Proof Irrelevance with Hereditary Substitution

Jason Reed
May 16, 2006
1 Language
Relevance ok ou= |+
Normal Terms M,N == Xe.M|R
Atomic Terms R == H-S
Heads H = z]|c
Spines S u= ()] (M%8)
Types A/B = a-S|HxxAB
Kinds K, L := type|llzxAK
Classifiers VW = A|K
Contexts r == -|TzxA
Signatures Y ou= | Xc:A|Xa: K
Simple Types T o= o|T— T

2 Syntactic Operations

2.1 Simplification
(a-S)" =o
(Izx A.B)™ = (A)~ — (B)~

2.2 Substitution and Reduction

Definitions adapted from [CLF paper XXX cite]. Substitution is a partial func-
tion [M/x]"N on two terms and a simple type; it is the substitution of the
term M for the variable = at simple type 7 in the term N, which may be unde-
fined. The definition of substitution is mutually recursive with that of reduction
[M]|S]™, which operates on a term M and list of arguments (a ‘spine’) S at
simple type 7, and produces the term that is the result of applying the head M
(presumed to be of simple type 7) to arguments S.

The important case of the definition of substitution is when we reach the
variable, and invoke reduction (see below).

[M/a]" (2 - S) = [M]|[M/x]"S]"



The remainder of the definition consists of simple congruences. Let o ab-
breviate [M/x]".

o(Ay.N) = \y.ocN
o(y-S)=y-(c5) (y#2)
o(c-8)=c-(09)

() =()
o(N*;S) = ((oN)*;05)
o(a-S)=a-(c8)

o(llyx A.B) = Hy* (cdA).(6B)

o type = type
o(llyx A.K) =1y (cA).(cK)
o- =

o, z*xA) = (o), zx (0 A)

2.3 Reduction

Here we recursively use the definition of substitution, but only at strictly smaller
simple types.
[Az. M|(N™; S)]" 7™ = [[N/x]™ M|S]™

[RIO]” =

Any other reduction [M|S]” that doesn’t match these two patterns is undefined.

2.4 Promotion

Promotion is an operation on contexts; written as I'*, it outputs a context.

(T,zxA)" =T ,2: A
I'=r

The purpose of promotion is to allow irrelevant arguments to functions to refer
to irrelevant hypotheses. When irrelevant arguments are type-checked, they are
checked in the ‘promoted’ context where all irrelevant hypotheses have been
converted to genuine ones.

2.5 Equivalence

We tacitly identify all a-equivalent terms. If a metavariable is repeated, it
implies a requirement of strict syntactic identity (up to a-equivalence). We
write this same notion of syntactic identity as =. The definition of equivalence
= is nearly the same as =, except that we accept as equal all terms M found
at positions of the form (M™;S). In other words the term identity of terms ‘at
irrelevant position’ does not matter. A program that checks equivalence does
strictly a subset of the work an ordinary syntactic equality check would have



performed. In this way we have unique canonical forms up to the choice of
irrelevant representatives.

M; = Ms
Ax. My = Ax.Mo
S1 =55
0=0
M, = M, S1 =5, S1 =95,
(Mi;81) = (M3;S2)  (My7581) = (My7; S2)
S1 =55
a-S1=a-5

AlEAQ Vle‘/Q
Iz x A1.V] = Tlx x Ay V5

type = type

3 Typing

We begin with signature validity — it is, however, mutually recursive with all
the remaining typing rules. These are the only ones on which we explicitly index
the judgement by a signature. All turnstiles that follow these three rules carry
an implicit 3 subscript.

3.1 Signature Validity

F-:sgn
-y A type FX:sgn
F(Z,c:A):sgn

-y K : kind FX:sgn
F(Z,a:K):sgn
Term typing is divided naturally into checking and synthesis.




3.2 Term Checking
T,oxAF M« B

'tXx. M <TIlzx A.B
In the following rule, the boundary between synthesis and checking, we check
that the synthesized type is equal to the type the term is checked against, up
to the choice of irrelevant representatives.

'-R= A’ A=A
T'FR< A

3.3 Term Synthesis
c:AeXx 'S:A>B

I'e-S=B
rz:AeTl '-S:A>B

I'tz-S= 1B

3.4 Spine Synthesis
InTFHS:V > W, the inputs are I', S, V, and W is output.

'c0):a-S>a-8

'k () : type > type
FFM<*A TFS:[M/z]* V>W
'k (M*S8) : Mlex AV >W

3.5 Promotion
I'*"-M < B

I'M <«<*B

3.6 Type Validity
a:KeX I'FS: K >type
'ka-S:type
I'F A:type T'xxAF B : type
I'FIlxx A.B : type




3.7 Kind Validity

I' F type : kind
T'F A: type I'zxAF K : kind
I'H1Ilz x A.K : kind

3.8 Context Validity

F-:etx
I'F A:type FT:ctx
F(T,zxA):ctx

4 Properties
Lemma 4.1 IfT' - R= A, then A is of the form a - S.
Proof By induction on the structure of the typing derivation. m

A note on the fact that substitution is partial: when we say two expressions
are syntactically identical without any further qualification, (i.e. M = N)
we mean that either both are undefined, or both are defined and syntactically
identical.

Lemma 4.2 ([M/z]"T)* = [M/z]"(I'*).
Proof By induction on the structure of I'. =
Definition Defining I' < TV, “T" is weaker than I'"”.

r=<r r=<r
= TFexA<T,zxA Te+-A<Tz: A

Lemma 4.3 Suppose I’ X T'. IfT'+ J then TV & J, for any typing judgment J.

Proof By induction on the structure of the typing derivation. Most cases are
trivial. The only interesting cases are those that treat rules that significantly
manipulate the context.

Case:
D/

D= F7.’E*A0|—M0<:B
I'EXx.My < Iz x Ag.B

Observe that since I' < I, also I', x * Ag < IV, x Ap. Use the induction
hypothesis on this fact and the derivation D’ to obtain IV, x x Ag = My <
B. Rule application gives IV - Az.My < Ilz x Ag.B as required.




Case:
D/

D=yg:A€eT I'-S:A>B
I'x-S=10B
Use the induction hypothesis on D’ to get IV = S : A > B. It follows from

the definition of < that if  : A€ ' and I’ < T”, then z : A € TV. So by
rule application we see I - x - S = B as required.

Case:
D/

D=T*+-M<«B

'-M<«<*B
It is easy to see from the definitions of < and promotion that if I' < I,
then I'* < (I")* for either possible value of . Therefore use the induction
hypothesis on D’ to obtain (I")* - M < B and apply the rule to get
I+ M <* B as required.

]
Corollary 4.4 IfTHM <* A, then " - M < A.

Proof If x is :, then apply the lemma to I' - M < A (which we know by
inversion) and the fact that I' < I'*. If x is =+ then the result is immediate from
inversion. m

Lemma 4.5 If [M/z]" A is well-defined, then ([M/x]"A)~ = A~.
Proof By induction on the structure of A. =

Lemma 4.6 (Weakening) IfT',T"+ J then I,z x A, TV I J.

Proof By induction on the derivation of '+ J. =

Lemma 4.7 If X contains no free occurrence of x, then [M/x]"X = X.
Proof By induction on the structure of X. m

Lemma 4.8 If X = X’ and both [M/z]"X and [M/z]" X' are defined, then
[M/z]" X = [M/z]" X'.
Proof By induction over D :: X = X’. The only interesting case is when
le
D= Sl = SQ
(My7551) = (M37; S2)

Here the induction hypothesis on D’ gives us that [M/x]™S; = [M/z]"Ss. By
rule application we get (([M/x]"My)™; [M/z]™S1) = ([M/xz]" Ma)™; [M/x]"S2)
as required. m




Lemma 4.9 Make the following abbreviations: op = [N/2]B ", 04 = [M/x]*",

and

1.

2.

o'y =[opM/z]* .

Suppose c AV, oV, and cgM are defined. Suppose x does not occur free
in N. Then cgoaV and o'yogV are both defined, and cpoaV = d)yopV.

Suppose [M|S|°", opM, and oS are defined. Then og[M|S]¢  and
[cpM|opS]¢  are both defined, and op[M|S|® = [opM|opS]® .

Proof By lexicographic induction first on the simple type (either the larger of

(47,

B7) in case 1 or C'~ in case 2), and subsequently on the structure of the

expression V.

1.

Case:

Case:

Case:

V==z-85. -
o'yop(z-8) =o'y [N|opS]?
opoa(z-8) =[o4N|opoaS]?
We know that ¢’y N is defined because x does not occur in N. By the
induction hypothesis part 1, we know that o/y0pS and ogoaS are defined
and identical. From the induction hypothesis part 2 on N, 055, B™, and

o'y, we get a'y[N|ogS]E = [0y N|o'yopS]? . It follows from the identity
above that the latter is the same as [0’y N|opoa S|P, as required.
V=x8.

ohop(z-S) = [O'BM|U/AO'BS]A_
opoa(z-S)=op[M|osS]*

We know that oM is defined by assumption. The remained of this case
is symmetric to the previous one.

M= wM',S=(M")*S5"), and C~ =C[ — C5. Then by definition
of reduction - - -
opM|S|C = op[[M" /w]® M]S| (%)

[opM|opS)© = [[opM" jw]°t opM'|opS'| ()
We can see from the induction hypothesis (part 1, at a smaller type) that
op[M" jw]¢ M' = [ogM" Jw|®T oM’

and both are well-defined, since w can’t appear in N. Thus we can use the
induction hypothesis (part two, at C5 ) to conclude the right-hand sides
of (x) and (xx) are equal, as required.



Lemma 4.10 (Substitution) Suppose ' N <* B. Let o be an abbreviation

for [N/z]B ", with z being a variable that does not occur free in I' or B. For
cases 2-5, suppose ol is well-defined.

1. fTFS:B>Aand T+ M < B then T+ [M|S]P = A.

2. IfT,zx B, I' = M <* A and oA is defined, then T',cl” - oM <* g A.

3. IfT,zx B, '+ M <= A and cA is defined, then I',ocTl" F oM < cA.

4. IfT, 2« BT+ R= A, thenT',ol" - cR = dA.

5 IfT,z«B,I' =S :V >W and oV is defined, then I',ol" ¢S : oV >
oW.

Proof By lexicographic induction on first the simple type B~, next on the case
(where case 1 is ordered less than all the remaining cases), and finally (for cases
2-5) on the structure of the typing derivation.

1.

Case: M is of the form Ax.My. Then the typing derivation of M must be of the
form

D,
F,$*Bl l_MO < By
' Ax.My <= Ilx x B1.By

Since we know that B is I1x % By.Bs, the typing derivation of S must look
like

D, Dy
M, <*B TFS :[M/z]% By>A
'F (M;;S1) : Mz x B1.By > A

with S being (M7;S1). By the induction hypothesis (part 3) on the
smaller simple type B; and the derivations Dy and Ds, (knowing that

[M, /x])P1 By is defined because we have D3 in our hands) we find that

T+ [My/z]Pr My < [M;/2]Pr By (%)
Observe that by Lemma 4.5 we know ([M; /x]P1 By)~ = B, , and therefore

(since By is a smaller simple type) we can apply the induction hypothesis
(part 1) to (%) and the derivation D5 to infer first that

I't [[Ml/x]B;MMSﬂ([Ml/“"]Bl B2)" = 4
and subsequently by the syntactic identity we just noted

T F [[M /2]y M|S1])P2 < A



Case:

Case:

Case:

Case:

But by definition of reduction we can read off that
[M|S]P = [(Aa.Mo) (M5 81))% — P2 = [[Ma/z]Pr Mo|S1]P=
so we are done.

M is atomic, i.e. of the form R. By inversion and Lemma 4.1 we have a
typing derivation

I'FR<a-S (%)
That is, B is a - Sy, and so B~ = 0. The only typing rule that would
conclude S : B > A is

FF(:a-Sy>a-Sy
so S must be empty, and A is also a - Sy. Therefore
[M|S]P = [RI))° =R

but we already have a derivation that I' F R < a - Sp, namely (x).

’Dl
D=T,2+«+BT'FM< A
T,2+«BIT FM< A

By the induction hypothesis on D’ we obtain I', 6TV + 0 M < o A. By rule
application we have I', oI - oM <’ 0 A as required.

D/
D=(T,z+B ) M« A
Iz«BI'FM <" A
By Corollary 4.4 we know I'* = N < B, so we can apply the induction hy-
pothesis to D’ (which, unwinding the definition of promotion, is a deriva-
tion of ',z : B,(I'")* M < A) to obtain I'*,o((I")*) F oM < cA.
This is the same as (T',oI")* - oM < oA by Lemma 4.2. By rule appli-
cation we have I', oIV F o M <~ oA as required.

D/
D= F,Z*B,Fl,x*Aol—M0<:Bo

Iz B,F/ FAx.My < HQS*A().BO

By the induction hypothesis on D’ we know I',olV,z x 04y F oMy <
o By. By rule application we obtain ', oI - Az.c My < Iz x 0 Ag.0 By as
required.




Case:

Case:

Case:

Subcase:

Subcase:

Subcase:

D,
D=T,z*B,I'FR= A A=A
I2+BIT' FR<A

By the induction hypothesis on D’ we obtain T', T - ¢ R = g A’. Since
A=A, sotoo cA =cA by Lemma 4.8. By rule application we obtain
T',ol"F oR < oA as required.

D/
D=c:AyeX Iz«BI'FS:A4,> A
ILz«BI'Fc-S= A

By the induction hypothesis on D’ we obtain I', oIV + ¢S : 0d4g > dA.
But A( can have no free occurrence of z, so 0 Ag = Ay by Lemma 4.7. By
rule application we get I, oI F ¢- 05 = 0 A as required.

D/
D=z:A0cT,z+B,I"' ILzxBI'FS:A;> A
Iz«BI'Fz-S=A

We split on three subcases depending on the location of xz € T', z x B, T".

x € T'. In this case z can have no occurrence in the type Ag of x. Thus o Ag
is syntactically equal to Ag by Lemma 4.7. By the induction hypothesis
(part 5) on D’ we obtain I',oI" F ¢S : Ay > g A. By rule application we
get I,ol" -2 - 0S5 = 0A as required.

x is in fact z. In this case Ay and B are syntactically identical, the
relevancy variable * must be :, and the term o(z - S) we aim to type is
[N|oS]B . We know I' - N < B, and by using Lemma 4.6 repeatedly we
can obtain I', 6TV + N <= B. By Lemma 4.7 and the induction hypothesis
(part 5), we know I, o' I ¢S : B > 0 A. Use the induction hypothesis
(part 1: this is licensed because it is ordered as less than the other cases,
and the simple type B~ has remained the same) to obtain the required
derivation of T', oI - [N|oS]? = o A.

z € TV. By assumption on IV, we have that ocAg is defined. By the
induction hypothesis (part 5) T',oI" F oS : 0Ag > g A. Clearly z : 04y €
T, oT" so it follows by rule application that I', oIV F x - ¢S = c A.

10



Case:

Case:

Case:

D:F,z*B,F’I—():a-S>a-S

Since we know a - 0.5 is defined, by rule application we immediately have
Lol ():a-0S >a-0S.

D:F,Z*B,F/ F () : type > type
By rule application, we immediately have T, oI I () : type > type.

D, D,
D=T,2«BT'FM<*A I,z+«BIT'FS:[M/z]* V>W
[,zxB,T'(M*8):llxx AV >W

By the induction hypothesis (part 2) we know T' oIV F oM «<* cA.
Observe that M has no free occurrence of z, by assumption oV is well-
defined, and from the existence of Dy we know that [M/z]4 V is well-

defined. Therefore we can use Lemma 4.9 to infer that both [oM/z]* oV
and o[M/x]* V are defined, and that they are syntatically identical. By
the induction hypothesis (part 5) we know I',oT' F oS : o[M/2]* V >
oW, which is the same thing as I',oT" I ¢S : [cM/z]* oV > ocW. By
rule application we obtain I, oIV F (6 M*;0S) : lx x 0 A.cV > ocW.

Lemma 4.11 (Validity) Suppose I' is well-formed.

1.

2.

IfT'-R= A then ' A : type.
IfTEFS:A>Band 'k A :type, then I' - B : type.

Proof By induction on the structure of the derivation. Requires the fact that
if T" valid, then I'™ valid, which requires Corollary 4.4. =
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