Announcements

Office hours for Joel have changed this week:
3p.m—-5p.m on Wednesday (NOT Tuesday as usual)

Michael Is out this week

Written part of the second programming
assignment is due this Thursday before the
class or Friday before 9am in Jessica’s mailbox




* Finish parametric curves (Splines)
* Physics of a mass point
» Basics of textures




Roller coaster

e Current programming assignment involves
creating a 3D roller coaster animation

« We must model the 3D curve describing
the roller coaster, but how?

« How to make the simulation obey the laws
of gravity?




Model 3D curve for roller coaster

VA VAN




Splines: Piecewise Polynomials

* A splineisa piecewise polynomial - many low degree
polynomials are used to interpolate (pass through) the
control points

e Cubic piecewise polynomials are the most common:

e |ocal control

o stability

e Smoothness

e continuity

e easy to compute
derivatives




 Types of splines:

— Hermite Splines
Catmull-Rom Splines
Bezier Splines
Natural Cubic Splines
SESYINES
NURBS




Hermite Curves

e Cubic Hermite Splines

That Is, we want a way to specify the end pointsand the
slope at the end points!




Catmull-Rom Splines

o Usefor theroller-coaster assignment

o With Hermite splines, the designer must specify all the
tangent vectors

e Catmull-Rom: an interpolating cubic spline with built-
In C! continuity.

P,

tangent at p; = S(Pis1 - Pi1)
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Catmull-Rom Splines

o Usefor theroller-coaster assignment

o With Hermite splines, the designer must specify all the
tangent vectors

e Catmull-Rom: an interpolating cubic spline with built-
In C! continuity.




Catmull-Rom Spline Matrix

[ -s 2-5 $-2 S|
2S s-3 3-25 -S
-s 0 s O
0O 1 O O

CR basis control vector

p(u):[u3 U u ]]

* Derived similarly to Hermite
« Parameter s is typically set to s=1/2.




Cubic Curves in 3D

* Three cubic polynomials, one for each coordinate
— X(u) = aud+b,u*+cutd,
— y(u) = a u+bu+cu+d,
— Z(u) = a,ut+bu+cu+d,

e |n matrix notation

W ) z2wl=l® v ou 1




Catmull-Rom Spline Matrix in 3D

-5 2-ss-2 s |x vV, z
2S S—3 3-2s -S| X VY, Z
-s O S 0 || X V; Z
0 1 O O [ X Yu 24

HOBO) z(u)]:[u3 u° u 1]

control vector




Bezier Curves*

Another variant of the same game

| nstead of endpoints and tangents, four control points
— points PO and P3 areon thecurve: P(u=0) =P0, P(u=1)=P3
— points P1 and P2 are off thecurve
—  P'(u=0) = 3(P1-P0), P'(u=1) =3(P3-P2)
Convex Hull property
— curve contained within convex hull of control points
Gives mor e control knobs (series of points) than Hermite
Scale factor (3) ischosen to make “velocity” approximately constant




The Bezier Spline Matrix*

-1 3 -31)[% ¥ Z |
3 -6 3 0(|X, Y, z
-33 0 0% y; 2
|1 0 0 O0j|x, Yy, z |

Bezier basis Bezier
control vector

[x vy z]:[u3 u’ u 1]




Bezier Blending Functions*

Bezier Blending

Functions

#4 Also known as the order 4, degree

0.1

0.2

03 04 05 06

07

Us 03 3 Bernstein polynomials
Nonnegative, sumto 1

The entire curve lies inside the
polyhedron bounded by the
control points




Piecewise Polynomials

o Spline: lotsof little polynomials pieced together
« Want to make surethey fit together nicely

Cp continuity .

N

Continuousin Continuousin Continuousin
position position and tangent position, tangent,
vector and curvature




Splines with More Continuity?

e How could we get C? continuity at control points?

e Possible answers:
— Use higher degree polynomials

degree 4 = quartic, degree 5 = quintic, ... but these get
computationally expensive, and sometimes wiggly

— Giveup local control natural cubic splines

A changeto any control point affectsthe entire curve
— Giveup interpolation cubic B-splines

Curve goes near, but not through, the control points




Comparison of Basic Cubic Splines

Type L ocal Control Continuity  Interpolation

Her mite YES Cl YES
Bezier YES Cl YES
Catmull-Rom YES Cl YES
Natural NO C2 YES
B-Splines YES C2 NO

e Summary
— Can’t get C2, interpolation and local control with cubics




Natural Cubic Splines*

 |f you want 2nd derivatives at jointsto match up, the
resulting curves are called natural cubic splines

e It’'sa simple computation to solve for the cubics
coefficients. (See Numerical Recipesin C book for

code.)
e Finding all theright weightsisa global calculation

(solvetridiagonal linear system)




B-Splines*

o Giveup interpolation
— the curve passes near the control points

— best generated with interactive placement (becauseit’s
hard to guess wher e the curve will go)

e Curveobeysthe convex hull property

e C2 continuity and local control are good
compensation for loss of interpolation




B-Spline Basis*

 We always need 3 more control points than spline
pieces

|\/|Bs:1
6

.
0
0
O_




How to Draw Spline Curves

e Basismatrix eqn. allows same code to draw any splinetype

e Method 1: bruteforce
— Calculatethe coefficients
— For each cubic segment, vary u from 0 to 1 (fixed step size)
— Plugin u value, matrix multiply to compute position on curve
— Draw line segment from last position to current position

-s 2-s s-2 s |Ix vy z |
2S S—3 3-2S -S| X VY, Z
-s 0 S O || X V: Z

0O 1 O O J[X Y4 24
CR basis control vector

[x vy z]:[u3 u’ u 1

22




How to Draw Spline Curves

What's wrong with this approach?
—Drawsin even stepsof u

—Even stepsof u # even stepsof x
—Linelength will vary over the curve

—Want to bound linelength
»too long: curvelooksjagged
»too short: curveisslow todraw




Drawing Splines, 2

e Method 2: recursive subdivisSion - vary step sizeto draw short lines

Subdi vi de(u0, ul, maxl i nel engt h)

umd = (u0O + ul)/2

x0 = P(u0)

x1 = P(ul)

i f | x1 - x0| > nmaxlinel ength
Subdi vi de(u0, um d, maxl| i nel engt h)
Subdi vi de(um d, ul, naxl i nel engt h)

el se draw i ne(x0, x1)

 Variant on Method 2 - subdivide based on curvature
— replace condition in “if” statement with straightnesscriterion
— drawsfewer linesin flatter regions of the curve

T




In Summary...

e Summary:
— piecewise cubicisgenerally sufficient
— define conditions on the curves and their continuity

e Thingsto know:

basic curve properties (what ar e the conditions, controls, and propertiesfor
each splinetype)

generic matrix formula for uniform cubic splines x(u) = uBG
given definition derive a basis matrix




