgtio the speedups shown in
Table 4.

8 Unknown or Complex Track Models

The above discussion assumes that we have a known andeblaiimple track model.
However in many domains, this may not the be case. In therastng domain, the true
tracks of the asteroids across the sky are not quadrati@xXaonple, relative motion of
the earth may cause the track to undergo retrograde motion.

The easiest solution to the problem of a poor or unknown tnag#el is to approx-
imate the track with a simple model. This often requires atiedly short time span.
Fortunately, this complements the track initiation quesglf where we are interested
in finding a set of observations to indicate the start of akiréfidonger time spans are
needed, then it is possible to use the above algorithms tagfiad arcs that can then be
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Figure 16: Histogram of true neighbor positions for eachigagbservation time.

glued together by a conventional tracking algorithm. Suthpproach was suggested
by Shaw and ArnoldShaw and Arnold, 1995 They proposed gluing together track
segments found by a dynamic programming track-beforectiatethod. Finally, we
can account for systematic errors in the model by extentiedjt threshold. However,
it should be noted that if the fit threshold is too loose themyrfalse positives will be
returned.

9 Conclusions

Above we describe an exhaustive methodology for trackaitiith. We introduced a
multiple tree algorithm for tractably finding the linkagesmpirically, this algorithm
performed very well on several simulated data sets, oudpaifig an exact adaptation
of conventional multiple hypothesis tracking.

The true advantage of the multiple tree algorithm lies iraltity to use informa-
tion from later time steps to aid in pruning decisions atieatime steps. For example,
an exhaustive method that does not account for this infoomahay tryevery pair of
observations from the first two time steps when using a qtiadraodel. The addi-
tional pruning information afforded by the use of multipleds can become even more
significant as the time between observations increase amudsmn track parameters
(such as maximum velocity) become weaker. In addition, the af multiple trees
provides the ability to reduce redundant computation thatarise from pruning for
similar points or initial tracks.
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