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1 Language

Worlds p, q, r ::= α | p · q | ε
Kinds K ::= Πx:A.K | ∀α.K | type
Types A ::= Πx:A.B | a · S | ∀α.B | ↓α.B | @pA | A & B | >
Terms M ::= λx.M | R | 〈M1,M2〉 | 〈〉

Atomic Terms R ::= c · S | x · S
Spines S ::= () | (M ;S) | (πi;S)

1.1 Judgments

Γ ` K : rkind
Γ ` p : world
Γ ` A : type
Γ ` S : K > type
Γ ` M : A[p]
Γ ` R : A[p]
Γ ` S : A[p] > C[r]

1.2 Kind Formation
Γ, x : A ` K : rkind

Γ ` Πx : A.K : rkind

Γ, α : world ` K : rkind

Γ ` ∀α.K : rkind

Γ ` type : rkind

1.3 World Formation

α : world ∈ Γ

Γ ` α : world

Γ ` p : world Γ ` q : world

Γ ` p · q : world Γ ` ε : world

The relation ≡ACU holds between two world expressions if they are identical up
to associativity and commutativity for ·, and unit laws for ε.
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1.4 Type Formation

Γ, x : A ` B : type

Γ ` Πx:A.B : type

a : K ∈ Σ Γ ` S : K > type

Γ ` a · S : type

Γ, α : world ` B : type

Γ ` ∀α.B : type

Γ, α : world ` B : type

Γ ` ↓α.B : type

Γ ` A : type Γ ` p : world

Γ ` @pA : type

Γ ` A : type Γ ` B : type

Γ ` A & B : type

Γ ` > : type

1.5 Type Checking

Γ ` R : a · S[p] S =α S′ p ≡ACU q

Γ ` R : a · S′[q]

Γ, x : A ` M : B[p]

Γ ` λx.M : Πx:A.B[p]

Γ, α : world ` M : B[p]

Γ ` M : ∀α.B[p]

Γ ` M : ({p/α}worldB)[p]

Γ ` M : ↓α.B[p]

Γ ` M : A[q]

Γ ` M : @qA[p]

Γ ` M1 : A1[p] Γ ` M2 : A2[p]

Γ ` 〈M1,M2〉 : A1 & A2[p] Γ ` 〈〉 : >[p]

1.6 Type Synthesis

c : A ∈ Σ Γ ` S : A[ε] > C[r]

Γ ` c · S : C[r]

x : A ∈ Γ Γ ` S : A[ε] > C[r]

Γ ` x · S : C[r]
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1.7 Type Spine Kinding

Γ ` () : type > type

Γ ` M : A[ε] Γ ` S : {M/x}AK > type

Γ ` (M ;S) : Πx:A.K > type

Γ ` p : world Γ ` S : {p/α}worldK > type

Γ ` S : ∀α.K > type

1.8 Term Spine Typing

Γ ` () : a · S[p] > a · S[p]

Γ ` M : A[ε] Γ ` S : {M/x}AB[p] > C[r]

Γ ` (M ;S) : Πx:A.B[p] > C[r]

Γ ` q : world Γ ` S : {q/α}worldB[p] > C[r]

Γ ` S : ∀α.B[p] > C[r]

Γ ` S : {p/α}worldB[p] > C[r]

Γ ` S : ↓α.B[p] > C[r]

Γ ` S : A[q] > C[r]

Γ ` S : @qA[p] > C[r]

Γ ` S : Ai[p] > C[r]

Γ ` (πi;S) : A1 & A2[p] > C[r]

1.9 Substitution

Partial functions on normal terms yielding normal terms:

{N/x}C {q/β}world [N | S]B

The first two also takes kinds to kinds and types to types.
Let σ abbreviate {N/y}C or {q/β}world.

1.9.1 Substitution on Kinds

σ(Πx:A.K) = Πx:(σA).(σK)

σ(∀α.K) = ∀α.(σK)

σtype = type
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1.9.2 Substitution on Types

σ(Πx:A.B) = Πx:(σA).(σB)

σ(a · S) = a · (σS)

σ(∀α.B) = ∀α.(σB)

σ(↓α.B) = ↓α.(σB)

σ(@pA) = @σp(σA)

σ(A & B) = σA & σB

σ> = >

1.9.3 Substitution on Terms

σ(λx.M) = λx.(σM)

σ〈M1,M2〉 = 〈σM1, σM2〉

σ〈〉 = 〈〉

σε = ε

σ(p · q) = σp · σq

σ(c · S) = c · (σS)

σ(y · S) = y · (σS) (if σ not for y)

{N/x}C(x · S) = [N | S]C

σβ = β (if σ not for β)

{p/α}worldα = p

σ() = ()

σ(M ;S) = (σM ;σS)

σ(πi;S) = (πi;σS)

1.10 Reduction

[λx.M | (N ;S)]Πx:A.B = [{N/x}AM | S]{M/x}AB

[R | ()]a·S = R

[M | S]∀α.A = [M | S]A

[M | S]↓α.A = [M | S]A

[M | S]@pA = [M | S]A

[〈M1,M2〉 | (πi;S)]A1&A2 = [Mi | S]Ai
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